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1 Curves and Abel-Jacobi Maps

Let X be a smooth irreducible projective curve over C. X(C) has the structure
of a compact connected Riemann surface, which locally looks like open subsets
of C and globally looks like a compact orientable surface. We have the notion
of a genus g of X.
Recall that we can form the group Div(X) of divisors on X, which is the free
abelian group on X(C). It admits a degree map Div(X) → Z,

∑
p np[p] 7→∑

p np. Denote by Div0(X) its kernel.

Let k (X) be the field of rational functions of X (which is the same as the set

∗Based on the lectures under the same name taught by Prof. A. J. Scholl in Lent 2023.
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of meromorphic functions on X(C)). If we have a nonzero function f ∈ k (X)×,
we can identify its divisor div f =

∑
p∈X ordp(f)[p] ∈ Div0(X). Divisors of this

form are called principal divisors. The quotient of Div(X) by it is known as
the divisor class group Cl(X) of X, and the quotient of Div0(X) is written as
Cl0(X).
There is another point of view when dealing with divisors, namely by viewing
each as a line bundle (locally free OX -module of rank 1). For a divisor D, recall
that we can associate to it a line bundle OX(D), and it turns out that D is
principal if and only if OX(D) is trivial, and that every line bundle on X has
the form OX(D) for some D. So we have an isomorphism between Cl(X) and
the Picard group of X, which is the group of isomorphism classes of line bundles
on X under tensor product.
Let’s now introduce differentials. X(C) is covered by open subsets of C, and so
we have holomorphic differentials locally of the form f(z) dz with the obvious
change-of-coordinate rules. We write H0(X,ΩX) to denote the complex vector
space of holomorphic differentials on X, which turns out to have dimension g.
Let ω1, . . . , ωg be a basis for it.
While we’re at it, let’s continue with the analytic story. For a holomorphic
differential ω and a path γ : [0, 1] → X(C), i.e. a piecewise C1 function, we can
take an integral of ω along γ. The vectors∫

γ

ωi, 1 ≤ i ≤ g

reside in Cg, viewed as the dual space to H0(X,ΩX).
By Cauchy’s theorem, if γ, γ′ are homologous with the same endpoints, then the
integrals of any holomorphic differential along them agree. In particular, if γ is
a closed path, then integration over ωi’s gives a map α : H1(X(C),Z) → Cg,
known as the period homomorphism.

Theorem 1.1 (Riemann, allegedly). α is injective and its image Λ is a lattice
in Cg, i.e. spanned by 2g R-linearly independent vectors.
Moreover, Cg/Λ is analytically isomorphic to a smooth algebraic variety over
C, known as the Jacobian variety Jac(X) of X.
In addition, the natural structure of a group on Cg/Λ is given by morphisms.

Definition 1.1. An abelian variety A over C is a projective variety over C
together with a group structure on A(C) induced by morphisms.

Fix p0 ∈ X(C). If p ∈ X(C), let γp be a path from p0 to p. Any two choices
of γp differ by a closed path, so∫

γp

ωi, 1 ≤ i ≤ g

are well-defined modulo Λ. So they give a map X(C) → Jac(X). This extends
to a homomorphism AJp0

: Div(X) → Jac(X), known as the Abel-Jacobi map.
How does this depend on p0? Suppose we had chosen p′0 ∈ X(C) instead, let’s
get a path δ from p0 to p′0. Then we simply have

AJp′
0
(p) = AJp0

(p) +

(∫
δ

ωi

)
i
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In general, for D ∈ Div(X), we have

AJp′
0
(D) = AJp0(D) + (degD)

(∫
δ

ωi

)
i

This however means that the restriction of AJp0
to Div0(X) does not depend

on p0. We write AJ : Div0(X) → Jac(X) to denote this restriction.

Theorem 1.2. AJ induces an isomorphism Cl0(X) → Jac(X).

2 Homology of Riemann Surfaces

We are still in the setting of the preceding section. Suppose X has genus g,
then H1(X(C),Z) ∼= Z2g, and is generated by simple closed curves aj , bj , 1 ≤
j ≤ g, which are disjoint except for aj meeting bj , transversally at one point
and positively oriented.
Let

Aij =

∫
aj

ωi, Bij =

∫
bj

ωi

Λ is the span of the period matrix P = (A | B). Theorem 1.1 relies on the
following special properties of it:

Theorem 2.1 (Riemann Period Relations). (a) AB⊤ is symmetric.
(b) The Hermitian matrix i−1(BA† −AB†) is positive-definite.

In other words, (a) is saying that
∑

j(AijBi′j − BijAi′j) = 0 for any i, i′,
and (b) is saying that

Im

∑
j

∫
aj

ω̄

∫
bj

ω

 > 0

for any ω ∈ H0(X,ΩX) \ {0}.
Remark. We’ll soon see that, due to these relations, A,B are invertible and
the columns of P = (A | B) are R-linearly independent (and therefore Λ is a
lattice). And (b) will give rise to Cg/Λ being a projective variety.

Lemma 2.2. Let ω, η be closed (i.e. having zero differential), smooth but not
necessarily holomorphic, 1-forms on X. Then∫

X

ω ∧ η =
∑
j

(∫
aj

ω

∫
bj

η −
∫
bj

ω

∫
aj

η

)

Proof. Cut X along the curves aj , bj . Let X∗ be the resulting surfaces with
boundary. X∗ is a sphere with g holes ’coz I said so.
The projection π : X∗ → X induces the zero map π∗ : H1(X

∗,Z) → H1(X,Z)
on homology. So on X∗ there is a function f such that ω = df .
If p+, p− are points on a+j , a

−
j (the slits after cutting along aj) with the same

image in X, then

f(p+)− f(p−) =

∫ p+

p−
df =

∫
bj

ω
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Similarly, if q± are points on b±j with the same image in X, then

f(q+)− f(q−) =

∫ q+

q−
df =

∫
aj

ω

Now we are basically done: By Stokes’ theorem,∫
X

ω ∧ η =

∫
X∗

d(fη) =

∫
∂X∗

fη =
∑
j

(∫
b+j

−
∫
b−j

−
∫
a+
j

+

∫
a−
j

)
fη

=
∑
j

(∫
aj

ω

∫
bj

η −
∫
bj

ω

∫
aj

η

)

What this lemma actually says is that the intersection pairing on homology
is dual to the pairing on closed 1-forms given by

(ω, η) 7→
∫
X

ω ∧ η

Proof of Theorem 2.1. (a) Apply the lemma to ωi, ωi′ .
(b) Take ω ∈ H0(X,ΩX) apply the lemma to ω̄, ω. Locallhy, ω = f(z) dz for
holomorphic f , so ω̄ ∧ ω = |f |2 dz̄ ∧ dz = 2i|f |2 dx ∧ dy. So whenever ω ̸= 0 we
have

0 <
1

i

∫
X

ω̄ ∧ ω =

g∑
j=1

1

i

(∫
aj

ω̄

∫
bj

ω −
∫
bj

ω̄

∫
aj

ω

)
= 2 Im

∑
j

∫
aj

ω̄

∫
bj

ω


which is what we need.

Now consider the matrix

J =

(
0g Ig
−Ig 0g

)
This is viewed as the “intersection matrix of a1, . . . , ag, b1, . . . , bg”, since Theo-
rem 2.1(a) is saying PJ−1P⊤ = 0. On the other hand, Theorem 2.1(b) is saying
that the Hermitian matrix Q = i−1PJ−1P † is positive-definite.
For λ ∈ Cg \ {0}, 0 < λ⊤Qλ̄ = 2 Im(λ⊤BA†λ̄). So A,B are invertible, so

Corollary 2.3. (i) There is a basis (ω1, . . . , ωg) such that∫
aj

ωi = δij

That is, A = Ig and B is symmetric with positive-definite imaginary part.
(ii) The columns of P are linearly independent over R, si α : H1(X,Z) → Cg is
injective with image Λ which is a lattice.

Let’s now sketch how one prove Theorem 1.2. One way to do it is by using
the exponential sequence, which is the exact sequence

0 Z OX O×
X 0

f 7→exp(2πif)
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where OX is the sheaf of holomorphic functions on X, O×
X the nonvanishing

ones, and Z the constant sheaf Z. Since C = H0(X,OX) → H0(X,O×
X) = C×

is surjective, the long exact sequence of cohomology gives

0 H1(X,Z) H1(X,OX) H1(X,O×
X) H2(X,Z)

This holds for any compact connected complex manifold. In the case of a Rie-
mann surface, H2(X,Z) = Z, H1(X,O×

X) = Pic(X). By the way, we also
have H1(X,Z) = H1(X,Z) = Hom(H1(X,Z),Z). Under the isomorphism
Pic(X) ∼= Cl(X), this map Cl(X) = H1(X,O×

X) → Z = H2(X,Z) is simply the
degree map on divisors. We therefore have Cl0(X) ∼= H1(X,OX)/H1(X,Z).
One can check that the diagram

Div0(X) Cl0(X)

H0(X,ΩX)∨/α(H1(X,Z)) H1(X,OX)/H1(X,Z)

AJ ∼=

∼=

commutes, where the bottom arrow is given by Serre duality. This establises
Theorem 1.2.

3 Complex Tori

Recall that for w1, w2 ∈ C \ {0}, w1/w2 /∈ R, the space C/(Zw1 ⊕ Zw2) is a
complex elliptic curve and can be embedded in P2 using the Weierstrass ℘-
function and its derivative. By applying some more thought, we see that this
gives a bijection between homothety classes of lattices in C and isomorphism
classes of elliptic curves. Let’s see what happens in higher dimensions, where
things just get a lil’ bit complicated.

Definition 3.1. Let V be a finite-dimensional real vector space. A lattice in
V is a discrete subgroup Γ ≤ V such that V/Γ is compact.

Equivalently, a subgroup Γ ≤ V is a lattice if and only if Γ =
⊕

i Zei for
{ei}i is an R-basis for V .
For a lattice Γ ≤ V , the quotient V/Γ is a commutative, compact, connected
Lie group, and is sometimes referred to as a real torus. By a change of basis, we
get an isomorphism (of Lie groups) V/Γ ∼= Rn/Zn = (S1)n where n = dimV .
The converse is also true: Any commutative, compact, connected Lie group is
of this kind.
Now let V be a finite-dimensional C-vector space, and let Γ ≤ V be a lattice
(this makes sense since V is also a real vector space). In addition to being
a Lie group, V/Γ is also a complex manifold: Suppose π : V → V/Γ is the
quotient map. Then for any v ∈ V , we can choose some open neighbourhood
v ∈ U ⊂ V such that π : V → π(V ) is a homeomorphism. This gives rise to a
complex chart, and every complex chart obtained this way is compatible with
each other. We therefore get a complex atlas.
Notably, the group structure on V/Γ is holomorphic with respect to this atlas.
So it is a (compact, connected) complex Lie group.

Definition 3.2. We call V/Γ a complex torus.
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Proposition 3.1. Any compact connected complex Lie group is a complex torus.
In particular, it is commutative.

Proof. Omitted.

For any (real or complex) torus X = V/Γ, the map π : V → X is a regular
covering. But V is simply connected, so V is the universal cover of X (with the
origin always implicitly chosen to be the origin). So Γ ∼= π1(X, 0). Hurewitz’s
theorem says that H1(X,Z) ∼= π1(X, 0)

ab. But in this case π1(X, 0) is already
abelian, so Γ ∼= π1(X, 0) ∼= H1(X,Z).
Let X = V/Γ and X ′ = V ′/Γ′ be complex tori and suppose ϕ : V → V ′ is a
linear map such that ϕ(Γ) ⊂ Γ. It induces a holomorphic map X → X ′ which
is a homomorphism.
The converse is also true:

Proposition 3.2. Suppose f : X → X ′ is a holomorphic map, then:
(i) If f(0) = 0, then there exists a linear map f̃ : V → V ′ with f̃(Γ) ⊂ Γ′ which
lifts f . In particular, f is a homomorphism.
(ii) f(x) = f0(x) + y with y = f(0) ∈ X ′ and f0 is as in (i).

Proof. Since translations are holomorphic, it suffices to show (i).
As V ′ is simply connected, we always have a continuous lift f̃ : V → V ′ with
f̃(0) = 0.

V V ′

X X ′

f̃

π π′

f

Since π, π′ are local isomorphisms, f̃ is holomorphic. For all v ∈ V, γ ∈ Γ we
have f̃(v + γ) = f̃(v) + gγ(v) for gγ(v) ∈ Γ′. but Γ′ is discrete and gγ is con-

tinuous in v, so gγ is constant. This in turn means that partial derivatives of f̃
are Γ-invariant, therefore they descend into a map V/Γ → V ′.
But V/Γ is compact, therefore the map is constant by the open mapping the-
orem, which shows that f̃ is affine. The fact that f̃(0) = 0 shows that f̃ is
linear.

Corollary 3.3. V/Γ ∼= V ′/Γ′ (as complex manifolds) iff ϕ(Γ) = Γ′ for some
linear isomorphism ϕ : V → V ′.

So any complex torus of (complex) dimension g is isomorphic to Cg/ΠZ2g

where Π ∈ Matg×2g(C) whose columns are R-linearly independent. Moreover,
Π,Π′ give isomorphic tori iff there is some A ∈ GLg(C) and B ∈ GL2g(Z) with
Π′ = AΠB.
As columns of Π span Cg over R, some of them form a C-basis, hence:

Proposition 3.4. Every complex torus of dimension g is isomorphic to Cg/Zg⊕
ΩZg where Ω ∈ Matg×g(C) such that the columns of ImΩ are R-linearly inde-
pendent.

Example 3.1. Every complex elliptic curve is isomorphic to something in the
form C/Z⊕ Zτ for some τ ∈ C \ R.

Let’s turn back to topology.
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Proposition 3.5. If X = V/Γ is a real torus of dimension d ≥ 1, then
H1(X,Z) = Hom(Γ,Z) ∼= Zd, and for any 0 ≤ n ≤ d we have Hn(X,Z) =∧n

ZH
1(X,Z) ∼= Z(

d
n). In particular, they are free.

Proof. For n = 1, H1(X,Z) = Hom(H1(X,Z),Z) = Hom(Γ,Z). For n > 1, we
do induction on d. When d = 1 we have X ∼= S1, so Hn(X,Z) = 0 for n > 1.
For d > 1, we write Γ = Γ1 ⊕ Γ2 for Γi ̸= {0}. Then X = X1 × X2 where
Xi = Vi/Γi where Vi = R ⊗ Γi. By induction, H∗(Xi,Z) ∼=

∧∗
Z Hom(Γi,Z) is

torsion-free, so Künneth formula gives

Hn(X,Z) =
⊕

p+q=n

Hp(X1,Z)⊗Hq(X2,Z)

=
⊕

p+q=n

(
p∧
Hom(Γ1,Z)

)
⊗

(
q∧
Hom(Γ2,Z)

)

=

n∧
(Hom(Γ1,Z)⊕Hom(Γ2,Z)) =

n∧
Hom(Γ,Z)

Remark. The isomorphism H∗(X,Z) ∼=
∧∗

Hom(Γ,Z) is in fact a ring isomor-
phism. This is because the isomorphism in the Künneth formula is given by

Hp(X1)×Hq(X2) Hp(X1 ×X2)×Hq(X1 ×X2) Hp+q(X1 ×X2)
(pr∗1 ,pr

∗
2) ⌣

If we turn to cohomology with real or complex coefficients H∗(X,R) =
H∗(X,Z) ⊗ R, H∗(X,C) = H∗(X,Z) ⊗ C, then the cohomology can be de-
scribed using differential forms.
For a smooth manifold X, we write An(X) to denote the real vector space
of smooth real-valued n-forms. Recall that there is an exterior derivative d :
An(X) → An+1(X) sending f dx1 ∧ · · · to df ∧ dx1 ∧ · · · . The de Rham coho-
mology of X are Hn

dR(X) = An(X)|d=0/dA
n−1(X).

We can do everything with complex coefficients (but still with smooth differ-
entials), which gives us spaces of differentials An

C(X) = An(X) ⊗R C and co-
homology Hn

dR(X,C) = An
C(X)|d=0/dA

n−1
C (X) ∼= Hn

dR(X,R) ⊗R C. We have a
comparison theorem:

Theorem 3.6 (de Rham). The integration pairing Hn(X,Z)×Hn
dR(X,R) → R

gives an isomorphism between Hn(X,R) = Hom(Hn(X,Z),R) and Hn
dR(X,R),

compatible with the respective ring structures.

Let’s now specialise to the case of tori. Let X = V/Γ be a real torus.

Definition 3.3. We say ω ∈ An(X) is invariant if for all y ∈ X we have T ∗
y ω = ω

where Ty : X → X is the translation x 7→ x+ y. We write An(X)inv ⊂ An(X)
to denote the space of invariant forms.

Example 3.2. A0(X)inv consists of constant functions.

Proposition 3.7. If ϕ : V → R is a linear form, then dϕ ∈ A1(X)inv. This
induces an isomorphism

∧n
HomR(V,R) ∼= An(X)inv for all n ≥ 0.

Proof. For y ∈ V , let T̃y : V → V, x 7→ x + y. Then T̃ ∗
y ϕ = ϕ + ϕ(y) as ϕ is

linear. So T̃ ∗
y dϕ = dϕ, hence T ∗

y dϕ = dϕ.
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Pick coordinates xi (so (xi) is a basis for HomR(V,R)). ω ∈ An(X) can be
written (uniquely) in the form

∑
I=(i1<···<in)

fI dxI where dxI = dxi1 ∧ · · · ∧
dxin . Then ω is invariant iff each fI is invariant, i.e. constant. So (dxI)I is a
basis for An(X)inv, therefore we have the claimed isomorphism.

Theorem 3.8. An(X)inv ⊂ An(X)|d=0 and the map An(X)inv → Hn
dR(X,R)

is an isomorphism.

We’ll also show that the composite isomorphism

n∧
HomR(V,R) ∼= An(X)inv ∼= Hn

dR(X,R) ∼= Hn(X,R) ∼=
n∧
Hom(Γ,R)

is the obvious one, i.e. the n-th exterior power of the map HomR(V,R) →
Hom(Γ,R) given by restriction, which we know is an isomorphism since Γ is a
lattice.

Proof. We know that An(X)inv is spanned by dϕ1 ∧ · · · ∧ dϕn where ϕi ∈
HomR(V,R). We have

HomR(V,R) A1(X)inv A1(X)|d=0

Hom(Γ,R) Hom(H1(X,Z),R) H1
dR(X,R)

d,∼=

f

∼=

What does f do? It maps ϕ ∈ HomR(V,R) to the homomorphism

Γ ∋ γ 7→
∫
γ

dϕ =

∫ γ

0

dϕ = ϕ(γ)

Of course this f is an isomorphism. Taking exterior powers give isomorphism
on all degrees.

Remark. We get the same thing if we suddenly decide to tensor everything with
C. In this case, we get an isomorphism

n∧
C
HomR(V,C) ∼= An

C(X)inv ∼= Hn(X,C) ∼=
n∧
C
Hom(Γ,C)

Now suppose X is a complex torus. V would’ve been a complex vector space.
Observe that HomR(V,C) = HomC(C⊗R V,C) ∼= HomC(V ⊕ V̄ ,C) ∼= V ∗ ⊕ V̄ ∗,
where V ∗ = HomC(V,C) ↪→ HomR(V,C) and V̄ ∗ = Homanti−linear(V,C) ↪→
HomR(V,C).
In other words, we have a decomposition H1(X,C) ∼= A1

C(X)inv ∼= V ∗ ⊕ V̄ ∗.
More explicitly, (ai) ∈ V ∗ is identified with

∑
i aidzi and (bj) ∈ V̄ ∗ with∑

j bj dz̄j .
And in higher degrees,

Hn(X,C) =
n∧
C
(V ∗ ⊕ V̄ ∗) =

⊕
p+q=n

p∧
C
V ∗ ⊗

q∧
C
V̄ ∗
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Definition 3.4. ω ∈ An
C(X) is of Hodge type (p, q) (for p + q = n) if, locally,

ω is a (smooth function) combination of dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq for
multi-indices (i1 < · · · < ip), (j1 < · · · < jq).
We write Ap,q(X) to denote the space of ω ∈ Ap+q

C (X) of Hodge type (p, q).

Remark. This definition works for any complex manifold X, not just tori.

We always have a decomposition

An
C(X) =

⊕
p+q=n

Ap,q(X)

which does not always pass to cohomology if X is a general complex manifold.
But for tori, our computation above suggests

Theorem 3.9 (Hodge Decomposition). Suppose X = V/Γ is a complex torus,
then for all n ≥ 0,

Hn(X,C) =
⊕

p+q=n

Hp,q(X)

where Hp,q(X) ∼= Ap,q(X)inv ∼=
∧p

V ∗ ⊗
∧q

V̄ ∗. Moreover, inside Hn(X,C) we
have the conjugation relation Hp,q(X) = Hq,p(X).

Remark. In general, we always need some extra structure to get such a decom-
position. For example, this holds if we have a Kähler metric on the complex
manifold, where we replace “invariant” by “harmonic”.

Proposition 3.10. Let H0(X,Ωn
X) be the vector space of holomorphic n-forms.

Then H0(X,Ωn
X) = An,0(X)inv ∼=

∧n
C V

∗ = Hn,0(X).

Proof. Pick basis Cg ∼= V . By the preceding theorem, An,0(X)inv has basis
{dzI = dzi1 ∧ · · · ∧ dzin : I = (i1 < · · · < in)}. On the other hand, H0(X,Ωn

X)
consists of

∑
I fI dzI where each fI is holomorphic and Γ-invariant. But this

means that each fI is constant, hence the proposition.

Theorem 3.11 (Dolbeault Isomorphism). There is a canonical isomorphism
Hp,q(X) ∼= Hq(X,Ωp

X) where Ωp
X is the sheaf of holomorphic p-forms on X.

Proof. We reduce to the special case p = 0 as follows: By the proof of the pre-
ceding proposition, Ωp

X =
⊕

I OX dzI . So we get an isomorphismH0(X,Ωp
X)⊗C

OX
∼= Ωp

X and thereforeH0(X,Ωp
X)⊗CH

q(X,OX) ∼= Hq(X,Ωp
X). In view of the

identificationH0(X,Ωp
X) ∼=

∧p
V ∗, it suffices to show thatHq(X,OX) ∼=

∧q
V̄ ∗.

More precisely, we have the next theorem.

Theorem 3.12. The map Hn(X,C) → Hn(X,OX) (via the inclusion C ↪→
OX) factors as Hn(X,C) =

⊕
p+q=nH

p,q(X) → H0,n(X) ∼= Hn(X,OX).

Proof. We’ll sketch the proof in the occasion g = 1, just to give you a taste of
the type of argument. The main perspective is that the elements of A0

C(X) are
given by Fourier series.
Assume g = 1, then X = C/Γ = C/(Zγ1 ⊕ Zγ2). Set z = x1γ1 + x2γ2. For
f ∈ A0

C(X), we can write it in a form

f =
∑

m1,m2∈Z
e2πi(m1x1−m2x2)cm1,m2

=
∑
γ∈Γ

eπ(γ̄z−γz̄)/Acγ
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where A = covol Γ and for all N we have |cγ ||γ|N → 0 as |γ| → ∞.
Write Ap,q to denote the sheaf of C∞ (p, q)-forms. We have OX = ker ∂̄ where
∂̄ : A0,0 → A0,1 is the differential operator underlining the Cauchy-Riemann
equations.
We claim that ∂̄ is surjective as a map of sheaves. For an open set U ⊂ X and
ω = f dz̄ ∈ A0,1. Using bump functions, after possiby shrinking U we can find
g ∈ A0

C(X) such that g|U = f and the integral of g over C/Γ is zero. So g has
a Fourier series with c0 = 0. And we have

g dz̄ = ∂̄
∑
γ ̸=0

− A

πγ
cγe

π(γ̄z−γz̄)/A ∈ ∂̄(A0,0(X))

So we now have a short exact sequence

0 OX A0,0 A0,1 0

Using a partition of unity argument, Hi(X,Ap,q) = 0 for any i > 0. So
H0(X,OX) = ker(∂̄ : A0,0(X) → A0,1(X)) = C and H1(X,OX) = coker(∂̄ :
A0,0(X) → A0,1(X)) = A0,1(X)/∂̄(A0,0(X)). But we just saw that ω ∈ A0,1(X)
lies in the image of ∂̄ iff its zeroth Fourier coefficient is zero. So A0,1(X) =
Im ∂̄ ⊕ C dz̄ = Im ∂̄ ⊕A0,1(X)inv.

Remark. In general, we have the exact sequence (from the ∂̄-Poincaré Lemma)

0 OX A0,0 · · · A0,g 0

from which we get A0,q(X)|∂̄=0 = ∂̄A0,q−1(X)⊕A0,q(X)inv.

4 Picard Groups of Complex Tori

Suppose X is a complex manifold.

Definition 4.1. An OX -module L is a line bundle if it is an invertible OX -
module, i.e. if it’s locally free of rank 1.

That is, X has an open cover X =
⋃

i Ui and isomorphisms (trivialisations)
si : OUi

→ L|Ui
(i.e. si(1) is an nowhere vanishing section of L over Ui).

Definition 4.2. The Picard group of X is the group of isomorphism classes of
line bundles on X under ⊗.

Proposition 4.1. Pic(X) ∼= H1(X,O×
X) where O×

X is the sheaf of invertible
holomorphic functions.

We’ll define the map and leave you to check it’s an isomorphism.
Given L and its trivialisations (si) on (Ui), cij = s−1

j si lives in O×
X(Ui ∩ Uj).

Now cijcjk = cik on Ui ∩ Uj ∩ Uk, so (cij)i,j gives a 1-Čech cocycle of O×
X ,

therefore defines an element of H1(X,O×
X). This depends only on L, for if (s′i)

is another trivialisation, then ti = s′i(1)/si(1) ∈ O×
X(Ui) has c′ij = cijti/tj and

(ti/tj) is a coboundary.
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This bit is true for any ringed spaces. In the case of a complex manifold X, we
have the additional access to the exponential sequence

0 Z(1) = 2πiZ OX O×
X 0

exp

Suppose X is compact and connected. Then the H0 of this sequence is 0 →
2πiZ → C → C× → 0. The long exact sequence continues as

0 H1(X,Z(1)) H1(X,OX) H1(X,O×
X)

H2(X,Z(1)) H2(X,OX)

j

c1

Definition 4.3. Write Pic0(X) = coker j = ker c1. NS(X) = Pic(X)/Pic0(X)
is called the Néron-Severi group of X.

Via c1, NS(X) is isomorphic to the kernel of H2(X,Z(1)) → H2(X,OX),
which is a finitely-generated abelian group. It is the “discrete part” of Pic(X).
On the other hand, Pic0(X) is a quotient of complex vector spaces, hence may
be interpreted as the “continuous part” of Pic(X).
Let’s now specialise to the case where X = V/Γ is a complex torus. Accio
diagram

H1(X,Z(1)) = Hom(Γ,Z(1)) H1(X,C) = HomR(V,C) H1(X,OX)

H1(X,R(1)) = HomR(V,R(1)) V ∗ ⊕ V̄ ∗ V̄ ∗

j

∼=

jR

pr2

∼=

Note that the reverse isomorphism HomR(V,C) → V ∗⊕V̄ ∗ is given by ℓ 7→ (λ, µ)
where λ(v) = (1/2)(ℓ(iv) − iℓ(iv)), µ(v) = (1/2)(ℓ(iv) + iℓ(iv)). So jR, which
is the R-linear extension of j, is essentially jR(ℓ)(v) = (1/2)(ℓ(v) + iℓ(iv)) =
µ(v). And so jR is an isomorphism whose inverse is µ 7→ µ − µ̄. Hence
j(H1(X,Z(1))) ⊂ V̄ ∗ is a lattice!

Theorem 4.2. X̂ = Pic0(X) ∼= V̄ ∗/ Im j is a complex torus.

Definition 4.4. X̂ is called the dual of X.

j−1
R gives an isomorphism X ∼= Hom(Γ,R(1))/Hom(Γ,Z(1)), and via exp it

is then isomorphic to Hom(Γ, U(1)).

Definition 4.5. A Riemann form for X is a Hermitian form H : V ×V → C for
which the alternating form E = ImH : V × V → R is integer-valued on Γ× Γ,
i.e. E ∈ Alt2Z(Γ).
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Recall from example sheet that to give a Riemann form H is equivalent
to give E : Γ × Γ → Z alternating such that its C-bilinear extension EC :
(C⊗Γ)× (C⊗Γ) = (V ⊕ V̄ )× (V ⊕ V̄ ) → C satisfies EC(V, V ) = 0 (equivalently,
EC(V̄ , V̄ ) = 0). We can recover H via H(u, v) = 2iEC((u, 0), (0, v̄)).

Theorem 4.3. NS(X) is isomorphic to the group of Riemann forms on X.

Proof. We have

0 NS(X) H2(X,Z(1)) H2(X,OX)

0 NS(X) H2(X,Z) H2(X,OX)

2πi,∼=

p

2πi,∼=

with exact rows. But H2(X,Z) =
∧2

Hom(Γ,Z) = Alt2Z(Γ), is the group of
alternating bilinear forms E : Γ × Γ → Z. On the other hand, H2(X,OX) =∧2

V̄ ∗ is the group of alternating bilinear forms V̄ × V̄ → C.
We claim that p(E) = EC|V̄×V̄ , which implies the theorem.
Indeed, p factors as H2(X,Z) ↪→ H2(X,C) → H2(X,OX). E is taken to
EC ∈ Alt2C(V ⊕ V̄ ) = H2(X,C), which is mapped to AltC(V̄ ) = H2(X,OX) by
restricting to V̄ × V̄ due to Theorem 3.12.

Remark. c1 : Pic(X) → H2(X,Z(1)) is essentially the first Chern class. And
c1(L) = 0 iff the corresponding C∞-line bundle is trivial.

We are left with a short exact sequence

0 Pic0(X) Pic(X) NS(X) 0

But NS(X), being isomorphic to the group of Riemann forms, is free. So this
short exact sequence splits (not canonically, though).
Let P (X) be the group of pairs (H,α) such that H is a Riemann form and
α : Γ → U(1) satisfies α(γ + δ) = α(γ)α(δ)eπiE(γ,δ) where E = ImH. This fits
into an exact sequence

0 Hom(Γ, U(1)) P (X) {Riemann forms}

It turns out that this is exact on the right, i.e. for any Riemann form H, there
is some α : Γ → U(1) satisfying the conditions we mentioned.

Theorem 4.4 (Appell-Humbert). There is an isomorphism P (X) → Pic(X)
making the diagram

0 Hom(Γ, U(1)) P (X) {Riemann forms} 0

0 Pic0(X) Pic(X) NS(X) 0

∼= ∼= ∼=

commute.

Proof. Once we’ve got a map P (X) → Pic(X) making the diagram commute,
that map must be an isomorphism by Five Lemma. So let’s construct it.
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Let π : V → X be the projection. The idea is the following: We’ll write down L
with π∗L ∼= OV (in fact every invertible OV sheaf is trivial). By adjunction, we
need to find a subsheaf L ⊂ π∗OV . We do this locally. For the purpose of this
proof, a connected open subset U ⊂ X is called small if U = π(U ′) for some
U ′ ⊂ V open such that γ + U ′, γ ∈ Γ are disjoint.
For a small open subset U , π−1U is the disjoint union of isomorphic copies U ′

of U , with isomorphisms induced by π. Γ permute the set of these copies simply
transitively, and π∗OX(U) =

∏
π:U ′∼=U OV (U

′). Every open of X is a union of
small opens. So to define a sheaf on X it suffices to define it over the small
opens.
For a small open U , set L(U) to be{

(sU ′) ∈
∏

π:U ′∼=U

OV (U
′) : ∀γ ∈ Γ, z ∈ U ′, sU ′+γ(z + γ) = sU ′(z)cγ(z)

}
For some family of holomorphic cγ : V → C× to be determined (note that for
cγ ≡ 1 then we recover OX).
Now, the condition sU ′+γ(z + γ) = sU ′(z)cγ(z) shows that L(U) ↪→ OV (U

′) for
each U ′. If γ, δ ∈ Γ, then condition gives cγ+δ(z)sU ′(z) = sU ′+γ+δ(z + γ + δ) =
cδ(z + γ)sU ′+γ(z + γ) = cδ(z + γ)cγ(z)sU ′(z).
So if L(U) ̸= {0}, then (cγ) satisfies the cocycle condition cγ+δ(z) = cγ(z)cδ(z+
γ). Conversely, suppose (cγ) satisfies the cocycle condition, then our inclusion
becomes an isomorphism L(U) ∼= OV (U

′) for any U ′ ∼= U via π. Observe also
that if g : V → C× is holomorphic and (cγ) satisfies the cocycle condition,
so does c′γ(z) = cγ(z)g(z + γ)/g(z), which would define an invertible sheaf L′

ismorphic to L by multiplying sU ′+γ with g(z + γ).
We’ll construct (cγ) starting from (H,α) ∈ P (X), which would define sheaves
L(H,α). Set cγ(z) = α(γ) exp(π(H(z, γ)+(1/2)H(γ, γ))). For each γ, cγ : V →
C× is clearly holomorphic. It satisfies the cocycle condition, for

cγ(z)cδ(z + γ)

= α(γ)α(δ) exp

(
π

(
H(z, γ) +

1

2
H(γ, γ) +H(z, δ) +H(γ, δ) +

1

2
H(δ, δ)

))
= α(γ + δ)×

exp

(
π

(
H(z, γ + δ) +

1

2
(H(γ + δ, γ + δ) +H(γ, δ)−H(δ, γ))− iE(γ, δ)

))
= cγ+δ(z)

since H(γ, δ) − H(δ, γ) = H(γ, δ) − H(δ, γ) = 2iE(γ, δ), where E = ImH as
you sure will recall from half a zillion years ago.
Let L(H,α) be the line bundle on X given by this cocycle. If (H,α), (H ′, α′) ∈
P (X) give cocycles (cγ), (c

′
γ), then (H + H ′, αα′) gives the cocycle (cγc

′
γ), so

L(H + H ′, αα′) ∼= L(H,α) ⊗ L(H ′, α′). We therefore get a homomorphism
P (X) → Pic(X) sending (H,α) to the isomorphism class of L(H,α). One can
check that this does make the diagram commute.

Let L ∈ Pic(X) and x ∈ X. Let Tx : X → X be the translation map
y 7→ x + y. Then T ∗

xL,L have the same image in NS(X). Indeed, NS(X) ⊂
H2(X,C) ∼= A2

C(X)inv.
So we can define ϕL(x) = T ∗

xL ⊗ L∨ ∈ Pic0(X).
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Proposition 4.5. ϕL : X → Pic0(X) = X̂ is a homomorphism of complex tori
(i.e. a holomorphic homomorphism).

Proof. Example sheet.

Theorem 4.6. Let L = L(H,α). The followings are equivalent:
(i) H is positive-definite.
(ii) H0(X,L) ̸= {0} and ϕL is an isogeny.
(iii) L is ample.

Later, we’ll prove algebraic analogues of some of these statements.

Definition 4.6. A polarisation on X is a positive-definite Riemann form on X.

So the theorem says that X is a projective variety if and only if X has a
polarisation.

5 Group Schemes over a Field

Fix a field k, which we’ll often assume to be algebraically closed. A k-scheme
is a scheme X equipped with a morphism aX : X → Spec k. This makes each
OX(U) a k-algebra. A morphism X → Y of k-schemes (a “k-morphism”) is
simply a morphism of schemes X → Y such that the diagram

X Y

Spec k

commutes. We’ll write (Sch/k) for the category of k-schemes. Sometimes we
just not explicitly mention k when it’s understood that we’re working with
k-schemes and k-morphisms.

Definition 5.1. For k-schemes X,S, the the set X(S) = Mork(S,X) is called
the set of S-valued points of X. For a k-algebra R, we write X(R) = X(SpecR)
and call it the set of R-valued points of X.

Note that for any k-morphism h : S′ → S, we have a map X(S) → X(S′) via
g 7→ f ◦h. This makes the assignment S 7→ X(S) a functor (Sch/k)op → (Sets).

Definition 5.2. This functor, denoted ĥX , is called the functor of points of X.

For a k-morphism X → Y and any k-scheme S, we get a map fS : X(S) →
Y (S), g 7→ f ◦ g. This gives a natural transformation ĥX → ĥY .

Example 5.1. Suppose X = V(I) ⊂ An
k for an ideal I ≤ k[T1, . . . , Tn], then

X(R) = {(ai) ∈ Rn : ∀f ∈ I, f(a) = 0} for any k-algebra R.

For k-schemes X,Y , we write X × Y to denote X ×Spec k Y by convention.
By definition we have a natural bijection (X × Y )(R) = X(R)× Y (R).

Definition 5.3. A group scheme over k (or k-group scheme) is a k-scheme G,
together with a (k-)morphism m : G × G → G such that for all k-algebra R,
mR : G(R)×G(R) → G(R) makes G(R) a group.
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Example 5.2. 1. Ga = Spec k[t] ∼= A1 is a group scheme with m : Ga ×Ga →
Ga given by k[t] → k[t1, t2], t 7→ t1 + t2. Then Ga(R) = R and mR is just
addition. This is known as the additive group over k.
2. Gm = Spec k[t±1] ∼= A1 \ {0} is a group scheme with m : Gm × Gm → Gm

given by k[t±1] → k[t±1
1 , t±1

2 ], t 7→ t1t2. Then Ga(R) = R× and mR is just
multiplication.
3. For n ≥ 1, we define GLn = Spec k[Tij , 1/ det(Tij)] with mR : GLn ×GLn →
GLn given by

Spec k[Tij ,det(Tij)
−1] → Spec k[Uij , Vij ,det(Uij)

−1,det(Vij)
−1]

Tij 7→
∑
l

UilVlj

Guess what, (GLn)(R) = GLn(R).

Let’s talk more about the functor of points coz we want to. As you know,
the underlying set of a scheme doesn’t tell you much about it. For example, the
underlying set of X = A1 is not a group (what would one do with the generic
point anyways). The problem is that we don’t even have |A1×A1| = |A1|×|A1|.
However, we have a powerful workaround: The functor S 7→ X(S) captures
everything, and I mean everything, about X.

Lemma 5.1 (Yoneda Lemma). The natural map between the set of k-morphisms

X → Y and the set of natural transformations ĥX → ĥY is a bijection.

Proof. Given a natural transformation (fS), we get a k-morphism X → Y given
by fX(idX) ∈ Y (X), which provides an inverse.

Lemma 5.2 (Yoneda but better). Let hX be the restriction of ĥX to the category
(Aff/k) of affine schemes over k, then the preceding lemma is still true if we

replace ĥX → ĥY by hX → hY .

Proof. The inverse is now given by the following: Suppose we have an affine
open cover X =

⋃
α Uα. Let jα : Uα → X be the open immersions. Given a

natural transformation (fS), we have fUα(jα) ∈ Y (Uα). For any open affine
V ⊂ Uα ∩ Uβ , fUα

(jα) and fUβ
(jβ) restricts to the same element of Y (V ) by

naturality, so these fUα
(jα) glue to an element of Y (X) = {X → Y }.

Proposition 5.3. Let G be a group scheme with multiplication m. Then:
(i) G(S) is a group under mS for each S ∈ (Sch/k) (i.e. not just for affine S).
(ii) For any S′ → S, the map G(S) → G(S′) is a group homomorphism.

Proof. Suppose S′ = SpecR′, S = SpecR are affine. We’ll show (ii) in this
occasion, i.e. we need to check that the diagram

(G×G)(S) G(S)×G(S) G(S)

(G×G)(S′) G(S′)×G(S′) G(S′)

∼= mS

∼= mS′

commutes. But it does.
(i) Cover S by open affines (Ui)i∈I . Also cover Ui ∩ Uj =

⋃
k∈Kij

Uk
ij . Then for
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any X, we have

X(S) =

{
(xi) ∈

∏
i

X(Ui) : ∀i, j ∈ I, ∀k ∈ Kij , xi|Uk
ij
= xj |Uk

ij

}

Apply this identification to G and G×G. G(S) therefore embeds in the group∏
i∈I G(Ui), so mS is associative. To see it is a subgroup, we simply need to

know that the maps G(S)×G(S) → G(S)×G(S) given by (x, y) 7→ (xy, y) and
(x, y) 7→ (yx, y) are bijective. But they are clear from our identification.
(ii) Use our argument for the affine case again, except now knowing (i).

In particular,

Corollary 5.4. There exists e ∈ G(k), i ∈ G(G) such that for any k-scheme S,
e becomes the identity on G(S) and iS : G(S) → G(S) is the inverse on G(S).

Proof. We of course take e to be the identity on G(k). And i ∈ G(G) is taken
to be the inverse of idG ∈ G(G).

Example 5.3. Take any (abstract) group Γ. The constant group scheme over
k associated to Γ is G =

∐
γ∈Γ Spec k with the group morphism given by the

group operation on Γ. Clearly G is affine iff Γ is finite.

Remark. There is an alternative way to define a group scheme, which is a set
of data (G,m, e, i) with m ∈ G(G×G), e ∈ G(k), i ∈ G(G) satisfying the same
axioms we’d expect for a group except phrased in terms of morphsims. For
example, the associativity axiom becomes the commutativity of the diagram

(G×G)×G G×G G

G× (G×G) G×G

m×idG

∼=

m

idG ×m

m

That is, G is a group object in the category of schemes.

Definition 5.4. A homomorphism of group schemes is a morphism G → G′

such that for each k-scheme S (eqv. k-algebra R), G(S) → G′(S) (resp. G(R) →
G′(R)) is a group homomorphism.

Remark. Equivalently, f : G→ G′ is a homomorphism iff the diagram

G×G G′ ×G′

G G

f×f

m m′

f

commutes.

Definition 5.5. A closed subgroup scheme H of G is a closed subscheme such
that for all k-algebra R, H(R) is a subgroup of G(R).
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In particular, a closed subgroup scheme is also a group scheme and the
closed embedding is a homomorphism of group schemes. The image of idH×H ∈
(H ×H)(H ×H) in H(H ×H) from the diagram

(H ×H)(S) (G×G)(S)

H(S) G(S)

is the multiplication morphism.

Example 5.4. e : Spec k → G is a closed subgroup scheme.

Let f : G→ G′ be a homomorphism of group schemes.

Definition 5.6. The kernel ker f of f is the fibre of f at e′ ∈ G′(k). That is,
it is the fibre product ker f = G×f,e′,G Spec k.

As e′ is a closed immersion, ker f is a closed subscheme of G. Moreover,
(ker f)(S) = ker(fS : G(S) → G′(S)), so ker f is a closed subgroup scheme.

Example 5.5. Let G = GLn and G′ = Gm. We have group homomorphisms
detR : GLn(R) → Gm(R) functorial in R, therefore defines a homomorphism
of group schemes det : G → G′. We write SLn = ker det. Explicitly, it is the
closed subscheme defined by det(Tij) = 1 in Spec k[Tij , 1/ det(Tij)].

Quotients are much more subtle and is not gonna be discussed, as it seems.

Definition 5.7. Let G be a group scheme and x ∈ G(k). The left translation
by x is the unique morphism Tx : G → G such that Tx(y) = (x ◦ aS)y for all
y ∈ G(S). In other words, it is the composite m ◦ (x× idG), identifying G with
(Spec k)×G.

So Te = idG and Txy = TxTy.

Definition 5.8. A k-variety is a separated k-scheme of finite type over k which
is geometrically integral, in the sense that Xk̄ = X × Spec k̄ is integral.

In particular, k is algebraically closed in the function field of X.

Definition 5.9. A complete k-variety is a k-variety proper over k.
A group variety (or connected algebraic group) is a group scheme which is a
variety.
An abelian variety is a complete group variety.

It’s worth noting that the phrase “algebraic group” means different things
for different people.

Example 5.6. Ga,Gm,GLn are all (affine) group varieties. The simplest non-
trivial example of an abelian variety is an elliptic curve E, which is a nonsingular
plane cubic with a distinguished k-point.

The completeness assumption has very strong implications, such as commu-
tativity.
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Theorem 5.5 (Mumford’s Rigidity Lemma). Suppose X,Y, Z are k-varieties
with X complete. Let y0 ∈ Y and f : X × Y → Z a morphism. Suppose
f(X×{y0}) = {z0} is a point, then there is some g : Y → Z such that f = g◦pr2.
In particular, for all y ∈ Y , f(X × {y}) is a single point.

More precisely, X ×{y0} means X × Specκ(y0) ↪→ X × Y which is the fibre
of pr2 at y0 ∈ Y . This is in general not the set-theoretic product. But it is if
y0 ∈ Y (k).

Remark. The completeness assumption is necessary: For the map f : A1 ×
A1 → A1, (x, y) 7→ xy, we have f(A1 × {0}) being a single point, and yet
f(A1 × {1}) = A1.

Corollary 5.6. Suppose X is an abelian variety and G a group variety. Then
for any morphism f : X → G, Tf(eX)−1◦f is a homomorphism of group schemes.

Proof. WLOG f(eX) = eG. Consider p : X × X → G given on S-valued
points by p(x, y) = f(x)f(y)f(xy)−1. Since p(X ×{eX}) = eX = p({eX}×X),
the preceding theorem shows that p factors through both pr1 and pr2. So
p(x, y) = p(x, e) = p(e, e) = e for all x, y ∈ X(S), which means that f is a
homomorphism of group schemes.

Taking G = X reveals that any isomorphism of schemes f : X → X taking
e to e is an isomorphism of group schemes. In particular,

Corollary 5.7. Any abelian scheme is commutative.

By commutative we of course mean that the group structure on any S-valued
points is commutative.

Proof. Take f = iX .

From now on, we state theorems for arbitrary fields and prove them for
algebraically closed ones. We’ll discuss the differences between these situations
whenever convenient.

Proof of Theorem 5.5. Suppose k = k̄. Let x0 ∈ X(k). Define g : Y → Z via
g(y) = f(x0, y) (on the level of S-valued points). In other words, this is the
map

Spec k × Y X × Y Z

Y

x0×idY f

g

We need to show that g ◦ pr2 = f . It is enough to do so for a dense open of
X × Y since everything is separated.
Let W ⊂ Z be an affine open neighbourhood of z0, and let S = Z − W .
Then f−1(S) is closed, so pr2(f

−1(S)) ⊂ Y is closed since X is complete. Let
V = Y − pr2(f

−1(S)) which is open in Y , and we have by definition that
f(X × V ) ⊂W .
Now for all y ∈ V (k), f restricts to a morphism X × {y} → W , which is
constant since X is complete andW is affine. So f |X×{y} is constant with value
f(x0, y) = g(y).
For all y ∈ V (k), f |X×{y} = g ◦ pr2 |X×{y}. And so f |X×V = g ◦ pr2 |X×V . By
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the way, V is nonempty: Since z0 /∈ S, we have X × {y0} ∩ f−1(S) = ∅, so
y0 /∈ pr2(f

−1(S)). Therefore y0 ∈ V and hence V ̸= ∅.

Remark. We used the condition k = k̄ when we chose x0 ∈ X(k) (if k is not
algebraically closed, X(k) can be empty). In the general case, for affine opens
U ⊂ X,V ⊂ Y sufficiently small so that f(U × V ) ⊂ W ⊂ Z, we can consider
OZ(W ) → OX×Y (U × V ) = OX(U) ⊗ OY (V ). What we need is for this to
factor through k ⊗k OY (V ). But we can check this after extending scalar to k̄
since k ⊗k OY (V ) = (OX(U)⊗k OY (V )) ∩ (k̄ ⊗k OY (V ))

6 Seesaw and Cube

Suppose we have a morphism X → Y and an invertible sheaf L on X. For
y ∈ Y , we can write down the fibres Xy = X × Specκ(y) and Ly = i∗yL. It
is common to ask the following questions: How does H0(Xy,Ly) (or in general
Hi) vary with y? And what conditions ensure that there is some M on Y with
L ∼= f∗M?
Indeed, all Ly are trivial if L = f∗M for some M. Is the converse true, though?

Example 6.1. 1. Suppose C is a complete curve over k and D a divisor on C.
From the Riemann-Roch formula, we get some estimates on the dimension of
L(D) = H0(C,OC(D)). One can ask how this varies with the choice of D.
2. Let Y = Spec k[u, v, w]/(uv−w2) ⊂ A3 be a quadric cone (say with char k ̸=
2). Take X ⊂ Y the complement of the origin and let f : X → Y be the open
immersion. Let L be a line through the origin contained in Y and consider
L = OX(L ∩ X). As fibres of f are points, all Ly are trivial, but there does
not exist an invertible sheaf M on Y such that f∗M = L since L ⊂ Y is not a
Cartier divisor.

Theorem 6.1 (“Seesaw Theorem”). Let X,Y be k-varieties with X complete.
Let L be an invertible OX×Y -module, then:
(i) F = {y ∈ Y : L|X×{y} trivial} is closed in Y .
(ii) If F = Y , then there is an invertible sheaf M on Y with L = pr∗2 M.

Theorem 6.2. If X is a complete k-variety and S = SpecA for some Noethe-
rian k-algebra A. Suppose L is an invertible sheaf on X × S, then:
(i) H0(X × S,L) is a finite A-module.
(ii) There exists a morphism α : K0 → K1 of finite free A-modules and func-
torial isomorphisms H0(X × SpecB,LB) ∼= ker(αB = α ⊗A idB : K0 ⊗A B →
K1⊗AB) for all A-algebras B, where LB is the pullback of L along X×SpecB →
X × SpecA.

Remark. The theorem in fact holds for other Hi’s, where instead we use a
complex K0 → K1 → · · · .

Corollary 6.3. Under the hypotheses of the preceding theorem, there is a fi-
nite A-module M such that for all B, H0(X × SpecB,LB) ∼= HomA(M,B) =
HomB(M ⊗A B,B).

Proof. Take M = cokerα∨, i.e. we have the exact sequence

(K1)∨ (K0)∨ M 0α∨
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where (Ki)∨ = HomA(K
i, A). As HomA((K

i)∨, B) = Ki⊗AB (as Ki are finite
free), we get the exact sequence

0 HomA(M,B) K0 ⊗A B K1 ⊗A B
αB

Corollary 6.4. Under the same hypothesis, for every d ≥ 0, Zd = {s ∈ S :
dimκ(s)H

0(X × Specκ(s),Ls) ≥ d} is closed in S.

This is a special case of what’s known as the “semicontinuity theorem”,
which is actually true for all Hi.

Proof. Suppose K0 =∼= Am,K1 ∼= An. Then α⊤ is represented by an (m× n)-
matrix C. We then have Zd = {s ∈ S : rank(α⊤ ⊗ idκ(s)) ≤ m − d}. But

rank(α⊤ ⊗ idκ(s)) ≤ m− d is equivalent to say that all (m− d+ 1)-minors of C
vanish in κ(s), which is a closed condition.

Lemma 6.5. Suppose V is a complete K-variety and L is an invertible OV -
module. Then L is trivial iff both H0(V,L) and H0(V,L∨) are nonzero.

Proof. Exercise. It might be useful to mention the fact that HomOV
(L,L) =

HomOV
(OV ,OV ) = K as V is a complete variety, and that HomOV

(OV ,L) =
H0(V,L).

Proof of Theorem 6.1. (i) WLOG Y = SpecA is affine since this is a local state-
ment. Then the claim is immediate from the preceding lemma and Corollary
6.4.
(ii) Suppose F = Y . We want to show that L is the pullback of some M on Y .
We will show that M = (pr2)∗L is an invertible OY -module and the adjunction
pr∗2 M → L is an isomorphism. This is now a local statement, so we may assume
Y = SpecA is affine. It’s enough to show that for all y ∈ Y there is an open
affine U ∋ y on which L|X×U is trivial.
We know that dimκ(y)M ⊗A κ(y) = dimκ(y)H

0(Ly) = 1 since Ly is trivial. By
Nakayama’s lemma, M is locally free of rank 1. Replacing Y with a smaller
affine neighbourhood of y, we may assume that M is cyclic.
Suppose m generates M . Then

HomOX×Y
(OX×Y ,L) = H0(X × Y,L) = HomA(M,A) ∼= m∨A

So m∨ gives a map OX×Y → L whose restriction to each X × {y} is the iso-
morphism OX×{y} → Ly, and similarly for L∨. This gives an isomorphism
OX×Y → L.

Remark. The proof actually gives something stronger: There exists a maximal
closed subscheme Z ⊂ Y such that L|X×Z

∼= pr∗2 M for some M on Z. For
example, if Y = SpecA is affine and M is cyclic, then Z = SpecA/I with
I = annA(M).

Suppose now that L is an invertible sheaf on X × Y such that LX×{y} is
trivial for all y ∈ Y and that there is some x0 ∈ X(k) with L{x0}×Y trivial.
Then L = pr∗2 M by Theorem 6.1, so OY

∼= (pr∗2 M)|{x0}×Y = M, which in
turn means that L is trivial.

20



Remark. There exists an example of a nontrivial L on X ×Y with X,Y elliptic
curves such that L{x0}×Y , LX×{y0} are trivial for some x0 ∈ X(k) and y0 ∈
Y (k).

But things are better when you get to three.

Theorem 6.6 (Theorem of the Cube). Suppose X,Y, Z are k-varieties with
X,Y complete. Suppose x, y, z are k-points of X,Y, Z and L is an invertible
sheaf on X×Y ×Z which is trivial on {x}×Y ×Z, X×{y}×Z and X×Y ×{z}.
Then L is trivial.

Proof. Probably omitted or deferred.

Corollary 6.7. Suppose X is an abelian variety with an invertible OX-module
L. For any variety Y and three morphisms f, g, h ∈ X(Y ), we have (f + g +
h)∗L ∼= (f + g)∗L ⊗ (f + h)∗L ⊗ (g + h)∗L ⊗ f∗L∨ ⊗ g∗L∨ ⊗ h∗L∨.

Proof. First consider the case where Y = X ×X ×X and f = pr31, g = pr32, h =
pr33 are the projections. We need to show that M = (pr31 +pr32 +pr33)

∗L ⊗
(pr31 +pr32)

∗L∨⊗ (pr31 +pr33)
∗L∨⊗ (pr32 +pr33)

∗L∨⊗ (pr31)
∗L⊗ (pr32)

∗L⊗ (pr33)
∗L

is trivial.
Let q : X × X → X × X × X, (x, y) 7→ (x, y, e). Then (pr31 +pr32 +pr33) ◦ q =
(pr21 +pr22) ◦ q = m where pr2i : X ×X → X are the projections.
On the other hand, (pr31 +pr33)◦q = pr31 ◦q = pr21, (pr

3
2 +pr33)◦q = pr32 ◦q = pr22.

And pr33 ◦q = e.
These computations yield M|X×X×{e} = q∗M = m∗L ⊗m∗L∨ ⊗ (pr21)

∗L∨ ⊗
(pr22)

∗L∨ ⊗ (pr21)
∗L ⊗ (pr22)

∗L ⊗ OX×X , which is trivial. By symmetry, M is
trivial when restricted to X × {e} × X and {e} × X × X too. Hence by the
preceding theorem we conclude that M is trivial.
The general case is reduced to the special case of projections by the factorisations
f = pr31 ◦(f, g, h), g = pr32 ◦(f, g, h), h = pr33 ◦(f, g, h).

Corollary 6.8 (Theorem of the Square). Suppose X is an abelian variety and L
an invertible OX-module. Then for any x, y ∈ X(k), T ∗

x+yL = T ∗
xL⊗T ∗

yL⊗L∨.

Proof. Take f = x(= x◦aX), g = y and h = idX in the preceding corollary.

Corollary 6.9. Let X be an abelian variety, n ∈ Z, and [n] : X × X is the
multiplication-by-n morphism. Then [n]∗L = L⊗(n(n+1)/2) ⊗ (i∗L)⊗(n(n−1)/2)

(where i = [−1] is the inversion map on X).

Here, when n is negative, we use the convention L⊗n = (L∨)⊗|n|.

Proof. When n = 0, 1 the statement is trivial. For n ≥ 2, we take f = [n − 1],
g = idX = [1], h = i = [−1] in Corollary 6.7 and finish by induction. We obtain
the case for negative n from the observation [−n]∗L = i∗[n]∗L.

7 Picard Group of Abelian Varieties

First, an aside.

Proposition 7.1. Suppose G/k is a group variety. Then G is nonsingular.
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Proof. Assume WLOG that k = k̄. The set of nonsingular closed points on G
is dense in G. Suppose y ∈ G is nonsingular, then for any other closed point
x ∈ G, Txy−1 : G → G is an automorphism of G taking y to x. Hence x too is
nonsingular. Therefore G is nonsingular.

For a k-scheme X, we write Xk̄ = X × Spec k̄.

Definition 7.1. Let X be an abelian variety.
Suppose L is an invertible OX -module. For x ∈ X(k̄), we define ϕL(x) ∈
Pic(Xk̄) to be the isomorphism class of T ∗

xL ⊗ L∨ (after a base-change to k̄,
that is).

Theorem 6.8 tells us that ϕL is a homomorphism of groups.

Definition 7.2. We write K(L) for the kernel of ϕL in X(k̄), and Pic0(X) the
set of isomorphism classes of L with ϕL = 0. The Néron-Severi group of X is
NS(X) = Pic(X)/Pic0(X).

Remark. x ∈ K(L) iff T ∗
xL ∼= L. By Theorem 6.1, this means that K(L)

consists of the k̄-points of a closed subscheme of X. Indeed, we have the next
proposition.

Definition 7.3. For a line bundle L on X, the associated Mumford line bundle
on X ×X is M(L) = m∗L ⊗ pr∗1 L∨ ⊗ pr∗2 L∨

Proposition 7.2. L ∈ Pic0(X) iff M(L) is trivial.

Proof. Assume k = k̄ for simplicity.
For x ∈ X(k), we have m ◦ (idX , x) = Tx,pr1 ◦(idX , x) = idX ,pr2 ◦(idX , x) = x.
So M|X×{x} ∼= T ∗

xL⊗L∨ and M|{e}×X is trivial. By Theorem 6.1, M is trivial

iff TxL ∼= L for all x, i.e. L ∈ Pic0(X).

Remark. This is one of the many, many different characterisations of Pic0.

Let D be an effective divisor on X (since X is nonsingular, there is no
difference between Weil and Cartier divisors).
Write H(D) = {x ∈ X(k̄) : TxD = D}. We certainly have OX(Tx(D)) =
T ∗
−xOX(D) (indeed, if D = div f , then (T ∗

xf)(y) = f(x + y) and so div T ∗
xf =

T−xD). And H(D) ≤ K(OX(D)) because of this.

Remark. H(D) is the k̄-points of a closed subscheme of X, but for more obvious
reasons than that for K(L). Indeed, if Y ⊂ X is a closed subset, then TxY = Y
iff {x} × Y ⊂ m−1(Y ) ⊂ X ×X, which happens iff x ∈

⋂
y∈Y {x ∈ X : (x, y) ∈

m−1(Y )} =
⋂

y∈Y pr1((X × {y}) ∩m−1(Y )), which is closed.

Theorem 7.3. Suppose L = OX(D) for an effective divisor D, then the fol-
lowings are equivalent:
(i) L is ample.
(ii) K(L) is finite.
(iii) H(D) is finite.

Proof. Again assume k = k̄.
(ii) =⇒ (iii): Obvious.
(i) =⇒ (ii): Assume for the sake of contradiction that L is ample but K(L) is
infinite. Then K(L) consists of the k-points of some reduced closed subgroup
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scheme of X, necessarily of positive dimension since K(L) is infinite. The
irreducible component containing e contains an abelian subvariety Y of positive
dimension. The restriction L|Y too is ample, so we might as well assume X = Y
(i.e. K(L) = X(k)).
Then m∗L ∼= pr∗1 L ⊗ pr∗2 L on X × X. Let’s pull it back via d : X → X ×
X, d(x) = (x,−x). Then m ◦ d = e, pr1 ◦d = idX ,pr2 ◦d = i = [−1], and hence
OX

∼= L ⊗ i∗L.
Since i is an automorphism, i∗L too is ample, therefore OX is ample. This
however means that dimX = 0 since X is complete, contradiction.
(iii) =⇒ (i): Consider OX(2D) = L⊗2. By Theorem 6.8, this is isomorphic to
T ∗
xL⊗ T ∗

−xL = OX(TxD+ T−xD) for any x. In other words, for any x, there is
some sx ∈ H0(X,OX(2D)) whose divisor is TxD + T−xD.
Now, y ∈ X(k) belongs to TxD ∪ T−xD iff one of y ± x is in D. So given
any y, there is some x such that y /∈ TxD ∪ T−xD. Consequently, the map
f : X → PN (where N = h0(X,OX(2D)) − 1) induced by the sections of
OX(2D) is a morphism.
We claim that fibres of f are finite, which implies the ampleness of OX(2D)
since quasi-finite morphisms between complete varieties pulls ample invertible
sheaves back to ample invertible sheaves.
If some fibre of f is infinite, then it must contain a curve C on X. Let y ∈ C(k).
Then there is some x ∈ X(k) such that sx(y) ̸= 0 by what we’ve discussed.
Consequently sx is nonvanishing on C by definition of f , i.e. C∩(TxD∪T−xD) =
∅. We are then done by the next lemma.

Lemma 7.4. Suppose k = k̄, C ⊂ X is any curve and Y ⊂ X an irreducible
divisor with C ∩ Y = ∅, then Ty1−y2

Y = Y for any y1, y2 ∈ C(k).

Applying this to each irreducible component of TxD shows that Ty1−y2 maps
TxD to itself, hence D to itself, for all y1, y2 ∈ C(k). But C(k) is infinite, so
H(D) is infinite, contradicting (iii).

Proof. Let U = {x ∈ X(k) : TxY ̸⊃ C} (i.e. collection of points x such that
TxY ∩ C is finite). Since C ∩ Y = ∅, we know that T−xY ∩ C = ∅ = Y ∩ TxC
for any x ∈ U (“the degree of a divisor is constant in a connected family”,
see next section). For y1, y2 ∈ C and z ∈ Y (k), we have z ∈ Tz−y2C ∩ Y , in
particular it is nonempty. Therefore Tz−y2

C ⊂ Y and hence z − y2 + y1 ∈ Y ,
i.e. Ty1−y2

Y = Y .

Corollary 7.5. Abelian varieties are projective.

Proof. Assume k = k̄. We will find an ample sheaf on any abelian variety X.
Let U be any nonempty open affine containing the identity e. Then D = X \U
has codimension 1 sinceX is normal. Put the reduced induced closed subscheme
structure on D.
Suppose x ∈ H(D) = {x ∈ X(k) : TxD = D}. Then TxU = U , so x ∈ U(k),
i.e. H(D) ⊂ U(k). Now U is affine and H(D) is the set of k-points of some
closed subscheme of X. But closed subschemes of X are complete, hence H(D)
is finite and therefore OX(D) is ample.

Corollary 7.6. For all n ≥ 1, ker[n](k̄) = ker([n] : X(k̄) → X(k̄)) is finite,
and [n] : X → X is surjective. In particular, X(k̄) is divisible.
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Proof. Since X is complete, it suffices to show the finiteness of ker([n] : X(k̄) →
X(k̄)). Assume WLOG that k = k̄.
Suppose for the sake of contradiction that this kernel is infinite. Then ker[n]
contains V (k) for some subvariety V ⊂ X of positive dimension. Let L be any
ample invertible sheaf on X. Then [n]∗L is trivial on the fibres of [n], hence
[n]∗L|V is trivial. But we know [n]∗L = L⊗n(n+1)/2⊗ [−1]∗L⊗n(n−1)/2 is ample,
so V admits a trivial ample invertible sheaf, which means that dimV = 0.

Remark. One can show that if char k ∤ n, then ker[n](k̄) ∼= (Z/nZ)2g where
g = dimX. If char k | n, then #ker[n](k̄) < n2g.

Recall that for a complex torus X, Pic0(X) is the dual complex torus of X.
We can do something similar algebraically.

Theorem 7.7. There is a dual abelian variety X̂ to X with dim X̂ = dimX
together with an isomorphism ψ : X̂(k̄) → Pic(Xk̄). Moreover, for all am-
ple L on X, there is a unique surjective homomorphism λL : X → X̂ with
ψ ◦ λL(k̄) = ϕL.
In fact, X̂ parameterises families of invertible sheaves. More precisely, there
exists an “universal invertible sheaf” P on X × X̂ with the following property:
Let S be any k-scheme and write Pic(X × S)0 = {L ∈ Pic(X × S) : ∀s ∈
S,L|X×{s} ∈ Pic0(X × {s})}. Then:

(i) For any L ∈ Pic(X × S)0, there is a unique f : S → X̂ such that L ∼=
(idX ×f)∗P ⊗ pr∗2 M for some M ∈ Pic(S).
(ii) The identification in (i) gives a functorial bijection X̂(S) → Pic(X ×
S)0/ pr∗2 Pic(S)

∼= {L ∈ Pic(X × S)0 : L|{e}×S
∼= OS}.

Note that if we take S = Spec k̄, then the second bunch implies the first
statement.

Idea of proof. First show the highly nontrivial statement that, if L is ample,
then ϕL surjects onto Pic0(Xk̄) (we know that the image is contained in Pic0(Xk̄)
from example sheet).
Then we seek X̂ to be the “quotient” of X by kerϕL. If char k = 0, then this can
be done by taking the quotient of X by the finite group K(L) of automorphisms
of X. We will soon see how this is done.
In positive characteristics, one have to know how to take quotient by the largest
closed subgroup scheme K(L) such that M(L) is trivial.

Definition 7.4. A polarisation of an abelian variety X is an isogeny (i.e. sur-
jective homomorphism) λ : X → X̂ such that, for some ample L ∈ Pic(Xk̄),
ψ ◦ λ = ϕL.

8 Jacobians of Curves

Let X be a curve (nonsingular complete variety of dimension 1) over a field
k. Write g = g(X) = dimH0(X,ΩX/k) = dimH1(X,OX) for the genus of X.
Let’s review some facts about curves.

Definition 8.1. Div(X) is the free abelian group on the set of closed points of
X. We have a degree homomorphism deg : Div(X) → Z given by

∑
i niPi 7→∑

i ni[κ(Pi) : k].
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The divisor class group Cl(X) of X is the quotient of Div(X) by the subgroup
of principal divisors, i.e. divisors of the form div(f) for some f ∈ k(X)×. And
we write Cl0(X) for the kernel of deg in Cl(X).

We are going to prove:

Theorem 8.1. There exists an abelian variety J = Jac(X) over k of dimension
g together with an isomorphism J(k̄) ∼= Cl0(Xk̄).

Recall that there is a dictionary between divisors and invertible sheaves on
X, where a divisor D ∈ Div(X) gives rise to the invertible sheaf OX(D) whose
sections on U ⊂ X is {f ∈ k(X) : f = 0 or (div(f) + D)|U ≥ 0}. Every
invertible sheaf arises this way. And OX(D) ∼= OX(D′) iff there is f ∈ k(X)×

with div(f) +D = D′.
We write L(D) = H0(X,OX(D)) = {f ∈ k(X) : div(f) + D ≥ 0}. We also
write degL for degD for any D with L ∼= OX(D). And we write Pic0(X) for
the subgroup of Pic(X) consisting of those invertibel sheaves having degree 0.
The canonical class KX ∈ Cl(X) is the divisor class such that OX(KX) ∼= ΩX/k.
Its degree is 2g − 2, for example by the Riemann-Roch formula:

Theorem 8.2 (Riemann-Roch, sheaf version). For any invertible sheaf L:
(i) h0(L)− h1(L) = 1− g + degL.
(ii) (Serre duality) H1(X,L) ∼= H0(X,ΩX/k ⊗ L∨)∨.

Corollary 8.3 (Riemann-Roch, divisor version). Let ℓ(D) = dimL(D). Then
ℓ(D)− ℓ(KX −D) = 1− g + degD.

One general thing that we need is to be able to take some kind of quotients.

Proposition 8.4. Let V be a quasi-projective variety over k (not necessarily
algebraically closed) and G ⊂ Aut(V ) be a finite subgroup. Then there exists a
unique variety V ′ = V/G and a proper morphism V → V ′ with finite fibres such
that:
(i) ∀γ ∈ G, ϕ ◦ γ = ϕ.
(ii) ϕ induces a bijection V (k̄)/G→ V ′(k̄) and an isomorphism k(V ′) → k(V )G.
(iii) For any morphism ψ : V → W of k-schemes such that ψ ◦ γ = ψ for all
γ ∈ G, there is a unique θ : V ′ →W such that θ ◦ ϕ = ψ.

Sketch of proof. When V = SpecA is affine, then G can be viewed as a finite
subgroup of Autk(A) and we can simply take V ′ = SpecAG. By some commu-
tative algebra, AG is a k-algebra of finite type and A is a finite B-module.
In general, the fact that V is quasi-projective shows that for any closed point
x ∈ V there is an open affine U ⊂ V containing the orbit xG (since the orbit
is finite). Now

⋂
γ∈G Uγ is an open affine containing xG since V is separated,

i.e. V can be covered by G-invariant open affines. So we use the affine case and
glue.

Remark. 1. The quasiprojective hypothesis can be weakened to the statement
that any orbit is contained in an open affine. This is necessary: There exists a
proper k-variety V and a free Z/2Z-action such that V/G does not exist as a
scheme (Hironaka’s example).
2. In fact, a morphism is proper and quasi-finite (i.e. has finite fibres) if and
only if it is finite.
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Back to curves.

Proposition 8.5. Suppose S is any connected k-scheme and [L] ∈ Pic(X×S).
Then:
(i) degL|X×{s} is independent of s ∈ S.
(ii) For all m ≥ 0, {s ∈ S : dimκ(s)H

0(X × {s},L|X×{s}) ≥ m} is closed.

Proof. (ii) follows from Theorem 6.1. The proof of (i) is omitted, but it’s basi-
cally because the Euler characteristic h0 − h1 = 1 − g + deg is constant in flat
connected families.

So if S is connected then Pic(X×S) =
∏

n∈Z where Picn(X×S) = {[L] : ∀s ∈
S, degL|X×{s} = n}. And for all [G] ∈ Picn(X) = {[L] : degL = n}, we have

an isomorphism Pic0(X × S) → Picn(X × S), [L] 7→ [L ⊗ pr∗1 G]. In paticular,
if X(k) ̸= ∅, then Pic0(X × S) ∼= Picn(X × S) for all n and Pic(X × S) ∼=
Pic0(X × S)× Z.
From now on let’s assume k = k̄.

Proposition 8.6. (i) If degD = g, then ℓ(D) ≥ 1.
(ii) There exists an effective divisor D0 of degree g with ℓ(D0) = 1.

In fact, most D0 of degree g works for (ii).

Proof. (i) Riemann-Roch.
(ii) Let L be an invertible sheaf of degree d ≥ 2g + 1. Then h1(L) = h0(L∨ ⊗
ΩX/k) = 0. So Riemann-Roch gives h0(L) = d−g+1. Moreover, the assumption

that d ≥ 2g + 1 implies that sections of L gives a closed immersion X ↪→ Pd−g
k

whose image is not contained in a hyperplane.
Since k = k̄ is infinite, we can choose P1, . . . , Pd−g ∈ X(k) ⊂ Pd−g(k) not lying
on any codimension 2 projective subspace. Then H0(X,L ⊗ O(−

∑
i Pi)) =

{s ∈ H0(X,L) : s(P1) = · · · = s(Pd−g) = 0} has dimension h0(L)− (d− g) = 1.
So take [D0] to be the divisor class corresponding to L ⊗ OX(−

∑
i Pi). Since

ℓ(OX(D0)) = 1, we can choose D0 to be effective.

Now fix D0 as in the proposition. For all E ∈ Div0(X), there is some
D′ = P1 + · · · + Pg such that D′ ∼ D0 + E by part (i) of the proposition. So
the map πk : {D′ ≥ 0 : degD′ = g} → Cl0(X), D′ 7→ OX(D′) is surjective.
But {D′ ≥ 0 : degD′ = g} = (Xg/Sg)(k) where Sg is the symmetric group on
g letters, acting on Xg by permuting the coordinates! Write X(g) = Xg/Sg,
which turns out to be nonsingular (e.g. Ag/Sg = SpecP ∼= Ag where P is the
polynomial generated by the elementary symmetric polynomials).
X(g) is our first approximation to the Jacobian J = Jac(X). There will turn
out to be a canonical morphism π : X(g) → J inducing πk. Note that most
fibres of π would only have one element.
Fix x0 ∈ X(k).

Theorem 8.7 (Souped-up version of Theorem 8.1). There is an abelian variety
J over k and P ∈ Pic0(X×J) with P|{x0}×J

∼= OJ such that, for any k-scheme

S, J(S) can be identified as the set of isomorphism classes of L ∈ Pic0(X × S)
with L|{x0}×S

∼= OS, by sending f ∈ J(S) to (idX ×f)∗P. In particular, J(k) ∼=
Pic0(X).
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Remark. We need to fix x0 for the following reason: If one has some L ∈
Pic0(X × S), then for any M ∈ Pic(S), L′ = L ⊗ pr∗2 M ∈ Pic0(X × S) and
L|X×{s} ∼= L′|X×{s} for any s ∈ S. We want to ignore this variation, and
asking things to be trivial on {x0} × S for some fixed x0 does just that, since
L′ ⊗ L∨|{x0}×S = M (one can also take a quotient but ehhh).

Lemma 8.8 (Version 0). There is a variety U0 (which will be a dense open of
J) and P0 ∈ Pic0(X ×U0) with P0|{x0}×U0

∼= OU0
, such that for any variety S,

U0(S) can be identified as the set of isomorphism classes of L ∈ Pic0(X × S)
with L|{x0}×S

∼= OS AND h0(L|X×{s}⊗OX(D0)) = 1 for any s ∈ S, by sending
f ∈ J(S) to (idX ×f)∗P0.

Proof. We will construct U0 as an open ofX(g). There existsM ∈ Pic(X×X(g))
with M|X×{D′} ∼= OX(D′) for all D′ ∈ X(g)(k) and M|{x0}×X(g)

∼= OX(g) .

This is given as follows: X ×Xg contains the diagonal ∆X ×Xg−1 as a closed
subscheme. Let Y be the image of it under the quotient map.

X ×Xg ∆X ×Xg−1

X ×X(g) Y

Then for any D′ ∈ X(g)(k) we have Y |X×{D′} = D′. Let M′ = OX×X(g)(Y )
and we can set M = M′ ⊗ pr∗2(M|∨{x0}×X(g)).

Let W = {s ∈ X(g) : h0(M|X×{s}) = 1} which is open in X(g) by Theorem 6.4,
and nonemtpy since D0 ∈W (k). Take (U0,P0) = (W,M|W ⊗ pr∗1 OX(−D0)).
If f : S → W is any morphism, then L = (idX ×f)∗P0 sure is in Pic0(X × S),
is trivial on {x0} × S, and has h0(L|X×{s} ⊗OX(D0)) = 1 by construction.

To see this procedure hits everything, we work backwards: For any L ∈ Pic0(X×
S) satisfying the conditions, consider Q = L⊗pr∗1 OX(D0), then h

0(QX×{s}) =
1 for all s ∈ S. We see from the proof of Theorem 6.1 that, locally on S, L has
a section whose restriction to each fibre X×{s} is nonzero. One can check that
such a section is unique up to units of OS , so we obtain, by gluing, a divisor
on X × S with degree g on each fibre. This determines a morphism S → X(g)

whose image lies in W .

Having constructed U0 which we hope to be a dense open of J , which is
supposedly a group variety, we are inspired to glue together some “translates”
of it to cover J .
Let (Di)i be effective divisors of degree g. We shall modify Lemma 8.8 by
replacing the indices:

Lemma 8.9 (Version i). There is a variety Ui and Pi ∈ Pic0(X × Ui) with
Pi|{x0}×Ui

∼= OUi
, such that for any variety S, Ui(S) can be identified as the

set of isomorphism classes of L ∈ Pic0(X × S) with L|{x0}×S
∼= OS AND

h0(L|X×{s}⊗OX(Di)) = 1 for any s ∈ S, by sending f ∈ J(S) to (idX ×f)∗Pi.

Proof. (Ui,Pi) = (W,M|W ⊗ pr∗1 OX(−Di)).

To glue, we identify a common open subscheme Uij of Ui and Uj whose S-
points are the set of L ∈ Pic0(X × S) with L|{x0}×S

∼= OS and h0(L|X×{s} ⊗
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OX(Di)) = 1 = h0(L|X×{s} ⊗OX(Dj)). And for triple “intersections”, Uijk is

just the open subscheme whose S-points are L ∈ Pic0(X × S) with L|{x0}×S
∼=

OS and h0(L|X×{s} ⊗ OX(Di)) = h0(L|X×{s} ⊗ OX(Dj)) = h0(L|X×{s} ⊗
OX(Dk)) = 1.
So we get gluing data for J =

⋃
i Ui once we have chosen some collection of Di.

Go back to this X(g) business. We set W0 = W ∼= U0 and Wi = {s ∈ X(g) :
h0(M|X×{s} ⊗OX(D1 −D0)) = 1} which is open in X(g) and contains a repre-
sentative for the class of 2D0 −Di since ℓ(D0) = 1. We get maps πi :Wi → Ui

corresponding to Li = M⊗ pr∗1 O(−D0).
Every D ∈ X(g)(k) lies in Wi for some Di (e.g. Di ∼ [2D0 −D] would do). As
X(g) is quasicompact, it is a finite union of Wi’s. This gives a suitable family
(Di)i gluing to J , with a surjection π : X(g) → J given by πi.
The last thing to do is to show that J is an abelian variety. The multiplication
map m : J × J → J is locally defined as follows: (x, y) ∈ Ui(k) × Uj(k) corre-
spond to some Pi,x,Pj,y ∈ Pic0(X). We form Pi,x ⊗ Pj,y which corresponds to
z ∈ Ul(k) for some l. Pi,x ⊗ Pj,y is the fibre of L = pr∗1 Pi ⊗ pr∗2 Pj on Ui × Uj

above (x, y). Note that h0(L|(x,y) ⊗O(Dl)) = 1.
There is a neighbourhood V of (x, y) ∈ Ui × Uj for which the h0 of L ⊗O(Dl)
is 1. Thus we get a morphism V → Ul.
One can check that m extends to J × J → J , making it a group variety, and π
shows the rest of the properties of an abelian variety.

A Proof of Theorem 6.6

Suppose k is a(n algebraically closed) field.

Theorem A.1 (Theorem 6.6). Suppose X,Y, Z are k-varieties with X,Y com-
plete. Suppose x, y, z are k-points of X,Y, Z and L is an invertible sheaf on
X × Y × Z which is trivial on {x} × Y × Z, X × {y} × Z and X × Y × {z}.
Then L is trivial.

We have a map Pic(X × Y )⊕Pic(X ×Z)⊕Pic(Y ×Z) → Pic(X × Y ×Z)
induced by projections. This theorem is essentially saying that this map is
surjective.
We shall first prove the theorem for Z = SpecA for some finite local k-algebra
A (e.g. k[t]/(tn)). In particular, Z = {z} and A/mA = κ(z) = k.
Let’s do induction on dimk A. If dimk A = 1, then Z = Spec k, and so X ×
Y × Z = X × Y × {z} and the theorem is obvious. For dimk A > 1, we choose
an ideal I ≤ A with dimension 1. Let Z1 = SpecA/I be the closed subscheme
of Z defined by this ideal. And we know that the theorem is true for Z1 by
induction.

Lemma A.2. Suppose V is a complete k-variety, then for any k-algebra B we
have H0(V × SpecB,OV×SpecB) = B.

Proof. This is a special case of Corollary 6.3.

Lemma A.3. Suppose V is a complete k-variety, then there is an exact sequence

0 H1(V,OV ) Pic(V × Z) Pic(V × Z1)

functorial in V .
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Example A.1. When A = k[t]/(t2) and I = (t), ker(Pic(V ×SpecA) → PicV )
may be viewed as the “tangent space” to Pic. And this tells us that this space
is just H1(V,OV ).

Proof. Note that I2 = 0 and we have an exact sequence

0 I A× (A/I)× 0
a7→1+a

and hence an exact sequence

0 IOV×Z O×
V×Z O×

V×Z1
0

(noting V ×Z and V ×Z1 have the same topological space). But now IOV×Z
∼=

OV . The long exact sequence of cohomology then shows the result, noting
A× = H0(X × Z,O×

V×Z) → (A/I)× = H0(X × Z1,O×
V×Z1

) is surjective.

Now, we know that L|X×Y×Z1 is trivial by inductio hypothesis, so the pre-
ceding lemma gives a commutative diagram

0 H1(X × Y,OX×Y ) Pic(X × Y × Z) Pic(X × Y × Z1)

0 H1(X,OX) ⊕ H1(Y,OY ) Pic(X × Z) ⊕ Pic(Y × Z) Pic(X × Z1) ⊕ Pic(Y × Z1)

a

c

b

with exact rows, where the vertical maps are induced by (y∗, x∗) So L ∈ ker b∩
ker c ∼= ker a, so we are done by the next lemma.

Lemma A.4. a is an isomorphism.

Proof. This follows from the Künneth formula: If X,Y are varieties over k, F
a quasicoherent OX -module, G a quasicoherent OY -module, then

Hn(X × Y, pr∗1 F ⊗ pr∗2 G) =
⊕

p+q=n

Hp(X,F)⊗Hq(Y,G)

Now let’s extend to the case where Z = SpecA where A is a local Noetherian
k-algebra. Let z ∈ Z be the closed point, so κ(z) = k. Write Zn = SpecA/mn

A.
Then L|X×Y×Zn is trivial for all n, by what we have done.
Recall from the proof of Theorem 6.1 that there are finite cyclic A-modules
M,M ′ such that for any homomorphism A → B of k-algebras, H0(X × Y ×
SpecB,LB) = HomA(M,B) and H0(X × Y × SpecB,L∨

B) = HomA(M
′, B).

By Lemma A.2, since LX×Y×Zn
∼= OX×Y×Zn

, we have M ⊗ A/mn
A

∼= A/mn
A.

And therefore annA(M) ⊂
⋂

n≥1 m
n = {0} which means that M ∼= M ′ ∼= A, so

L ∼= O.
Now for any k-variety Z, L|X×Y×SpecOZ,z

is trivial. Take F = {z′ ∈ Z :
L|X×Y×{z′} trivial} which is closed in Z by Theorem 6.1, and contains the
generic point of Z (which is also the generic point of SpecOZ,z). So F = Z.
Again by Theorem 6.1 we conclude that L = pr∗3 M for some M on Z. But
then OZ

∼= L{x}×{y}×Z
∼= M!
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