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1 Toric Varieties

Definition 1.1. The n-dimensional algebraic torus is T = Tn = (C×)n.

Remark. 1. T = SpecC[T±1
1 , . . . , T±1

n ] ∼= V(X1 · · ·Xn+1−1) ⊂ An+1 is an affine
variety.
2. T has the structure of an abelian group induced by coordinate-wise multi-
plication. Since this multiplication and its inverse are morphisms, this makes T
an algebraic group.

Definition 1.2. A(n n-dimensional) toric variety is a variety X that contains
an open dense subset isomorphic to T , equipped with an (algebraic) action
T ×X → X that restricts to the multiplication action T × T → T .

In fancier terms, a toric variety is an “equivariant enlargement of a torus”.

Example 1.1. 1. T itself is a toric variety.
2. Pn,An and products of them are toric varieties, with the obvious tori.
3. The cusp {x3 = y2} ⊂ A2 is a toric variety, with the torus given by removing
the origin.
4. {xy = zw} ⊂ A4 is a toric variety (find the torus for an easy exercise, I
suppose).

Remark. Toric varieties (of the same dimension) only differ along their boundary
∂X = X \ T .

We’ll show that toric varieties are defined by binomial equations, i.e. stuff
like xy = zw. They are also stratified by torus orbits, which gives rise to
some interesting combinatorics: It turns out that normal affine toric varieties
correspond to “strictly convex polycones”, which we will define in the time
to come; Normal projective toric varieties, on the other hand, correspond to
“polytopes”; In general, normal toric varieties correspond to these objects called
“fans”.
Toric varieties compose a simple class of varieties whose geometry corresponds
to combinatorics. That makes them relatively simple for computations, and
therefore a great testing ground for new stuff. More importantly, many more
complicated varieties can be degenerated to (a union of) toric varieties.

2 Affine Toric Varieties; Lattices; Binomial Ide-
als; Semigroups

Definition 2.1. A lattice M is a free abelian group of finite rank.

For a torus T = (C×)r, we have some natural lattices assoicated to it.

Definition 2.2. A character of T is a morphism of algebraic groups (a mor-
phism that happens to be a group homomorphism at the same time) χ : T →
T1 = C×.

Every m = (a1, . . . , ar) ∈ Zr defines a character χm : T → T1, (t1, . . . , tr) 7→
tm = ta1

1 · · · tar
r . In fact, every character of T arises this way (nontrivial but not

hard, i.e. an exercise).
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Definition 2.3. The set M of all characters of T is known as the character
lattice of T . It is isomorphic to Zr.

Definition 2.4. A one-parameter subgroup of T is a morphism of algebraic
groups T1 → T .

Any n = (b1, . . . , br) ∈ Zr gives rise to λn : T1 → T, t 7→ (tb1 , . . . , tbr ), and
guess what, all one-parameter subgroups arise this way.

Definition 2.5. The set N of all one-parameter subgroups of T is known as
the subgroup lattice of T .

We have a natural bilinear pairing ⟨−,−⟩ : M×N → Z, ⟨(ai), (bi)⟩ =
∑

i aibi.
We can recover T from N by TN = N ⊗Z C× → T, n⊗ t 7→ λn(t).

Definition 2.6. For A = {m1, . . . ,ms} ⊂ M , we can define a morphism of
algebraic groups ΦA : TN → Cs, t 7→ (χm1(t), . . . , χmr (t)). We define XA to be
the (Zariski) closure of ImΦA.

Remark. XA is always a toric variety (as we’ll probe later). We call ZA its
character lattice.

We’ll show that XA is the vanishing locus of a “lattice ideal”, which cor-
respond to binomial ideals. This will establish the fact that every affine toric
variety is of the form SpecC[S] for an affine semigroup S. Furthermore, X is
normal if and only if S is saturated, in the sense that S = σ∨∩N for some cone
σ ⊂ NR = N ⊗Z R ∼= Rr.

Definition 2.7. A polyhedral cone σ ⊂ MR = M ⊗Z R ∼= Rr is a finite inter-
section of half-spaces (i.e. one side of a linear subspace of codimension 1). It is
convex if m1,m2 ∈ σ =⇒ m1 +m2 ∈ σ, strictly convex if it contains no linear
subspace.
The dual of σ is σ∨ ⊂ NR given by {n ∈ NR : ⟨n,m⟩ ≥ 0}.

Definition 2.8. The toric variety associated to σ is Xσ = SpecC[σ∨ ∩N ].

We should recall the definition of a semigroup ring: C[S] = ⟨xn : n ∈ S⟩.

Example 2.1. If σ were the first quadrant on the plane, then its dual is itself
and we simply get Xσ = A2.

Definition 2.9. A semigroup is affine if it is finitely generated, integral (i.e.
its group-ification map is injective), and torsion-free (i.e. its group-ification is a
free abelian group).

Theorem 2.1. The followings are equivalent:
(a) X is an affine toric variety.
(b) X = XA for some A = {m1, . . . ,ms} ⊂M .
(c) X = SpecC[Ns]/I for some prime ideal I generated by binomials.
(d) X = SpecC[S] where S is an affine semigroup.

Example 2.2. Take the affine toric variety X = {x3 = y2} = {x3 − y2 =
0} ⊂ A2. Then A = {2, 3} ⊂ M = Z, then X = XA. On the other hand, if
S = ⟨2, 3⟩ ⊂ N, then X = SpecC[S].
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Proof. (b) =⇒ (a): ΦA : TN → (C×)s is a map of tori, so its image
T = ΦA(TN ) is a torus which is closed in (C×)s. In particular, it acts on
Cs.
Since XA is the Zariski closure of T in Cs, we immediately see that T is an open
dense torus in XA. The action of t ∈ T on Cs takes varieties to varieties and
T = tT ⊂ tXA, so XA ⊂ tXA. Same argument with t replaced by t−1 reveals
that tXA = XA, so the action does extend.
(b) =⇒ (c): ΦA induces a map of character lattices Φ̂A : Zs → M, ei 7→ mi.
The subgroup L = ker Φ̂A ≤ Zs encodes linear relations among the mi’s, so
that’s where we’re gonna attempt to find I.
For l = (l1, . . . , ls) ∈ L, we have

∑
i limi = 0. Define l+ =

∑
li>0 liei, l− =∑

li<0 liei. We claim that I(XA) = IL = {xl+ − xl− : l ∈ L} = {xα − xβ :
α − β ∈ L}. It’s clear that I(XA) ⊃ IL. Suppose IL ̸= I(XA), then choose
f ∈ I(XA) \ IL with minimal leading monomial xα =

∏
i x

αi
i (with respect

to a chosen order on the monomials, e.g. graded lexicographic). Rescale so
that the leading coefficient is 1. But f(tm1 , . . . , tms) = 0, so there is some

xβ =
∏

i x
βi

i < xα such that
∏

i(t
mi)αi =

∏
i(t

mi)βi . So α − β ∈ L and there-
fore xα − xβ ∈ IL. So f − xα + xβ ∈ I(Xα) \ IL, contradicting mininmality.
(c) =⇒ (b): Suppose I = {xαi − xβi : i ∈ I} ⊂ C[Ns] is prime. V(I) ∩ (C×)s

is an nonempty subgroup fo (C×)s. Projecting down to the i-th coordinate of
(C×)s gives rise to a character χmi : T → (C×)s → C× for some mi ∈M . Then
V(I) = XA where A = {m1, . . . ,ms}.
(b) ⇐⇒ (d): S is an affine semigroup iff S = NA ⊂ ZA = Sgp = Zr. ΦA cor-
responds to π : C[Ns] → C[M ], xi 7→ χmi . And C[S] = Imπ ∼= C[Ns]/ kerπ =
C[Ns]/I(XA).
(a) =⇒ (d): Suppose TN ⊂ X is a dense torus. This makes C[X] a sub-
algebra of C[M ] which is stable under the TN -action. We claim that C[X] =⊕

χm∈C[X] Cχm. Once we know this, we see thar C[X] = C[S] for S = {m ∈
M : χm ∈ C[X]}. Since C[X] is finitely generated, there exists f1, . . . , fs ∈ C[X]
such that C[X] = C[f1, . . . , fs]. Express fi in terms of characters shows that S
is finitely generated, and it’s immediate that S is integral and torsion-free.
The idea of proving the claim is the observation that C[X] consists of those
functions on TN that extends to polynomials on X. Since X is toric, such func-
tions are characterised by its characters. As this is pretty cool, we state it as a
separated lemma.

Lemma 2.2. Suppose A ⊂ C[M ] is a subspace stable under TN -action, then
A =

⊕
χm∈A Cχm.

Proof. It’s clear that A ⊃
⊕

χm∈A Cχm. Conversely, pick any nonzero f =∑
m∈B cmχm ∈ A ⊂ C[M ] for B ⊂ M finite. Then f ∈ A ∩ B where B =

Span{χm : m ∈ B}.
But A ∩ B is again stable under TN -action, and it’s finite-dimensional. Since
the characters are the simultaneous eigenvectors of the toric action, A∩B must
be spanned by them and therefore f ∈

⊕
χm∈A Cχm.

3 Normal Affine Toric Varieties and Cones

Definition 3.1. A (convex polyhedral) cone in NR = N ⊗Z R ∼= Rr is a finite
intersection of half-spaces.
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For a finite subset S ⊂ NR, its cone is Cone(S) = {
∑

n∈S λnn ≥ 0 : λn ≥ 0}. A
cone is rational if it has the form Cone(S).
For a cone σ, its dual cone is σ∨ = {m ∈MR : ∀n ∈ σ, ⟨m,n⟩ ≥ 0}. The cone σ
is called strictly convex if dimσ∨ = r.

Equivalently, σ is strictly convex if it contains no positive dimension sub-
space of NR, or eqivalently {0} is a face of σ (i.e. the intersection of σ with a
hyperplane).

Definition 3.2. Let σ be a rational complex polyhedral cone. Its associated
toric variety is Xσ = SpecC[σ∨ ∩M ].

Example 3.1. Take σ = Cone{(1, 0), (1, 2)}, then σ∨ = Cone{(0, 1), (2,−1)}.
So σ∨ ∩M = ⟨a, b, c⟩ where a = (0, 1), b = (1, 0), c = (2,−1). Another descrip-
tion would be σ∨∩M = N3/⟨a+ c−2b⟩, so Xσ = SpecC[x(0,1), x(1,0), x(2,−1)] =
SpecC[x, y, z]/(xz − y2).

Theorem 3.1. The followings are equivalent:
(a) X is a normal affine toric variety.
(b) X = SpecC[S] for some affine semigroup S ⊂M which is saturated, in the
sense that for all k ∈ N>0 and m ∈M , we have km ∈ S =⇒ m ∈ S.
(c) X = Xσ for some strictly convex (rational polyhedral) cone σ.

Proof. (a) =⇒ (b): For an affine semigroup S, SpecC[S] is normal iff C[S] is
integrally closed. Set R = C[S] and Q = FF(R). Then C[S] is integrally closed
iff whenever qn + r1q

n−1 + · · ·+ rn = 0 for some q ∈ Q, ri ∈ R we have q ∈ R.
Now, suppose km ∈ S for some k ∈ N>0 and m ∈ M . The character χm is a
polynomial function on TN , hence a rational function on X. But χkm ∈ C[S]
since km ∈ S, so χm ∈ C[S] since it is a root of xk − χkm. This means that
m ∈ S.
(b) =⇒ (c): Since S is affine, S = NA for some finite A ⊂M . So S ⊂ σ∨ ∩M
for σ∨ = Cone(A). Clearly ZA = r, so dimσ∨ = r and therefore σ is strictly
convex. Also, since S is saturated and dimσ∨ = r, we must have S = σ∨ ∩M .
(c) =⇒ (a): Let ρ1, . . . , ρk be the rays (i.e. one-dimensional faces) of σ. Then
σ is generated by its rays, so σ∨ =

⋂
i ρ

∨
i and C[Sσ] = C[σ∨ ∩M ] =

⋂
i C[Sρi

].
So C[Sσ] is integrally closed iff each C[Sρi

] is.
Let n ∈ N be the generator of ρi which is primitive in the sense that we can
find a basis e1, . . . , er of N with e1 = n. Then C[Sρi ] = C[x1, x

±n
2 , . . . , x±n

r ],
which is a localisation of C[x1, . . . , xr], hence normal.

What’s the inuition behind these? The “new points” in Xσ are limt→0 λ
n(t)

for n ∈ σ, which corresponds to strict faces of σ, which in turn corresponds to
σ∨ \ {0}.

4 Normal Toric Varieties and Fans

We’ll obtain more general, not necessarily affine, toric varieties by gluing affine
varieties. These correspond to gluing cones to a fan.

Definition 4.1. A fan in NR is a finite set Σ such that:
1. Every σ ∈ Σ is a strictly convex rational polyhedral cone.
2. For all σ ∈ Σ, each face of σ too is in Σ.
3. For all σ ∩ σ2 ∈ Σ, σ1 ∩ σ2 is a face of both σ1, σ2.

5



Definition 4.2. Given a fan Σ, Σ[k] is the set of k-dimensoinal cones of Σ. The
support of Σ is |Σ| =

⋃
σ∈Σ σ ⊂ NR. Σ is complete if |Σ| = NR.

Proposition 4.1. Suppose τ is a face of σ with τ = σ ∩ Hm for some m ∈
σ∨ ∩M , where Hm = {n ∈ NR : ⟨m,n⟩ = 0}. Then C[Sτ ] = C[Sσ]χm .

Proof. We certainly have Sσ ⊂ Sτ . Furthermore, since ⟨m,n⟩ = 0 for all n ∈ τ ,
we have ±m ∈ τ∨. So Sσ + Zm ⊂ Sτ . This is in fact an equality (which shows
the proposition). Indeed, fix S ⊂ N with σ = Cone(S). Pick m′ ∈ Sτ , then
m′ + Cm ∈ Sσ for C = max{|⟨m′, n⟩| : n ∈ S} ∈ N.

Proposition 4.2. If τ = σ1 ∩ σ2, then Sτ = Sσ1 + Sσ2 .

Proof. Since σ∨
1 + σ∨

2 = (σ1 ∩ σ2)
∨, we have Sτ ⊃ Sσ1

+ Sσ2
. Conversely, note

that τ = Hm ∩ σ1 = Hm ∩ σ2 for any m ∈ Int(σ∨
1 ∩ (−σ2)

∨). Take such an
m, then by what we did in the preceding proposition, any p ∈ Sτ has some
q ∈ Sσ1 and l ∈ N such that p = q − lm. But −m ∈ σ∨

2 implies −m ∈ Sσ2 , so
p ∈ Sσ1 + Sσ2 .

Suppose we now just have a fan Σ. We have a collection {Xσ} of affine toric
varieties. And for any pair σ1, σ2, Xσ1

and Xσ2
share an open subset Xσ1∩σ2

.
We also get isomorphisms gσ1σ2

: Xσ1∩σ2
→ Xσ2∩σ1

such that gσ1σ2
= g−1

σ2σ1
,

gσ1σ2(Xσ1∩σ2 ∩ Xσ1∩σ3) = Xσ2∩σ1 ∩ Xσ2∩σ3 and gσ1σ3 = gσ2σ3 ◦ gσ1σ2 . These
give a set of gluing data.

Definition 4.3. The toric variety associated to Σ is XΣ =
∐

σ∈Σ Xσ/ ∼ such
that x ∼ y iff there is some σ1, σ2 such that x ∈ Xσ1

, y ∈ Xσ2
and y = gσ1σ2

(x).

Example 4.1. 1. Consider the fan whose cones are the division of R2 by the
rays to the directions (1, 0), (0, 1), (−1,−1). We get affine toric varieties Xσ0 =
SpecC[x, y], Xσ1

= SpecC[x−1, x−1y], Xσ2
= SpecC[xy−1, y−1] corresponding

to the largest cones.
Then the transition functions are given by the isomorphisms g∗01 : C[x, y]x →
C[x−1, x−1y]x−1 , g∗02 : C[x, y]y → C[xy−1, y−1]y−1 , g∗12 : C[x−1, x−1y]x−1y →
C[xy−1, y−1]xy−1 .
The identification x 7→ x1/x0, y 7→ x2/x0 then reveals that XΣ

∼= P2.
2. Similarly, the fan obtained by dividing the plane with rays to the directions
(1, 0), (0, 1), (−a,−b) gives us the weighted projective plane P(1, a, b).

Proposition 4.3. XΣ1×Σ2 = XΣ1 ×XΣ2 .

Proof. Exercise.

Example 4.2. 1. P1 corresponds to the fan obtained by dividing the line at
the origin.
2. By the proposition, we know that P1×P1 corresponds to the fan on the plane
describing the quadrants.

Theorem 4.4. The followings are equivalent:
(a) X is a separated normal toric variety.
(b) X = XΣ for some fan Σ.

Proof. (b) =⇒ (a): Clear.
(a) =⇒ (b): Omitted (Sumihiro ’74).
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Proposition 4.5. For a cone σ, we have n ∈ σ iff limt→0 λ
n(t) exists in Xσ.

Proof. Consider the composition of maps

C× T C×λn

t7→t⟨m,n⟩

χm

Now the limit exists iff for any m ∈ C, limt→0 χ
m(λn(t)) exists in C, which

happens iff ⟨m,n⟩ ≥ 0 for any m ∈ Sσ = σ∨ ∩M , i.e. that n ∈ (σ∨)∨ = σ.

Corollary 4.6. There is a bijection between cones in Σ and TN -orbits in XΣ.

Definition 4.4. The closure of a torus orbit is called a toric stratum.

By what we’ve discussed, they correspond to cones in a fan.

Example 4.3. Consider the usual fan for P2, then the cone σ which is the
ray to the direction (1, 0) gives rise to the torus orbit {(x0, 0, x2) : x0, x2 ̸= 0},
whose limit under any n ∈ σ is (0, 1, 0).

Now let’s talk about properness of toric varieties. Needless to say, the valu-
ative criterion is booked for this occasion.
For an DVR R (e.g. C[[t]]) and K = FF(R), the inclusion R ↪→ K gives rise
to SpecK → SpecR. This is interpreted by thinking of R as a disc near 0 and
SpecK the disc punctured at 0. The extenede valuation on K records asymp-
totics of functions on the punctured unit disc near 0.
Suppose we have a morphism f : X → Y of finite type with X Noetherian.

Proposition 4.7 (Valuative Criterion). f is separated if and only if for any
DVR R with fraction field K and a commutative diagram

SpecK X

SpecR Y

f

there is at most one map filling in the dashed arrow. X is proper if and only if
there exists exactly one such map.

Theorem 4.8. XΣ is proper iff Σ is complete.

Proof. Suppose Σ is not complete. Pick n ∈ NR \ |Σ|, then C× → TN ↪→ XΣ

(where the first arrow is λn) has no limit as t → 0, so the valuative criterion
fails.
Conversely, suppose Σ is complete. WLOG the image of SpecK lies in a torus
TN . We have the diagram

SpecK TN XΣ

SpecR
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We’ll need to show that the dashed arrow can be filled in. The map SpecK →
TN = SpecC[M ] gives a function M → K. Since M is a group, this function
lands in K×. Consider

M K× Z

some n∈N

val

As Σ is complete, n ∈ σ for some σ ∈ Σ. So we further refine the morphism as
Sσ ↪→ M → K, which dually looks like SpecK ↪→ TN → Xσ. If Sσ → K → Z
lands in Z≥0 then we’re done. But this is the same map as Sσ →M → Z where
the second map is given by n ∈ σ, hence must be nonnegative.

5 Toric Morphisms

Definition 5.1. For toric varieties X,Y , a morphism f : X → Y is a toric
morphism if it restricts to a group homomorphism TX → TY .

Consequently, f(tx) = f(t)f(x) for any t ∈ TX whenever f is a toric mor-
phism. Note that morphisms of algebraic groups TX → TY corresponds to
homomorphisms NX → NY . The question now is to decide when TX → TY

extends to a toric morphism X → Y .

Definition 5.2. A morphism of fans (Σ1, N1)→ (Σ2, N2) is a group homomor-
phism N1 → N2 such that for any cone σ ∈ Σ1, there is some σ′ ∈ Σ2 such that
ϕ(σ) ⊂ σ′.

Theorem 5.1. For ϕ : NX → NY , the corresponding f : TX → TY extends to
a toric morphism X → Y iff ϕ is a fan morphism.

So there is an equivalence of categories between the category of normal
separated toric varieties with toric morphism and fans with fan morphisms.

Proof. Suppose ϕ : (ΣX , NX) → (ΣY , NY ) is a fan morphism. Let σX ∈ ΣX ,
then ϕ(σX) ⊂ σY ∈ ΣY for some σY ∈ ΣY . So ϕ∨ : MY → MX maps SσY

into
SσX

.
This gives a map C[SσY

] → C[SσX
] and therefore XσX

→ XσY
⊂ Y . This

clearly does not depend on the choice of σY . We can then glue them together
to f : X → Y restricting correctly to the tori.
Conversely, suppose f extends to a toric morphism X → Y . Let σX ∈ ΣX .
Consider xσX

= limt→0 limt→0 λ
n(t) ∈ XσX

. for any n ∈ (IntσX) ∩NX . Since
f is continuous, f(xσX

) = limt→0 f(λ
n(t)). On the other hand, λn(t) ∈ TX

means that f(λn(t)) = λϕ(n)(t) ∈ TY , so f(xσX
) = limt→0 λ

ϕ(n)(t). Suppose
f(xσX

) ∈ σY ∈ ΣY , then this means that ϕ(n) ∈ IntσY for all n ∈ (IntσX)∩NX .
But this is just saying that ϕ(IntσX) ⊂ IntσY , so ϕ(σX) ⊂ σY .

Example 5.1. 1. If we take the standard fan of P1 × P1 given by dividing
the plane with quadrants, then the projections to P1 corresponds to the fan
morphisms given by projections to the axes. Similarly, if we rotate the arm to
the direction (−1, 0) to, say, (−1,−n), then we get what’s called a Hirzebruch
surface Fn = P(OP1 ⊕OP1(−n)), which maps to P1 via the projections to axes
too.
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2. Consider the standard fan of P2 which is given by dividing the plane at
(0, 1), (1, 0), (−1,−1). The x-projection to the fan of P1 is not a fan morphism:
Indeed, the cone cut out by (1, 0) and (−1,−1) does not map to a fan. It
corresponds to a rational map P2 → P1, (x0 : x1 : x2) 7→ (x1 : x2).

Despite the second example not being a morphism at all, observe that we
can do the following: If we add an arm to the direction (0,−1), then suddenly
the map to the fan of P1 would be a fan morphism.

Definition 5.3. A subdivision (or refinement) is a fan morphism (Σ1, N1) →
(Σ2, N2) such that N1 → N2 is the identity and |Σ1| = |Σ2|.

Example 5.2. The subdivision we described now gives a new toric variety
which is essentially F1, and now the x-projection gives a toric morphism to P1.
Observe also that F1 = Blpt P2.

Example 5.3. Consider the fan Σ which is the first quadrant, and a subdivision
Σ1 → Σ by adding a ray to the ditrection (1, 1). Note that XΣ = A2. We
also have XΣ′ = Bl0 A2. Indeed, let’s write σ1, σ2 to denote the cones of Σ1

closer to the x and y axes, respectively. Then Sσ1
∼= SpecC[x, y, s]/(x − ys) ∼=

SpecC[y, xy−1]. Similarly, Sσ2
∼= SpecC[x, y, s−1]/(xs−1−y) ∼= SpecC[x, x−1y].

So XΣ is the vanishing locus of xη−yξ in A2×P1 (on which we have coordinates
((x, y), (ξ : η))).

So “adding rays” to a fan corresponds to blow-ups.
Ok now let’s state some facts.

Proposition 5.2. f : XΣ′ → XΣ is proper iff ϕ−1(|Σ|) = |Σ′|.

Proof. Valuative criterion.

Proposition 5.3. If ϕ : Σ → Σ′ is a subdivision, then the induced map f :
XΣ → XΣ′ is surjective and birational.

Proof. It restricts to the identity on the tori, so it is birational. It is also proper
by the preceding proposition, in particular it is closed, therefore surjective (as
it has dense image).

now let’s look at another situation: What if we kept the fan, but changed
the lattice?

Example 5.4. 1. Consider the fan Σ consisting of the cone σ = R≥0 on R
and the lattices N = 2Z, N ′ = Z (with duals M = (1/2)Z,M ′ = Z). We get a
map (N,Σ) → (N ′,Σ′ = Σ) given by inclusion of lattices. This corresponds to
a map of rings C[Sσ] = C[t] ←↩ C[Sσ′ ] = C[t2]. Geometrically, this is squaring
map A1 → A1, which can be viewed as the ramified cover A1 → A1/{±1}.
2. Take the fan of A2 generated by the cone spanned by (1, 0), (1, 1) and the
lattice Z2. Consider now the same fan but on a finer lattice Z⊕ (1/2)Z, which
gives the affine toric variety SpecC[x, y, z]/(xz−y2). This can again be viewed as
a quotient A2/{±1} where −1(x, y) = (−x,−y). Similarly, if we had taken the
lattice Z⊕ (1/m)Z, then we get the quotient A2/µm where ζ(x, y) = (ζx, ζ−1y).

Probably a good idea to (re)introduce some quotient thingies.
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Definition 5.4. Suppose G is a finite group acting on an affine scheme X =
SpecR, the quotient is X/G = SpecRG where RG = {r ∈ R : ∀g ∈ G, gr = r}.

Example 5.5. Let µm act on A2 as in the earlier example. Then C[x, y]µm =
C[xm, xy, ym] = C[x, y, z]/(xz − ym), justifying our intuitive interpretation in
the previous example. Note that (when m > 1) these are not smooth, but what
happens when one adds more lines to the picture that connect the new dots?

6 Toric Singularities

Proposition 6.1. Suppose N ′ ↪→ N has finite index and σ ⊂ NR = NR′ is a
(strictly convex rational polyhedral, as usual) cone.
(a) G = N/N ′ ∼= HomZ(M

′/M,C×).
(b) G acts on C[σ∨ ∩M ′] and C[σ∨ ∩M ′]G = C[σ∨ ∩M ].
(c) Xσ,N ′/G ∼= Xσ,N .

Proof. (a) C× is an injective Z-module since it is divisible, so HomZ(−,C×) is
exact, whence the exact sequence

1 HomZ(M
′/M,C×) TN ′ Tn 1

More explicitly, the isomorphism is given by N/N ′ → HomZ(M
′/M,C×), [n] 7→

([m′] 7→ exp(2πi⟨m′, n⟩)).
(b) TN ′ acts on Xσ,N ′ , so G ≤ TN ′ does as well. This becomes as action of G on

C[Xσ,N ′ ] = C[σ∨ ∩M ′] where the action is essentially g · χm′
= g([m′])−1χm′

.
By definition, g([m′]) = 1 for all g iff m′ ∈M ⊂M ′. Therefore C[σ∨ ∩M ′]G =
C[σ∨ ∩M ].
(c) Immediate.

Definition 6.1. A cone σ is smooth if it has a minimal generating set that
forms part of a Z-basis of N . σ is simplicial if they it has a minimal generating
set that forms part of an R-basis of NR.

Example 6.1. The cone given by the area between (1, 0) and (1,m) is smooth
when m = 1 and not smooth when m ∈ Z>1.

Proposition 6.2. Let σ be a cone of dimension k over a lattice N of dimension
n. Then the followings are equivalent:
(a) Xσ is smooth.
(b) σ is smooth.
(c) Xσ = Ck × (|mathbbC×)n−k.

Proof. (b) =⇒ (c) =⇒ (a): Exercise.
(a) =⇒ (b): Suppose first that k = n, then σ⊥ = {m ∈ MR : ⟨m,n⟩ =
0} = 0. Let m be the maximal corresponding to xσ = limt→0 λ

n(t) ∈ Xσ for
n ∈ (Intσ) ∩N . It must be generated by monomials zw for w ∈ Sσ \ {0}.
m/m2 be the cotangent space at xσ. Since X is smooth, dimC m/m2 = n.
Now m/m2 is generated by zw for w ∈ Sσ such that w cannot be written as
w1 + w2 for w1, w2 ∈ Sσ \ {0}.
Since dimσ = n, σ∨ is strictly convex. Since dimσ∨ = n, there are at least n
generators w1, . . . , wn. The fact that m/m2 has dimension n then shows that
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these generate Sσ. But Sσ generates M as a group, so w1, . . . , wn generates M .
Their duals then give a basis for N that generate σ.
What about the general case? Take N1 ≤ N the smallest saturated sublattice
containing a set of generators for σ. As N/N1 is torsion-free, N = N1 ⊕N2 for
some N2. Therefore Xσ

∼= Xσ,N1 ×TN2 and dimσ = dimN1. As TN2 is smooth,
we conclude the result.

Proposition 6.3. Suppose σ is simplicial, then Xσ = (Ck/G) × (C×)n−k for
some finite abelian group G acting on Ck (algebraically, of course).

Proof. Suppose N ′ ≤ N is a lattice spanned by generators of σ. Then σ ⊂ N ′
R

and Xσ,N ′ = Cn. We are done by the Proposition 6.1.

Definition 6.2. A morphism ϕ : Y → X is a resolution of singularities if ϕ
is proper, X is smooth, and ϕ restricts to an isomorphism Y \ ϕ−1(Xsing) ∼=
X \Xsing.

Definition 6.3. A fan Σ is smooth if every cone σ ∈ Σ is smooth.

Corollary 6.4. XΣ is smooth iff Σ is smooth.

Example 6.2. Let σ be the cone spanned by (1, 0), (1, d) for d ∈ Z>1. Then
Xσ = A2/µd is not in general smooth. But if we form the fan Σ̃ obtained by
subdividing σ at (1, k) for 1 ≤ k ≤ d − 1, then XΣ̃ → Xσ is a resolution of
singularities.

In general, singularies are hard to classify especially in high dimensions. But
we can do something with toric surfaces.

Proposition 6.5. Suppose σ ⊂ NR ∼= R2 is a two-dimensional cone (strictly
convex rational polyhedral, as always). Then there is a Z-basis for N such that
σ = Cone({(0, 1), (d,−k)}) for 0 ≤ k < d.

Proof. Suppose v1, v2 generate σ. Taking one of the basis vectors as v2, we get
σ = Cone({(0, 1), (d, x)}) for some x. Now(

1 0
c 1

)(
d 0
x 1

)
=

(
d 0

cd+ x 1

)
So we can cast the Euclidean algorithm to reduce x down to the correct range.

Remark. (d,−k) and (d,−k′) give isomoprhic Xσ if kk′ ≡ 1 (mod d).

Proposition 6.6. Let σ be as above. Then Xσ = A2/µd where µd acts by
ζ · (x, y) = (ζx, ζky).

Proof. G = N/N ′ = µd acts on C[M ′] via [n] ·χm′
= e2πi⟨m

′,n⟩χm′
. Let m1,m2

be the dual basis of σ∨. For m′ ∈ σ∨∩M ′ and n = je1 (for 0 ≤ j < d), we have
⟨m1, e1⟩ = 1/d, ⟨m2, e1⟩ = k/d.
Consider the isomorphism µd → G, e2πijk/d 7→ [je1]. Then ζ = e2πij/d acts by
ζ · (x, y) = (e2πij/dx, e2πijk/dy) = (ζx, ζky).
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7 Classification of Toric Surfaces

Proposition 7.1. For each 2-dimensional fan Σ, there exist a smooth refine-
ment Σ′ → Σ.

Proof. Induction on the quantity s = s(Σ) =
∑

σ∈Σ([N : Nσ] − 1). If s = 0
then Σ is smooth by definition. For s > 0, let σ be such that [N : Nσ] > 1,
i.e. σ is not smooth. Then by Proposition 6.5, σ is isomorphic to something of
the form Cone{(0, 1), (d,−k)}. But we can just subdivide at (1, 0). This gives a
smooth cone Cone{(1, 0), (0, 1)} a cone Cone{(1, 0), (d,−k)} which contributes
to a smaller s.

We can resolve σ = Cone{(0, 1), (d,−k)} explicitly using what’s known as
the Hirzebruch-Jung continued fractions. Write d = b1k − k1 with 0 ≤ k1 < k,
k = b1k−k2, k1 = b3k2−k3, and so on until we are able to write kr−2 = bnkr−1.
Note that we always have bi ≥ 2.
This procedure gives an expression

d

k
= b1 −

1

b2 −
1

b3 −
1

. . .

and we shall denote the right hand side by [[b1, . . . , br]].

Example 7.1. 7/3 = [[3, 2, 2]].

Write p0 = 1, p1 = b1, pi = bipi−1−pi−2 and q0 = 0, q1 = 1, qi = biqi−1−qi−2,
then it’s easy to see that

Lemma 7.2. (a) The sequences (pi), (qi) are increasing.
(b) pi/qi = [[b1, . . . , bi]].
(c) pi−1qi − piqi−1 = 1.
(d) d/k = pr/qr < · · · < p1/q1.

Example 7.2. Again take 7/3 = [[3, 2, 2]], then p1 = 3, p2 = 5, p3 = 7 and
q2 = 2, q3 = 3, therefore p1/q1 = 3, p2/q2 = 5/2, p3/q3 = 7/3.

Write u0 = (0, 1) and ui = (pi−1,−qi−1). We can form the cones σi =
Cone{ui−1, ui}. Set Σ be the fan obtained from these σi’s, which is indeed a
fan by part (a) of the lemma.

Proposition 7.3. (i) Each σi is smooth.
(ii) σi ∩ σi+1 = Cone{ui}.
(iii)

⋃
i σi = σ.

Hence Σ→ σ is a subdivision by smooth fans, i.e. XΣ → Xσ is a resolution of
singularity.

Proof. All follows from the preceding lemma.

Remark. Recall that (d,−k) and (d,−k′) define the same Xσ iff kk′ ≡ 1
(mod d). Now this happens iff d/k = [[b1, . . . , br]], d/k

′ = [[br, · · · , b1]] for some
b1, . . . , br. The isomorphisms in fact extend to isomorphisms for their respective
Hirzebruch-Jung subdivisions.
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We know how to resolve singularities. But do we know if the resolution is
given by blow-ups? In general, what does blow-ups look like on fans?

Example 7.3. We saw that Bl0 A2 (can) have the fan given by the cones
Cone{(1, 0), (1, 1)} and Cone{(1, 1), (0, 1)}. However, if we replace (1, 1) by
some other integral vector, then what we get isn’t even necessarily smooth.
And if it is not smooth it certainly cannot be Bl0 A2.

Definition 7.1. A star subdivision of a fan Σ at a primitive v ∈ |Σ| ∩N is the
subdivision Σ∗(v)→ Σ given by the cones:
(a) σ for v /∈ σ ∈ Σ;
(b) Cone(τ, v) for v /∈ τ ∈ Σ and {v} ∪ τ ≤ σ ∈ Σ.
A star division of Σ at σ ∈ Σ is Σ∗(σ) = Σ∗(v) where v = n1 + · · ·+nk whre ni

are generators of σ.

Lemma 7.4. Σ∗(v) is a subdivision of Σ (in particular a fan).

Proof. Omitted or exercise.

Proposition 7.5. XΣ∗(σ) → XΣ is the blow-up of Σ at X(σ), where X(σ) is
the toric stratum (closure of the torus orbit) of σ.

Proof. WLOG Σ consists a single cone σ. If σ is smooth, then Xσ = Ak where
the statement follows from easy computation. The general case is omitted. Go
meditate on proving it.

Remark. 1. More generally, for ai ∈ N, we can form the weighted star division
where we take

∑
i aini.

2. We can also blow-up along union of toric strata, where we just take more
than one v (note that this is different from blowing them up one-by-one).

Example 7.4. Consider the cone Cone{e1, e2, e1 + e3, e2 + e3}. This defines
the threefold Xσ = {xy = zw} ⊂ A4. We take a subdivision of this by adding
in the vertex v = e1 + e2 + e3. This gives a fan Σ which is smooth, and the new
“ray” in the middle corresponds to the exceptional divisor E ∼= P1 × P1. We
can remove one of the two diagonals of the cross formed by v and the original
generators. The exceptional divisor then get contracted to P1 in both cases.
This is a phenomenon known as a “flop”, which is an isomorphism outside a
subvariety of codimension 2.

Theorem 7.6. Every smooth proper toric surface XΣ is obtained by a blow-up
from either P2, P1 × P1, or Fr for r ≥ 2, at torus fixed points.

Remark. Recall that Fr has fan given by dividing the plane at (1, 0), (0,±1) and
(−1, r).

Lemma 7.7. Suppose Σ is a smooth complete 2-dimensional fan in MR = R2.
Let u0, . . . , ur be the ray generators of Σ (with ur = u0). Then ui−1+ui+1 = biui

for bi ∈ Z.

Proof. ui−1, ui, ui+1 are linearly dependent, so we can write αui−1+βui+1 = γui

for some α, β, γ ∈ R. Then

1 = det(ui|ui+1) = det(ui|β−1(γui − αui−1)) = −
α

β
det(ui|ui−1) =

α

β
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So α = β. Play the same game

1 = det(ui−1|ui) = det(ui−1|γ−1(αui−1 + βui+1)) =
β

γ
det(ui−1|ui+1) ∈

β

γ
Z

So βbi = γ for some bi ∈ Z.

Lemma 7.8. Suppose Σ is a smooth 2-dimensional fan that refines a smooth
cone σ, then Σ is obtained from σ from a sequence of star subdivisions.

Proof. Induction on r which is the number of rays in Σ. When r = 1 there’s
nothing to prove. For r > 1, suppose u0, . . . , ur are the rays. By the proof of
the preceding lemma, we have ui−1 + ui+1 = biui for some bi ∈ Z. If all bi are
at least 2, then [[b1, . . . , br]] = d/k with d ≥ 2, contradicting smoothness of σ.
So some bi is 1. Then Cone{ui−1, ui+1} is smooth and adding ui gives the star
subdivision.

Proof of Theorem 7.6. Let Σ[1] = {u0, . . . , ur} be the rays of Σ, then ui−1 +
ui+1 = biui for all i. If bi = 1, then XΣ is the blow-up of a smooth XΣ′ with
fewer rays. So suppose bi ̸= 1 for all i.
If |Σ[1]| = 3, then XΣ = P2. If |Σ[1]| > 3, then there is some ui, uj with
uj = −ui. WLOG i = 1. Note that j > 2 since our cones are supposed to be
strictly convex.
We have u0 + u2 = b1u1, so u0 = −u2 + b1u1 for b1 ̸= 1. For b1 ≥ 2, Σ is a star
subdivision of Fr with r = b1; For b1 ≤ −2, Σ is a star subdivision of Fr with
r = |b1|; For b1 = 0, Σ is a star subdivision of P1 × P1; For b1 = −1, Σ is a star
subdivision of P2.

8 Divisors and Line Bundles

Recall:

Definition 8.1. A Weil divisor D =
∑

i aiDi, ai ∈ Z on X is a finite formal
sum of irreducible hypersurfaces Di ⊂ X. The group of divisors on X is denoted
Div(X).
For a rational function f ∈ H0(X,K ×

X ), its divisor is the (necessarily finite) sum
div(f) =

∑
D⊂X irred. hypersurface ordf (D)D. Divisors of this form are known as

principal divisors, which form a subgroup Div0(X) ≤ Div(X).
The divisor class group of X is Cl(X) = Div(X)/Div0(X).

Lemma 8.1. Suppose R is a UFD, then Cl(SpecR) = 0.

Proof. Irreducible hypersurfaces in SpecR correspond to height 1 primes I ≤ R.
It then has to be principal. Indeed, suppose r ∈ I \{0} has a prime factorisation
r = p1 · · · pr. Since I is prime, some pi lives in I, so 0 ≤ (pi) ≤ I and yet I has
height 1, therefore I = (pi).

Corollary 8.2. The class group of a torus is trivial.

Now fix X a toric variety.

Definition 8.2. An irreducible hypersurface D of X is toric if the toric action
on X restricts to a toric action on D. A toric divisor is a finite formal sum of
these.
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So toric hypersurface correspond to elements of Σ[1]. For ρ ∈ Σ[1], we write
Dρ for the asscociated toric hypersurface.

Proposition 8.3. Cl(X) is generated by toric hypersurfaces.

Proof. We have the excision sequence

Cl(XΣ \ T ) Cl(X) Cl(T ) 0

But Cl(T ) = 0 and Cl(XΣ \ T ) =
⊕

ρ∈Σ[1] ZDρ.

Proposition 8.4. All relations between toric divisors in Cl(XΣ) comes from
zm ∈ H0(T,OT )

× ⊂ H0(X,K ×
X ) for m ∈M . Moreover,

div(zm) =
∑

ρ∈Σ[1]

⟨m,nρ⟩Dρ

where nρ is a primitive generator for ρ.

Proof. The relations come from H0(X,K ×
X ) with

⋃
ordf (D) ̸=0 D ⊂ ∂XΣ = XΣ \

T . f has no zeros or poles on T , so f |T ∈ H0(T,OT )
×.

Now consider a basis of N given by n1 = nρ, n2, . . . , nr. Then we can writeXρ =

SpecC[x1, x
±1
2 , . . . , x±1

r ] = C × (C×)r−1. So zm = z
⟨m,nρ⟩
1 z

⟨m,n2⟩
2 · · · z⟨m,nr⟩

r .
Consequently the coefficient of Dρ in div(zm) is exactly ⟨m,nρ⟩.

Corollary 8.5. We have a short exact sequence

0 M
⊕

ρ∈Σ[1] ZDρ Cl(X) 0
m 7→div(zm)

In particular, Cl(X) is finitely generated.

Example 8.1. 1. Consider Bl0 A2 which has the fan given by the cones between
the three rays (1, 0), (0, 1), (1, 1), which we shall call D1, D2, E respectively.
Then the relations are 0 ∼ div(ze1) = D1 + E and 0 ∼ div(ze2) = D2 + E.
Therefore D1 = −E = D2.
2. Consider Pn. Then the relations are 0 ∼ div(zei) = Di−D0 where Di means
what you think it means.

Definition 8.3. A Cartier divisor on a normal separated variety X is a Weil
divisor D that is locally principal, in the sense that X has an open cover {Ui}i
such that D|Ui

= div(f |Ui
) is principal on Ui.

The system {(Ui, fi)}i is known as the local data for D. Such a system
correspond to an element f ∈ H0(X,K ×

X /O×
X), from which we can recover

the divisor Df =
∑

Y ordf (Y )Y . We write the subgroup of Cartier divisors as
CDiv(X), which contains Div0(X).
This collection of data specifying a Cartier divisor is exactly the transition
functions we need to form a line bundle. And f can be viewed as a rational
section of it.

Definition 8.4. The Picard group of X is Pic(X) = CDiv(X)/Div0(X).
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Remark. To spell out our transition-function argument, we observe the short
exact sequence of cohomology

H0(X,K ×
X ) H0(X,K ×

X /O×
X) H1(X,O×

X) 0

The first term is Div0(X), second CDiv(X) and third Pic(X) in the usual defi-
nition with line bundles.

Definition 8.5. A Cartier divisor is toric if it is toric as a Weil divisor.

Corollary 8.6. We have a short exact sequence

0 M CDivT (X) PicT (X) 0

Proposition 8.7. Suppose Xσ is an affine toric variety. Every toric Cartier
divisor on Xσ has the form div(zm) for some m ∈M .

Proof. If D ≥ 0, we write I for its ideal. Since the toric action on X restricts
to a toric action on D, we can write I =

⊕
m∈Sσ,zm∈I Czm (recall Lemma 2.2).

Since D is Cartier, it is locally principal and therefore principal in a neighbour-
hood of xσ = limt→0 λ

n(t) ∈ Xσ for n ∈ (Intσ) ∩ N . Let m be the maximal
ideal corresponding to xσ, then m =

⊕
m∈Sσ,m̸=0 Czm. Then essentially I/mI

is one-dimensional.
There is a unique minimal zm0 which cannot be written as zm1zm2 for mi ∈
Sσ \ {0} and zmi ∈ I. As σ is full-dimensional σ∨ is strictly convex. By induc-
tion every zm ∈ I is divisible by zm0 , and therefore I = (zm0), nice.
In the general case (not necessarily effective, that is), we choose m ∈ (Intσ∨)∩
M , then ⟨m,mρ⟩ ≥ 0 for all ρ ∈ σ[1], so D + div(zkm) is effective for large k.
We therefore conclude by the effective case.

Corollary 8.8. PicT (Xσ) = 0

Proposition 8.9. CDivT (Xσ) = M/M(σ) = HomZ(Nσ,Z).

Recall that M(σ) = σ⊥ ∩M and Nσ is the sublattice of N generated by the
generators of σ.

Proof. div(zm) = div(zm
′
) iff m−m′ ∈M(σ).

Definition 8.6. A linear function ϕ : σ → R is the restriction of a Z-linear
map Nσ → Z.

Remark. Linear functions correspond to toric Cartier divisors on Xσ. For a
fan Σ, toric Cartier divisors on XΣ correspond to Cartier divisors on each Xσ

compactible with restriction.

Definition 8.7. A piecewise-linear function ϕ : Σ→ R is a continuous function
that is linear on each σ ∈ Σ.

Theorem 8.10. CDivT (XΣ) is in bijection with the collection with piecewise
linear functions ϕ : Σ → R, where ϕ gives rise to the Cartier divisor Dϕ =∑

ρ∈Σ[1] ϕ(nρ)Dρ.
Moreover, under this identification PicT (XΣ) is the set of piecewise linear Σ→
R modulo Z-linear Rn → R.
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Example 8.2. I can’t be bothered to draw the pictures. Work out the example
of P2 as an exercise, which will be what you expect. Also work out the example
of {xy = zw} ⊂ A4 where PicT (Xσ) = 0 but ClT (Xσ) = Z.

Back to the case where XΣ is a smooth proper surface. For ρ, ρ′ ∈ Σ[1], we
define

Dρ ·Dρ′ =

{
1 if there is some σ ∈ Σ containing ρ, ρ′ as faces

0 otherwise

We can also attempt to understand a self-intersection D2
ρ = Dρ ·Dρ by relations

in Cl(XΣ).

Example 8.3. Subdivide the fan for P2 (cones dividing the plane at e1, e2,−e1−
e2) at −e2. Write D0, D1, D2, E for the classes of the cones −e1−e2, e1, e2,−e2,
respectively. Then E ∼ D2 − D0 since div(ze2) = D2 − D0 − E. Therefore
E2 = E · (D2 −D0) = E ·D2 − E ·D0 = 0− 1 = −1.

9 Polytopes and Projective Toric Varieties

Recall that for a finite subset A = {m1, . . . ,ms} ⊂ M we have defined ΦA :
TN → (C×)s, t 7→ (χm1(t), . . . , χms(t)). Let X̂A be the Zariski closure of the
image of ΦA in Cs.

Definition 9.1. We write XA to denote the Zariski closure of the image of ΦA
in Ps−1 ⊃ TPs−1 .

If we take A×{1} ⊂M ⊕Z, then X̂A×{1} is the affine cone over XA×{1} =
XA.

Proposition 9.1. XA has lattice M ′ = Z′A = {
∑

i aimi : ai ∈ Z,
∑

i ai = 0}.

Proof.

TN TPs−1 Ps−1

TXA

Dualise this, we obtain

M Ms−1

M ′

where Ms−1 = {a ∈ Zs :
∑

i ai = 0}. Now Ms−1 → M is induced by Zs →
M, ei 7→ mi, hence the result.

Corollary 9.2. dimXA is the dimension of the smallest affine subspace of MR
containing A.

Proof. Both equals the rank of M ′ = Z′A.
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Definition 9.2. A polytope P ⊂MR is the convex hull of a finite set S ⊂M .
P is called a lattice polytope if S can be chosen to be a subset of M ⊂ MR.
The dimension dimP of a polytope P is the dimension of the smallest affine
subspace of MR containing P .

Example 9.1. The standard simplex ∆r ⊂ MR = Rr is the convex hull of
0, e1, . . . , er.

Definition 9.3. A polytope P is a simplex if it is the convex hull of dimP +1
points (“vertices”).

Given a polytope P , we want to define a toric variety out of it. The ob-
vious way to do this is to consider XP∩M . However, this is not a very useful
construction at all.

Example 9.2. 1. X∆3∩M = ProjC[z(0,0,0), z(1,0,0), z(0,1,0), z(0,0,1)] = P3. Looks
pretty good? Hold your breath.
2. Suppose P is the convex hull of 0, e1, e2, e1+e2+3e3. Then we haveX∆3∩M =
ProjC[z(0,0,0), z(1,0,0), z(0,1,0), z(1,1,3)], which is again isomorphic to P3?!

So we need enough lattice points in P for XP∩M to capture some properties
of P .

Definition 9.4. P is normal if (kP ) ∩M + (lP ) ∩M = ((k + l)P ) ∩M for all
k, l ∈ N, where the addition here is the Minkowski sum A + B = {a + b : a ∈
A, b ∈ B} (and of course kP means P + · · ·+ P (k times)).

Note that it is always true that (kP ) ∩M + (lP ) ∩M ⊂ ((k + l)P ) ∩M

Example 9.3. 1. ∆r is normal.
2. The convex hull of 0, e1, e2, e1 + e2 + 3e3 is not normal: e1 + e2 + e3 lives in
2P but not P ∩M + P ∩M .

Let P be a full-dimensional lattice polytope P of dimension r = dimP .

Lemma 9.3. P is a finite union of r-dimensional lattice simplices with no
interior lattice points.

Proof. Caratheodory proved that if A ⊂ M is finite, then the convex hull of
A is the union of convex hulls of B ⊂ A consisting of r + 1 affine independent
elements (so they are in particular r-dimensional lattice simplices).
Now if a r-dimensional lattice simplex Q with vertices w0, . . . , wr has a in-
terior lattice point v, then Q is the union of Qi which is the convex hull of
w0, . . . , ŵi, . . . , wr, v. And each Qi has fewer interior points, whence induc-
tion.

Proposition 9.4. Suppose P ⊂MR = Rr is a full-dimensional lattice polytope,
then kP is normal for k > r − 1.

Proof. By induction, it suffices to show that (kP )∩M+P ∩M = ((k+1)P )∩M
for k ≥ r − 1. By the preceding lemma, we can assume WLOG that P is a
lattice simplex with no interior lattice point. Let m0, . . . ,mr be the vertices.
Then (k + 1)P has vertices (k + 1)m0, . . . , (k + 1)mr. For m =

∑
i µi(k + 1)mi

with µi ≥ 0,
∑

i µi = 1, we set λi = (k + 1)µi. Then m =
∑

i λimi and
λi ≥ 0,

∑
i λi = k + 1.
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If λi ≥ 1 for some i, then m−mi ∈ (kP )∩M , so m = (m−mi) +mi ∈ (kP )∩
M +P ∩M . If λi < 1 for all i, then

∑
i λi < r+1. But also

∑
i λi = k+1 ≥ r,

so k = r − 1. Consider m̃ =
∑

i λ̃imi where λ̃i = 1 − λi. So
∑

i λ̃i = 1 and

λ̃ > 0. Therefore m̃ is a lattice point in the interior of D, contradiction.

Definition 9.5. P is very ample if for all m ∈ P ∩M , the semigroup SP,m

generated by P ∩M −m is saturated in M .

Proposition 9.5. Any normal polytope is very ample.

Proof. Take m0 ∈ P ∩ M . Take m ∈ M such that km ∈ SP,m for some
k ≥ 1. We can write km =

∑
m′∈P∩M am′(m′ −m0) for am′ ≥ 0. Pick d ∈ N

such that kd ≥
∑

m′∈P∩M . Then km + kdm0 =
∑

m′∈P∩M am′m′ + (kd −∑
m′∈P∩M am′)m0 ∈ kdP . Therefore m+ dm0 ∈ dP .

Since P is normal, m + dm0 =
∑d

i=1 mi for some mi ∈ P ∩ M . Therefore
m =

∑
i(mi −m0) ∈ SP,m0

.

Corollary 9.6. kP is very ample for k ≥ r − 1.

Definition 9.6. Suppose P is a full-dimensional lattice polytope. The projec-
tive toric variety associated to P is XP = XkP∩M for any k such that kP is
very ample.

We’ll see later that this is well-defined and P and kP have the same “normal
fan”. The choice of k is a choice of projective embedding.
To understand this construction, let’s try to understand affine pieces of XA for
A = {m1, . . . ,ms}. Let Ui = Ps−1 \ {xi = 0} ∼= Cs−1 be the affine pieces of the
projective space. Then XA ∩Ui is the Zariski closure of TXA in Ui, which is the
Zariski closure of the image of

TN → Cs−1, t 7→ (χm1−mi(t), . . . , χmi−1−mi , χmi+1−mi , . . . , χms−mi)

So this is X̂Ai
= SpecC[Si] where Ai = A−mi and Si = NAi.

Theorem 9.7. Suppose P is a full-dimensional lattice polytope.
(i) XP is normal.
(ii) XP is projectively normal (in the sense that its affine cone is normal) under
the embedding given by kP if and only if kP is normal.

Proof, some details omitted. (i) XP is covered by XkP∩M ∩ Ui = Xσi
for σi =

Cone(kP ∩M −mi)
∨ ⊂ NR. This is normal.

(ii) The affine cone is normal iff N((kP ∩M) × {1}) is saturated in M × Z iff
Cone(P ) ∩ (M × Z) is generated by ((kP ) ∩M)× {1} iff kP is normal.

10 Line Bundles and Polytopes

For this section we always assume the toric variety X = XΣ is proper.

Definition 10.1. For a toric Cartier divisor D =
∑

ρ∈Σ[1] aρDρ, we define its

associated polytope PD = {m ∈ M : ∀ρ ∈ Σ[1], ⟨m,nρ⟩ ≥ −aρ} where nρ is a
primitive generator for ρ.
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Proposition 10.1. PD ∩M forms a basis for H0(X,O(D)). That is, we have
a direct sum decomposition Γ(XΣ,O(D)) =

⊕
m∈PD∩M Czm.

Proof. H0(XΣ,O(D)) = {f ∈ H0(XΣ,K
×
XΣ

) : D + div f ≥ 0} ⊂ C[M ] as any

such f must have div f |TN
≥ 0. Since D is toric invariant, H0(XΣ,O(D)) is

also toric invariant, and hence it equals
⊕

zm∈H0(XΣ,O(D)) Czm.

Recall that div(zm) =
∑

ρ⟨m, ρ⟩Dρ, so D + div zm ≥ 0 iff m ∈ PD ∩M .

Example 10.1. Let D be the class of a line in P2, then H0(P2,OP2(D)) =
C1⊕ Ct−1

1 ⊕ Ct−1
1 t2 where t1 = x/z, t2 = y/z.

Remark. There are two ways one might think about global sections of O(D),
either as the space of f ∈ H0(X,K ×

X ) with D + div f ≥ 0, or as maps from
X to the total space of OX(D) with pr ◦s = idX . They are related by V(s) =
D + div f .

Definition 10.2. For a line bundle L on X, we choose basis s0, . . . , sk ∈
H0(X,L). The Kodaira map is a rational map κ = κL : X 99K Pk defined
by [s0 : · · · : sk]. The base locus for L is the locus V(s0, . . . , sk). L is basepoint-
free if B(L) = ∅.

Proposition 10.2. OX(D) is basepoint-free iff mσ = (−ϕD)σ ∈ PD for all
maximal cone σ ∈ Σ[r], where ϕD is the piecewise linear function associated to
D.

Proof. “If”: Fix σ ∈ Σ[r]. We get a global section zmσ ∈ H0(X,OX(D)). Now
zmσ is nonvanishing on Xσ ⊂ XΣ:

V(zmσ )|Xσ = (div(zmσ ) +D)|Xσ =
∑

ρ∈σ[1]

(⟨mσ, nρ⟩+ aρ)Dρ

=
∑

ρ∈Σ[1]

(−ϕD(nρ) + aρ)Dρ = 0

Since XΣ is covered by these Xσ, we are done.
“Only if”: Suppose there is some σ ∈ Σ[r] such that mσ /∈ PD. Recall
that we have H0(X,OX(D)) =

⊕
m∈PD∩M Czm. So the base locus contains⋂

m∈PD∩M V(zm).

As mσ /∈ PD, for all m ∈ PD there is some ρ ∈ σ[1] such that ⟨m,nρ⟩ > −aρ.
Therefore V(zm) ⊃ Dρ ⊃

⋂
ρ∈σ[1] Dρ.

Proposition 10.3. The condition in the preceding proposition is further equiv-
alent to ϕ being convex.

For a basepoint-free line bundle, we get a morphism κ : X → Pk.

Definition 10.3. L is very ample if κ is a closed embedding. It is ample if L⊗k

is very ample for some k ≥ 1.

Remark. X is projective if and only if it admits an ample line bundle.

Proposition 10.4. D is ample if and only if ϕD is strictly convex.
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Now let P be a full-dimensional polyhedron. We shall recover a toric variety
equipped with a toric divisor.
A codimension 1 face of P is called a facet of P . For a facet F , let nF ∈ N
be a primitive normal lattice vector to F . We can always write P in the form
{m ∈MR : ⟨m,nF ⟩ ≥ −aF } for various aF ∈ Z.

Definition 10.4. The inner normal fan ΣP to P is a fan with cones σQ =
Cone{nF : F ⊃ Q}.

Proposition 10.5. ΣP is a fan and XP
∼= XΣP

.

Sketch of proof. Suppose P is very ample, then XP∩M ∩Uv ∩Uw = XσQ
where

Q is the smallest face containing both v and w. The inclusions XP∩M ∩ Uv ⊃
XP∩M ∩ Uv ∩ Uw ⊂ XP∩M ∩ Uw give XσQ

= (Xσv
)χw−v = (Xσw

)χv−w .

Definition 10.5. Write DP =
∑

F⊂P facet aFDF .

Proposition 10.6. DP is a (non-principal) Cartier divisor.

Proof. Omitted.

Definition 10.6. The piecewise linear function ϕP : ΣP → R associated to P
is defined by sending n to −min{⟨m,n⟩ : m ∈ P}.

Proposition 10.7. ϕP corresponds to DP .

Proof. Omitted, again.

Example 10.2. Let P be the triangle with vertices (0, 0), (1, 0), (0, 1). Then the
facet representation for P is P = {m ∈ M : ⟨m, (1, 0)⟩ = m1 ≥ 0, ⟨m, (0, 1)⟩ ≥
0, ⟨m, (−1,−1)⟩ ≥ −1}. DP = D0 is a line in P2. On the other hand, ϕ(1, 0) =
0, ϕ(0, 1) = 0, ϕ(−1,−1) = 1. So indeed they correspond.

Proposition 10.8. (i) DP is always ample and basepoint-free.
(ii) kDP is very ample for k ≥ r − 1.
(iii) DP is very ample iff P is.

Proof. Take a guess.

Theorem 10.9. The set of full-dimensional polytopes P ⊂ MR is in bijection
with the set of pairs (XΣ, D) where Σ is a complete fan in NR and D a torus-
invariant ample divisor on XΣ.

Proof. For a polytope P , we get (XΣP
, DP ). Conversely, for such aD we recover

a polytope PD.

11 Intersections and Chow Groups

Suppose D ⊂ X is a Cartier divisor and C ⊂ X is an irreducible complete curve.
Let ϕ : C̃ → C be the normalisation of C.

Definition 11.1. We define the intersection product of D and C to be D ·C =
degC̃(ϕ

∗OX(D)) ∈ Z.
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More generally, if D ⊂ X is a Q-Cartier divisor (i.e. lD is Cartier for some
integer l > 0; for toric varieties this is to say that its fan is simplicial), we define
D · C = l−1(lD) · C ∈ Q.

Proposition 11.1. Let τ = σ ∩ σ′ be a codimension 1 cone. Write C = V(τ)
for the toric stratum corresponding to it, which is a curve. Let D be a Cartier
divisor with local data mσ,mσ′ ∈M .
Pick n ∈ σ′ ∩N that maps to a minimal generator of the image σ̄′ ⊂ N(τ)R of
σ′. Then D · C = ⟨−mσ +mσ′ , n⟩.

Sketch of proof. Assume that XΣ = Xσ ∩Xσ′ . We have D|Xσ = div(χmσ )|Xσ

and D|Xσ′ = div(χmσ′ )|Xσ′ . Then OXΣ
(D) is determined by gσσ′ = χmσ−mσ′ ,

so D · C = degOC(D̄) where D̄ has local data mσ̄ = 0, mσ̄′ = mσ′ − mσ.
Suppose n̄ is the image of n. Then D̄ = ⟨mσ′ −mσ, n⟩xσ′ , hence the result.

Definition 11.2. A Cartier divisor D on a normal variety X is nef if D ·C ≥ 0
for all irreducible complete curves C on X.

Proposition 11.2. Suppose D is a Cartier divisor on X = XΣ. Suppose Σ has
convex support of full dimension. Then the followings are equivalent:
(i) D is basepoint-free.
(ii) D is nef.
(iii) D · C ≥ 0 for all torus-invariant C.

Proof. (i) =⇒ (ii) =⇒ (iii): Immediate.
(iii) =⇒ (i): WLOG D is toric. We claim that ϕD is convex. Write τ = σ∩σ′,
C = V(τ), and n ∈ σ′ ∩ N as before. Then ⟨−mσ + mσ′ , n⟩ = D · C ≥ 0.
Therefore ϕD(n) = ⟨mσ′ , n⟩ ≥ ⟨mσ,m⟩ for all n /∈ σ′, hence ϕD is convex.

Proposition 11.3 (Toric Kleiman Criterion). Suppose now that Σ is complete.
Then D is ample iff D · C > 0 for all torus-invariant irreducible complete C ⊂
XΣ.

Definition 11.3. A divisor D is numerically equivalent to 0 (written D ≡ 0)
if D · C = 0 for all irreducible complete curves C ⊂ X. Two divisors D,E are
numerically equivalent (written D ≡ E) if D−E is numerically equivalent to 0.

Proposition 11.4. Suppose D is a Cartier divisor on XΣ where Σ is a full-
dimensional fan with convex support. Then D ∼ 0 iff D ≡ 0.

Proof. It is always true that D ∼ 0 only if D ≡ 0. Conversely, suppose D ≡ 0.
Using the notation as in the proof of Proposition 11.2, we see 0 = D · C =
⟨−mσ +mσ′ , n⟩ and so mσ = mσ′ since −mσ +mσ′ ∈ τ⊥ and n /∈ σ. So all mσ

are equal for σ ∈ Σ[1] and hence D is principal.

Let’s put things together.

Definition 11.4. Z1(X) is the free abelian group generated by irreducible
complete curves on X. Its elements are called proper 1-cycles.
We say a proper 1-cycle C is numerically equivalent to 0 if D · C = 0 for
all divisor D, and two proper 1-cycles C,C ′ numerically equivalent (written
C ≡ C ′) if C − C ′ is numerically equivalent to 0.

So the intersection product is a bilinear pairing CDiv(X)× Z1(X)→ Z.
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Definition 11.5. We write N1(X) for (CDiv(X)/≡) ⊗Z R, and N1(X) for
(Z1(X)/≡)⊗Z R.

So the intersection product becomes a bilinear map N1(X)×N1(X)→ R.

Definition 11.6. The nef cone Nef(X) ⊂ N1(X) of X is the (not necesssarily
polyhedral) cone generated by the set of nef Cartier divisors. We also write
NE(X) ⊂ N1(X) for the cone generated by the set of nef irreducible complete
curves. Its closure NE(X) ⊂ N1(X) is known as the Mori cone.

Proposition 11.5. (a) Nef(X),NE(X) are closed convex cones dual to each
other.
(b) NE(X) is full-dimensional.
(c) Nef(X) is strictly convex.

Proposition 11.6. Suppose Σ is a full-dimensional fan with convex support.
(a) Nef(XΣ) is a rational polyhedral cone in N1(XΣ) = Pic(XΣ)R.
(b) NE(XΣ) = NE(XΣ) is a rational polyhedral cone in N1(XΣ). Moreover,
NE(XΣ) =

∑
τ R≥0[V(τ)] where τ goes over all walls, i.e. one-dimensional faces

not on the boundary.

Proof. (a) Follows from (b).
(b) It suffices to show the formula for NE(XΣ). Let Γ =

∑
τ R≥0[V(τ)], then

Nef(XΣ) = Γ∨, and so NE(XΣ) = Nef(XΣ)
∨ = Γ∨∨ = Γ ⊂ NE(X) and hence

all inclusions are equalities.

Proposition 11.7. Suppose XΣ is projective.
(a) Nef(XΣ) and NE(XΣ) are dual strictly convex rational polyhedral cones of
full dimension.
(b) A Cartier divisor D is ample iff its class in Pic(XΣ)R lies in the interior of
Nef(XΣ).

Proof. (b) D is ample iff D · C > 0 for all C iff D is in the interior.
(a) By (b), Nef(XΣ) is full-dimensional and so NE(XΣ) is strictly convex.

Example 11.1. Can’t be bothered to draw pictures. Compute these things for
the Hirzebruch surface Fk.

Proposition 11.8. Suppose Σ is simplicial, σ, σ′ ∈ Σ[r], τ = σ ∩ σ′. Suppose
σ = Cone(τ, ρ1), σ

′ = Cone(τ, ρr+1) and τ = Cone(ρ2, . . . , ρn). Then:
(a) Dρ · V(τ) = 0 for ρ /∈ {ρ1, . . . , ρr+1}.
(b) If we let mult(σ) be the index of Span(σ) ∩ N ⊂ N , then Dρ1 · V(τ) =
mult(τ)/mult(σ) and Dρr+1 · V(τ) = mult(τ)/mult(σ′).
(c) Dρi

·V(τ) = bi mult(τ)/(αmult(σ)) = bi mult(τ)/(βmult(σ′)) where αnρ1
+∑r

i=2 binρi
+ βnρr+1

= 0.

In general, we set Zk(X) to be the free abelian group on the set of irreducible
subvarieties of X of dimension k, and Ratk(X) the subgroup generated by the
divisors of rational functions on an irreducible subvariety of X of dimension
k + 1. The k-th Chow group of X is the quotient CHk(X) = Zk(X)/Ratk(X)
and we set CHk(X) = CHdimX−k(X).
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Remark. Suppose X is normal, then CH1(X) = Cl(X).
Suppose X is smooth and projective, then there is an “intersection product”
CHk(X) × CHl(X) → CHk+l(X), which is given by the näıve intersection of
cycles in the case of transverse intersections (but more complicated in other
situations). This makes CH∗(X) =

⊕
k CH

k(X) a commutative graded ring,
called the Chow ring of X.

Proposition 11.9. Suppose X is a toric variety. Then CH∗(X) is generated
by toric strata.

Proposition 11.10. Suppose Σ is complete and simplicial and ρ1, . . . , ρd ∈ Σ[1]

are distinct rays. Then

[Dρ1 ] · · · [Dρd
] =

{
mult(σ)−1[V(σ)] if σ = ρ1 + · · ·+ ρd ∈ Σ

0 otherwise

Proposition 11.11. Suppose Σ is complete and simplicial. Then we have an
exact sequence⊕

τ∈Σ[r−k−1] M(τ)Q
⊕

σ∈Σ[r−k] Q[V(σ)] CHk(XΣ)Q 0

where the first map sends m to [div(χm)] =
∑

σ∈Σ[n−k]⟨m,nσ,τ ⟩[V(σ)] with nσ,τ

the generator of Nσ/Nτ
∼= Z.

12 Canonical Divisor

Let ΩX be the cotangent sheaf of X. Write Ωp
X =

∧p
ΩX for the sheaf of p-

forms. It’s know that if X is smooth then ΩX is locally free of rank r = dimX.

Definition 12.1. The canonical bundle on X is the line bundle Ωr
X .

In general, for a normal variety X, we define Ω̂p
X = j∗Ω

p
Xsmooth

where j :

Xsmooth → X is the inclusion of the smooth locus. ωX = Ω̂r
X is called the

canonical sheaf of X, which is isomorphic to OX(D) for some Weil divisor
D = KX .

Theorem 12.1.

ωXΣ = OXΣ

− ∑
ρ∈Σ[1]

Dρ


Definition 12.2. X is called Gorenstein if KX is Cartier, and Fano if −KX is
ample.

Definition 12.3. A polytope P is reflexive if it can be represented in the form
P = {m ∈MR : ∀F facet, ⟨m,nF ⟩ ≥ −1}. We can form its polar dual P ◦ which
is the convex hull of {nF : F facet}.

Theorem 12.2. P−KX
is reflexive if and only if XΣ is projective, Gorenstein

and Fano.

Example 12.1. In the 2-dimensional case, there are exactly 16 projective
Gorenstein del Pezzo (i.e. Fano) toric surfaces, corresponding to 16 reflexive
polytopes.
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13 Quotients and Homogeneous Coordinates

Our goal here is to make precise the identification of Pn with a “quotient” of
Cn+1 \ {0}, in a more general setting. For a toric variety XΣ, we want to
reconstruct it as an “almost generic” quotient XΣ = (Cm \ Z)//G.
Assume XΣ has no torus factors, i.e. we cannot write XΣ = (C×)k × XΣ′ for
some k and fan Σ′. Then we have a short exact sequence

0 M
⊕

ρ ZDρ Cl(XΣ) 0

and hence the exact sequence

1 Hom(Cl(XΣ),C×) (C×)Σ
[1]

TN 1

We take G = Hom(Cl(XΣ),C×).

Lemma 13.1. (i) Cl(XΣ) is the character group of G.
(ii) G is the product of a torus and a finite abelian group, hence is in particular
reductive.
(iii) G = {(tρ) ∈ (C×)Σ

[1]

: ∀m ∈ M,
∏

ρ∈Σ[1] t
⟨m,nρ⟩
ρ = 1} = {(tρ) ∈ (C×)Σ

[1]

:

∀i,
∏

ρ∈Σ[1] t
⟨ei,nρ⟩
ρ = 1}.

Definition 13.1. Set S = C[xρ : ρ ∈ Σ[1]], B(Σ) = ⟨xσ̂ =
∏

ρ/∈σ[1],ρ∈Σ[1] xρ :

σ ∈ Σ[r]⟩ ⊂ S (note that Σ[1] and B(Σ) determine Σ). Set Z(Σ) = V(B(Σ)) ⊂
CΣ[1]

, which is a union of coordinate subspaces.

Theorem 13.2. XΣ = (CΣ[1]\Z(Σ))//G is an almost geometric quotient, which
is geometric if Σ is simplicial.

Example 13.1. 1. The fan of Pr has rays (−1, . . . ,−1), e1, e2, . . .. So G =
{(ti) ∈ (C×)r+1 : t−1

0 t1 = · · · = t−1
0 tr = 1} = C×, B(Σ) = ⟨x0, . . . , xr⟩,

Z(Σ) = {0} and Pr = (Cr+1 \ {0})/C×.
2. Consider the weighted projective space P(1, a1, . . . , ar) with gcd{ai} = 1.
Then Σ has rays (−a1, . . . ,−ar), e1, e2, . . .. We have G = {(λ, λa1 , . . . , λar ) :
λ ∈ C×} ∼= C×, Z(Σ) = {0} and P(1, a) = (Cr+1 \ {0})/C×. 3. In general,
P(a0, . . . , an), gcd{ai} = 1 has rays n0 = −a−1

0 (1, . . . , 1) and ni = ei/ai.

14 A Message from our Sponsor, the Tropical
Geometry Gang

Turns out, the technique of toric degeneration has cool applications to enumer-
ative geometry.
Consider the map logt : (C×)r → Rr, (xi)i 7→ (− logt |xi|)i for 0 < t < 1.

Example 14.1. For t = e−1 and C = {e3x1 + e2x2 = e0} ⊂ (C×)2. Then
logt(C) looks like. . . something something amoeba, can’t be bothered to draw
it. Anyways, as x1 → 0, logt(x1)→ −∞ and logt(x2)→ −2.
Sending t → 0, we get a union of three rays all starting at (−3,−2) and going
towards the directions (1, 1), (−1, 0) and (0,−1).
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Formally, one take the limit t→ 0 by using the formalism of Paiseux series
C{{t}} = {f =

∑
q∈Q aqt

q : v(f) = min{q : aq ̸= 0} exists}, which is a valued

field under v. Whatever, this log = limt→0 logt turns ((C×)r,+, ·) into the
“tropical semiring” (Rr,⊕,⊙) = (Rr,max,+).

Definition 14.1. A tropical hypersurface is the corner locus of a tropical poly-
nomial.

Example 14.2. 3⊙x⊕2⊙x2⊕0 = max{3+x1, 2+x2, 0} whose corner locus is
given by {x1 = −3, x2 ≤ −2}, {x2 = −2, x3 ≤ −3}, {x2 = x1 + 1 ≥ −2}, which
is what we got in the previous example.

Let’s extend this to toric varieties. (C×)r ⊂ XΣ should give a compactifi-

cation Rr ⊂ Rr
Σ
. The new stuff at the boundary correspond to rays of Σ, and

boundary of P .

Example 14.3. Um. Work this out for P2.

Combinatorial type of tropical hypersurfaces correspond to subdivisions of
“Newton polytopes”, i.e. convex hulls of {mi} if our equation is

∑
i aix

mi with
ai ̸= 0.

Example 14.4. For lines in P2, the corresponding Newton polytope is simply a
triangle (recall Example 14.1). And smooth conics correspond to a subdivision of
the triangle by joining the midpoints. Smooth cubics correspond to a subdivision
by joining the thirds of the triangle (in a way that produces 9 small triangles).
We can see the tropical degree-genus formula, where the genus is the number of
interior vertices of the polygon.

Let’s dig deeper in plane curves. Let Σ be the fan of P2, and write R2 for

R2
Σ
.

Definition 14.2. A parameterised (plane) tropical curve is h : Γ → R2 where
Γ is an wedge-weighted graph with tails and no bivalent vertices, and h is
continuous and piecewise affine, in the sense that h|E : E → R2 is a piecewise
affine embedding of a line segment for every edge E, and h(L) is half-infinite
for tails L. And they are required to satisfy the balancing condition. That is,
for every vertex V we have

∑
E wEmE = 0, where E goes over all edges at V ,

wE is the weight of E, and mE is the primitive tangent at E (via h).
The degree of a such a tropical curve is the sum of its weights.

So, you must have drawn some pictures of tropical curves corresponding
to plane curves and observed that they seem to (generically) satisfy Bézout’s
theorem, right? Might be helpful to define multiplicity, idk.

Definition 14.3. Suppose we have tropical curves C1, C2, not sharing any
positive-dimensional part. The intersection multiplicity at one of their in-
tersections x is multx(C1, C2) = volPx = w1w2 det(m1 | m2) where Px is
the polygon corresponding to x (I am trying here okay), and wi,mi are the
weights and primitive tangents of the edges meeting at x. And define C1 ·C2 =∑

x∈C1∩C2
multx(C1, C2).

Lemma 14.1 (Tropical Moving Lemma). C1·C2 is invariant under translations.
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So for general C1, C2, we can always translate to a position where they do
not share any positive-dimensional part and compute C1 · C2 there.

Proposition 14.2 (Tropical Bézout). Suppose Ci are plane tropical curves with
degrees d1, d2, respectively. Then C1 · C2 = d1d2.

Proof #1.
∑

x volPx = volPC1∪C2
− volPC1

− volPC2
= (1/2)(d1 + d2)

2 −
(1/2)d21 − (1/2)d22 = d1d2 (okay I stopped trying).

Proof #2. Move ’em to nice position (really?).

This has applications to curve counting. For example, in P2, let Nd be
the number of degree d rational curves through 3d − 1 general points, then
N1 = N2 = 1, N3 = 12, and so on. And perhaps it’s easy to see this on tropical
curves, with N trop

d defined with some multiplicity concerns.

Definition 14.4. Let h : Σ→ R2 be a tropical curve. Its multiplicity is
∑

V mV

where mV = w1w2|det(w1 | m2)| if V is trivalent (where wi,mi are the data
associated to two of the edges), well-defined by the balancing condition.
We write N trop

d for the sum of all mh where h is a tropical curve of degree d
passing through 3d− 1 general points.

Everything is trivalent in general position, so we are not gonna define things
more generally.

Theorem 14.3 (Mikhalkin ’03, Nishinou-Siebert ’04). Nd = N trop
d .

The idea is to find a degeneration of X = P2 to a union of toric surfaces
(“toric degeneration”), glued together along toric divisors, such that some curves
split into a union of simpler pieces. More precisely, we want to find a toric family
X → A1 such that Xt̸=0

∼= X, X0 = X0 is a union of toric surfaces and Nd can
be computed on X0.
Start with the union of all degree d tropical curves through 3d − 1 points.
And add Σ at each pi, which gives a polyhedral subdivision P of R2. The
structure ofX0 is then described by P (or, equivalently, its dual Newton polygon
subdivision).
Let’s describe X more explicitly. Put P in R2 ×R by placing it on the plane of
height 1, and take cones over the (possibly unbounded) polytopes. This leads
to a fan Σ, and we set X = XΣ equipped with a map X → A1 given by the
projection Σ → R≥0. Then Xt ̸=0

∼= P2 collects to cones supported at height
0, i.e. the infinite elements of P. And X0 sees everything, so it is a union of
toric surfaces corresponding to elements of P, glued together according to the
combinatorics of P.
Let’s also see what the dual picture (“polytope picture”) look like. Consider an
ample line bundle corresponing to a piecewise linear function Σ→ R. We get a
Newton polygon subdivision B, on which we also have a piecewise linear function
ϕ (i.e. continuous function that is linear on each cell) to build X. Given such
a ϕ, we can form its upper convex hull, which is the convex hull of everything
above the graph of ϕ. This has a map to R≥0 which is the polytope for A1.
Anyways, let’s get back to curve counting. Turns out that curves on X = P2

correspond (up to some multiplicity subtlety) to reducible curves onX0, which is
one-to-one with tropical curves h : Γ→ R2. The first step is done by associating
each to smooth stable log maps.
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Definition 14.5. A log structure on X is a morphism of sheaves of monoids
αX :MX → OX such that α−1

X (O×
X)→ O×

X is an isomorphism.

Example 14.5 (Divisorial log sturcture). Suppose D is an effective divisor on
X and let j : D → X be the inclusion. ThenM(X,D) = (j∗O×

X\D)∩OX → O×
X

is a log structure. M(X,D) is essentially the functions invertible away from D.

Associated to it is a “ghost sheaf” M̄(X,D) =M(X,D)/O×
X which keeps track of

vanishing orders along D.

The advantage of a log structure is that it allows us to treat mildly singular
(“log-smooth”) varieties as being smooth. For our purpose,M(X,X0) keeps track
of infinitesimal information about X0 ⊂ X, and therefore about X → A1. So
any log-smooth curve C0 on X0 can be extended to curves on X → SpecC[[t]],
and hence to a curve C on X by looking at the general fibre. Locally, at a node
x of C0, it is supposed to correspond to a compact edge E of Γ, and C0 has
multiplicity wE at x. This is somehow a choice of a wE-th root of unity in the
log structure. If one globalises this, one gets mh choices of smooth log structure
on C0.

Theorem 14.4 (Kontsevich-Manin).

Nd =
∑

d1+d2=d,d1,d2>0

(
d21d

2
2

(
3d− 4

3d1 − 2

)
− d31d2

(
3d− 4

3d1 − 1

))
Nd1Nd2

Tropical proof. Write n = 3d. Let M̄trop
0,n (P2, d) be the moduli space of tropical

curves of degree d with n marked points. Forgetting the 5-th point onwards
and the embedding into R2, we get a map ftϕ : M̄trop

0,n (P2, d) → M̄trop
0,4 . If we

let evji be the j-th coordinate of the i-th marked point, and evi the evaluation
at the i-th point, then we get a map π : ev11× ev22× ev3× · · · × evn× ftϕ :
M̄trop

0,n (P2, d) → R2n−2 × M̄trop
0,4 , and its number of preimages does not depend

on P. So idk, calculate deg π for special values of P or something.

Finally, let’s discuss applications to non-toric settings. For a log-singular
toric degeneration X → A1, we may find a log resolution X̃ → A1 which is not
necessarily toric, and look at its fibres.

Example 14.6. Consider the cubic surface X = {XY Z = t3(W 3 + f3)} where
f3 is a general degree 3 polynomial in four variables. Count lines on the dual
picture, we get 3× 3× 3 = 27 lines, idk.
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