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|7 Non-Examinable Lecture: Galois Representations| 41

1 Introduction and Motivations

We denote the complex upper-half plane by h = {7 € C : Im7 > 0}. We write
I'(1) = SLy(Z) and GLy(R)™ = {g € GL2(R) : det g > 0}.

Lemma 1.1. GLy(R)™" acts transitively on b by Mébius transformations.

Proof. For g= (%) € GLy(R)" and 7 € h, we have

1 /far+b aT+b 1 ImT
I == — = —det(g)———
m(g7) (CT+ d T+ d) et(9) ler + d|?

2 2
Hence GL2(R)™ sends b to itself. Transitivity follows from z +iy = (§ 7). O

Definition 1.1. Let k € Z. For g € GLy(R)* and 7 € b, we define j(g,7) =
et + d (the “modular cocycle”). For a function f : h — C, we define flx[g] :
h — C via

Flrlgl(r) = f(gr) det(g)" (g, 7) 7"

Lemma 1.2. This defines a right action of GLa(R)™ on the set of functions
f:5—=C.

Proof. We need to check that for any g,h € GL2(R)T we have f|i[gh] =
(flklg])|k[h]. This again follows from calculations

(flelaDIk[A](T) = (flelg]) (h) det(R)*~ iR, 7) 7"
= [(gh7)det(9)*"j(g,hr) 7" det(h)*~ Lji(h, )7

So we would have our result if j(gh, 7) = j(g, h7)j(h, T) (the “cocycle relation”).
This is true. A neat way to calculate this is by observing

j(h,7)j(g, ) (9}1”) =g (j(h,f) (hf)) = gh G) — j(gh,7) (%”)

which gives what we wanted. O

Definition 1.2. For k € Z and T' < I'(1) a finite index subgroup. A weakly
modular function f of level I' and weight &k is a meromorphic function on b such
that for all v € T, flx[y] = f-

The goal of the course is to define and study complex vector spaces M (T)

of modular forms, which are nice modular functions. We’ll show that these are
finite dimensional, and we’ll also study interesting family of endomorphisms on
them, namely Hecke operators.
Why do we care about modular forms? The first motivation is the theory of
elliptic functions. Suppose we have an elliptic curve E over C and w a nonzero
holomorphic differential on E. Then there is a unique lattice A < C such that
we have an isomorphism ¢ : C/A — E (as Riemann surfaces and as groups)
satisfying ¢*w = dz. One can show that E may be given by the equation
y? = 23 — 60G4(A) — 140G¢(A) where, for k > 4, we define

Gr(A)= > A*

AeA—{0}



It turns out that Gy(Z + Z7) are examples of modular forms, known as the
holomorphic Eisenstein series.

Another, less classical, motivation is the connection with number theory. Mod-
ular forms have interesting “g-expansions”: If f is a modular form, then it
has a Fourier expansion f(7) = Y anq™ where ¢ = €2™"/" for some h € N
g-expansions usually have interesting arithmetic meanings, for example the
Dedekind 6 function (1) = >, ™" It happens that for even k, 6% is
always a modular form of weight k/2. This is important because essentially we

have '
ok — Z - (m)ezwm'r
where ri(m) = #{(n1,...,ng) € ZF : 3, n? = m} is the number of ways to

write m as the sum of k squares. So studying modular forms may be able to
yield results about r;’s. For example, one of the simple formulas that one can
prove by analysing 6% is r4(m) = SZd“ded — in particular, every positive
integer is the sum of four squares.

A third motivation is its link to L-functions, like the Riemann ( function
¢(s) = >, n"°. We know that ¢ has a meromorphic continuation to C, has
a functional equation relating ((s) and ((1 — s), and has an Euler product
C(s) =1L, (1 —p~*)~L. And we can use all of these together to prove the prime
number theorem: m(x) ~ x/logx.

These pleasant properties aren’t always easy to prove (or even true) for gen-
eral Dirichlet series ) a,n~°. The ones with these properties are called L-
functions. Modular forms can be used to construct L-functions with, provably,
all these wonderful properties. So showing a Dirichlet series arises from a mod-
ular form could be an easy way to show that they are L-functions.

The last piece of motivation is its connection to the Langlands program. An ex-
ample of this is the modularity theorem (also known as the Shimura-Taniyama-
Weil conjecture) for elliptic curves, which implies Fermat’s last theorem. This
goes via Hecke operators and L-functions.

2 Modular Forms of Level I'(1)

2.1 Definition and Examples

Recall that on an open U C C, a meromorphic function on U is a holomorphic
function f: U — A — C where A C U such that for any a € A, there is some
d > 0, the punctured open disk D*(a,d) = D(a,d) — {a} is contained in U — A
and there is some k such that (z — a)¥ f(z) extends to a meromorphic function
on D(a,d). Two meromorphic functions are equivalent if they agree on some
nonempty open subsets on U. Equivalently, a meromorphic function on U is
simply a holomorphic function U — P!(C) of Riemann surfaces.

Lemma 2.1. Let f be a weakly modular function of weight k and level T'(1), then
there is a unique meromorphic function f in D*(0,1) such that f(7) = f(e2™7).

Proof. The map 7 — €27 b+ D*(0,1) is a holomorphic surjection and 7,7’ €
b map to the same image iff 7/ — 7 € Z. For any D(a,d) C D*(0,1), there is a
branch [ of the logarithm defined in D(a,d). We can then define f in D(a, §) via
f(q) = f((2mi)~i(q)). This definition of f is independent of the choice of the



branch, since f(7) = f(r+1) for all 7 € b (as f is fixed by the action of ({ 1)),
hence we get a holomorphic f on the whole D*(a,d). Uniqueness is clear. [

Definition 2.1. Suppose we are in the situation of the previous lemma. We
say f is meromorphic at infinity if f is extends to a meromorphic function on
D(0,1). We say it is holomorphic (resp. vanishing) at infinity if the extension
is holomorphic (resp. vanishing) at 0.

If f is meromorphic at infinity, then f is holomorphic on D*(0,d) for some
§ > 0 (equivalently, f is holomorphic on {7 € b : Im7 > —(27)"*logd}) and
has a Laurent expansion

flg) = Z anq"
ne”Z

where a,, = 0 for sufficiently negative n. So for 7 with Im7 > —(27)~!logd,
we a Fourier expansion (“g-expansion”) f(7) = > a,q",q = e*™7. Therefore
f is holomorphic (resp. vanishing) at infinity if a,, = 0 for all negative (resp.
nonpositive) n.

Definition 2.2. A weakly modular function of weight k& and level I'(1) is a
modular function if it is meromorphic at infinity. It is a modular form if it is
holomorphic in h and at infinity. It is a cuspidal modular form (or cusp form)
if it’s a modular form vanishing at infinity.

We write My (I'(1)) (resp. Sx(I'(1))) to denote the C-vector space of modular
forms (resp. cusp forms) of weight k and level T'(1).

Example 2.1. For k € Z, we consider the series
Gi(r)= > xF= > (mrtn)t
AeA,—{0} (m,n)€z2—{0}

where A, = Z ® Z71. Let’s assume that this series converges absolutely. For
v € I'(1), we have A, = j(v,7)"*A7 by simple calculation, therefore

Gi(yr) = > XF= D Gl TIN T =4 1) ()

AEA,,—{0} XeAT—{0}

So it’s not a stretch to guess that Gy is a modular form of weight k£ and level
I'(1).

When does Gy, converge absolutely, and is it actually a modular form?

Proposition 2.2. Fork > 2, Gy converges both absolutely and locally uniformly
on b, hence defines a T'(1)-invariant holomorphic function on Y. Furthermore,
it 1s holomorphic at infinity, i.e. a modular form.

Proof. For A > 2, wedefineQq ={r€h:Im7 >1/A |Re7| < A}. Let 7 € Q4
and z € R. We have |7 + 2| > 1/A and, when = > 24, that |7 + z| < |z|/2.
Hence |7 + z| > (24%) max{1, |z|}. Let m,n € Z,m # 0, then

m + 0|7 = [m|7F|7 4+ n/m|7F < |m|7F(24%)" max{1, [n/m|} "

= (24%)" max{|m, |n[} "



which, by the way, also holds (trivially) when m = 0. We can then estimate

S mr4a[F<@Ant YT max{|ml, |n|} "

(m,n)ez?—{0} (m,n)ez?—{0}
= (242" > " d~F#{(m,n) € Z° : max{|m, |n|} = d}
d>1
= (24%)F ) "8d'F = 8(24%)F((k — 1) < 00
d>1

since k > 2. By Weierstrass M-test, Gi(7) converges absolutely and uniformly
on 24, hence absolutely and locally uniformly on §.

To see that Gy, is holomorphic at infinity, we only need to show that Gy, (¢) has
a limit as ¢ — 0. The limit equals to the limit of Gy (7) as Im 7 — oo for 7 € Qo,
say. We can simply calculate this:

lim Gi(r) = lim Z (mT 4+ n)~*

TEQ,Im T—00 TEQ2,Im T7—00
(m,n)ez?—{0}

= Z lim (m7 +n)~"

TEQ,Im T7—00
(m,n)€z?—{0}

e {ZC(k) if J is even
ez {0} 0 if k£ is odd

In any case, this is finite, so we are done. O

In fact, when k is odd, any weakly modular function of weight k£ and level
I'(1) is 0, since it has to be fixed under the action of (' ).

Definition 2.3. For k > 4 even, the normalised Eisenstein series is Fy(7) =
(2¢(k)) ™G (7).

We do this so that the constant term of the g-expansion of Ej is 1. We'll
later show that the other coefficients of Fj are, in fact, also in Q.
Certainly, sums of modular forms are modular forms of the same weight and
level, and it’s easy to check that product of elements of My (I'(1)) and M;(I'(1))
is an element of My (T'(1)).
In particular, E3 and E? are both in Mj3(I'(1)). They both take value 1 at
infinity, so E5 — E2 € S12(I'(1)). We'll show that it is nonzero soon. To get
there, we need to understand the action of SL2(Z) on b.

2.2 The Fundamental Domain

Let’slook at theset F = {r € h: Re7 € [-1/2,1/2],|7| > 1} and F' = F— ({7 :
|7 =1,ReT >0} U {7 : ReT =1/2}). We'll also consider the matrices

0 —1 1 1

s=(1 W)= )
Proposition 2.3. (i) Any 7 € b is I'(1)-conjugate to a unique element of F'.
(ii) If T € F', Stabpay(r) = {1} when 7 # i,p where p = e /3 and

Stabp(1) (i) = (), Stabp(1) (p) = (ST).
(ii) T'(1) is generated by S and T.



Proof. Let G = I'(1)/{£I} and H = (S,T) < G. We first show that any
T € b is conjugate to something in F. If v = (‘Z g) € I'(1), recall that we have
Im(y7)/|er + d)?.

{1, 7} forms a basis for C over R. So {(¢,d) € Z?> — {0} : |eT +d| < X} is finite
for all X. In particular, the set {|ct 4+ d| : (¢,d) € Z* — {0}} has a minimum,
and therefore {Im(y7) : v € H} has a maximum. So by conjugating with H,
we may assume that Im(y7) < Im7 for all v € H. This is sufficient to imply
7 € F: Conjugating by T moves shows that 7 is H-conjugate to something with
real part in [-1/2,1/2). If |7| < 1, then Im(S7) = |7|~2Im T, contradiction.
Moving with S again shows that we can actually get to 7 € F'.

Suppose we now have 7,7/ € F' and v = (¢ %) € I'(1) such that 7/ € y7. We
claim that 7 = 7/, and v = =1 except if 7 = 4, p, in which case v € (£5), (£5T)
respectively.

WLOG Im(y7) > Im7, so |er +d| < 1. If 7/ € F/, we have Im 7/ > 1/3/2 with
equality iff 7/ = p. So 1 > |er +d| > |c|v/3/2, and therefore |c| < 2/+/3. As
¢ € Z, we conclude |c¢| < 1. WLOG ¢ > 0, so either ¢ =0 or ¢ = 1.
Ifc=0,theny=4T% sob=0,y==+1,7 =7. If c =1, then |7 +d| <1, so
we must have either d = 0,|7|=1ord=1,7 = p.

In the former case, v = (Lll _01) and y7 = a — 1/7. Since ReT,Re(y7) are
both in [—1/2,0] and Re(y7) = a — Re, either a = 0,Re7 = Re(y7) = 0 (in
which case 7 = i,y = S), or a = —1,Re(y7) = Re7 = —1/2 (in which case
T =p,7 = (ST)?).

In the latter case, we must have 7 = y7 = p since Imy7 = Im7/|7 +1/2 = Im p.
So p=(ap+b)/(p+1), hence ap+b = p?>+ p= —1, hence a = 0,b = —1 and
v =S5T.

It remains to show that I'(1) is generated by S,7. We have S? = —1I, so it
suffices to show that G = H. Take 7 = 2i (or anything in F” that’s not ¢, p) and
v € G, then v € b, so by what we’ve shown earlier, there is some § € H such
that éyr € F', therefore 6y = 7, hence v € Stabg(r) = {I}, which means
y=61teH. O

Let f be a nonzero modular function of level I'(1) and weight k. For 7 € b,
we write v, (f) for the order of f as a meromorphic function. If v € T'(1), then
f(ym) = f(7)i(v, )%, s0 fr-(f) = f-(f). We also define v (f) to be the order
of f at 0.

If 7 € b, we define

1 ifr#4,p
er = |Stabp(1)/{:|:1}(7')‘ =<2 ifr=1
3 ifr=p

2.3 Valence Formula

Proposition 2.4 (Valence formula). Let f be a nonzero modular function, then

N+ Y )= &

er 12
eN(1)\b

Proof. The sum is in fact finite, since f can only have finitely many zeros or
poles in F. Indeed, since f is meromorphic, it is holomorphic and nonvanishing



in D*(0, ) for some ¢ > 0, which means that f is holomorphic and nonvanishing
in {r € h:Im7 > R} for some R > 0. And there are only finitely many zeros
and poles in the compact set FN{7 € b : Im 7 < R} by the principle of isolated
ZEros.

We’ll prove the formula by contour integration. Recall that the argument prin-
ciple says that if U C C is open, g is meromorphic in U and ~ is a simple
closed positively-oriented contour missing every zeros and poles of g and bound
a region D contained in U, then

L. g/(Z) dzzzva(g)

2mi J, g(2) et

We'll also use the pullback formula, whcih says that if v : U — V is a holomor-
phic function between open sets in C, f : V — C is holomorphic and v a path

in U, then
wa@”Z:L”“ﬂ@®O=LfW@»w@wz

Take R > 2 such that f has no zeros or poles in {Im7 > R}. We consider
the contour v that is the anticlockwise (i.e. positively oriented) boundary of
FN{r € bh:Imr < R}. Starting with the top left, we name the vertices
(anticlockwisely) A,B = p,D = —p = p + 1, E respectively. We also name
C =i

Suppose f has no zeros or poles on -, then we have, by argument principle,

i’ f’(Z) dz = Z ivr(f)

2mi J, f(z) Ter(l)\be

On the other hand, we can calculate the contour integral one part at a time. If
the integrand is omitted below, it’s understood to be f(z)~!f’(2)dz. Note that
if u(t) =741, then u(AB) = ED and fou = f, therefore

/ / / hence / =0
ED (AB) AB ABUDE

Now take u(7) = —1/7, then CD = u(CB) and (f ou)(7) = f(7)7*. Therefore
by pullback formula we have

/CD B /u(CB) - </CB> T k(log B —1og ©)
= (/CB> + k(log B — log C) = (/CB) +2m%

Now let u(7) = 2™ then u(AFE) is a positively oriented circle in D(0,1). So
using the pullback formula again gives

. 1 f'(z 1

vl ) = () = &g, - L

2ri wap) f(2) 270 Jap

Therefore we have

> ulh) = [ =5 em)

reD(\h



which is the formula.

What if something on the contour is a zero or a pole? For zero or pole P on
the interior of AB, we in fact get a pair of zero/pole P, P 4+ 1. Choose € > 0
small enough so that f has no zeros or poles in D*(P, 2¢) and consider the same
contour except half-circles of radius € at P, P + 1 are perturbed to the same
direction. Then the contour integrals via AB and ED still cancel each other
out, so nothing’s wrong there. Similarly, we can deal with zeros or poles in the
interior of BC and CD.

We need to do some work for possible zeros or poles at i, p. At p, this is done
(for small € > 0) by perturbing the contour with . where the bit around B = p
is replaced with ¢ + p + ee’ where t ranges clockwise from 7/2 to wherever
it hits v. And we also perturb it with the mirrored inward-bending contour
around D = —p, and by considering (exercise!) the integral with e — 0 gives
exactly the v,(f)/e, part in the formula. A similar argument works for zeros
and poles at C' = 1. O

Example 2.2. For k = 4, we have ve(E4) + > craip e v (By) = 4/12 =
1/3, hence voo (Ey) = v-(Ey) =0 for 7 € F', 7 # p and v,(F,) = 1.

For k = 6, we have ve(Eg) + 3. erayp e v, (Eg) = 6/12 = 1/2, hence
Voo(Eg) = v+ (Eg) =0 for 7 € F', 7 # ¢ and v;(Eg) = 1.

Example 2.3. Consider A = (Ef — E2)/1728 € S12(I'(1)). This is nonzero
since it must be nonzero at i. The formula v (A) + 3- crag el (A) =1
then implies that A is nonvanishing on h and has a simple zero at co.

2.4 Dimension and Structure of Spaces of Modular Forms

Theorem 2.5. Let k be an even integer.

(i) Mp(T(1)) =04ifk <0 or k=2, and My(I'(1)) =C.

(ii) If 4 < k < 10, then My(D(1)) = CEy.

(#i3) Multiplication by A is an isomorphism M (T'(1)) = Sk+12(T'(1)).

Proof. (i) This follows directly from Proposition

(ii) By Proposition for these values of k any nonzero f € My(I'(1)) has
Voo (f) = 0. So Si(I'(1)) = 0 (this also follows from (i) and (iii), by the way).
The fact that My (I'(1)) = CE), @ S(T'(1)) then gives the result.

(iii) For surjectivity, for any f € Si+12(T'(1)), f/A is holomorphic in b since A
is nonvanishing in b, and at infinity since A has a simple zero there. Injectivity
is clear. O

Corollary 2.6. Let k > 0 be an even integer, then

. o ) k/12] ifk=2 (mod 12)
dim Mp(T (1)) = dim S(T(1) +1 = {Lk/l?J +1 otherwise

Proof. Follows from the preceding lemma using M (T'(1)) = CE®Sk(T(1)). O
In particular, these spaces of modular forms are finite-dimensional.

Corollary 2.7. Let M be the graded ring @, My (I'(1)).. Then M is generated
by E4, Eg as a C-algebra.



Proof. We want to show that M (I'(1)) is spanned by E§ E§ with a,b € Z>, 4a+
6b = k. This is certainly true for k < 12 by what we have already.

For k£ > 12 even, we can always find some a,b > 0 such that 4a + 6b = k, so the
assertion follows from Theorem iii) and the fact that E¢Eg cannot vanish
at infinity (thus My (T'(1)) = CE{ES @ Sk(T'(1))). O

Define now j(7) = E3/A, which is a modular function of weight 0 and level
I'(1). This is holomorphic on h with a simple pole at infinity.

Theorem 2.8. The map j : h — C is surjective and 7,7 have the same image
iff they are I'(1)-conjugate.

Moreover, any modular functionof weight 0 and level T'(1) is a rational function
mjg.

Proof. Let z € C. We want to show that there is a unique I'(1)-orbit in b such
that j(7) = z, i.e. such that v,(j — 2) > 0. But j — z is a modular function of
weight 0 and level I'(1). So what we want follows simply from using Proposition
on j — z and observing that it is holomorphic except at infinity, where it has
a simple pole.

Now suppose f is a nonzero modular function of weight 0. Multiplying by a
polynomial in j, we can assume WLOG that f is holomorphic in h. Multi-
plying by AN then makes it an element of Moy (I'(1)), which is generated by
E$Eg, 4a + 6b = 12N. So it suffices to show that for every a,b,4a + 6b = 12N,
E$EZ/AN is a rational function in j. But we must have 3 | a and 2 | b
by solving 4a + 6b = 0 (mod 12), so the result follows from the fact that
Jj— 1728 = EZ/A. O

Remark. One can show that j(7) is the j-invariant of the elliptic curve C/A.

Proposition 2.9. Let k > 4 be even, then

i)k
Gi(r) = 20 (k) + (2;2_ 1))! S ori(n)g" 0u(n) = 3 d°
n>0

d|n

Proof. We start with the formula

, W) g+l 1l 1 1
T 1+22q —zwq_l—7rcot(7rT)—7_+n§_:l<T+n+T_n

n>1

with the series converging absolutely and locally uniformly in 7 € h. By local
uniform convergence, we are allowed term-by-term differentiation. Doing this
k — 1 times yields

— . -1 n —1 — - 1
—2;(27rzn)k "= (DN E-1)r kzm

nez



noting k > 1. Therefore

1 1 1
Gir)= " 3 m227+ ) D T

(m,n)ez?—{0} neZ—{0} " meZ—{0},n€Z

2
_Qan+2 Z m7+n :2C( ™ |Zznk g

n>1 m>1,n€eZ m>1n>1

—2C 27TZ Zo_k 1

as desired. |

Corollary 2.10. Ei(7) = 14+),,+; anq" with a, € Q for alln > 1. Moreover,
if k = 4,6, then we in fact have a,, € Z.

Proof. Famously (or indeed, from example sheet), 7% /¢(k) € Q for any even
k > 4. Therefore a,, € Q.

As for k = 4,6: We have ((4) = 74/90, so (2mi)*/(¢(4)(4 — 1)!) = 240 € Z;
¢(6) = 75/945, so (2i)®/(C(6)(6 — 1)) = —504 € Z. m

From the proof, we then know that

E4 (1) =14 240 Z o3(n)q", Eg(t) = 1 — 504 Z o5(n)g"

n>1 n>1
Corollary 2.11. A=q+3 - ,a,q9",j = g+ > >0 bng™ with ay, b, € Z.

Proof. Since j = E3}/A, it suffcies to show the result for A. Write Ey =
1+ 240U(q) and Fg = 1 — 504V (q), then

E$ — EZ  3(240)U + 3(240)2U? + (240)3U? + 2(504)V — (504)%V2
1728 1728

To show A has integer coefficients, it suffices to prove that the coefficients of

(2(240)U +2(504)V) /1728 = (5U + 7V')/12 in q are integers. That is, 503(n) +

To5(n) = 0 (mod 12) for any n > 1. Equivalently, o3(n) = o5(n) (mod 12).

But 12 | d° — d? for all d € Z, so this must be true.

And the leading coefficient of A is (3(240) + 2(504))/1728 = 1. O

A —

For a modular form f of level I'(1), we write a, (f) to denote the n*" coeffi-

cient of the g-expansion of f,ie. f=3" an(f)g™

Theorem 2.12. Let k > 4 be even. Then M (T'(1)) possesses a unique basis
fo, ..., [N satisfying:

(1) For all 0 < i,j < N, we have a;(f;) = d;j.

(i1) For all 0 <i < N,n € Zx>q, we have a,(f;) € Z.

Proof. Let N = dim Sg(I'(1)). Write & = 12a + d where a,d € Z>¢ and
d€{0,4,6,8,10,14}. Then N +1 = dim My(I'(1)) = a+1. Write k =4A+6B
for some A, B € Z>o. Define, for each ¢ = 0,...,N, ¢g; = fEéBAiEg(N_Z)
whicih is an element of My (T'(1)). Then Vn > 0, a,(g;) € Z. The leading term
of g; of ¢*, so performing row reductions gives fo,..., fy satisfying the condi-
tions.

They form a basis, for the linear forms ag,...,any € Mp(I'(1))* are linear inde-
pendent due to the existence of fy,..., fy. And indeed fy,..., fy is the dual
basis of aq, ..., an, which also gives their uniqueness. O
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3 Hecke Operators

3.1 Lattices

The vector spaces of modular forms and cusp forms have additional symmetries.
They have very interesting endomorphisms (the Hecke operators) which have
important arithmetic meaning. They can be constructed group theoretically
by using the action of GLo(Q)T, or geometrically. We're going to pursue the
geometric approach (thank god).

Recall that in a finite-dimensional real vector space V, a lattice A < V is any
discrete cocompact (i.e. with compact quotient) subgroup.

Lemma 3.1. Let A <V be a subgroup, then A is a lattice iff there is a basis
€1,...,6n for V such that A =Ze1 @ --- @ Ze,.

So every lattice arises as a change of basis of Z™ < R™.
Proof. Example sheet. O

Let £ be the collection of lattices in C. C* acts on £ by zA = {zA: A € A}.
How do lattices relate to the modular action on h?

Proposition 3.2. The map b — L, 7 — A, descends to a bijection T'(1)\h —
C*\L.

Proof. We first show that h — C*\L is surjective. Suppose A = Ze; @ Zes,
then Im(ej/es) # 0. After possibly reversing e; and eq, let’s assume that
Im(e;/e2) > 0. Then A = eaA,, /,, hence the surjectivity.

Suppose T € b,y € T'(1) then A, = j(v,7) " 'A,, so we do have a well-defined
(surjective) map T'(1)\h — C*\L.

Finally, we show that this map is injective. Suppose A, = zA . for some z € C*,
then 27" = ar+b, 2z = ¢7 +d for some v = (‘; Z) € GL2(Z). But then we simply
have 7" = (at +b)/(ct +d), which also means that dety = sgnIm7/'/sgnIm 1 =
1, therefore v € T'(1). O

This shows that functions f : ( — C invariant under the weight 0 action of
I'(1) are the same as functions F : £ — C invariant under multiplication by
C*, and they are related by f(7) = F(A;). We say a function F : £L — C is of
weight k € Z if for any A € £,z € C* we have F(zA) = 27*F(A).

Proposition 3.3. The map F — (f(7) = F(A;)) defined a bijection between
the space Vi of functions F : L — C of weight k and the set Wy, of functions

f:b—=C with flg[y] = f.

Proof. We'll first show that if F' is of weight k, then f(r) = F(A;) invari-
ant under the weight k-action of I'(1). Indeed, f|x[v](7) = f(y7)j(y,7)"F =
F(Ay)j(y, 7)™ % = F(j(v,7)Ay.) = F(A;) = f(7). So the map is well-defined.
We’ll show that it’s bijective by exhibiting an inverse. For f : h — C invariant
under the weight & action of I'(1) and A = Zey; @ Zes € L with Im(ey/e2) >,
we define F(A) = e;* f(e1/ez). This is independent of the choice of basis, for

11



if A = Ze| @ Ze)y and Im(e} /e}) > 0, then there is some v = (¢ 4) € T'(1) such
that €] = aej + beg, e, = cej + deg, then
() ek /) = (cer + dea) ¥

= ey j(v,e1/e2) " f(v(er/e2)) = e " fler/ea)

We also have F(zA) = (zea) 1f(e1/ea) = 27FF(A), so indeed the proposed
inverse too is well-defined. It’s easy to check that these two identifications are
inverse to each other. O

aeq + bes
ce1 + deg

Consequently My (T'(1)) embeds into Vi, and we’ll define Hecke operators on
Vi using the geometry of lattices, and show that M (T'(1)) is invariant under it.

3.2 Hecke Operators
Definition 3.1. For each n € N, then n-th Hecke operator T}, : Vi, — V}, via

(T,F)(A)=n""" > F(N)
A'<A[A:A]=n
We define T,, : W, — Wy by the identification Vj, = Wj.

Note that there are only finitely many A’ < A such that [A : A'] = n.
Indeed, if this were the case then n(A/A’) = 0, so nA C A’. Recall that the
set of subgroups of A/nA = (Z/nZ)? is in bijection with the set subgroups of A
containing nA, hence the latter must be finite and hence the set of subgroups

A’ < A with index n is also finite.
Let’s also check that T, F' is indeed in Vj,. We have

(T, F)(zA\) = nF~1 > F(N)y=n*"1 3" F(zN)
AN <zA,[zA:N']=n AN <AA:N]=n
=nbt Y PR =2 (T, F) (M)
AN <AA:AN]=n

Proposition 3.4. Fiz a weight k and consider the Hecke operators (T,,) on Vj.
(i) If n,m € N are coprime, then T,,T,, = Ty = T T
(i) If p is prime, then TynT), = Tynia +pk*1Tpn_1.

Proof. Let n,m € N, not necessarily coprime. then

(T T F)(A) = ntt Z (TmF)(A/)
AN <AA:N]=n

_ nk—lmk—l Z Z F(A//)

N <A AN ]=n \A” <A [A:A]=m

= (nm)k~1 > a(A, AYF(A")
A <AA:AN]=mn

where
a(A, A"y =#{N <A:[A:AN]=n,[N:AN']=m}
=#{A<A/N[A/N": Al =n}

12



Let’s calculate this in a slightly more general context. If B is an abelian group
and [ € Z, we write B[l] = {b € B : b = 0}. If n,m € N are coprime and
|B| = mn, then B = B[n] x B[m] and B[n] is the unique subgroup of B of index
n. Hence if n,m are coprime, then a(A,A”) =1 for any A” < A, [A: A”] = mn.
This immediately implies (i).

Now let p be a prime and n > 1, then for A” < A, [A : A”] = p"T!, we have
a(A,A") = #{A < A/A’" : #A = p}. Choose a Z-basis ey, es for Aand a > b > 0
such that a +b = n + 1 such that p®e;,p’es is a basis for A” (we can do this by
the theory of Smith normal form).

If b= 0, then A" = Zp"*le; @ Zey, so A/A" is cyclic of order p"*t. Therefore
a(A, A7) =1.

If b > 1, then A/A" = Z/p°Z & Z./p*Z. But subgroups of Z/p*Z & Z./pZ of
order p corresponds to subgroups of (Z/p*Z & Z/p°Z)[p] = (Z/pZ)? of order p.
So a(A,A")=p+1.

Observe that in the case b = 0 we have A” £ pA but in the case b > 0 we always
have A” < pA. So (sorry for the bad typesetting)

(TP”TPF)(A)
_ p(n—i-l)(k—l) Z CL(A, A//)F(A//)

A”SA,[AZAN]an+1

:p(n—i-l)(k—l) Z F(A//) + Z pF(A//)

A <A AN ]=prtl A7 <pA,[pAA" ] =pr—1
N S ¥
A <A [A:A]=pr—1
= Ty F(A) +p" VD 7t > F(A)

A <A AN =pr1
= (T F)(A) + 9" (T 1 F)(A)

as desired (phew?). O
Corollary 3.5. For any n,m € N, we have T,,T,, = T,,T}.

Proof. By (i) in the preceding proposition, T,» is a polynomial in T, with
integer coefficients for all prime p and integer n. So the statement holds for prime
powers. Hence it holds for arbitrary n,m due to part (i) of the proposition. [

Proposition 3.6. Let n € N and a Z-basis e1,ea for A € L. Then any A’ < A
with index n are precisely those of the form Z(aey + bes) @ Zdes, where a,d €
N,ad=n,b€ Z,0<b<d.

Proof. Recall that if M € M,,«m(Z) has det M # 0 and N is a finite free Z-
module with basis wi,...,wm, then @, Z 3 ; M;jw; < M has index [det M].
This is done by looking at the Smith normal form of M. We then immediately
see that any lattice of the said form has index n.

Now for any A’ < A with index n, we can consider the short exact sequence

0> ZEQ/(AHZGQ) = (A/ +Z€2)/A/> A/A/ > A/(Al-l-Zeg) > 0

13



Let a = |A/(A +Zes)|,d = |Zea /(AN Zes)|, then n = ad. We have d = inf{d >
1:dex € AN} and a =inf{a > 1:3b € Z,aeq + bes € A'}. If b,b € Z are
such that ae; 4 bea,ae; + b'ex € A’; then (b —b')ey € A’ and therefore by = by
(mod d). So we see that there is some unique 0 < b < d such that ae; +bes € A’.
Then Z(aey 4 beg) ® Zdes < A’ and both and them has index n in A, therefore
Z(aey + bey) & Zdey = N'. O

Proposition 3.7. Let f € Wy, then

(T f)(r) =~ 3 g (“T; b)

a,b,d€Z~¢,ad=n,0<b<d

()

a,b,d€Z~¢,ad=n,0<b<d

Proof. F(Z(at +b) ®Zd) = d"*F(Z((at +b)/d) ® Z) = d"* f((ar +b)/d). O

Corollary 3.8. If f € Wy is holomorphic on b, then T, f is also holomorphic
on h.

Corollary 3.9. If f € My(T'(1)) has g-expansion Y, ,amq™, then T,f €
My (T'(1)) and it has q-expansion -, <o cmq™ where

k—1
Cm = E l Amn/i2

leN,l|ged(m,n)

nim =it at ()

a,b,d€Z~¢,ad=n,0<b<d

— nkfl Z dfk Z am627rim(a‘r+b)/d

a,b,d€Z~¢,ad=n,0<b<d m>0
_ nk—l E d—k E ame2ﬂ'zma7‘/d E e27rzmb/d

a,deN,ad=n m>0 0<b<d
_ nk—l § : d—k § : am62ﬂ'zmar/d(d1d‘m)

a,deN,ad=n m>0

k—1 am k—1 lm
= E (n/d) E Admq = E l E Amn /19
a,deN;ad=n m>0 leN,l|n m>0

By the uniqueness of Laurent expansions, we conclude T, f € My(I'(1)). Col-
lecting the relevant terms gives the formula for c¢,,. O

Corollary 3.10. (i) a1(T.f) = an(f).
(ii) ao(Tnf) = ao(f)ok—1(n). In particular, Sp(T'(1)) is also invariant under
T,.

3.3 Eigenforms

Next, we'll try to understand the spectral decomposition of M (T'(1)) under
T,.’s. That is, we want to decompose My (I'(1)) into simultaneous eigenspaces
of T,,’s.
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Example 3.1. M4(T'(1)) is one-dimensional, so Ey is an eigenvector of every-
thing.

S12(I'(1)) too is one-dimensional, so A(1) = .02 7(n)¢" = q[[o— (1 —¢")**
is an eigenvector of everything. Let’s actually calculate the eigenvalue. Suppose
T,A = apA, then 7(n) = a,(A) = a1 (ThA) = a,. So T,A = 7(n)A. Ra-
manujan had conjectures in 1916 that if p is prime then 7(p™)7(p) = 7(p"*) +
p"r(p"~1) and 7(mn) = 7(m)7(n) if m,n are coprime. But these follows im-
mediately from Proposition

In general,

Definition 3.2. If f € M (I'(1)) is a simultaneous eigenvector of all T,,, we say
it is an eigenform. If furthermore that a1 (f) = 1, then we say it is a normalised
eigenform.

Lemma 3.11. Let k > 0 and f € Mi(I'(1)) is an eigenform, then:
(i) There is a nonzero scalar multiple of f which is normalised.
(i) If f is normalised, then T, f = an(f)f for every n.

Proof. Let a,, € C be the eigenvalue of T;, on f. Corollary shows that
an(f) = a1(Tnf) = anai(f). This implies both assertions. O

Proposition 3.12. Let k > 4 be even. Then G (7) is an eigenform on which
T, has eigenvalue o1 (n).

Proof. Each T, is a polynomial in operators T, for prime numbers p. So to
show that T} is an eigenvector for all T,’s, it is enough to show that it is an
eigenvector for all 7},’s for p prime.

Recall that Gy, is associated to the funtion on lattices G (A) = 3>y (0} Ak,

T,Gr(A) =p*t > ook Y a(A)Ah

A <A AN ])=p AeA’—{0} AeA—{0}

where a(A, A) is the number of subgroups A’ < A with index p whih contains .
Note that if A’ < A has index p, then pA < A’. So if A € pA then A € A’. This
means that a(A,\) equals to the number of subgroups A’ < A wiht index p,
which is p — 1.

If A ¢ pA, then the image of \ in A/pA = (Z/pZ)? is nonzero, therefore has
order p. In particular, Z\ + pA has index p in A, so this is the only A’ < A with
index p that can possibly contain A, so a(A,\) = 1. Therefore

TGH(A) =p Y (p+DAF+ Y Ak

AepA—{0} AEA—pA
STt > e
AeA—{O} AeA—{0}
=1+ >0 A =01 (0)Gi(A)
AeA—{0}

So G, is indeed an eigenform.

As for the eigenvalues, if T,,Gp = a, Gk, then ox_1(n)ag(Gr) = ao(T,Gx) =
ap(anGr) = anan(Gy) and a, (Gi) = 2¢(k) # 0, so o, = ox_1(n) (alternatively,
we could use the preceding lemma). O
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Remark. 1. The decomposition My(I'(1)) = CGr@®Sk(I'(1)) is therefore compat-
ible with the spectral decomposition of the T;,’s. So we’ve reduced the spectral
problem for the Hecke operators on M (I'(1)) to that on Si(T'(1)).

2. We have E4Eg = Fqp, but it is usually not the case that a product of eigen-
forms is an eigenform, e.g. Ej # E1a.

3. E} is not a normalised eigenform, which in fact should be

F, = al(Gk)_le = QW + Zakfl(n)qn

n>1

LIS 98 e

n>1 n>1
where By, is the k-th Bernoulli number.

Proposition 3.13. For all k > 4 even, the eigenvalues of T, are algebraic
numbers living in a fized number field (i.e. a finite extension of Q).

To emphasise, the number field can depend on k.

Proof. We'll show that the characteristic polynomial det(X idg, (r(1)) —7») has
integer coefficients. To see this, let f1,..., fn be a basis for S,(I'(1)) such that
a;(f;) = 6ij and an(f;) € Z for all n,j. This is possible due to Theorem [2.12}
Then f = Zj\;l a;(f)f; for every f € Si(I'(1)). The matrix of T;, with respect
to this basis has integer coefficients due to Corollary so the eigenvalues can
only be algebraic integers.

Note also that a,(f) = Zf\il a;(fan(fi) € Q(ar(f),...,an(f)), hence all these
eigenvalues live in the same number field. O

The proof gives an algorithm to compute the actions of T, on Si(I'(1)).

Example 3.2. Take k = 24, then we know that dim Sou(T'(1)) = 2. Let’s
compute the eigenvalues of T». We can take fo = A2 = ¢? —48¢> +1080¢* + - - -
and f; = AE2 + 1032A% = ¢ + 195660¢> + 12080128¢* + - - - (use a computer I
guess). So T has matrix

( az(f1) az(f2) )_< 0 1 )
as(f1) +22a1(f1)  as(fo) +2%ai(f2)) ~ \ 20468736 1080

which has eigenvalues 12(454+/144169). So all a,,(f) for normalised eigenforms
f € S24(T'(1)) lie in Q(+/144169). Don’t know if this is worth noting, but 144169
happens to be prime.

Enough waffling, let’s diagonalise.

3.4 The Petersson Inner Product

Definition 3.3. Let f : h — C be continuous and invariant under the weight 0
action of I'(1). Then we define

dedy dedy da dy
/F R / = /f 105

provided the latter converges absolutely (here and onwards we write 7 = z + iy
as convention).
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The idea here is that the area form y~2 dx dy is invariant under the action
of GLy(R)™T. It in fact descends to an area form on the surface I'(1)\h, and the
integration we're defining here is the same as the one given by the usual inte-
gration theory on manifolds. Not having differential geometry as a prerequisite,
we are going to do this in an elementary way.

Lemma 3.14. Let f,g € Sk(T(1)), then f(7)g(r) Im(7)* is invariant under the
weight 0 action of T'(1). Furthermore,

/ £(r)g) Im(ryk 29
T'(1)\b Y

is absolutely convergent.

Proof. For v € T'(1), we have

FOm)g(rm) Tm(yr)E = F(7)i (v, ) g(m)i () Im(r)*]j(y, 1)~

= f(m)g(r) Im(7)*

Since f is a cusp form, f(q) = qfo(q) with fo : D(0,1) — C holomorphic.
Hence for all § € (0,1), there is some Cy 5 = SUD, 505y |fo(q)] > 0 such that
|f(@)] < g[Cys. ,

Note that we have |g| = [e?™@e™2™Y| = ¢72™ g0 there is some Cy > 0 such
that for all 7 € b with Im7 > 1/2, we have |f(7)| < Cre=?™. Then

— i dedy
/S () () = < /

= / CpChe ™y =2 dy < o
y=V3/2

1/2

i dxd
/ Cfcg€_47ryyk ny
y=V3/2

=-1/2 Y

as desired. O
Definition 3.4. The Petersson inner product on Si(I'(1)) is defined by

_ ey
(f.9) = / 1 O )

This is an inner product by the preceding lemma.

Theorem 3.15. For every n € N, T,, is self-adjoint with respect to the Peters-
son inner product, i.e. (T, f,q) = (f,Tng) for any f,g € Sp(T'(1)).

Definition 3.5. For a lattice A < C, its covolume is

covol(A) :/ dxdy:/ dz dy = det (xz $1)
c/A Da Y2 Y1

where D, is a fundamental parallelogram of C/A and e; = x; + iy; with A =
Zei ® Zea,Im(eq/ez) > 0.
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Sketch of Proof. We know that each T, is an integer polynomial in 7}, for p
prime. So it suffices to show the self-adjointness of T),.

If f,g € Sp(I'(1)), then f(r)g(r)Im(r)* € Wy. Thus it corresponds to an el-
ement of V5. We claim that if f corresponds to F' € Vj and g corresponds to
G € Vi, then f(7)g(r) Im(7)* corresponds to F(A)G(A) covol(A)¥ € V.
Indeed, this is in Vj because covol(zA) = |z|? covol(A) for any z € C*, and we
have the correspondence as covol(A;) = Im 7 for any 7 € b.

Now suppose A : C*\L — C is a function corresponding to a continuous func-

tion a € Wy, then we write

/ A(N)dA = a(r) dmfy
Cx\L T(1)\b Y

rdordy
Y2

Tofo) = [ L1 ()
O
_ / (T, F)(A)GA) covol(A)* dA
cx\L

=ph! / Z F(A)G(A) covol(A)* dA
CNL A1 A [A:A]=p

Write £, = {(A',A) : A" <A, [A: A]=p,A € L} There is a bijection betwee
Lo(p)\h — C*\L,, where I'o(p) = {(24) € I'(1) : ¢ = 0 (mod p)} and the
bijection sends 7 to (Zpr @ Z,Zt $ Z). If A: C*\L, — C is a function which
corresponds to a continuous function a : 'g(p)\h — C, we similarly define

[ awaan= [ an
CX\L, To(p)\b Y

Recall that if A’ < A has index p, then pA < A’. So we can define a map ¢ :
L, = Ly, (A,A) — (pA,A’). This descends to a map C*\L, — C*\L, which
is a measure-preserving involution. Indeed, under the identification of C*\ L,
with T'o(p)\b, ¢ corresponds to the action of n, = () ') and n}(y~2dady) =
y~2dady. So let’s change variables using i. This gives

@ rg) = | - PG coval()" d(A, )

P [ RONT ol (4, )
CX\Ly

_ pk—l/ F(A)Wcovol(A)k d(AA) = (f, Tp9)
C*\Lp

as desired. O
Consequently,

Theorem 3.16. For all k > 0, Sp(T'(1)) has a basis fi,...,fn of normalised
eigenforms, unique up to reordering, such that:

(i) For alln € N, T,,(f;) = an(fi) fi-
(ii) For every i, there is a number field kg, C R such that Vn,an(f;) C Ok, .
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Proof. General spectral theory of self-adjoint endomorphisms (which the T,’s
are, by the preceding theorem) and proposition imply the existence.

As for uniqueness, suppose they are not unique, then there must be a simulta-
neous eigenspace of the T,,’s with dimension at least 2. If f;, fo are normalised
eigenforms in this eigenspace, then a,(f1) = an,(f2) for all n since they are
both just eigenvalues of T;, in this eigenspace. This then means that f; = fs,
contradiction. O

The sequence of eigenvalues (a1(f),a2(f),...) has great arithmetic signifi-
cance. Recall Ramanujan’s conjectures on the 7 function (Example [3.1)).

Lemma 3.17. If p is a prime, then

oo

S reMX" =1 -7(p)X +p"X?)7!

n=0
Proof. We calculate

(1—7(p)X +p"X?%) D r(pm)X"
n=0

=14+ Z(T(pn) _ T(pn—l)T(p) +p11T(pTL—2))X7L -1

n>2
by Ramanujan’s conjecture on the 7 function. O

Let’s factorise 1 — 7(p) + p*X? = (1 — 0, X)(1 — B, X),p, B3, € C. If
7(p)? —4p*! <0, then oy, B3, are conjugate complex numbers with |a,| = |5, =
p'/2. When 7(p)? — 4p'! > 0, a,, B, are distinct real numbers, which has less
symmetry. Ramanujan conjectured that the first case always happens.

Theorem 3.18 (Ramanujan-Petersson Conjecture). If f € Sk(I'(1)) is a nor-
malised eigenform, then for any prime p, |a,(f)| < 2pF—1/2,

Remark. This is proved by Deligne in 1973.

Why is this important? Many applications of modular forms to number
theory use either this conjecture or generalisations of it. Ramanujan’s proved
the formula 16 33152

11
“ oot TP T
for any odd prime p. Recall that r94(n) is the number of ways to express n as
the sum of 24 squares. How does Theorem [3.18| come in? It gives rise to the
estimate 7(p) = O(p''/?), so we have r94(p) = (16/691)(1 + p'1) + O(p''/?).

724(p) 7(p)

Proposition 3.19. Let

Fooz{ﬁ:G) Cf):aEZ}<F(1)

Suppose [ : h — C is invariant under the (weight 0) action of T'w. Suppose in
addition that for any 7 € b,

S () < o0

V€L \I'(1)
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and that

1/2 dz dy

=—1/2 / y?
Then 3~ er \rqy f(y7) is measurable, invariant under the (weight 0) action of
I'(1), and satisfies

dx dy 1/2 > dz dy
/ Z fyr) flz +1iy)
PND e \T(1) y? x=-1/2 Jy=0 y?

This could be viewed as “unfolding” T'(1)\h into [—1/2,1/2]+ [0, c0), which
is a fundamental domain of the I'w, /{£1}-action on b.

Proof. By Fubini’s theorem, if we have the absolute convergence

/ £y dxdy

Y€l \I'(1)

Then > cr_\r(1) f(77) is measurable, and there is an equality

/ Z s )dxdy Z /f dxdy

ET\T(1) v e

How does this help? If (v;);er is a set of representatives for I'o,\I'(1), then

Z /f’YT dxdy Z/ dxdy

YET L \T'(1) i€l

Let S={r€bh:RerT € (-1/2,1/2)}. From example sheet, we know that vF°
doesn’t meet 1/2 + Z + iR for any v € I'(1). And by definition of S, there is a
unique ¢ € I'o /{£1} such that 6yF° C S.

This means that we can choose our coset representative -y; to be the unique (up
to 1) choice such that 7, F° C S. Then

(]_[ %J-‘O) u(snw)
el
where W C b is a measure zero subset. We therefore conclude

3 /f dxdy 1/2 /oof(gC+

~ET\I'(1) =-1/2J0

which does everything. O

4 [-Functions

4.1 L-Functions associated to Modular Forms

The primary motivating example of an L-function is the Riemann ¢ function
¢(s) =>_,>; n° which is absolute convergent and holomorphic in {Res > 1}
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with the property that:

(i) ¢ has a meromorphic continuation to C, with a simple pole at s = 1.

(ii) We have a functional equation £(s) = £(1 —s) where £(s) = m~*/2T'(5/2)( ()
is the “completed ¢ function”.

(ili) There is an Euler product ¢(s) = [, pime(1 —p~°) 7"

In general, when we say a Dirichlet series >, ., a,n"*® is an L-function if it has
analogous properties (or in some cases, has some of the conjectured properties,
or has been conjectured to have analogous properties).

Example 4.1. For N > 2 and x : (Z/NZ)* — C* a group homomorphism, the
associated Dirichlet L-function is given by L(x,s) = >_,,51 gea(n,n)=1 X(n)n~*

Modular forms give rise to a huge class of L-functions in a reasonably easy
way.

Definition 4.1. If f is a modular form of weight k and level I'(1), then its
associated Dirichlet series is L(f,s) = >, 5 an(f)n ™"

Example 4.2. Consider F, = —By/(2k)+> ", _; 0k—1¢", the normalised eigen-
form associated with Gj. Then

L(Fy,s) = Zak_l(n)n_s = Z mFin=% = Zde_l(ad)_s

n>1 n>1,mln a>1d>1
=D a | [ Do d T =((s)¢(s + 1~ k)
a>1 d>1

Boring. So let’s look at cusp forms instead.

Proof. For any f € Si(I'(1)), L(f,s) converges absolutely on {s € C : Res >
1+ k/2} and defines a holomorphic function there. O

Proof. We'll use the Weierstrass M-test to show that L(f,s) converges abso-
lutely and uniformly in {Res > 1+ k/2+ 6} for every § > 0. Notationally, we’ll
always write s = o + it. Clearly [n™°| =n=7.

In example sheet, you’ll prove that (since f is cuspidal) there is some Cy > 0
such that |a,(f)| < Cyn*/2. So in the given region we have

STan(H)n~* 1 <Y an(HIn™7 < Cp Y =R < 0p 3 7049
n>1 n>1 n>1 n>1

as desired. O

If we assume Theorem [3.18] then we can actually get absolute convergence
in the much bigger region {Res > (1 + k)/2}.

Theorem 4.1. Let f € S,(T'(1)), then:

(i) L(f,s) has an analytic continuation to C.

(ii) The function A(f,s) = (2m)"°T(s)L(f, s) has an analytic continuation to C
and satisfies the functional equation A(f, k — s) = i*A(f,s).

Before proving the theorem, let’s just discuss the function I'(s). This is

defined as - d
I'(s) :/ e*yys—y
y=0 Y
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Proposition 4.2. (i) I'(s) converges absolutely in {Res > 0} and defines a
holomorphic function there.

(ii) T'(s) admits a meromorphic continuation to C with simple poles at the non-
positive integers.

(iii) The continuation of T'(s) is nonvanishing.

Proof. (i) We need to show that

o d o0 d
/ |€fyy8|7y :/ e vy Y
y=0 Y y=0 Y

is finite for ¢ > 0, which is an easy exercise. To show that it defines a holomor-
phic function, we consider for N > 0 the function

N
In(s) = / e_yys%
y

=1/N Y

This is continuous and holomorphic. Indeed, for Res > 0 and ¢ > 0. Since
[1/N, N]is compact, we can find ¢ > 0 such that for any s’ € Cand y € [1/N, N]|
we have |y*~! — y* 71| < e whenever |s — s’| < §. Then

N N

e Y|yt — y5/*1| dy < e/ e Ydy
y=1/N

T (s) — T (s")] g/

y=1/N

which shows continuity. By Morera’s theorem, to check that I'y(s) is holomor-
phic it suffices to check
7{ I'y(s)ds=0
gl

for all closed contour 7 in {Res > 0}. But by Fubini’s theorem,

N N
d d

%FN(S)dSZ/ ey<j{ysds)y=/ eV 02 =0
y y=1/N v Y y=1/N Y

To show that I'(s) is continuuos and holomorphic, it suffices to show that
I'y — T locally uniformly in {Res > 0}. For o1 > o9 > 0, let’s show uni-
form convergence in {og < o < o1}. This follows from the estimate, for s in
this region, that

1/N d [e'e) d
uwwmmws/ eﬂwﬁ+/'eﬂwﬁ
y y=N Y

1/N 00
S / e—yyffo @ + / e—yy01 @
y:O y y:N y

(ii) (iii) Integration by parts shows that sI'(s) = I'(s + 1) for Res > 0. This
allows us to extend the definition of I as a meromorphic function to the whole
of C. O

Proof of Theorem[{.1 Part (iii) of the preceding proposition means that it suf-
fices to show (ii). Define

F@/mﬂmw?



We claim that F' converges absolutely in C and defines a holomorphic function.
We have f(—1/7) = f(7)7%, so f(1/y) = f(iy)(iy)*. This change of variables
gives

_ ! . S@ > . s@ _ > - -k k—s s @
F(s) = / Sy P+ / Sy - / St )

Since f is cuspidal, there is some Cy > 0 such that for all y > 1 we have
|f(iy)] < Cre=?™¥. So |f(iy)y®| < C}se~™ for some Cys > 0. Therefore the
integral converges absolutely. Using the same agrument we used for I'(s) shows
that F'(s) is holomorphic in C.

Now what is F'?7 We have the estimate

Z|an| / Z|an|n (27)"T(o)

This is finite since L(f,s) is absolutely convergent when o > 1+ k/2. We can
therefore safely calculate

:(27T) (8) (f.s) = (f,s)

For the functional equation, recall that
T ik ks 4 sy 9Y
9= [ faas )Y
y=1 Yy

from where it’s clear. O

Remark. The poles of T then gives us a bunch of zeros of L(f,s). They are
called the trivial zeros.

Theorem 4.3. Let f € Si(T'(1)) be a normalised eigenform. Then we have an
Euler product

= Zan(f)n_s = H (1= ap(f)p=* +pF172)""

p prime

This can either be taken as an identity of formal Dirichlet series, or as limits
convergent for Res > 1+ k/2.

Proof. Let’s prove the formal version first. If n € N can be factored as n =
I1; pjj, then an(f) = [[; a,e (f), since an(f) is also the eigenvalue of T}, on f

and T, factors as such. So

oo
I o= T A-afp+p172)7"
p prime j=0 p prime
due to the relation ayn (f)ay(f) = apn+1(f) + p*~Layn—1(f). The limit version
is the consequence of something you’ll prove in example sheet. O
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4.2 Applications of L-Functions

We'll take the following theorem as a blackbox, which is always a good start.

Theorem 4.4 (Wiener-Tkehara Tauberian Theorem). Suppose (an)n>1 1S @
sequence of complex numbers with f(s) =3 -, a,n~° absolutely convergent in
{Res > 1}. Suppose also that f has a meromorphic continuation to an open
domain containing {Res > 1}, holomorphic on {Res = 1} with the possible
exception of a simple pole at s = 1. Set « to be the residue of f at s =1. Then

Proposition 4.5. Suppose ((s) = >, n~° has a meromorphic continuation
to C which is holomorphic and nonvanishing on {Res = 1,s # 1} and has a
stmple pole at s = 1, then the prime number theorem

m(x) = R
"~ logx log x

Proof. There’s a branch of log ((s) in {Res > 1} given by

holds.

—ks
p
oc( = Y —losl1-5)= Y 3oL
p prime p prime k=1
Therefore
S o)
—ks _ —5 —ks
O 5 s = Y Gomnn - X > lox
p prime k=1 p prime p prime k=2

Since ¢ is meromorphic in C, so is ¢/ /¢. As ¢ is holomorphic and nonvanishing on
{Res =1,s# 1} and has a simple pole at s = 1, ¢’/¢ must also be holomorphic
on {Res =1,s # 1} has has a simple pole at s = 1 of residue —1.

Now the tail sum - o 57, - (logp)p~** is converges absolutely and locally
uniformly in {Res > 1/2}. Therefore > . .(logp)p~ has a meromorphic
continuation to {Res > 1/2}, holomorphic to {Res = 1,s # 1} with a simple
pole at s = 1 with residue 1.

Theorem then shows that > . in.logp = o + o(z). The next lemma
shows that this implies the prime number theorem. O

Lemma 4.6. Let (an)n>0 be a sequence of complex numbers with 1 < z < y.
Suppose f : [x,y] = C is a continuously differentiable function. Write A(t) =

Z1gn§t an, then
> anf(n) = AW)fy) — Alx)f(x) - A(t)f'(t) dt

Proof. Exercise. O
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If we take an, = lp—p prime logp, then A(t) = Zp<t10gp =t + o(t). For
f(t) =1/logt, we get N

f) =14 Y anf(n) =1+ A(y)f(y) — Ale) - /_ Aft)

e<n<y

y Y YOAR) 1
- 2 dt
logy o <logy> * /tze t (logt)?

We need to show that the last integral has magnitude o(y/logy). Since A(t) =
t+ o(t) = O(t), we have t "1 A(t) = O(1), therefore we only need to show that

Y 1
| qmmtt=o(
1= (logt)? logy

But we can just estimate

/y 1 4 /ﬂ 1 q vl 4
—— _dt= — t+/ t
e (logt)? e (logt)? 7 (logt)?

y y y
SVt (log V92 ‘/g+4(10gy)2 —° (logy>

We'll establish the assumed properties of ¢ later, using modular forms of course.
Here’s a generalisation:

1 -1
t (logt)?

Proposition 4.7. Fizn > 1. Suppose we are given, for any prime p, a matriz
®,, € GL,,(C) all of whose eigenvalues have absolute value 1. Consider

L{®p}p. s) = H det(l—p_s(bp)_l

p prime

Then L({®p}p,s) converges absolutely in {o > 1}.

Suppose further that L({®,},, s) admits a meromorphic continuation to an open
neighbourhood to {o > 1} which is holomorphic and nonvanishing on {Res =1}
with the possible exception of a pole of order § at s =1. Then

x x
trd, =6——
Z T logm+0<logsc)

p<z prime

Consequently 7(z)~1 > tr®, — § as x — oo, if so inclined.

p<zx prime
Proof. Example sheet. O

Example 4.3. Suppose N € N;n = 1. Take a homomorphism x : (Z/NZ)* —
C*. Then

L({x(p mod N)1n}p,s) = [](1 = x(p mod N)p~*)~*
PN

is the Dirichlet L-function L(y,s) of x.

If one can show that L(x,s) is nonvanishing on {Res = 1} for all such ¥,
then the proposition implies the strong form of Dirichlet’s theorem on primes
in arithmetic progressions, that is, for any a € (Z/NZ)*,

1 T T
1<p<a:ppri = dN)} =
#{1<p<z:pprime,p=a (mo )} #(N) log x JrO(loga&)
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Let f € Sk(I'(1)) be a normalised eigenform. For each prime p, we factorise
1—a,()X +p*1X2%2 = (1 — 0, X)(1 — B,X). Let &, = diag(ay, 3,), then
det(1 — ®,X) =1 — a,(f)X + p*~1 X2, in particular L({®,},,s) = L(f, s).

If we assume Theorem we get |a,| = |8, = pF~ /2. So p~*=1/2®,, has
eigenvalues of absolute value 1, and its trace is just a,(f)/p*~1/2. On the
other hand, L({p~*=Y/2®,}, s) = L(f,s + (k — 1)/2).

Corollary 4.8. Assume Theorem|3.18 and moreover that L(f,s+ (k—1)/2) is
nonvanishing on Re = 1, then

1 ap(f)
lim —— e A AN
T—00 7'((1,‘) 1<;D§Ltzp7'ime 17(’“*1)/2
Remark. The assumptions of the corollary are in fact true, but are beyond the
scope of this course.

So the average value of a,(f)/p*~1/? is zero.

Example 4.4. Ramanujan has a formula that reads

33152

6
1 11
(1+p)+ o1

~ 691 7(p)

Theorem means that we have |ro4(p) — (16/691)(1 + p*')| = O(p''/?). The
corollary, on the other hand, means that the average of (re4(p) — (16/691)(1 +
pt))/ptt/2 is zero.

r24(p)

We can go further and consider a family of L-functions associated with a
single normalised eigenform f € Sp(T'(1)). These are the symmetric power
L-functions associated to the representation Sym”™ : GLs — GL,,1, namely

L(Sym", f,s) = L({Sym" ®p},,s) = H H (1 - a;ﬂgfipis)il

p prime =0
Certainly L(Sym17 fis)=L(f,s).

Theorem 4.9 (Sato-Tate Conjecture). a,(f)/(2p*~1/2) € [~1,1] are equidis-
tributed with respect to the Sato-Tate density (2/m)v/1 —t2dt. That is, for any
continuous g : [—1,1] = C, we have

: 1 ap(f) 2 !
M 2 (gietm) =2 [ stovi=ra
Proposition 4.10. (i) (Langlands) If, for all n > 1, L(Sym", f,s) admits an
analytic continuation to C, then Theorem[3.18 holds for f.

(i) (Serre) If, for alln > 1, L(Sym", f, s) admits an analytic continuation to C
which is moreover nonvanishing on {Res =1+ n(k — 1)/2}, then Theorem
holds for f.

Theorem and Theorem [£.9] have both been proved, the former by
P. Deligne in 1973 and the latter by a lot of people in 2010. The analytic con-
tinuation of L(Sym™, f,s) and nonvanishing on the critical line are established
later, by J. Newton and J. Thorne in 2019.

26



5 Modular Forms in General

5.1 Congruence Subgroups and their Cusps

Definition 5.1. If N € N, we define I'(N) to be the kernel of the reduction map
SLo(Z) — SLo(Z/NZ). A subgroup of SLs(Z) is called a congruence subgroup
if it contains T'(N) for some N.

One immediately sees that any congruence subgroup has finite index.

Example 5.1. T'(1) = SLy(Z),T'(NV) are congruence subgroups. There are two
other important classes of examples, namely

FO(N){@ Z)EF(I):CO (modN)}

Fl(N):{((Cl Z)GFO(N):aEdzl (modN)}

Definition 5.2. Let k € Z and ' < T'(1) a congruence subgroup. A weakly
modular function of weight k and level I' is a meromorphic function f : h — C
invariant under the weight & action of any v € T.

Example 5.2. Fy(2) ={r € h: Re(r) € [0,1], |7 —1/2| > 1/2} is the closure of
a fundamental set for I'y(2). A feature of this is that none of the vertices of this
hyperbolic triangle is on h: We can “go to infinity” by approaching any one of
the three vertices, which hints that we need a better way to deal with infinity
behaviours.

Definition 5.3. A cusp of a congruence subgroup T is a ['-orbit (via Mobius
transformations) on P1(Q) = Q U {oo}.

Lemma 5.1. T'(1) acts transitively on P1(Q).

Proof. Tt suffices to show that for any a/c € Q with a,c € Z,ged(a,c) = 1 we
have some 7 € I'(1) sending oo to a/c. By Bézout’s theorem, there are integers
b, d such that ad — bc = 1. Then we just take v = (‘clg) O

In other words, I'(1) has a unique cusp, and any congruence subgroup (in
fact any finite index subgroup) of it has at most finitely many cusps. Indeed,
we have a I'(1)-equivariant bijection I'(1)/Ts, — P(Q) where

1 h
I' = Stabp(l)(oo) = {j: (0 1) ch e Z}

So the I'-orbits on P!(Q) correspond to I-orbits of I'(1)/T's, i.e. double cosets
IN\I'(1)/Tw. But these are also 'y, orbits on the finite set T'\I'(1), hence there
are only finitely many (at most [['(1) : I']) of them.

Now, I' N1 T's, has finite index in T's since ({ §) e Tif I'(V) <T.

Definition 5.4. The width of the cusp oo of T" is

. 1 h
h—mm{heN. (0 1) GI‘}

27



So if the width of the cusp oo is h, then we have f(r 4+ h) = f(7) for any
weakly modular function f of weight & and level I'. We therefore obtain an
meromorphic function f : D*(0,1) — C such that for all 7 € b, f(7) = f(qn)
where g, = e2™i7/h,

Definition 5.5. If f extends to a meromorphic function on D(0,1). we say f
is meromorphic at oo.

Suppose f is meromorphic at co. Then there is a Laurent expansion f (qn) =
> nez @nqy valid in D*(0,6) for some § > 0, where a, = 0 for sufficiently
negative n. Therefore f has an expansion f(7) = > ., angy valid in some
{Im7 > R} for some R. We call this the g-expansion of f at co.

Definition 5.6. f is holomorphic (resp. vanishing) at oo if it is meromorphic
at oo and a, = 0 for all n < 0 (resp. n <0).

What about the other cusps? For a cusp 'z, z € P1(Q), we choose a € T'(1)
such that aco = 2. Then a~'T« is a congruence subgroup of I'(1) since I'(N) <
I'(1) is normal for all N. If f is invariant under the weight k& action of T', then
flx[a] is invariant under the weight k action of a~'Ta.

Definition 5.7. The width of the cusp I'z of I is the width of the cusp oo of
a 1Ta.

Definition 5.8. Suppose [ is a weakly modular function of weight k£ and level
. Then f is meromorphic (resp. holomorphic, vanishing) at Tz if f|g[a] is
meromorphic (resp. holomorphic, vanishing) at oo.

Lemma 5.2. The width of 'z as well as the notion of meromorphy, holomorphy
and vanishing at 'z are well-defined.

Proof. We've chosen a representative z of I'z and « € I'(1) bringing oo to z.
Suppose we chose instead another element 8 € T'(1) bringing oo to «, then there
is some § € I'so such that 8 = . Then 71T NTo =6 la ' Tad Ny =
S Ha TanN 6 Twd)d = a 'Ta NTy. Therefore the width of I'z according
to B is the same as the width according to «. As for meromorphy etc., we are
comparing f|i[a] and f[x[ad]. Suppose fli[a] =3, o7 ane®™ /R If we write
§==x(§4A), then we get

Flrlad] = flela]lx[6] = ) anemmm/herminm/h(—1)k
neZ

Hence meromorphy etc., of f|i[a] and f|r[ad] at co are equivalent.

Suppose now that I'z = T'z’. Choose «,a’ € T'(1) bringing co to z, 2’ respec-
tively. Choose v € T such that o’ = ~ya, and therefore (o/)"'T'a/ N Too =
a 'Ta N Ty, so this choice doesn’t affect the width. As for meromorphy etc.,
one simply observe that f|i[a/] = fle[V]lkle] = fle[a]- O

Note that the g-expansion of f at I'z, however, depends on «.

Definition 5.9. Let k € Z and T’ < T'(1) a congruence subgroup. Let f be a
weakly modular function of weight k and level T'.

We say f is a modular function of weight & and level T if it is meromorphic at
every cusp of I". It is a modular form of weight k and level I if it is holomorphic
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in h and at every cusp. It is a cuspidal modular form (or cusp form) of weight
k and level T if it is a modular form and it vanishes at every cusp.

We write M (T') (resp. Si(T')) for the C-vector space of modular forms (resp.
cusp forms) of weight &k and level T.

Remark. 1. If f is weakly modular (of weight k and level I') and holomorphic in
b, then f is a modular form if and only if f|x[a] is holomorphic at oo for every
aeI(1).

2. In example sheet, it will be shown that My (T) is finite dimensional. It’s also
possible to give an exact formula for its dimension, using Riemann-Roch (at
least for k& > 1) or otherwise.

Lemma 5.3. Let k € Z and I' be a congruence subgroup.

(i) If f € My('),g € My(T), then fg € My4(I').

(i) If T" < T is another congruence subgroup, then My (T") < M (T").
(iii) If T/ < T'(1) is another congruence subgroup and o € GlLo(Q)™ satisfies
I < a~'Ta, then for any f € My(T) (resp. Sk(T)), flela] € Mi(T') (resp.
Se(I)).

Proof. (i) and (ii) are immediate.

Let’s prove (iii). Observe that if g : h — C is weakly modular function of weight
k and level T' holomorphic in h. Then g is holomorphic (resp. vanishing) at
infinity if and only if g(7) is bounded as 7 — oo (resp. tends to 0 as 7 — 00).
This is because a holomorphic & : D*(0,1) — C has a removable singularity at
0 iff h is bounded in D*(0, ) for some ¢ > 0.

Now if f € My(T) (resp. Sk(T)), then f|x[a] is holomorphic in h and weakly
modular of weight k& and level TV because fli[a]lx[Y] = flrlaey o |kla] =
flela] as aI’a~™t < T.

To show that f|i[a] is holomorphic (resp. vanishing) at cusps, it is enough to
show that f|i[af] is holomorphic (resp. vanishing) at co for any g € I'(1).
Our previous remark means that we just need to check that it’s bounded (resp.
vanishing) at co. Write afoo = oo for some v € I'(1). Then aff = ¢ for some
§ € Stabgr, @)+ (00). Write § = (8 2) for a,b,d € Q,ab # 0. Then

at +b 1
Pufasltr) = 1] (5 ) (ad)t
Since f is a modular form, f|[y] is bounded (resp. vanishing) at oo, so f|x[af]
must also be bounded (resp. vanishing) at co. O
Corollary 5.4. Suppose f € M(T'(1)) and N € N, then f(N1) € Mi(T'o(N)).

Proof. Let a = (§9). Then flxla](r) = f(N7)Nk=! For this to live in
My (To(N), we need only to check al'o(N)a~! < T'(1) by the preceding lemma.
But this is clear. O

Example 5.3. G(N7) € M (To(N)).

5.2 Jacobi’s ¥-Function

Let’s consider the function J(7) = > o5 e T = 1423 5. This is
holomorphic in h and is invariant under 7 — 7 + 2. How does it transform
under elements of SLy(Z)?
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Proposition 5.5 (Poisson Summation Formula). Let f : R — C be a continu-
ous function. Suppose that there are C,8 > 0 such that |f(t)] < C/(1 + [¢|)°*!
for allt € R. Then
for= [ swema
t

=—00

converges. If in addition that ), , |f(n)| < co, then Yomez f() =2 cn f(n).

Proof. Define F(t) = 3, ., f(t,n), which converges absolutely and uniformly
on any bounded interval by Weierstrass M-test, hence defines continuous func-
tion R — C. We als have F(t) = F(t+1).

Define G(t) = >, o4 f(n)e2™int Again by Weierstrass M-test, this converges
absolutely and uniformly on R, so G is continuous and too has G(t) = G(t+1).
The claim now is F' = G, which implies the proposition by setting ¢ = 0. It
suffices to check that F'(n) = G(n) for all n where

1
H(n)= [ H(t)e >
t=0

But we can simply calculate, noting absolute and uniform convergence,

/ Z f m+t 727Tznt dt = Z f TL+ 727Tint dt
t=0

meZ nez
m+1 . © . ~
— Z / f(t)e—Qﬂ'mt dt = / f(t)e—ant dt = f(n)
meZ t=m t=—00
/ Z f 271'1 (m—n)t dt = Z f / eer(m—n)t dt = f(n)
mEZ meZ
which are the same. O

Let f,(t) = e=™ | then ¥(iy) = Y onez fy(n) for y > 0. We have

fu(s) — / e—Tl'toe—QTriSt dt = / e—w(t\/@-&-is/\/@?e—wsz/y at
t=—o00 t=—00

e_ﬂ'sz/y

- —7r52/y

_ —m(tyytis/va)® gy = & /f( )d

e N ?
e

where 7 is the the horizontal line Imz = 2/,/y and f(z) = e~™*". By going
around a rectangular contour (easy exercise), we have

2 2
. e~ TSy [ R e~ TSy 1
fy(s) = e/ = = f (s
y( ) \/g oo \/g \/y Yy ( )
The preceding proposition the gives us

O e 10

nez neZ nEZ

Consequently, the holomorphic functions J(7) and (/7/i)~'9(—1/7) on b (we
choose a branch of the square root so that it takes positive values on the positive
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imaginary line) agree on iR+, so they must be equal on h by identity principle.
But this looks like 9 being invariant under a certain modular action of “weight
1/271

How do we deal with stuff like this? For k € 8N, we have 9¥ = 77%/29(—1/71)F =
¥ |5, /2[S].

Proposition 5.6. For k € 8N, 9% € M}, /5(I') where I' =T'(2) U ST(2).

Proof. 9% is holomorphic in h and is invariant under the weight k/2 actions
of S,T2. So ¥* is invariant under the weight k/2 action of (S,7?), which
equals T' (example sheet). Therefore ¥* is weakly modular of weight k/2 and
levele I'. It is holomorphic at oo since we can write down a g-expansion
() = (1+X,5, qu)k. It remains to show that ¥* is holomorphic at the
other cusps. -

Let’s compute the cusps. They corresponds to I'-orbits on P!(Q), which cor-
responds to T'\I'(1)/Tw. Now I'(2) < T'(1) has an isomorphism I'(2)\I'(1) —
SLa(F3). So the cusps further corresponds to (S)\ SLa(F2)/(T). We can com-
pute this the easy way, or we can feel fancy and consider the SLy(Fs)-action on
PY(Fy) = {[1:0],[1:1],[0,1]}. The SLy(F3)-stabiliser of [1 : 0] is just (T). So
we get another bijection between (S)\ SL2(F2)/(T) and (S)\P!(Fz), which has
two elements (yay!).

If we trace back through this bunch of bijections, we find that the cusp which
is not oo is I'yoo for any v € I'(1) such that (y mod 2)(1,0)" = (1,1)T. Let’s
take v = (] '), so yoo =1 € P1(Q).

It remains to show that ¥¥|j /2[y] is holomorphic at co. We have J(7 + 1) =
Znez(—l)"e”i”QT. So ¥(r) + ¥ + 1) = 20(41). We have y7 =1 —1/7. The
identity above gives

9 (1— i) — 29 (-j) _y (_D
5 Q) oo F () o)

So O(1 = 1/7)(\/7/i)™" = 9(7/4) = O(r), hence *|.;2[1] = (I(r/4) — I(7))*,

which means that 9% is holomorphic (in fact vanishing) at this cusp. O

Remark. The fundamental domain for I' is a hyperbolic triangle with vertices
—1,0,00 and zero angles. 0,00 are the same cusp since they are I'-conjugates,
and —1 is the extra cusp.

Now to the exciting part. For any k& € N, we have 9% = Ym0 Tk(n)q3?
where 7, (n) = #{n € Z¥ : 3, n? = m}.

Theorem 5.7 (Ramanujan). Let n € N, then

2

65536 (ny 16 65536 (ny\ 33152
7 (3) (3)

raa(n) = 5= ~ gor "D on(n) = ==t ~ oy "D"T(1)

Remark. Here and always, we use the convention that a function is zero wherever
it’s undefined.

Consequently, if n is odd, then r4(n) = (16/691)011(n) + (33152/691)7(n).
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Proof. We just showed that 924 = 3" ros(n)gy € Mio(T). If we know a basis
for Mi2(T"), then we can express this in terms of functions we already know
well.

In example sheet, you’ll show that (for any k and any congruence subgroup
I) dime My(T') < 1+ k[I'(1) : T]/12. So for our I" we have dim¢ M12(T") <
1+[T(1):T)=14[SLa(F2) : (S)] =143 =4.

Let’s now find four linearly independent elements of Mis(T"). Mio(T'(1)) is
contained in M12(T"), so we get A, Fio € M5(T) for free. Let’s just recall

691
F = — n
12(7) = Gra ;1 o11(n)g

How do we get more? Let’s consider o = (3) € GL2(Q)*. We claim that
I'<a 'T'(1)a, or al'a~! <T(1). This just follows from a computation

N <A B) 0l = (A+C (B+D - (A+C))/2)
C D 2C D-C

Ify=(AB)isinI'(2) then A=D =1 (mod 2) and B=C =0 (mod 2). If

v € ST(2), then A= D =0 (mod 2) and B=C =1 (mod 2). In either case,

the final expression is in I'(1).

So A|12[Oé](7’) = A((T+ 1)/2),F12|12[04](7’) = Flg((T—‘r 1)/2) are both in Mk(l—‘)

Let’s compute them

A5 = e vra

n>1

1) 691 . .
Fip ( 5 ) = 65520 JFZ(*U o11(n)qs

n>1

It’s easy to check from these expressions that these are linearly independent
over C (by viewing them as elements of C[[g2]]/(¢3)). So they form a basis
for M12(T), and we can then very easily compute (by looking at the first few
coefficients)

65536 16 T+1 65536 33152 T+1
1924 _ _ " F _ 2999 A _ 99292 4
oo1 1 12(7) — oy Fiz < 2 > oo1 27~ o1 ( 2 )
Expanding all of them in ¢ gives the formula. O

Another application of ¥ is the meromorphic continuation of (.

Theorem 5.8. Let &(s) = n%/2T(s/2)((s). Then & admits a meromorphic
continuation to C with simple poles at s = 1,0 (of residues 1, —1 respectively)
and no other poles. Furthermore, it satisfies £(s) = £(1 — s).

Proof. Consider
< o/2d
X()= [ ) -1y
y

=0 Y
Now d(y) =1+23%,5, ™Y, 50 [9(y) — 1| = O(e~™) as y — oo, so the part

> i) — s/2d7y
/y (9(iy) — /]

=1
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converges absolutely for all s € C and defines an entire function, using the same
argument used in the proof of Proposition

We know 9(iy) = (y/y) ~'9(i/y), so 9(iy) —1 = (9(i/y) - 1)(vy) " +((vy) "' =
1) ~1/,/y as y — 0. This tells us that

1 d
i) — 5/272/
Aww<w 1yl

converges when Res > 1 and defines a holomorphic function there. On the
other hand, for Res > 1,

S :/ 22 77rny S/Zdy 22/ 77rny 2/sdyy

n>1 n>1

=2 Z 7752075 (s) = 2€(s)

n>1

Now let’s show that X converges to a meromorphic function on C with the
desired poles and functional equation. We have

/y_o(ﬁ(iy) - 1)y5/2d?y = /:1(19(1'/1/) - 1)y‘5/2d—yy

o0 ) s d
=/ (O(iy)y'/? — 1)y/2Y
) y

=1
> . —s —s —s d
=/“<ww»—n¢1ﬂﬂ+w¢1J”—y<”»f
y=1

2 2 e _ dy
- _“ _ (1—s)/2 s/2\ 29
X@E)=-7—-5+ /y_l(ﬁ(ly) D(y +y°'7) )

The integral defines an entire function by the estimate |9(iy) — 1| = O(e™™).
So this gives what we wanted. O

We can generalise this.

5.3 v-Functions and (-Functions of Lattices

Let A < R™ be a lattice. Its associated 9 function is JA(7) = > cp emHAA)
Then ¥, is holomorphic in . Moreover, we have the following proposition:

Proposition 5.9. Let f : R™ — C be continuous such that there are C,d > 0
with |f(t)] < C/(1+ ||t])"*? for any t € R™. Then

fls)= [ flt)e ™=t dt

R

converges absolutely. Moreover, suppose A < R"™ is a lattice such that we have
dopenv ()| < oo, where AY = {s € R" : VA € A, (s, \) € Z} is its dual lattice,

then
Z F) = covol Z f

AEA pEANY
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Proof. Similar to Proposition [5.5) O

Let’s apply this to f(t) = e~ ™1,

Ia(iy) = Z e TNy Z AN

AEA AEVTA

So we take the lattice to be ,/yA. Note that f = f, SO

Ia(iy) = vy~ "2 covol(A) ! = /2 lelﬁv(i>
Aliy) =y covol(A) Z flp)=vy covol(A) ™ dJx y

WEY—L/2AV

So by the identity principle we have

In(r) = <\/j> o covol(A) "1 <i>

Proposition 5.10. Suppose n € 8N and A <R" is a lattice satisfying:
(i) A=AV.

(ii) A is even, i.e. (\,\) € 2Z for all X € A.

Then 9 € M, /5(I'(1)).

Proof. UA(1) = 3,cp €N = 3 ra(n)g”, where ry(n) = #{\ € A :
(A, A) = 2n}. This shows that U5 (7) = Ua(7 + 1) and 9|, 2[S|(1) = Iav(T) =
Ya(7) by the formula we obtained. Since S,T generate I'(1), ¥, is weakly
modular of weight n/2 and level I'(1). The expansion we got shows that it is
holomorphic at oco. O

Example 5.4. Consider the lattice Ag, < R® which corresponds to the biggest
exceptional Lie group Eg. It happens to be self-dual and even. So da, €
M4(T'(1)). In fact dp, (1) = Ea(7) =1+2403, -, 03(n)¢". In particular, the
equality 240 = a1 (F4) can be interpreted as saying 240 is the number of roots
in the Eg root system.

Definition 5.10. For a lattice A < R, its Epstein (-function is (s(s) =
2oxeafop (A A) T

Example 5.5. (z(s) = ((s).

Theorem 5.11. Let £5(s) = 7 °T'(s)Ca(s), then:

(i) Ea admits a meromorphic continuation to C with only simple poles at s =
n/2,0 of residues covol(A)~1, —1, respectively.

(ii) We have a functional equation Ex(n/2 — s) = covol(A)"1Exv (s).

Remark. 1. £(s) = &4(s/2).
2. &p usually does not have an Euler product, so we disqualify it (sad) from
being an L-function.

Proof. We'll not take as much care as previously in convergence issues since it’s
always gonna be the same kind of arguments.
Consider

Xa(s) = [ :m(z‘y) - W%
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which for suitably large Re s has

d
/ "’“*”yysgyz S AT AN TT(s)

0 xeA\{0} AEA\{0}

=7 'm T (s)Ca(s) = Eals)

So let’s show that X, defines a meromorphic function on C with the desired
properties. As per usual,

1 e}
. sdy . «dy
Xa(s) = / ) =1+ [ 0aG) — o
~sdy _gdy
= (Iai/y) — Dy 19/\ (ty) — 1)y
y=1 y=
o0 o0 d
:/ (covol(A)~! ”/QﬁAv(zy) — 1)y ® dy + (9a(iy) — 1)y* ?y
1 =1
_ / (Dav (iy) — 1) "/“y+/ (Ia(iy) — 1)y°
covol y y=1
_.dy
- .n/2—s s
* /y_l covol(A)y 4 Yy
o 1 , dy
= ——(Oav (iy) — Dy™ 275 4+ (Ip(iy) — 1)y —=
/y_1 COvol(A)( av(iy) =1y + (Waliy) — Dy ,
_covol(A)~! 1
n/2—s s
which gives the result. O

6 Non-Holomorphic Eisenstein Series

6.1 Definition and Modularity

Modular forms are just the start of the story. A more general point of view
is the study of the decomposition of L?(T'(1)\ SLa(RR)) as a representation of
SLa(R). It turns out that for & > 2, there is an irreducible representation Dy,
of SLy(R) such that

Sk(P(1)) = Homg, ) (Dk, L*(I(1)\ SL2(R)))

The rest of this L? space are described in terms of automorphic forms. In
the remainder of the course, we’ll study some examples of automorphic forms,
namely non-holomorphic Eisenstein series.

Definition 6.1. Let s € C,Res > 1. The non-holomorphic Eisenstein series
with parameter s is

G(r,s) = > Im(7)*|m7 + n| =2
(m,n)€z?—{(0,0)}

for 7 € h.
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It’s easy to check that this converges absolutely and locally uniformly in
hx {Res > 1}. So it is holomorphic as a function of s. But it’s not holomorphic
as a function of 7.

Let’s check how G(7, s) transform under T'(1).

G(t,s) = Z Z Im(7)%|mr +n| =%

deN (m,n)€Z?,gcd(m,n)=d

= Z d—2 Z Im(7)*|mr +n| =%
deN (m,n)€Z?,gcd(m,n)=1
= 2¢(2s) Z Im(7)*|mT + n| =2
(m,n)e€z?/{£1},gcd(m,n)=1
= 2((2s) Z Im(y7)® = 2¢(28)E(T, s)
YET\T'(1)
where E(7,s) = > cr_\r()Im(y7)*, which again converges absolutely and
locally uniformly for 7 € h,Res > 1. Now E(d7,s) = E(r,s) for any § € I'(1),
so G(1,8) = G(dt,s) for any § € T'(1).
Let’s now try to meromorphically continue G(7,s) as a function of s. This is
possible, as G(7, s) is secretly an Epstein (-function: Recall A, = Z7 ®Z < C
which we can identify as R? using the R-basis 1, 1.

Proposition 6.1. G(7,5) = (,-1/25_(8) where T = x + iy.

Proof.
Cy*l/QAT(S) = Z <)\,)\>*S — Z <y*1/2)\’y71/2>\>7s
Aey—1/2A,—{0} AeA,—{0}
= Z Im(7)%|m7t +n|™° = G(r, s) O

(m,n)ez2—{0}
Lemma 6.2. covol(y~"/2A,) = 1, (y™/?A,)¥ = iy~ /%A,
Proof. y~'/2A, has basis zy~'/? +iy/2 y=1/2 so

~-1/2  ,—1/2
zy Y
det( 2 0 >

On the other hand, iy~/?A; has basis iy~1/2, y'/2 — iy=/2z, which is dual to
zy~ V2 4 yl/2 112, 0

Theorem 6.3. Let G*(1,s) = 7 °T'(s)G(7,s). Then:

(i) For fized T, G*(1,s) admits a meromorphic continuation to C with only
simple poles at s = 1,0 of residues 1, —1, respectively.

(ii) G*(1,8) = G*(1,1 — s).

(iii) G*(1,8) — 1/(s(s = 1)) extends to a C*° function on h x C.

Proof. (i), (ii): Both follow from Theorem and our previous discussion.
(iii): We have

covol(y~Y/2A,) = =1

e , : dt

+ 2 efﬂ’z|m’r+n|zt/ytsi

/t:l 2 t
(m,n)€Z?—{(0,0)}

and the second term is C*°. O
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We know G*(x + iy, s) = G*(x 4+ 141y, s) by its invariant under I'(1), so we
still have a Fourier expansion

G x-i—zy, ZA* y7 27rzk:L A* / G* :c—i—zy, ) —2mikx dz
k€EZ

Since G*(7,s) is C* in h x (C—{0, 1}), we know that A} (y,s) is C* in (0, 00) x
(C—1{0,1}), and also holomorphic as a function of s.

6.2 Computing Fourier Coefficients
Theorem 6.4. A} (y,s) = 2£(2s)y® + 2£(2(1 — s))yl 5.

Proof. Even Jack said it’s a painful computation.

Both sides of this equality are holomorphic in s € C — {0,1}. By the identity
principle, it suffices to show that it holds when Re s > 1. Under this assumption,
we have

Aj(y, s / G*(t,s) dx—/ / —iyzp (1) = 1)t°—
=0 Jt 0

dt
/ / e—w\m‘rJrn\Qt/yts do = In—o + Inzo
z=0 Jt=0 (m, n)622 {(0,0)}

—7n adt
0—22/ /t:()e 2t/yt7dx

n>1
2 dt
Lzo =2 / / _ﬂ‘m"'"""‘ t/ytb’ dz =
’ mz>:1 r= 0 t
We have
—0 =2 Z/ e~ t/yt57 =2y °T'(s)((2s) = 2£(25)y®
n>1

To compute I, 20, first observe that e~ mImTHn*t/y — gmm(matn)t/yo—mmity o

have
Z /1 —m(mr+n)*t/y 1, — Z / e~ T Y qo
nez’ =0 nez Tt Ja=
:/Oo e TE/Y \/g
Therefore

—Tl'm2 s5— dt
m#0_22/ ty\/zjt 1/27

m>1

1
—9 /2= 2(1/2=8) 1/2=s5, 1/2p (o ~
E T y s~ 3

m>1
25 — 1
— 27 (1-29/2¢(25 — 1)T ( = ) Y2

—2¢(2s — Dyt = 26(1— (25— 1))y'* =262 - )y O
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To compute A} (y,s), we introduce the Bessel function K;(c), defined for
¢ € (0,00) and s € C by

Ks(C):/OO ettt /oo ettt s gy &
t=0 t t=1 t

Theorem 6.5. If k # 0, then Aj(y,s) = 2/5|k|* =201 o5(|k]) K_12(r|k]y)
where o1-25(|k|) = 32, 5 m' %

Proof. Even Jack said it’s a really painful calculation.
Again both sides are holomorphic, so we need only to prove equality in {Re s >
1}. Consider the expression

oo 1

- dt

AZ(?/, 8) _ E / ) </ ) efﬂ(ma:+n)2t/yef27rzkw dl’) efﬂm2tyts?
t= z=

(m,n)ez?—{(0,0)}

The terms with m = 0 vanish, so

Aky7 _QZ/ 77'rmtyz

m>1 nez

(/ 77r(mat+n)2t/y6727rikz dx) tsg
t

We have

1
/ e*ﬂ'(mern)Qt/yefQﬂ’ik:w dx
nez” #=0

- § / e ty6727rzk:w/m 2nikn/m dx
z=n

mEZ

Z ieQTrika/m Z / —wth/y—27rik:v/m dx
m

a€Z/mZ n€Zmn=a (mod m)

oo
2 .
_ 1m\k/ e~ t/y—2mikz/m dz
T

=—00

= 1m\k. ‘/Oo e_ﬂ(wtl/2/y1/2+iky1/2/(mt1/z))2e_ﬂka/(mzt) e
— 1 e TR/ (mPt) 1/24—1/2
= Imk€ Y t

So

- 1 dt
Ay, ) =2 > /Oe—ﬂm%ye—wk%/(m%)\/@té_m?
t

m>1,mlk

_ 2\/@/ /°° o= lkly((m? /]y t+ (k] /m?)e= ) pa—1/2 32
m>1,m|k Jt=0 t

- s—1/2
—2i % () Keulaleln)

m>1,m|[k|

=2Vglkl 2 DD m! ) Ko a(rlkly) =

m>1,m||k|
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To use this computation, we need to understand K(c).

Lemma 6.6. (i) If ¢ > 0, then Ks(c) is absolutely convergent and defines an
entire function of s.

(ii) If co > 0 and oo < o1, then there is some C' = C(co,00,01) such that for
all ¢ > ¢o and s € C with o9 < Res < g1, we have |Ks(c)| < Cec.

(iii) For all s € C, there is some ¢ € (0,00) such that K4(c) # 0.

Proof. (i) Routine.
(ii) As usual we set 0 = Res. We have

‘KS(C)| S/ e—(t—&-t*l)(tg_"_t_ )(17,‘
t=1

So the claim follows from the estimate

/oo —c(t+t~ l)tadt O(e—c)
t=1 t

for ¢ > ¢p and o € [09,01]. This is true because

2
/oo efc(t+t71)taﬁ :/ e~ Clt+t~ 1)t0 de + /oo 67C(t+t*1)tag
t=1 t t=1 t t=2 t

- 2
t=1 t=2 t

(iii) Take the Mellin transform of K (c),

/oo K (e / / —(etet) Sltsdtdc
c=0 c=0 Jt=0

The change of variables a = ct, b = ¢/t gives

i d R e da db
/ KS(C)Cslj _ / / e*(a+b)(ab)s1/2(a/b)8/2a7
=0 ¢ a=0 Jb=0 2ab

le S1+ s r S1— S
2 2 2

valid if Re(s; £ s) > 0. But can always choose s; such that this is true. Since
I is nonvanishing, K,(c) cannot be zero for all ¢ € (0, 00). O

Corollary 6.7. For any s € C —{0,1},

(i) G*(1,s) is not the zero function on b.

(ii) |G* (7, 8) — A} (y,s)| = O(e™™¥/*) as y — oc.

(iii) |G*(7,8)| = O(max{y’,y'~°}) as y — oo.

Remark. This could be compared with our estimate for the holomorphism Eisen-
stein series |G (7) — Gr(00)| = O(e™2™Y) as y — oo.

Proof. (i) If G*(r,s) were the zero function on §, then Aj(y,s) = 0 for all
T € b. But Aj(y,s) = 2/yK,_1/2(my), but by the preceding lemma we know
that there exists a choice for y making this nonzero, contradiction.

(ii) We have

G*(r,8) = A5y, s)| < Y 2y/ylk|T P01 a0 () K 1 2 (x| Ely)]
kez—{0}
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But we can find M, N > 0 such that |k|7~Y201_o,(|k|) < M|k|V for all k €
Z — {0}. If we let C = C(1,0,0) be as in the lemma, then for y > 1,

G*(7,5) — Ab(y, )| <23 2/ghN MCe™v < 0 [ S emmw/2 | = o(e=m/2)

E>1 k>1
as y — 00.
(iii) |G* (7, 5)| < 216(2s)y* + £(2(1 — ))y' 5| + O(e~™/2) by (ii). O
6.3 The Prime Number Theorem
Theorem 6.8. For anyt € R,t # 0, (1 + it) # 0.

Proof. ((s) =3,5,n"%, 50 ((5) = ((s) for all s € C. So it suffices to show the
case t > 1. Suppose ((1 +it) = 0.

Let so = (1 +it)/2, then 1 — s = (1 —4t)/2 and A&(y, so) = 26(1 + it)y® +
2¢(1 — it)y'=*0 = 0. Consider the function

F(s)= / G* (1, s)G*(T, so)w
L(1)\b Yy

which makes sense since G* is invariant under I'(1). The integral converges for
all s € C since

dz dy

/ |G* (7, 8)||G* (T, s0)| <C/ max{y“,yl_”}e_”yﬂd—g
F y=v3/2

Y

for some C' > 0. And the routine argument shows that F is entire. When
Res > 1, G(r,s) = 2€(2s)E(7,s) where recall E(7,s) = > cp \pa)Im(y7)°
So

- dzd
F@—/ / 26 (25) G (77, 50) Im(r)* 2204
T(1)\h JvET o \I'(1) Y

1/2 ded
/ / £(28)G* (1, 50)y° xzy
-1/2 Y

B 1/2 S dy
= /y_o 2£(2s) (/x_l/QG (1, 50) da:) 72

o d
— [ 26029 Ayl 5005 =0
y y

=0

This means that F'(s) = 0 for Res > 1. Since F is entire, F' vanishes identically.
Take s = sg, then

dx dy

0 = F(so) :/ 1G* (7, 502
T(1)\b

So G*(T, sp) = 0, contradiction. O
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7 Non-Examinable Lecture: Galois Representa-
tions

The Langlands program seeks relationship between modular forms/automorphic
forms/modular representations and Galois representations/motives.

Since we only have one lecture, let’s just tell a joke: What do the Prime Number
Theorem and Fermat’s Last Theorem have in common? (Punchline at the end.)
What is a Galois representation? Take K/Q a normal algebraic extension, pos-
sibly of infinite degree. We call Aut(K/Q) the Galois group Gal(K/Q) of this
extension. This is naturally a topological group by takig a basis of neighbour-
hoods of the identity to be subgroups Gal(K/M) where M /K is an intermediate
field extension of K/Q with finite degree over Q.

Definition 7.1. An n-dimensional Galois representation (of K/Q with coeffi-
cients in F') is a continuous homomorphism Gal(K/Q) — GL,,(F') where F'is a
local field (e.g. R,C,Qq, Fp((2)))-

Example 7.1. Suppose f(X) € Z[X] is separable and K is its splitting field,
then any representation Gal(K/Q) — GL,(C) is a Galois representation.

Example 7.2. Suppose E/Q is an elliptic curve and /¢ is a prime, then we can
associate a Galois representation pg ¢ : Gal(Q/Q) — GLa(Qy).

Where does this come from? E has an algebraic group operation on it, and the
group of /"-torsions in F(Q) is finite and isomorphic to (Z/¢"Z)?. This carries
a natural action of Gal(Q/Q). So we take the projective limit and get our pg .
This is unramified at any p t A/ in the sense that it factors through Gal(Qs/Q),
where S = {p prime : p | Agf} and Qs C Q is the maximal subextension
unramified away from S.

For p ¢ S, there is a distinguished conjugacy class of Frobenius elements Frob,, €
Gal(Qs/Q). And we have pg ¢(Frob,) =p+1— #E(F,).

Example 7.3. Suppose f € Si(I'(1)) be a normalised eigenform and let £ be a
prime. As before we have a number field Ky = Q({a,(f)}). Let A be a prime
ideal above ¢, then Deligne showed that we have a Galois representation py¢ y :
Gal(Qyry /Q) — GL2(Ky,x), unique up to isomorphism, such that py x(Frob,) =
ap(f).

An application of these is a generalisation of Kummer’s criterion:

Theorem 7.1 (Kummer). If p is an odd prime, then p is reqular (in the sense
that p  # CI(Z[e*/?]) ) iff none of the rational numbers By, k = 2,4,6,...,p—3
has numerator divisible by p.

This is nice because it’s reasonably easy to show that

Theorem 7.2. Fermat’s Last Theorem holds for all regular prime exponent p.

pisregular iff p { # C1(Z[e*>""/P]) iff the p-torsion C,, = C1(Z[e>"/P]) vanishes.
On the other hand, Gal(Q(e?™"/?/Q)) acts on CL(Z[e?""/P]), hence on C,. Since
that Galois group has size p — 1, we have a decomposition C,, = @X Cpx where

the sum is taken over hommorphisms x : Gal(Q(e*™/?/Q)) = (Z/pZ)* — Fx
and

Cpx={0€C,:Voe Gal(@(e2”/p/Q)), o(a) = x(o)a}
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Theorem 7.3 (Herbrand-Ribet). If p is an odd prime and 2 < k < p—3, then p
divides the numerator of By iff Cyp y, # 0 where x, : (Z/pZ)* — F), b+ b=k,

The hard part in the proof is to show that if p divides the numerator of
By, then Cp,, # 0. The starting point of this proof is to observe that the
normalised eigenform Fj, = —By/(2k) + ), <, 0k—1(n)g"™ is congruent modulo
p to a cuspidal normalised eigenform f. So we obtain a Galois representation
prp  Gal(Qpy/Q) — GLa(Kjy ) for some p above p. This has the property
that tr pg, (Froby) = 0,—1(¢) (mod p) for any prime ¢ # p.

What do the Prime Number Theorem and Fermat’s Last Theorem have in com-
mon? They are both proved by looking at cuspidal eigenforms.
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