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7 Non-Examinable Lecture: Galois Representations 41

1 Introduction and Motivations

We denote the complex upper-half plane by h = {τ ∈ C : Im τ > 0}. We write
Γ(1) = SL2(Z) and GL2(R)+ = {g ∈ GL2(R) : det g > 0}.

Lemma 1.1. GL2(R)+ acts transitively on h by Möbius transformations.

Proof. For g =
(
a b
c d

)
∈ GL2(R)+ and τ ∈ h, we have

Im(gτ) =
1

2

(
aτ + b

cτ + d
− aτ̄ + b

cτ̄ + d

)
=

1

2
det(g)

Im τ

|cτ + d|2

Hence GL2(R)+ sends h to itself. Transitivity follows from x+ iy = ( y x
0 1 ) i.

Definition 1.1. Let k ∈ Z. For g ∈ GL2(R)+ and τ ∈ h, we define j(g, τ) =
cτ + d (the “modular cocycle”). For a function f : h → C, we define f |k[g] :
h → C via

f |k[g](τ) = f(gτ) det(g)k−1j(g, τ)−k

Lemma 1.2. This defines a right action of GL2(R)+ on the set of functions
f : h → C.

Proof. We need to check that for any g, h ∈ GL2(R)+ we have f |k[gh] =
(f |k[g])|k[h]. This again follows from calculations

(f |k[g])|k[h](τ) = (f |k[g])(hτ) det(h)k−1j(h, τ)−k

= f(ghτ) det(g)k−1j(g, hτ)−k det(h)k−1j(h, τ)−k

So we would have our result if j(gh, τ) = j(g, hτ)j(h, τ) (the “cocycle relation”).
This is true. A neat way to calculate this is by observing

j(h, τ)j(g, hτ)

(
ghτ
1

)
= g

(
j(h, τ)

(
hτ
1

))
= gh

(
τ
1

)
= j(gh, τ)

(
ghτ
1

)
which gives what we wanted.

Definition 1.2. For k ∈ Z and Γ ≤ Γ(1) a finite index subgroup. A weakly
modular function f of level Γ and weight k is a meromorphic function on h such
that for all γ ∈ Γ, f |k[γ] = f .

The goal of the course is to define and study complex vector spaces Mk(Γ)
of modular forms, which are nice modular functions. We’ll show that these are
finite dimensional, and we’ll also study interesting family of endomorphisms on
them, namely Hecke operators.
Why do we care about modular forms? The first motivation is the theory of
elliptic functions. Suppose we have an elliptic curve E over C and ω a nonzero
holomorphic differential on E. Then there is a unique lattice Λ ≤ C such that
we have an isomorphism ϕ : C/Λ → E (as Riemann surfaces and as groups)
satisfying ϕ∗ω = dz. One can show that E may be given by the equation
y2 = x3 − 60G4(Λ)− 140G6(Λ) where, for k ≥ 4, we define

Gk(Λ) =
∑

λ∈Λ−{0}

λ−k
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It turns out that Gk(Z + Zτ) are examples of modular forms, known as the
holomorphic Eisenstein series.
Another, less classical, motivation is the connection with number theory. Mod-
ular forms have interesting “q-expansions”: If f is a modular form, then it
has a Fourier expansion f(τ) =

∑
n anq

n where q = e2πiτ/h for some h ∈ N
q-expansions usually have interesting arithmetic meanings, for example the
Dedekind θ function θ(τ) =

∑
n∈Z e

iπn2τ . It happens that for even k, θk is
always a modular form of weight k/2. This is important because essentially we
have

θk =
∑
m

rk(m)eiπmτ

where rk(m) = #{(n1, . . . , nk) ∈ Zk :
∑

i n
2
i = m} is the number of ways to

write m as the sum of k squares. So studying modular forms may be able to
yield results about rk’s. For example, one of the simple formulas that one can
prove by analysing θ4 is r4(m) = 8

∑
d|m,4∤d d – in particular, every positive

integer is the sum of four squares.
A third motivation is its link to L-functions, like the Riemann ζ function
ζ(s) =

∑
n n

−s. We know that ζ has a meromorphic continuation to C, has
a functional equation relating ζ(s) and ζ(1 − s), and has an Euler product
ζ(s) =

∏
p(1− p−s)−1. And we can use all of these together to prove the prime

number theorem: π(x) ∼ x/ log x.
These pleasant properties aren’t always easy to prove (or even true) for gen-
eral Dirichlet series

∑
n ann

−s. The ones with these properties are called L-
functions. Modular forms can be used to construct L-functions with, provably,
all these wonderful properties. So showing a Dirichlet series arises from a mod-
ular form could be an easy way to show that they are L-functions.
The last piece of motivation is its connection to the Langlands program. An ex-
ample of this is the modularity theorem (also known as the Shimura-Taniyama-
Weil conjecture) for elliptic curves, which implies Fermat’s last theorem. This
goes via Hecke operators and L-functions.

2 Modular Forms of Level Γ(1)

2.1 Definition and Examples

Recall that on an open U ⊂ C, a meromorphic function on U is a holomorphic
function f : U − A → C where A ⊂ U such that for any a ∈ A, there is some
δ > 0, the punctured open disk D∗(a, δ) = D(a, δ)− {a} is contained in U −A
and there is some k such that (z − a)kf(z) extends to a meromorphic function
on D(a, δ). Two meromorphic functions are equivalent if they agree on some
nonempty open subsets on U . Equivalently, a meromorphic function on U is
simply a holomorphic function U → P1(C) of Riemann surfaces.

Lemma 2.1. Let f be a weakly modular function of weight k and level Γ(1), then
there is a unique meromorphic function f̃ in D∗(0, 1) such that f(τ) = f̃(e2πiτ ).

Proof. The map τ 7→ e2πiτ , h 7→ D∗(0, 1) is a holomorphic surjection and τ, τ ′ ∈
h map to the same image iff τ ′ − τ ∈ Z. For any D(a, δ) ⊂ D∗(0, 1), there is a
branch l of the logarithm defined in D(a, δ). We can then define f̃ in D(a, δ) via
f̃(q) = f((2πi)−1l(q)). This definition of f̃ is independent of the choice of the
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branch, since f(τ) = f(τ +1) for all τ ∈ h (as f is fixed by the action of ( 1 1
0 1 )),

hence we get a holomorphic f̃ on the whole D∗(a, δ). Uniqueness is clear.

Definition 2.1. Suppose we are in the situation of the previous lemma. We
say f is meromorphic at infinity if f̃ is extends to a meromorphic function on
D(0, 1). We say it is holomorphic (resp. vanishing) at infinity if the extension
is holomorphic (resp. vanishing) at 0.

If f is meromorphic at infinity, then f̃ is holomorphic on D∗(0, δ) for some
δ > 0 (equivalently, f is holomorphic on {τ ∈ h : Im τ > −(2π)−1 log δ}) and
has a Laurent expansion

f̃(q) =
∑
n∈Z

anq
n

where an = 0 for sufficiently negative n. So for τ with Im τ > −(2π)−1 log δ,
we a Fourier expansion (“q-expansion”) f(τ) =

∑
n anq

n, q = e2πiτ . Therefore
f is holomorphic (resp. vanishing) at infinity if an = 0 for all negative (resp.
nonpositive) n.

Definition 2.2. A weakly modular function of weight k and level Γ(1) is a
modular function if it is meromorphic at infinity. It is a modular form if it is
holomorphic in h and at infinity. It is a cuspidal modular form (or cusp form)
if it’s a modular form vanishing at infinity.
We write Mk(Γ(1)) (resp. Sk(Γ(1))) to denote the C-vector space of modular
forms (resp. cusp forms) of weight k and level Γ(1).

Example 2.1. For k ∈ Z, we consider the series

Gk(τ) =
∑

λ∈Λτ−{0}

λ−k =
∑

(m,n)∈Z2−{0}

(mτ + n)−k

where Λτ = Z ⊕ Zτ . Let’s assume that this series converges absolutely. For
γ ∈ Γ(1), we have Λγτ = j(γ, τ)−1Λτ by simple calculation, therefore

Gk(γτ) =
∑

λ∈Λγτ−{0}

λ−k =
∑

λ∈Λτ−{0}

(j(γ, τ)−1λ)−k = j(γ, τ)kGk(τ)

So it’s not a stretch to guess that Gk is a modular form of weight k and level
Γ(1).

When does Gk converge absolutely, and is it actually a modular form?

Proposition 2.2. For k > 2, Gk converges both absolutely and locally uniformly
on h, hence defines a Γ(1)-invariant holomorphic function on h. Furthermore,
it is holomorphic at infinity, i.e. a modular form.

Proof. ForA ≥ 2, we define ΩA = {τ ∈ h : Im τ ≥ 1/A, |Re τ | ≤ A}. Let τ ∈ ΩA

and x ∈ R. We have |τ + x| ≥ 1/A and, when x ≥ 2A, that |τ + x| ≤ |x|/2.
Hence |τ + x| ≥ (2A2)−1 max{1, |x|}. Let m,n ∈ Z,m ̸= 0, then

|mτ + n|−k = |m|−k|τ + n/m|−k ≤ |m|−k(2A2)k max{1, |n/m|}−k

= (2A2)k max{|m|, |n|}−k
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which, by the way, also holds (trivially) when m = 0. We can then estimate∑
(m,n)∈Z2−{0}

|mτ + n|−k ≤ (2A2)k
∑

(m,n)∈Z2−{0}

max{|m|, |n|}−k

= (2A2)k
∑
d≥1

d−k#{(m,n) ∈ Z2 : max{|m|, |n|} = d}

= (2A2)k
∑
d≥1

8d1−k = 8(2A2)kζ(k − 1) < ∞

since k > 2. By Weierstrass M -test, Gk(τ) converges absolutely and uniformly
on ΩA, hence absolutely and locally uniformly on h.
To see that Gk is holomorphic at infinity, we only need to show that G̃k(q) has
a limit as q → 0. The limit equals to the limit of Gk(τ) as Im τ → ∞ for τ ∈ Ω2,
say. We can simply calculate this:

lim
τ∈Ω2,Im τ→∞

Gk(τ) = lim
τ∈Ω2,Im τ→∞

∑
(m,n)∈Z2−{0}

(mτ + n)−k

=
∑

(m,n)∈Z2−{0}

lim
τ∈Ω2,Im τ→∞

(mτ + n)−k

=
∑

n∈Z−{0}

n−k =

{
2ζ(k) if k is even

0 if k is odd

In any case, this is finite, so we are done.

In fact, when k is odd, any weakly modular function of weight k and level
Γ(1) is 0, since it has to be fixed under the action of

(−1 0
0 −1

)
.

Definition 2.3. For k ≥ 4 even, the normalised Eisenstein series is Ek(τ) =
(2ζ(k))−1Gk(τ).

We do this so that the constant term of the q-expansion of Ek is 1. We’ll
later show that the other coefficients of Ek are, in fact, also in Q.
Certainly, sums of modular forms are modular forms of the same weight and
level, and it’s easy to check that product of elements of Mk(Γ(1)) and Ml(Γ(1))
is an element of Mk+l(Γ(1)).
In particular, E3

4 and E2
6 are both in M12(Γ(1)). They both take value 1 at

infinity, so E3
4 − E2

6 ∈ S12(Γ(1)). We’ll show that it is nonzero soon. To get
there, we need to understand the action of SL2(Z) on h.

2.2 The Fundamental Domain

Let’s look at the set F = {τ ∈ h : Re τ ∈ [−1/2, 1/2], |τ | ≥ 1} and F ′ = F−({τ :
|τ | = 1,Re τ > 0} ∪ {τ : Re τ = 1/2}). We’ll also consider the matrices

S =

(
0 −1
1 0

)
, T =

(
1 1
0 1

)
Proposition 2.3. (i) Any τ ∈ h is Γ(1)-conjugate to a unique element of F ′.
(ii) If τ ∈ F ′, StabΓ(1)(τ) = {±1} when τ ̸= i, ρ where ρ = e2πi/3, and
StabΓ(1)(i) = ⟨S⟩,StabΓ(1)(ρ) = ⟨ST ⟩.
(iii) Γ(1) is generated by S and T .
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Proof. Let G = Γ(1)/{±I} and H = ⟨S, T ⟩ ≤ G. We first show that any
τ ∈ h is conjugate to something in F . If γ =

(
a b
c d

)
∈ Γ(1), recall that we have

Im(γτ)/|cτ + d|2.
{1, τ} forms a basis for C over R. So {(c, d) ∈ Z2 − {0} : |cτ + d| < X} is finite
for all X. In particular, the set {|cτ + d| : (c, d) ∈ Z2 − {0}} has a minimum,
and therefore {Im(γτ) : γ ∈ H} has a maximum. So by conjugating with H,
we may assume that Im(γτ) ≤ Im τ for all γ ∈ H. This is sufficient to imply
τ ∈ F : Conjugating by T moves shows that τ is H-conjugate to something with
real part in [−1/2, 1/2). If |τ | < 1, then Im(Sτ) = |τ |−2 Im τ , contradiction.
Moving with S again shows that we can actually get to τ ∈ F ′.
Suppose we now have τ, τ ′ ∈ F ′ and γ =

(
a b
c d

)
∈ Γ(1) such that τ ′ ∈ γτ . We

claim that τ = τ ′, and γ = ±I except if τ = i, ρ, in which case γ ∈ ⟨±S⟩, ⟨±ST ⟩
respectively.
WLOG Im(γτ) > Im τ , so |cτ + d| ≤ 1. If τ ′ ∈ F ′, we have Im τ ′ ≥

√
3/2 with

equality iff τ ′ = ρ. So 1 ≥ |cτ + d| ≥ |c|
√
3/2, and therefore |c| ≤ 2/

√
3. As

c ∈ Z, we conclude |c| ≤ 1. WLOG c ≥ 0, so either c = 0 or c = 1.
If c = 0, then γ = ±T b, so b = 0, γ = ±1, τ ′ = τ . If c = 1, then |τ + d| ≤ 1, so
we must have either d = 0, |τ | = 1 or d = 1, τ = ρ.
In the former case, γ =

(
a −1
1 0

)
and γτ = a − 1/τ . Since Re τ,Re(γτ) are

both in [−1/2, 0] and Re(γτ) = a − Re τ , either a = 0,Re τ = Re(γτ) = 0 (in
which case τ = i, γ = S), or a = −1,Re(γτ) = Re τ = −1/2 (in which case
τ = ρ, γ = (ST )2).
In the latter case, we must have τ = γτ = ρ since Im γτ = Im τ/|τ +1|2 = Im ρ.
So ρ = (aρ+ b)/(ρ+ 1), hence aρ+ b = ρ2 + ρ = −1, hence a = 0, b = −1 and
γ = ST .
It remains to show that Γ(1) is generated by S, T . We have S2 = −I, so it
suffices to show that G = H. Take τ = 2i (or anything in F ′ that’s not i, ρ) and
γ ∈ G, then γτ ∈ h, so by what we’ve shown earlier, there is some δ ∈ H such
that δγτ ∈ F ′, therefore δγτ = τ , hence δγ ∈ StabG(τ) = {I}, which means
γ = δ−1 ∈ H.

Let f be a nonzero modular function of level Γ(1) and weight k. For τ ∈ h,
we write vτ (f) for the order of f as a meromorphic function. If γ ∈ Γ(1), then
f(γτ) = f(τ)j(γ, τ)k, so fγτ (f) = fτ (f). We also define v∞(f) to be the order

of f̃ at 0.
If τ ∈ h, we define

eτ = |StabΓ(1)/{±1}(τ)| =


1 if τ ̸= i, ρ

2 if τ = i

3 if τ = ρ

2.3 Valence Formula

Proposition 2.4 (Valence formula). Let f be a nonzero modular function, then

v∞(f) +
∑

τ∈Γ(1)\h

1

eτ
vτ (f) =

k

12

Proof. The sum is in fact finite, since f can only have finitely many zeros or
poles in F . Indeed, since f̃ is meromorphic, it is holomorphic and nonvanishing
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in D∗(0, δ) for some δ > 0, which means that f is holomorphic and nonvanishing
in {τ ∈ h : Im τ ≥ R} for some R > 0. And there are only finitely many zeros
and poles in the compact set F ∩{τ ∈ h : Im τ ≤ R} by the principle of isolated
zeros.
We’ll prove the formula by contour integration. Recall that the argument prin-
ciple says that if U ⊂ C is open, g is meromorphic in U and γ is a simple
closed positively-oriented contour missing every zeros and poles of g and bound
a region D contained in U , then

1

2πi

∮
γ

g′(z)

g(z)
dz =

∑
a∈D

va(g)

We’ll also use the pullback formula, whcih says that if u : U → V is a holomor-
phic function between open sets in C, f : V → C is holomorphic and γ a path
in U , then ∫

u◦γ
f(z) dz =

∫
γ

u∗(f(z) dz) =

∫
γ

f(u(z))u′(z) dz

Take R > 2 such that f has no zeros or poles in {Im τ ≥ R}. We consider
the contour γ that is the anticlockwise (i.e. positively oriented) boundary of
F ∩ {τ ∈ h : Im τ ≤ R}. Starting with the top left, we name the vertices
(anticlockwisely) A,B = ρ,D = −ρ̄ = ρ + 1, E respectively. We also name
C = i.
Suppose f has no zeros or poles on γ, then we have, by argument principle,

1

2πi

∮
γ

f ′(z)

f(z)
dz =

∑
τ∈Γ(1)\h

1

eτ
vτ (f)

On the other hand, we can calculate the contour integral one part at a time. If
the integrand is omitted below, it’s understood to be f(z)−1f ′(z) dz. Note that
if u(τ) = τ + 1, then u(AB) = ED and f ◦ u = f , therefore∫

ED

=

∫
u(AB)

=

∫
AB

, hence

∫
AB∪DE

= 0

Now take u(τ) = −1/τ , then CD = u(CB) and (f ◦ u)(τ) = f(τ)τk. Therefore
by pullback formula we have∫

CD

=

∫
u(CB)

=

(∫
CB

)
+ k(logB − logC)

=

(∫
CB

)
+ k(logB − logC) =

(∫
CB

)
+ 2πi

k

12

Now let u(τ) = e2πiτ , then u(AE) is a positively oriented circle in D(0, 1). So
using the pullback formula again gives

v∞(f) = v0(f̃) =
1

2πi

∫
u(AE)

f̃ ′(z)

f̃(z)
dz =

1

2πi

∫
AE

Therefore we have ∑
τ∈Γ(1)\h

1

eτ
vτ (f) =

∫
γ

=
k

12
− v∞(f)
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which is the formula.
What if something on the contour is a zero or a pole? For zero or pole P on
the interior of AB, we in fact get a pair of zero/pole P, P + 1. Choose ϵ > 0
small enough so that f has no zeros or poles in D∗(P, 2ϵ) and consider the same
contour except half-circles of radius ϵ at P, P + 1 are perturbed to the same
direction. Then the contour integrals via AB and ED still cancel each other
out, so nothing’s wrong there. Similarly, we can deal with zeros or poles in the
interior of BC and CD.
We need to do some work for possible zeros or poles at i, ρ. At ρ, this is done
(for small ϵ > 0) by perturbing the contour with γϵ where the bit around B = ρ
is replaced with t 7→ ρ + ϵeit where t ranges clockwise from π/2 to wherever
it hits γ. And we also perturb it with the mirrored inward-bending contour
around D = −ρ̄, and by considering (exercise!) the integral with ϵ → 0 gives
exactly the vρ(f)/eρ part in the formula. A similar argument works for zeros
and poles at C = i.

Example 2.2. For k = 4, we have v∞(E4) +
∑

τ∈Γ(1)\h e
−1
τ vτ (E4) = 4/12 =

1/3, hence v∞(E4) = vτ (E4) = 0 for τ ∈ F ′, τ ̸= ρ and vρ(E4) = 1.
For k = 6, we have v∞(E6) +

∑
τ∈Γ(1)\h e

−1
τ vτ (E6) = 6/12 = 1/2, hence

v∞(E6) = vτ (E6) = 0 for τ ∈ F ′, τ ̸= i and vi(E6) = 1.

Example 2.3. Consider ∆ = (E3
4 − E2

6)/1728 ∈ S12(Γ(1)). This is nonzero
since it must be nonzero at i. The formula v∞(∆) +

∑
τ∈Γ(1)\h e

−1
τ vτ (∆) = 1

then implies that ∆ is nonvanishing on h and has a simple zero at ∞.

2.4 Dimension and Structure of Spaces of Modular Forms

Theorem 2.5. Let k be an even integer.
(i) Mk(Γ(1)) = 0 if k < 0 or k = 2, and M0(Γ(1)) = C.
(ii) If 4 ≤ k ≤ 10, then Mk(Γ(1)) = CEk.
(iii) Multiplication by ∆ is an isomorphism Mk(Γ(1)) → Sk+12(Γ(1)).

Proof. (i) This follows directly from Proposition 2.4.
(ii) By Proposition 2.4, for these values of k any nonzero f ∈ Mk(Γ(1)) has
v∞(f) = 0. So Sk(Γ(1)) = 0 (this also follows from (i) and (iii), by the way).
The fact that Mk(Γ(1)) = CEk ⊕ Sk(Γ(1)) then gives the result.
(iii) For surjectivity, for any f ∈ Sk+12(Γ(1)), f/∆ is holomorphic in h since ∆
is nonvanishing in h, and at infinity since ∆ has a simple zero there. Injectivity
is clear.

Corollary 2.6. Let k ≥ 0 be an even integer, then

dimMk(Γ(1)) = dimSk(Γ(1)) + 1 =

{
⌊k/12⌋ if k ≡ 2 (mod 12)

⌊k/12⌋+ 1 otherwise

Proof. Follows from the preceding lemma usingMk(Γ(1)) = CEk⊕Sk(Γ(1)).

In particular, these spaces of modular forms are finite-dimensional.

Corollary 2.7. Let M be the graded ring
⊕

k Mk(Γ(1)).. Then M is generated
by E4, E6 as a C-algebra.

8



Proof. We want to show thatMk(Γ(1)) is spanned by Ea
4E

b
6 with a, b ∈ Z≥0, 4a+

6b = k. This is certainly true for k < 12 by what we have already.
For k ≥ 12 even, we can always find some a, b ≥ 0 such that 4a+6b = k, so the
assertion follows from Theorem 2.5(iii) and the fact that Ea

4E
b
6 cannot vanish

at infinity (thus Mk(Γ(1)) = CEa
4E

b
6 ⊕ Sk(Γ(1))).

Define now j(τ) = E3
4/∆, which is a modular function of weight 0 and level

Γ(1). This is holomorphic on h with a simple pole at infinity.

Theorem 2.8. The map j : h → C is surjective and τ, τ ′ have the same image
iff they are Γ(1)-conjugate.
Moreover, any modular functionof weight 0 and level Γ(1) is a rational function
in j.

Proof. Let z ∈ C. We want to show that there is a unique Γ(1)-orbit in h such
that j(τ) = z, i.e. such that vτ (j − z) > 0. But j − z is a modular function of
weight 0 and level Γ(1). So what we want follows simply from using Proposition
2.4 on j− z and observing that it is holomorphic except at infinity, where it has
a simple pole.
Now suppose f is a nonzero modular function of weight 0. Multiplying by a
polynomial in j, we can assume WLOG that f is holomorphic in h. Multi-
plying by ∆N then makes it an element of M12N (Γ(1)), which is generated by
Ea

4E
b
6, 4a+ 6b = 12N . So it suffices to show that for every a, b, 4a+ 6b = 12N ,

Ea
4E

b
6/∆

N is a rational function in j. But we must have 3 | a and 2 | b
by solving 4a + 6b ≡ 0 (mod 12), so the result follows from the fact that
j − 1728 = E2

6/∆.

Remark. One can show that j(τ) is the j-invariant of the elliptic curve C/Λτ .

Proposition 2.9. Let k ≥ 4 be even, then

Gk(τ) = 2ζ(k) +
2(2πi)k

(k − 1)!

∑
n≥0

σk−1(n)q
n, σa(n) =

∑
d|n

da

Proof. We start with the formula

−iπ

1 + 2
∑
n≥1

qn

 = iπ
q + 1

q − 1
= π cot(πτ) =

1

τ
+

∞∑
n=1

(
1

τ + n
+

1

τ − n

)

with the series converging absolutely and locally uniformly in τ ∈ h. By local
uniform convergence, we are allowed term-by-term differentiation. Doing this
k − 1 times yields

−2

∞∑
n=1

(2πin)k−1qn = (−1)k−1(k − 1)!τ−k
∞∑

n∈Z

1

(τ + n)k

9



noting k > 1. Therefore

Gk(τ) =
∑

(m,n)∈Z2−{0}

1

(mτ + n)k
=

∑
n∈Z−{0}

1

nk
+

∑
m∈Z−{0},n∈Z

1

(mτ + n)k

= 2

∞∑
n≥1

1

nk
+ 2

∑
m≥1,n∈Z

1

(mτ + n)k
= 2ζ(k) +

2(2πi)k

(k − 1)!

∑
m≥1

∑
n≥1

nk−1qnm

= 2ζ(k) +
2(2πi)k

(k − 1)!

∑
n≥0

σk−1(n)q
n

as desired.

Corollary 2.10. Ek(τ) = 1+
∑

n≥1 anq
n with an ∈ Q for all n ≥ 1. Moreover,

if k = 4, 6, then we in fact have an ∈ Z.
Proof. Famously (or indeed, from example sheet), πk/ζ(k) ∈ Q for any even
k ≥ 4. Therefore an ∈ Q.
As for k = 4, 6: We have ζ(4) = π4/90, so (2πi)4/(ζ(4)(4 − 1)!) = 240 ∈ Z;
ζ(6) = π6/945, so (2πi)6/(ζ(6)(6− 1)!) = −504 ∈ Z.

From the proof, we then know that

E4(τ) = 1 + 240
∑
n≥1

σ3(n)q
n, E6(τ) = 1− 504

∑
n≥1

σ5(n)q
n

Corollary 2.11. ∆ = q +
∑

n≥2 anq
n, j = q−1 +

∑
n≥0 bnq

n with an, bn ∈ Z.

Proof. Since j = E3
4/∆, it suffcies to show the result for ∆. Write E4 =

1 + 240U(q) and E6 = 1− 504V (q), then

∆ =
E3

4 − E2
6

1728
=

3(240)U + 3(240)2U2 + (240)3U3 + 2(504)V − (504)2V 2

1728

To show ∆ has integer coefficients, it suffices to prove that the coefficients of
(2(240)U +2(504)V )/1728 = (5U +7V )/12 in q are integers. That is, 5σ3(n) +
7σ5(n) ≡ 0 (mod 12) for any n ≥ 1. Equivalently, σ3(n) ≡ σ5(n) (mod 12).
But 12 | d5 − d3 for all d ∈ Z, so this must be true.
And the leading coefficient of ∆ is (3(240) + 2(504))/1728 = 1.

For a modular form f of level Γ(1), we write an(f) to denote the nth coeffi-
cient of the q-expansion of f , i.e. f =

∑
n an(f)q

n.

Theorem 2.12. Let k ≥ 4 be even. Then Mk(Γ(1)) possesses a unique basis
f0, . . . , fN satisfying:
(i) For all 0 ≤ i, j ≤ N , we have ai(fj) = δij.
(ii) For all 0 ≤ i ≤ N,n ∈ Z≥0, we have an(fi) ∈ Z.
Proof. Let N = dimSk(Γ(1)). Write k = 12a + d where a, d ∈ Z≥0 and
d ∈ {0, 4, 6, 8, 10, 14}. Then N +1 = dimMk(Γ(1)) = a+1. Write k = 4A+6B

for some A,B ∈ Z≥0. Define, for each i = 0, . . . , N , gi = EA
4 E

B
6 ∆iE

2(N−i)
6

whicih is an element of Mk(Γ(1)). Then ∀n ≥ 0, an(gi) ∈ Z. The leading term
of gi of q

i, so performing row reductions gives f0, . . . , fN satisfying the condi-
tions.
They form a basis, for the linear forms a0, . . . , aN ∈ Mk(Γ(1))

∗ are linear inde-
pendent due to the existence of f0, . . . , fN . And indeed f0, . . . , fN is the dual
basis of a0, . . . , aN , which also gives their uniqueness.
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3 Hecke Operators

3.1 Lattices

The vector spaces of modular forms and cusp forms have additional symmetries.
They have very interesting endomorphisms (the Hecke operators) which have
important arithmetic meaning. They can be constructed group theoretically
by using the action of GL2(Q)+, or geometrically. We’re going to pursue the
geometric approach (thank god).
Recall that in a finite-dimensional real vector space V , a lattice Λ ≤ V is any
discrete cocompact (i.e. with compact quotient) subgroup.

Lemma 3.1. Let Λ ≤ V be a subgroup, then Λ is a lattice iff there is a basis
e1, . . . , en for V such that Λ = Ze1 ⊕ · · · ⊕ Zen.

So every lattice arises as a change of basis of Zn ≤ Rn.

Proof. Example sheet.

Let L be the collection of lattices in C. C× acts on L by zΛ = {zλ : λ ∈ Λ}.
How do lattices relate to the modular action on h?

Proposition 3.2. The map h → L, τ 7→ Λτ descends to a bijection Γ(1)\h →
C×\L.

Proof. We first show that h → C×\L is surjective. Suppose Λ = Ze1 ⊕ Ze2,
then Im(e1/e2) ̸= 0. After possibly reversing e1 and e2, let’s assume that
Im(e1/e2) > 0. Then Λ = e2Λe1/e2 , hence the surjectivity.
Suppose τ ∈ h, γ ∈ Γ(1) then Λγτ = j(γ, τ)−1Λτ , so we do have a well-defined
(surjective) map Γ(1)\h → C×\L.
Finally, we show that this map is injective. Suppose Λτ = zΛτ ′ for some z ∈ C×,
then zτ ′ = aτ + b, z = cτ +d for some γ =

(
a b
c d

)
∈ GL2(Z). But then we simply

have τ ′ = (aτ+b)/(cτ+d), which also means that det γ = sgn Im τ ′/ sgn Im τ =
1, therefore γ ∈ Γ(1).

This shows that functions f : ⟨ → C invariant under the weight 0 action of
Γ(1) are the same as functions F : L → C invariant under multiplication by
C×, and they are related by f(τ) = F (Λτ ). We say a function F : L → C is of
weight k ∈ Z if for any Λ ∈ L, z ∈ C× we have F (zΛ) = z−kF (Λ).

Proposition 3.3. The map F 7→ (f(τ) = F (Λτ )) defined a bijection between
the space Vk of functions F : L → C of weight k and the set Wk of functions
f : h → C with f |k[γ] = f .

Proof. We’ll first show that if F is of weight k, then f(τ) = F (Λτ ) invari-
ant under the weight k-action of Γ(1). Indeed, f |k[γ](τ) = f(γτ)j(γ, τ)−k =
F (Λγτ )j(γ, τ)

−k = F (j(γ, τ)Λγτ ) = F (Λτ ) = f(τ). So the map is well-defined.
We’ll show that it’s bijective by exhibiting an inverse. For f : h → C invariant
under the weight k action of Γ(1) and Λ = Ze1 ⊕ Ze2 ∈ L with Im(e1/e2) >,
we define F (Λ) = e−k

2 f(e1/e2). This is independent of the choice of basis, for

11



if Λ = Ze′1 ⊕ Ze′2 and Im(e′1/e
′
2) > 0, then there is some γ =

(
a b
c d

)
∈ Γ(1) such

that e′1 = ae1 + be2, e
′
2 = ce1 + de2, then

(e′2)
−kf(e′1/e

′
2) = (ce1 + de2)

−kf

(
ae1 + be2
ce1 + de2

)
= e−k

2 j(γ, e1/e2)
−kf(γ(e1/e2)) = e−k

2 f(e1/e2)

We also have F (zΛ) = (ze2)
−1f(e1/e2) = z−kF (Λ), so indeed the proposed

inverse too is well-defined. It’s easy to check that these two identifications are
inverse to each other.

Consequently Mk(Γ(1)) embeds into Vk, and we’ll define Hecke operators on
Vk using the geometry of lattices, and show that Mk(Γ(1)) is invariant under it.

3.2 Hecke Operators

Definition 3.1. For each n ∈ N, then n-th Hecke operator Tn : Vk → Vk via

(TnF )(Λ) = nk−1
∑

Λ′≤Λ,[Λ:Λ′]=n

F (Λ′)

We define Tn : Wk → Wk by the identification Vk
∼= Wk.

Note that there are only finitely many Λ′ ≤ Λ such that [Λ : Λ′] = n.
Indeed, if this were the case then n(Λ/Λ′) = 0, so nΛ ⊂ Λ′. Recall that the
set of subgroups of Λ/nΛ ∼= (Z/nZ)2 is in bijection with the set subgroups of Λ
containing nΛ, hence the latter must be finite and hence the set of subgroups
Λ′ ≤ Λ with index n is also finite.
Let’s also check that TnF is indeed in Vk. We have

(TnF )(zΛ) = nk−1
∑

Λ′≤zΛ,[zΛ:Λ′]=n

F (Λ′) = nk−1
∑

Λ′≤Λ,[Λ:Λ′]=n

F (zΛ′)

= nk−1
∑

Λ′≤Λ,[Λ:Λ′]=n

z−kF (Λ′) = z−k(TnF )(Λ)

Proposition 3.4. Fix a weight k and consider the Hecke operators (Tn) on Vk.
(i) If n,m ∈ N are coprime, then TnTm = Tnm = TmTn.
(ii) If p is prime, then TpnTp = Tpn+1 + pk−1Tpn−1 .

Proof. Let n,m ∈ N, not necessarily coprime. then

(TnTmF )(Λ) = nk−1
∑

Λ′≤Λ,[Λ:Λ′]=n

(TmF )(Λ′)

= nk−1mk−1
∑

Λ′≤Λ,[Λ:Λ′]=n

 ∑
Λ′′≤Λ′,[Λ′:Λ′′]=m

F (Λ′′)


= (nm)k−1

∑
Λ′′≤Λ,[Λ:Λ′′]=mn

a(Λ,Λ′′)F (Λ′′)

where

a(Λ,Λ′′) = #{Λ′ ≤ Λ : [Λ : Λ′] = n, [Λ′ : Λ′′] = m}
= #{A ≤ Λ/Λ′′ : [Λ/Λ′′ : A] = n}

12



Let’s calculate this in a slightly more general context. If B is an abelian group
and l ∈ Z, we write B[l] = {b ∈ B : lb = 0}. If n,m ∈ N are coprime and
|B| = mn, then B = B[n]×B[m] and B[n] is the unique subgroup of B of index
n. Hence if n,m are coprime, then a(Λ,Λ′′) = 1 for any Λ′′ ≤ Λ, [Λ : Λ′′] = mn.
This immediately implies (i).
Now let p be a prime and n ≥ 1, then for Λ′′ ≤ Λ, [Λ : Λ′′] = pn+1, we have
a(Λ,Λ′′) = #{A ≤ Λ/Λ′′ : #A = p}. Choose a Z-basis e1, e2 for Λ and a ≥ b ≥ 0
such that a+ b = n+1 such that pae1, p

be2 is a basis for Λ′′ (we can do this by
the theory of Smith normal form).
If b = 0, then Λ′′ = Zpn+1e1 ⊕ Ze2, so Λ/Λ′′ is cyclic of order pn+1. Therefore
a(Λ,Λ′′) = 1.
If b ≥ 1, then Λ/Λ′′ ∼= Z/paZ ⊕ Z/pbZ. But subgroups of Z/paZ ⊕ Z/pbZ of
order p corresponds to subgroups of (Z/paZ⊕ Z/pbZ)[p] ∼= (Z/pZ)2 of order p.
So a(Λ,Λ′′) = p+ 1.
Observe that in the case b = 0 we have Λ′′ ≰ pΛ but in the case b ≥ 0 we always
have Λ′′ ≤ pΛ. So (sorry for the bad typesetting)

(TpnTpF )(Λ)

= p(n+1)(k−1)
∑

Λ′′≤Λ,[Λ:Λ′′]=pn+1

a(Λ,Λ′′)F (Λ′′)

= p(n+1)(k−1)

 ∑
Λ′′≤Λ,[Λ:Λ′′]=pn+1

F (Λ′′) +
∑

Λ′′≤pΛ,[pΛ:Λ′′]=pn−1

pF (Λ′′)


= Tpn+1F (Λ) + p(n+1)(k−1) · p

∑
Λ′′≤Λ,[Λ:Λ′′]=pn−1

F (pΛ′′)

= Tpn+1F (Λ) + p(n+1)(k−1) · p · p−k
∑

Λ′′≤Λ,[Λ:Λ′′]=pn−1

F (Λ′′)

= (Tpn+1F )(Λ) + pk−1(Tpn−1F )(Λ)

as desired (phew?).

Corollary 3.5. For any n,m ∈ N, we have TnTm = TmTn.

Proof. By (ii) in the preceding proposition, Tpn is a polynomial in Tp with
integer coefficients for all prime p and integer n. So the statement holds for prime
powers. Hence it holds for arbitrary n,m due to part (i) of the proposition.

Proposition 3.6. Let n ∈ N and a Z-basis e1, e2 for Λ ∈ L. Then any Λ′ ≤ Λ
with index n are precisely those of the form Z(ae1 + be2) ⊕ Zde2, where a, d ∈
N, ad = n, b ∈ Z, 0 ≤ b < d.

Proof. Recall that if M ∈ Mm×m(Z) has detM ̸= 0 and N is a finite free Z-
module with basis ω1, . . . , ωm, then

⊕
i Z
∑

j Mijωj ≤ M has index |detM |.
This is done by looking at the Smith normal form of M . We then immediately
see that any lattice of the said form has index n.
Now for any Λ′ ≤ Λ with index n, we can consider the short exact sequence

0 Ze2/(Λ ∩ Ze2) ∼= (Λ′ + Ze2)/Λ′ Λ/Λ′ Λ/(Λ′ + Ze2) 0

13



Let a = |Λ/(Λ′ +Ze2)|, d = |Ze2/(Λ∩Ze2)|, then n = ad. We have d = inf{d ≥
1 : de2 ∈ Λ′} and a = inf{a ≥ 1 : ∃b ∈ Z, ae1 + be2 ∈ Λ′}. If b, b′ ∈ Z are
such that ae1 + be2, ae1 + b′e2 ∈ Λ′, then (b − b′)e2 ∈ Λ′ and therefore b1 ≡ b2
(mod d). So we see that there is some unique 0 ≤ b < d such that ae1+be2 ∈ Λ′.
Then Z(ae1 + be2)⊕ Zde2 ≤ Λ′ and both and them has index n in Λ, therefore
Z(ae1 + be2)⊕ Zde2 = Λ′.

Proposition 3.7. Let f ∈ Wk, then

(Tnf)(τ) = nk−1
∑

a,b,d∈Z>0,ad=n,0≤b<d

d−kf

(
aτ + b

d

)

=
∑

a,b,d∈Z>0,ad=n,0≤b<d

f |k
[(

a b
0 d

)]
Proof. F (Z(aτ + b)⊕ Zd) = d−kF (Z((aτ + b)/d)⊕ Z) = d−kf((aτ + b)/d).

Corollary 3.8. If f ∈ Wk is holomorphic on h, then Tnf is also holomorphic
on h.

Corollary 3.9. If f ∈ Mk(Γ(1)) has q-expansion
∑

m≥0 amqm, then Tnf ∈
Mk(Γ(1)) and it has q-expansion

∑
m≥0 cmqm where

cm =
∑

l∈N,l|gcd(m,n)

lk−1amn/l2

Proof.

Tnf(τ) = nk−1
∑

a,b,d∈Z>0,ad=n,0≤b<d

d−kf

(
aτ + b

d

)
= nk−1

∑
a,b,d∈Z>0,ad=n,0≤b<d

d−k
∑
m≥0

ame2πim(aτ+b)/d

= nk−1
∑

a,d∈N,ad=n

d−k
∑
m≥0

ame2πimaτ/d
∑

0≤b<d

e2πimb/d

= nk−1
∑

a,d∈N,ad=n

d−k
∑
m≥0

ame2πimaτ/d(d1d|m)

=
∑

a,d∈N,ad=n

(n/d)k−1
∑
m≥0

admqam =
∑

l∈N,l|n

lk−1
∑
m≥0

amn/lq
lm

By the uniqueness of Laurent expansions, we conclude Tnf ∈ Mk(Γ(1)). Col-
lecting the relevant terms gives the formula for cm.

Corollary 3.10. (i) a1(Tnf) = an(f).
(ii) a0(Tnf) = a0(f)σk−1(n). In particular, Sk(Γ(1)) is also invariant under
Tn.

3.3 Eigenforms

Next, we’ll try to understand the spectral decomposition of Mk(Γ(1)) under
Tn’s. That is, we want to decompose Mk(Γ(1)) into simultaneous eigenspaces
of Tn’s.
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Example 3.1. M4(Γ(1)) is one-dimensional, so E4 is an eigenvector of every-
thing.
S12(Γ(1)) too is one-dimensional, so ∆(τ) =

∑∞
n=1 τ(n)q

n = q
∏∞

n=1(1 − qn)24

is an eigenvector of everything. Let’s actually calculate the eigenvalue. Suppose
Tn∆ = αn∆, then τ(n) = an(∆) = a1(Tn∆) = αn. So Tn∆ = τ(n)∆. Ra-
manujan had conjectures in 1916 that if p is prime then τ(pn)τ(p) = τ(pn+1) +
pnτ(pn−1) and τ(mn) = τ(m)τ(n) if m,n are coprime. But these follows im-
mediately from Proposition 3.4.

In general,

Definition 3.2. If f ∈ Mk(Γ(1)) is a simultaneous eigenvector of all Tn, we say
it is an eigenform. If furthermore that a1(f) = 1, then we say it is a normalised
eigenform.

Lemma 3.11. Let k > 0 and f ∈ Mk(Γ(1)) is an eigenform, then:
(i) There is a nonzero scalar multiple of f which is normalised.
(ii) If f is normalised, then Tnf = an(f)f for every n.

Proof. Let αn ∈ C be the eigenvalue of Tn on f . Corollary 3.10 shows that
an(f) = a1(Tnf) = αna1(f). This implies both assertions.

Proposition 3.12. Let k ≥ 4 be even. Then Gk(τ) is an eigenform on which
Tn has eigenvalue σk−1(n).

Proof. Each Tn is a polynomial in operators Tp for prime numbers p. So to
show that Tk is an eigenvector for all Tn’s, it is enough to show that it is an
eigenvector for all Tp’s for p prime.
Recall that Gk is associated to the funtion on lattices Gk(Λ) =

∑
λ∈Λ\{0} λ

−k,
so

TpGk(Λ) = pk−1
∑

Λ′≤Λ,[Λ:Λ′]=p

∑
λ∈Λ′−{0}

λ−k = pk−1
∑

λ∈Λ−{0}

a(Λ, λ)λ−k

where a(Λ, λ) is the number of subgroups Λ′ ≤ Λ with index p whih contains λ.
Note that if Λ′ ≤ Λ has index p, then pΛ ≤ Λ′. So if λ ∈ pΛ then λ ∈ Λ′. This
means that a(Λ, λ) equals to the number of subgroups Λ′ ≤ Λ wiht index p,
which is p− 1.
If λ /∈ pΛ, then the image of λ in Λ/pΛ ∼= (Z/pZ)2 is nonzero, therefore has
order p. In particular, Zλ+ pΛ has index p in Λ, so this is the only Λ′ ≤ Λ with
index p that can possibly contain λ, so a(Λ, λ) = 1. Therefore

TpGk(Λ) = pk−1
∑

λ∈pΛ−{0}

(p+ 1)λ−k +
∑

λ∈Λ−pΛ

λ−k

= pk−1
∑

λ∈Λ−{0}

λ−k + pk
∑

λ∈Λ−{0}

(pλ)−k

= (1 + pk−1)
∑

λ∈Λ−{0}

λ−k = σk−1(p)Gk(Λ)

So Gk is indeed an eigenform.
As for the eigenvalues, if TnGk = αnGk, then σk−1(n)a0(Gk) = a0(TnGk) =
a0(αnGk) = αnan(Gk) and an(Gk) = 2ζ(k) ̸= 0, so αn = σk−1(n) (alternatively,
we could use the preceding lemma).
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Remark. 1. The decompositionMk(Γ(1)) = CGk⊕Sk(Γ(1)) is therefore compat-
ible with the spectral decomposition of the Tn’s. So we’ve reduced the spectral
problem for the Hecke operators on Mk(Γ(1)) to that on Sk(Γ(1)).
2. We have E4E6 = E10, but it is usually not the case that a product of eigen-
forms is an eigenform, e.g. E3

4 ̸= E12.
3. Ek is not a normalised eigenform, which in fact should be

Fk = a1(Gk)
−1Gk =

ζ(k)(k − 1)!

(2πi)k
+
∑
n≥1

σk−1(n)q
n

=
ζ(1− k)

2
+
∑
n≥1

σk−1(n)q
n = −Bk

2k
+
∑
n≥1

σk−1(n)q
n

where Bk is the k-th Bernoulli number.

Proposition 3.13. For all k ≥ 4 even, the eigenvalues of Tn are algebraic
numbers living in a fixed number field (i.e. a finite extension of Q).

To emphasise, the number field can depend on k.

Proof. We’ll show that the characteristic polynomial det(X idSk(Γ(1)) −Tn) has
integer coefficients. To see this, let f1, . . . , fN be a basis for Sk(Γ(1)) such that
ai(fj) = δij and an(fj) ∈ Z for all n, j. This is possible due to Theorem 2.12.

Then f =
∑N

j=1 aj(f)fj for every f ∈ Sk(Γ(1)). The matrix of Tn with respect
to this basis has integer coefficients due to Corollary 3.9, so the eigenvalues can
only be algebraic integers.
Note also that an(f) =

∑N
i=1 ai(f)an(fi) ∈ Q(a1(f), . . . , aN (f)), hence all these

eigenvalues live in the same number field.

The proof gives an algorithm to compute the actions of Tn on Sk(Γ(1)).

Example 3.2. Take k = 24, then we know that dimS24(Γ(1)) = 2. Let’s
compute the eigenvalues of T2. We can take f2 = ∆2 = q2−48q3+1080q4+ · · ·
and f1 = ∆E2

6 + 1032∆2 = q + 195660q3 + 12080128q4 + · · · (use a computer I
guess). So T2 has matrix(

a2(f1) a2(f2)
a4(f1) + 223a1(f1) a4(f2) + 223a1(f2)

)
=

(
0 1

20468736 1080

)
which has eigenvalues 12(45±

√
144169). So all an(f) for normalised eigenforms

f ∈ S24(Γ(1)) lie in Q(
√
144169). Don’t know if this is worth noting, but 144169

happens to be prime.

Enough waffling, let’s diagonalise.

3.4 The Petersson Inner Product

Definition 3.3. Let f : h → C be continuous and invariant under the weight 0
action of Γ(1). Then we define∫

Γ(1)\h
f(τ)

dxdy

y2
=

∫
F ′

f(τ)
dxdy

y2
=

∫
F
f(τ)

dxdy

y2

provided the latter converges absolutely (here and onwards we write τ = x+ iy
as convention).
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The idea here is that the area form y−2 dx dy is invariant under the action
of GL2(R)+. It in fact descends to an area form on the surface Γ(1)\h, and the
integration we’re defining here is the same as the one given by the usual inte-
gration theory on manifolds. Not having differential geometry as a prerequisite,
we are going to do this in an elementary way.

Lemma 3.14. Let f, g ∈ Sk(Γ(1)), then f(τ)g(τ) Im(τ)k is invariant under the
weight 0 action of Γ(1). Furthermore,∫

Γ(1)\h
f(τ)g(τ) Im(τ)k

dxdy

y2

is absolutely convergent.

Proof. For γ ∈ Γ(1), we have

f(γτ)g(γτ) Im(γτ)k = f(τ)j(γ, τ)kg(τ)j(γ, τ)
k
Im(τ)k|j(γ, τ)|−2k

= f(τ)g(τ) Im(τ)k

Since f is a cusp form, f̃(q) = qf0(q) with f0 : D(0, 1) → C holomorphic.
Hence for all δ ∈ (0, 1), there is some Cf,δ = sup

q∈B(0,δ)
|f0(q)| ≥ 0 such that

|f̃(q)| ≤ |q|Cf,δ.
Note that we have |q| = |e2πixe−2πy| = e−2πy, so there is some Cf > 0 such
that for all τ ∈ h with Im τ ≥ 1/2, we have |f(τ)| ≤ Cfe

−2πy. Then∫
F

|f(τ)g(τ) Im(τ)k|dxdy
y2

≤
∫ 1/2

x=−1/2

∫ ∞

y=
√
3/2

CfCge
−4πyyk

dxdy

y2

=

∫ ∞

y=
√
3/2

CfCge
−4πyyk−2 dy < ∞

as desired.

Definition 3.4. The Petersson inner product on Sk(Γ(1)) is defined by

⟨f, g⟩ =
∫
Γ(1)\h

f(τ)g(τ) Im(τ)k
dx dy

y2

This is an inner product by the preceding lemma.

Theorem 3.15. For every n ∈ N, Tn is self-adjoint with respect to the Peters-
son inner product, i.e. ⟨Tnf, g⟩ = ⟨f, Tng⟩ for any f, g ∈ Sk(Γ(1)).

Definition 3.5. For a lattice Λ ≤ C, its covolume is

covol(Λ) =

∫
C/Λ

dx dy =

∫
DΛ

dxdy = det

(
x2 x1

y2 y1

)
where DΛ is a fundamental parallelogram of C/Λ and ej = xj + iyj with Λ =
Ze1 ⊕ Ze2, Im(e1/e2) > 0.
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Sketch of Proof. We know that each Tn is an integer polynomial in Tp for p
prime. So it suffices to show the self-adjointness of Tp.

If f, g ∈ Sk(Γ(1)), then f(τ)g(τ) Im(τ)k ∈ W0. Thus it corresponds to an el-
ement of V0. We claim that if f corresponds to F ∈ Vk and g corresponds to
G ∈ Vk, then f(τ)g(τ) Im(τ)k corresponds to F (Λ)G(Λ) covol(Λ)k ∈ V0.
Indeed, this is in V0 because covol(zΛ) = |z|2 covol(Λ) for any z ∈ C×, and we
have the correspondence as covol(Λτ ) = Im τ for any τ ∈ h.
Now suppose A : C×\L → C is a function corresponding to a continuous func-
tion a ∈ W0, then we write∫

C×\L
A(Λ) dΛ =

∫
Γ(1)\h

a(τ)
dx dy

y2

⟨Tpf, g⟩ =
∫
Γ(1)\h

Tpf(τ)g(τ) Im(τ)k
dx dy

y2

=

∫
C×\L

(TpF )(Λ)G(Λ) covol(Λ)k dΛ

= pk−1

∫
C×\L

∑
Λ′≤Λ,[Λ:Λ′]=p

F (Λ′)G(Λ) covol(Λ)k dΛ

Write Lp = {(Λ′,Λ) : Λ′ ≤ Λ, [Λ : Λ′] = p,Λ ∈ L}. There is a bijection betwee
Γ0(p)\h → C×\Lp, where Γ0(p) = {

(
a b
c d

)
∈ Γ(1) : c ≡ 0 (mod p)} and the

bijection sends τ to (Zpτ ⊕ Z,Zτ ⊕ Z). If A : C×\Lp → C is a function which
corresponds to a continuous function a : Γ0(p)\h → C, we similarly define∫

C×\Lp

A(Λ) d(Λ,Λ′) =

∫
Γ0(p)\h

a(τ)
dxdy

y2

Recall that if Λ′ ≤ Λ has index p, then pΛ ≤ Λ′. So we can define a map ι :
Lp → Lp, (Λ

′,Λ) → (pΛ,Λ′). This descends to a map C×\Lp → C×\Lp which
is a measure-preserving involution. Indeed, under the identification of C×\Lp

with Γ0(p)\h, ι corresponds to the action of ηp =
(
0 −1
p 0

)
and η∗p(y

−2 dx dy) =
y−2 dx dy. So let’s change variables using i. This gives

⟨Tpf, g⟩ = pk−1

∫
C×\Lp

F (Λ′)G(Λ) covol(Λ)k d(Λ,Λ′)

= pk−1

∫
C×\Lp

F (pΛ)G(Λ′) covol(Λ′)k d(Λ,Λ′)

= pk−1

∫
C×\Lp

F (Λ)G(Λ′) covol(Λ)k d(Λ,Λ′) = ⟨f, Tpg⟩

as desired.

Consequently,

Theorem 3.16. For all k ≥ 0, Sk(Γ(1)) has a basis f1, . . . , fN of normalised
eigenforms, unique up to reordering, such that:
(i) For all n ∈ N, Tn(fi) = an(fi)fi.
(ii) For every i, there is a number field kfi ⊂ R such that ∀n, an(fi) ⊂ Okfi

.
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Proof. General spectral theory of self-adjoint endomorphisms (which the Tn’s
are, by the preceding theorem) and proposition 3.13 imply the existence.
As for uniqueness, suppose they are not unique, then there must be a simulta-
neous eigenspace of the Tn’s with dimension at least 2. If f1, f2 are normalised
eigenforms in this eigenspace, then an(f1) = an(f2) for all n since they are
both just eigenvalues of Tn in this eigenspace. This then means that f1 = f2,
contradiction.

The sequence of eigenvalues (a1(f), a2(f), . . .) has great arithmetic signifi-
cance. Recall Ramanujan’s conjectures on the τ function (Example 3.1).

Lemma 3.17. If p is a prime, then

∞∑
n=0

τ(pn)Xn = (1− τ(p)X + p11X2)−1

Proof. We calculate

(1− τ(p)X + p11X2)

∞∑
n=0

τ(pn)Xn

= 1 +
∑
n≥2

(τ(pn)− τ(pn−1)τ(p) + p11τ(pn−2))Xn = 1

by Ramanujan’s conjecture on the τ function.

Let’s factorise 1 − τ(p) + p11X2 = (1 − αpX)(1 − βpX), αp, βp ∈ C. If
τ(p)2−4p11 ≤ 0, then αp, βp are conjugate complex numbers with |αp| = |βp| =
p11/2. When τ(p)2 − 4p11 > 0, αp, βp are distinct real numbers, which has less
symmetry. Ramanujan conjectured that the first case always happens.

Theorem 3.18 (Ramanujan-Petersson Conjecture). If f ∈ Sk(Γ(1)) is a nor-
malised eigenform, then for any prime p, |ap(f)| ≤ 2p(k−1)/2.

Remark. This is proved by Deligne in 1973.

Why is this important? Many applications of modular forms to number
theory use either this conjecture or generalisations of it. Ramanujan’s proved
the formula

r24(p) =
16

691
(1 + p11) +

33152

691
τ(p)

for any odd prime p. Recall that r24(n) is the number of ways to express n as
the sum of 24 squares. How does Theorem 3.18 come in? It gives rise to the
estimate τ(p) = O(p11/2), so we have r24(p) = (16/691)(1 + p11) +O(p11/2).

Proposition 3.19. Let

Γ∞ =

{
±
(
1 a
0 1

)
: a ∈ Z

}
≤ Γ(1)

Suppose f : h → C is invariant under the (weight 0) action of Γ∞. Suppose in
addition that for any τ ∈ h, ∑

γ∈Γ∞\Γ(1)

|f(γτ)| < ∞
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and that ∫ 1/2

x=−1/2

∫ ∞

0

|f(x+ iy)|dx dy
y2

< ∞

Then
∑

γ∈Γ∞\Γ(1) f(γτ) is measurable, invariant under the (weight 0) action of

Γ(1), and satisfies∫
Γ(1)\h

∑
γ∈Γ∞\Γ(1)

f(γτ)
dxdy

y2
=

∫ 1/2

x=−1/2

∫ ∞

y=0

f(x+ iy)
dxdy

y2

This could be viewed as “unfolding” Γ(1)\h into [−1/2, 1/2]+ i[0,∞), which
is a fundamental domain of the Γ∞/{±1}-action on h.

Proof. By Fubini’s theorem, if we have the absolute convergence∑
γ∈Γ∞\Γ(1)

∫
F
|f(γτ)|dxdy

y2
< ∞

Then
∑

γ∈Γ∞\Γ(1) f(γτ) is measurable, and there is an equality∫
F

∑
γ∈Γ∞\Γ(1)

f(γτ)
dx dy

y2
=

∑
γ∈Γ∞\Γ(1)

∫
F
f(γτ)

dxdy

y2

How does this help? If (γi)i∈I is a set of representatives for Γ∞\Γ(1), then∑
γ∈Γ∞\Γ(1)

∫
F
f(γτ)

dxdy

y2
=
∑
i∈I

∫
γiF◦

f(τ)
dxdy

y2

Let S = {τ ∈ h : Re τ ∈ (−1/2, 1/2)}. From example sheet, we know that γF◦

doesn’t meet 1/2 + Z+ iR for any γ ∈ Γ(1). And by definition of S, there is a
unique δ ∈ Γ∞/{±1} such that δγF◦ ⊂ S.
This means that we can choose our coset representative γi to be the unique (up
to ±1) choice such that γiF◦ ⊂ S. Then

S =

(∐
i∈I

γiF◦

)
∪ (S ∩W )

where W ⊂ h is a measure zero subset. We therefore conclude

∑
γ∈Γ∞\Γ(1)

∫
F
f(γτ)

dx dy

y2
=

∫ 1/2

x=−1/2

∫ ∞

0

f(x+ iy)
dxdy

y2

which does everything.

4 L-Functions

4.1 L-Functions associated to Modular Forms

The primary motivating example of an L-function is the Riemann ζ function
ζ(s) =

∑
n≥1 n

−s, which is absolute convergent and holomorphic in {Re s > 1}
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with the property that:
(i) ζ has a meromorphic continuation to C, with a simple pole at s = 1.
(ii) We have a functional equation ξ(s) = ξ(1−s) where ξ(s) = π−s/2Γ(s/2)ζ(s)
is the “completed ζ function”.
(iii) There is an Euler product ζ(s) =

∏
p prime(1− p−s)−1.

In general, when we say a Dirichlet series
∑

n≥0 ann
−s is an L-function if it has

analogous properties (or in some cases, has some of the conjectured properties,
or has been conjectured to have analogous properties).

Example 4.1. For N ≥ 2 and χ : (Z/NZ)× → C× a group homomorphism, the
associated Dirichlet L-function is given by L(χ, s) =

∑
n≥1,gcd(n,N)=1 χ(n)n

−s.

Modular forms give rise to a huge class of L-functions in a reasonably easy
way.

Definition 4.1. If f is a modular form of weight k and level Γ(1), then its
associated Dirichlet series is L(f, s) =

∑
n≥1 an(f)n

−s.

Example 4.2. Consider Fk = −Bk/(2k)+
∑

n=1 σk−1q
n, the normalised eigen-

form associated with Gk. Then

L(Fk, s) =
∑
n≥1

σk−1(n)n
−s =

∑
n≥1,m|n

mk−1n−s =
∑
a≥1

∑
d≥1

dk−1(ad)−s

=

∑
a≥1

a−s

∑
d≥1

d−(s+1−k)

 = ζ(s)ζ(s+ 1− k)

Boring. So let’s look at cusp forms instead.

Proof. For any f ∈ Sk(Γ(1)), L(f, s) converges absolutely on {s ∈ C : Re s >
1 + k/2} and defines a holomorphic function there.

Proof. We’ll use the Weierstrass M -test to show that L(f, s) converges abso-
lutely and uniformly in {Re s > 1+k/2+ δ} for every δ > 0. Notationally, we’ll
always write s = σ + it. Clearly |n−s| = n−σ.
In example sheet, you’ll prove that (since f is cuspidal) there is some Cf > 0
such that |an(f)| ≤ Cfn

k/2. So in the given region we have∑
n≥1

|an(f)n−s| ≤
∑
n≥1

|an(f)|n−σ ≤ Cf

∑
n≥1

n−(σ−k/2) ≤ Cf

∑
n≥1

n−(1+δ)

as desired.

If we assume Theorem 3.18, then we can actually get absolute convergence
in the much bigger region {Re s > (1 + k)/2}.

Theorem 4.1. Let f ∈ Sk(Γ(1)), then:
(i) L(f, s) has an analytic continuation to C.
(ii) The function Λ(f, s) = (2π)−sΓ(s)L(f, s) has an analytic continuation to C
and satisfies the functional equation Λ(f, k − s) = ikΛ(f, s).

Before proving the theorem, let’s just discuss the function Γ(s). This is
defined as

Γ(s) =

∫ ∞

y=0

e−yys
dy

y
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Proposition 4.2. (i) Γ(s) converges absolutely in {Re s > 0} and defines a
holomorphic function there.
(ii) Γ(s) admits a meromorphic continuation to C with simple poles at the non-
positive integers.
(iii) The continuation of Γ(s) is nonvanishing.

Proof. (i) We need to show that∫ ∞

y=0

|e−yys|dy
y

=

∫ ∞

y=0

e−yyσ
dy

y

is finite for σ > 0, which is an easy exercise. To show that it defines a holomor-
phic function, we consider for N > 0 the function

ΓN (s) =

∫ N

y=1/N

e−yys
dy

y

This is continuous and holomorphic. Indeed, for Re s > 0 and ϵ > 0. Since
[1/N,N ] is compact, we can find δ > 0 such that for any s′ ∈ C and y ∈ [1/N,N ]
we have |ys−1 − ys

′−1| < ϵ whenever |s− s′| < δ. Then

|ΓN (s)− ΓN (s′)| ≤
∫ N

y=1/N

e−y|ys−1 − ys
′−1|dy < ϵ

∫ N

y=1/N

e−y dy

which shows continuity. By Morera’s theorem, to check that ΓN (s) is holomor-
phic it suffices to check ∮

γ

ΓN (s) ds = 0

for all closed contour γ in {Re s > 0}. But by Fubini’s theorem,∮
γ

ΓN (s) ds =

∫ N

y=1/N

e−y

(∮
γ

ys ds

)
dy

y
=

∫ N

y=1/N

e−y · 0dy
y

= 0

To show that Γ(s) is continuuos and holomorphic, it suffices to show that
ΓN → Γ locally uniformly in {Re s > 0}. For σ1 > σ0 > 0, let’s show uni-
form convergence in {σ0 ≤ σ ≤ σ1}. This follows from the estimate, for s in
this region, that

|Γ(s)− ΓN (s)| ≤
∫ 1/N

y=0

e−yyσ
dy

y
+

∫ ∞

y=N

e−yyσ
dy

y

≤
∫ 1/N

y=0

e−yyσ0
dy

y
+

∫ ∞

y=N

e−yyσ1
dy

y

(ii) (iii) Integration by parts shows that sΓ(s) = Γ(s + 1) for Re s > 0. This
allows us to extend the definition of Γ as a meromorphic function to the whole
of C.

Proof of Theorem 4.1. Part (iii) of the preceding proposition means that it suf-
fices to show (ii). Define

F (s) =

∫ ∞

y=0

f(iy)ys
dy

y
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We claim that F converges absolutely in C and defines a holomorphic function.
We have f(−1/τ) = f(τ)τk, so f(1/y) = f(iy)(iy)k. This change of variables
gives

F (s) =

∫ 1

y=0

f(iy)ys
dy

y
+

∫ ∞

y=1

f(iy)ys
dy

y
=

∫ ∞

y=1

f(iy)(ikyk−s + ys)
dy

y

Since f is cuspidal, there is some Cf > 0 such that for all y ≥ 1 we have
|f(iy)| ≤ Cfe

−2πy. So |f(iy)ys| ≤ Cf,se
−πy for some Cf,s > 0. Therefore the

integral converges absolutely. Using the same agrument we used for Γ(s) shows
that F (s) is holomorphic in C.
Now what is F? We have the estimate

∞∑
n=1

|an|
∫ ∞

y=0

e−2πnyyσ
dy

y
=

∞∑
n=1

|an|n−σ(2π)−σΓ(σ)

This is finite since L(f, s) is absolutely convergent when σ > 1 + k/2. We can
therefore safely calculate

F (s) =

∫ ∞

y=0

∞∑
n=1

ane
−2πnyys

dy

y
=

∞∑
n=1

an

∫ ∞

y=0

e−2πnyys
dy

y

= (2π)−sΓ(s)L(f, s) = Λ(f, s)

For the functional equation, recall that

Λ(f, s) =

∫ ∞

y=1

f(iy)(ikyk−s + ys)
dy

y

from where it’s clear.

Remark. The poles of Γ then gives us a bunch of zeros of L(f, s). They are
called the trivial zeros.

Theorem 4.3. Let f ∈ Sk(Γ(1)) be a normalised eigenform. Then we have an
Euler product

L(f, s) =

∞∑
n=1

an(f)n
−s =

∏
p prime

(1− ap(f)p
−s + pk−1−2s)−1

This can either be taken as an identity of formal Dirichlet series, or as limits
convergent for Re s > 1 + k/2.

Proof. Let’s prove the formal version first. If n ∈ N can be factored as n =∏
j p

ej
j , then an(f) =

∏
j apej

j
(f), since an(f) is also the eigenvalue of Tn on f

and Tn factors as such. So

L(f, s) =
∏

p prime

∞∑
j=0

apj (f)p−js =
∏

p prime

(1− ap(f)p
−s + pk−1−2s)−1

due to the relation apn(f)ap(f) = apn+1(f) + pk−1apn−1(f). The limit version
is the consequence of something you’ll prove in example sheet.
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4.2 Applications of L-Functions

We’ll take the following theorem as a blackbox, which is always a good start.

Theorem 4.4 (Wiener-Ikehara Tauberian Theorem). Suppose (an)n≥1 is a
sequence of complex numbers with f(s) =

∑
n≥1 ann

−s absolutely convergent in
{Re s > 1}. Suppose also that f has a meromorphic continuation to an open
domain containing {Re s ≥ 1}, holomorphic on {Re s = 1} with the possible
exception of a simple pole at s = 1. Set α to be the residue of f at s = 1. Then∑

1≤n≤x

an = αx+ o(x)

Proposition 4.5. Suppose ζ(s) =
∑

n≥1 n
−s has a meromorphic continuation

to C which is holomorphic and nonvanishing on {Re s = 1, s ̸= 1} and has a
simple pole at s = 1, then the prime number theorem

π(x) =
x

log x
+ o

(
x

log x

)
holds.

Proof. There’s a branch of log ζ(s) in {Re s > 1} given by

log ζ(s) =
∑

p prime

− log(1− p−s) =
∑

p prime

∞∑
k=1

p−ks

k

Therefore

ζ ′(s)

ζ(s)
=

∑
p prime

∞∑
k=1

−(log p)p−ks = −
∑

p prime

(log p)p−s −
∑

p prime

∞∑
k=2

(log p)p−ks

Since ζ is meromorphic in C, so is ζ ′/ζ. As ζ is holomorphic and nonvanishing on
{Re s = 1, s ̸= 1} and has a simple pole at s = 1, ζ ′/ζ must also be holomorphic
on {Re s = 1, s ̸= 1} has has a simple pole at s = 1 of residue −1.
Now the tail sum

∑
p prime

∑
k≥2(log p)p

−ks is converges absolutely and locally

uniformly in {Re s > 1/2}. Therefore
∑

p prime(log p)p
−s has a meromorphic

continuation to {Re s > 1/2}, holomorphic to {Re s = 1, s ̸= 1} with a simple
pole at s = 1 with residue 1.
Theorem 4.4 then shows that

∑
p≤x prime log p = x + o(x). The next lemma

shows that this implies the prime number theorem.

Lemma 4.6. Let (an)n≥0 be a sequence of complex numbers with 1 < x < y.
Suppose f : [x, y] → C is a continuously differentiable function. Write A(t) =∑

1≤n≤t an, then∑
x<n≤y

anf(n) = A(y)f(y)−A(x)f(x)−
∫ y

t=x

A(t)f ′(t) dt

Proof. Exercise.
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If we take an = 1n=p prime log p, then A(t) =
∑

p≤t log p = t + o(t). For
f(t) = 1/ log t, we get

π(y) = 1 +
∑

e<n≤y

anf(n) = 1 +A(y)f(y)−A(e)−
∫ y

t=e

A(t)
1

t

−1

(log t)2
dt

=
y

log y
+ o

(
y

log y

)
+

∫ y

t=e

A(t)

t

1

(log t)2
dt

We need to show that the last integral has magnitude o(y/ log y). Since A(t) =
t+ o(t) = O(t), we have t−1A(t) = O(1), therefore we only need to show that∫ y

t=e

1

(log t)2
dt = o

(
y

log y

)
But we can just estimate∫ y

e

1

(log t)2
dt =

∫ √
y

e

1

(log t)2
dt+

∫ y

√
y

1

(log t)2
dt

≤ √
y +

y

(log
√
y)2

=
√
y + 4

y

(log y)2
= o

(
y

log y

)
We’ll establish the assumed properties of ζ later, using modular forms of course.
Here’s a generalisation:

Proposition 4.7. Fix n ≥ 1. Suppose we are given, for any prime p, a matrix
Φp ∈ GLn(C) all of whose eigenvalues have absolute value 1. Consider

L({Φp}p, s) =
∏

p prime

det(1− p−sΦp)
−1

Then L({Φp}p, s) converges absolutely in {σ > 1}.
Suppose further that L({Φp}p, s) admits a meromorphic continuation to an open
neighbourhood to {σ ≥ 1} which is holomorphic and nonvanishing on {Re s = 1}
with the possible exception of a pole of order δ at s = 1. Then∑

p≤x prime

tr Φp = δ
x

log x
+ o

(
x

log x

)
Consequently π(x)−1

∑
p≤x prime tr Φp → δ as x → ∞, if so inclined.

Proof. Example sheet.

Example 4.3. Suppose N ∈ N, n = 1. Take a homomorphism χ : (Z/NZ)× →
C×. Then

L({χ(p mod N)1p∤N}p, s) =
∏
p∤N

(1− χ(p mod N)p−s)−1

is the Dirichlet L-function L(χ, s) of χ.
If one can show that L(χ, s) is nonvanishing on {Re s = 1} for all such χ,
then the proposition implies the strong form of Dirichlet’s theorem on primes
in arithmetic progressions, that is, for any a ∈ (Z/NZ)×,

#{1 ≤ p ≤ x : p prime, p ≡ a (mod N)} =
1

ϕ(N)

x

log x
+ o

(
x

log x

)
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Let f ∈ Sk(Γ(1)) be a normalised eigenform. For each prime p, we factorise
1 − ap(f)X + pk−1X2 = (1 − αpX)(1 − βpX). Let Φp = diag(αp, βp), then
det(1− ΦpX) = 1− ap(f)X + pk−1X2, in particular L({Φp}p, s) = L(f, s).
If we assume Theorem 3.18, we get |αp| = |βp| = p(k−1)/2. So p−(k−1)/2Φp has
eigenvalues of absolute value 1, and its trace is just ap(f)/p

(k−1)/2. On the
other hand, L({p−(k−1)/2Φp}p, s) = L(f, s+ (k − 1)/2).

Corollary 4.8. Assume Theorem 3.18 and moreover that L(f, s+(k− 1)/2) is
nonvanishing on Re = 1, then

lim
x→∞

1

π(x)

∑
1<p≤x prime

ap(f)

p(k−1)/2
= 0

Remark. The assumptions of the corollary are in fact true, but are beyond the
scope of this course.

So the average value of ap(f)/p
(k−1)/2 is zero.

Example 4.4. Ramanujan has a formula that reads

r24(p) =
16

691
(1 + p11) +

33152

691
τ(p)

Theorem 3.18 means that we have |r24(p)− (16/691)(1+ p11)| = O(p11/2). The
corollary, on the other hand, means that the average of (r24(p)− (16/691)(1 +
p11))/p11/2 is zero.

We can go further and consider a family of L-functions associated with a
single normalised eigenform f ∈ Sk(Γ(1)). These are the symmetric power
L-functions associated to the representation Symn : GL2 → GLn+1, namely

L(Symn, f, s) = L({Symn Φp}p, s) =
∏

p prime

n∏
i=0

(
1− αi

pβ
n−i
p p−s

)−1

Certainly L(Sym1, f, s) = L(f, s).

Theorem 4.9 (Sato-Tate Conjecture). ap(f)/(2p
(k−1)/2) ∈ [−1, 1] are equidis-

tributed with respect to the Sato-Tate density (2/π)
√
1− t2 dt. That is, for any

continuous g : [−1, 1] → C, we have

lim
x→∞

1

π(x)

∑
p≤x prime

g

(
ap(f)

2p(k−1)/2

)
=

2

π

∫ 1

t=−1

g(t)
√

1− t2 dt

Proposition 4.10. (i) (Langlands) If, for all n ≥ 1, L(Symn, f, s) admits an
analytic continuation to C, then Theorem 3.18 holds for f .
(i) (Serre) If, for all n ≥ 1, L(Symn, f, s) admits an analytic continuation to C
which is moreover nonvanishing on {Re s = 1+ n(k − 1)/2}, then Theorem 4.9
holds for f .

Theorem 3.18 and Theorem 4.9 have both been proved, the former by
P. Deligne in 1973 and the latter by a lot of people in 2010. The analytic con-
tinuation of L(Symn, f, s) and nonvanishing on the critical line are established
later, by J. Newton and J. Thorne in 2019.
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5 Modular Forms in General

5.1 Congruence Subgroups and their Cusps

Definition 5.1. If N ∈ N, we define Γ(N) to be the kernel of the reduction map
SL2(Z) → SL2(Z/NZ). A subgroup of SL2(Z) is called a congruence subgroup
if it contains Γ(N) for some N .

One immediately sees that any congruence subgroup has finite index.

Example 5.1. Γ(1) = SL2(Z),Γ(N) are congruence subgroups. There are two
other important classes of examples, namely

Γ0(N) =

{(
a b
c d

)
∈ Γ(1) : c ≡ 0 (mod N)

}

Γ1(N) =

{(
a b
c d

)
∈ Γ0(N) : a ≡ d ≡ 1 (mod N)

}
Definition 5.2. Let k ∈ Z and Γ ≤ Γ(1) a congruence subgroup. A weakly
modular function of weight k and level Γ is a meromorphic function f : h → C
invariant under the weight k action of any γ ∈ Γ.

Example 5.2. F0(2) = {τ ∈ h : Re(τ) ∈ [0, 1], |τ −1/2| ≥ 1/2} is the closure of
a fundamental set for Γ0(2). A feature of this is that none of the vertices of this
hyperbolic triangle is on h: We can “go to infinity” by approaching any one of
the three vertices, which hints that we need a better way to deal with infinity
behaviours.

Definition 5.3. A cusp of a congruence subgroup Γ is a Γ-orbit (via Möbius
transformations) on P1(Q) = Q ⊔ {∞}.

Lemma 5.1. Γ(1) acts transitively on P1(Q).

Proof. It suffices to show that for any a/c ∈ Q with a, c ∈ Z, gcd(a, c) = 1 we
have some γ ∈ Γ(1) sending ∞ to a/c. By Bézout’s theorem, there are integers
b, d such that ad− bc = 1. Then we just take γ =

(
a b
c d

)
.

In other words, Γ(1) has a unique cusp, and any congruence subgroup (in
fact any finite index subgroup) of it has at most finitely many cusps. Indeed,
we have a Γ(1)-equivariant bijection Γ(1)/Γ∞ → P1(Q) where

Γ∞ = StabΓ(1)(∞) =

{
±
(
1 h
0 1

)
: h ∈ Z

}
So the Γ-orbits on P1(Q) correspond to Γ-orbits of Γ(1)/Γ∞, i.e. double cosets
Γ\Γ(1)/Γ∞. But these are also Γ∞ orbits on the finite set Γ\Γ(1), hence there
are only finitely many (at most [Γ(1) : Γ]) of them.
Now, Γ ∩ Γ∞ has finite index in Γ∞ since ( 1 N

0 1 ) ∈ Γ if Γ(N) ≤ Γ.

Definition 5.4. The width of the cusp ∞ of Γ is

h = min

{
h ∈ N :

(
1 h
0 1

)
∈ Γ

}
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So if the width of the cusp ∞ is h, then we have f(τ + h) = f(τ) for any
weakly modular function f of weight k and level Γ. We therefore obtain an
meromorphic function f̃ : D∗(0, 1) → C such that for all τ ∈ h, f(τ) = f̃(qh)
where qh = e2πiτ/h.

Definition 5.5. If f̃ extends to a meromorphic function on D(0, 1). we say f
is meromorphic at ∞.

Suppose f is meromorphic at ∞. Then there is a Laurent expansion f̃(qh) =∑
n∈Z anq

n
h valid in D∗(0, δ) for some δ > 0, where an = 0 for sufficiently

negative n. Therefore f has an expansion f(τ) =
∑

n∈Z anq
n
h valid in some

{Im τ > R} for some R. We call this the q-expansion of f at ∞.

Definition 5.6. f is holomorphic (resp. vanishing) at ∞ if it is meromorphic
at ∞ and an = 0 for all n < 0 (resp. n ≤ 0).

What about the other cusps? For a cusp Γz, z ∈ P1(Q), we choose α ∈ Γ(1)
such that α∞ = z. Then α−1Γα is a congruence subgroup of Γ(1) since Γ(N) ≤
Γ(1) is normal for all N . If f is invariant under the weight k action of Γ, then
f |k[α] is invariant under the weight k action of α−1Γα.

Definition 5.7. The width of the cusp Γz of Γ is the width of the cusp ∞ of
α−1Γα.

Definition 5.8. Suppose f is a weakly modular function of weight k and level
Γ. Then f is meromorphic (resp. holomorphic, vanishing) at Γz if f |k[α] is
meromorphic (resp. holomorphic, vanishing) at ∞.

Lemma 5.2. The width of Γz as well as the notion of meromorphy, holomorphy
and vanishing at Γz are well-defined.

Proof. We’ve chosen a representative z of Γz and α ∈ Γ(1) bringing ∞ to z.
Suppose we chose instead another element β ∈ Γ(1) bringing ∞ to α, then there
is some δ ∈ Γ∞ such that β = αδ. Then β−1Γβ ∩ Γ∞ = δ−1α−1Γαδ ∩ Γ∞ =
δ−1(α−1Γα ∩ δ−1Γ∞δ)δ = α−1Γα ∩ Γ∞. Therefore the width of Γz according
to β is the same as the width according to α. As for meromorphy etc., we are
comparing f |k[α] and f |k[αδ]. Suppose f |k[α] =

∑
n∈Z ane

2πinτ/h. If we write
δ = ± ( 1 M

0 1 ), then we get

f |k[αδ] = f |k[α]|k[δ] =
∑
n∈Z

ane
2πinτ/he2πinm/h(−1)k

Hence meromorphy etc., of f |k[α] and f |k[αδ] at ∞ are equivalent.
Suppose now that Γz = Γz′. Choose α, α′ ∈ Γ(1) bringing ∞ to z, z′ respec-
tively. Choose γ ∈ Γ such that α′ = γα, and therefore (α′)−1Γα′ ∩ Γ∞ =
α−1Γα ∩ Γ∞, so this choice doesn’t affect the width. As for meromorphy etc.,
one simply observe that f |k[α′] = f |k[γ]|k[α] = f |k[α].

Note that the q-expansion of f at Γz, however, depends on α.

Definition 5.9. Let k ∈ Z and Γ ≤ Γ(1) a congruence subgroup. Let f be a
weakly modular function of weight k and level Γ.
We say f is a modular function of weight k and level Γ if it is meromorphic at
every cusp of Γ. It is a modular form of weight k and level Γ if it is holomorphic
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in h and at every cusp. It is a cuspidal modular form (or cusp form) of weight
k and level Γ if it is a modular form and it vanishes at every cusp.
We write Mk(Γ) (resp. Sk(Γ)) for the C-vector space of modular forms (resp.
cusp forms) of weight k and level Γ.

Remark. 1. If f is weakly modular (of weight k and level Γ) and holomorphic in
h, then f is a modular form if and only if f |k[α] is holomorphic at ∞ for every
α ∈ Γ(1).
2. In example sheet, it will be shown that Mk(Γ) is finite dimensional. It’s also
possible to give an exact formula for its dimension, using Riemann-Roch (at
least for k > 1) or otherwise.

Lemma 5.3. Let k ∈ Z and Γ be a congruence subgroup.
(i) If f ∈ Mk(Γ), g ∈ Ml(Γ), then fg ∈ Mk+l(Γ).
(ii) If Γ′ ≤ Γ is another congruence subgroup, then Mk(Γ) ≤ Mk(Γ

′).
(iii) If Γ′ ≤ Γ(1) is another congruence subgroup and α ∈ GL2(Q)+ satisfies
Γ′ ≤ α−1Γα, then for any f ∈ Mk(Γ) (resp. Sk(Γ)), f |k[α] ∈ Mk(Γ

′) (resp.
Sk(Γ

′)).

Proof. (i) and (ii) are immediate.
Let’s prove (iii). Observe that if g : h → C is weakly modular function of weight
k and level Γ holomorphic in h. Then g is holomorphic (resp. vanishing) at
infinity if and only if g(τ) is bounded as τ → ∞ (resp. tends to 0 as τ → ∞).
This is because a holomorphic h : D∗(0, 1) → C has a removable singularity at
0 iff h is bounded in D∗(0, δ) for some δ > 0.
Now if f ∈ Mk(Γ) (resp. Sk(Γ)), then f |k[α] is holomorphic in h and weakly
modular of weight k and level Γ′ because f |k[α]|k[γ′] = f |k[αγ′α−1]|k[α] =
f |k[α] as αΓ′α−1 ≤ Γ.
To show that f |k[α] is holomorphic (resp. vanishing) at cusps, it is enough to
show that f |k[αβ] is holomorphic (resp. vanishing) at ∞ for any β ∈ Γ(1).
Our previous remark means that we just need to check that it’s bounded (resp.
vanishing) at ∞. Write αβ∞ = γ∞ for some γ ∈ Γ(1). Then αβ = γδ for some
δ ∈ StabGL2(Q)+(∞). Write δ =

(
a b
0 d

)
for a, b, d ∈ Q, ab ̸= 0. Then

f |k[αβ](τ) = fk[γ]

(
aτ + b

d

)
(ad)k−1d−k

Since f is a modular form, f |k[γ] is bounded (resp. vanishing) at ∞, so f |k[αβ]
must also be bounded (resp. vanishing) at ∞.

Corollary 5.4. Suppose f ∈ Mk(Γ(1)) and N ∈ N, then f(Nτ) ∈ Mk(Γ0(N)).

Proof. Let α = (N 0
0 1 ). Then f |k[α](τ) = f(Nτ)Nk−1 For this to live in

Mk(Γ0(N), we need only to check αΓ0(N)α−1 ≤ Γ(1) by the preceding lemma.
But this is clear.

Example 5.3. Gk(Nτ) ∈ Mk(Γ0(N)).

5.2 Jacobi’s ϑ-Function

Let’s consider the function ϑ(τ) =
∑

n∈Z e
πin2τ = 1 + 2

∑
n≥1 q

n2

2 . This is
holomorphic in h and is invariant under τ 7→ τ + 2. How does it transform
under elements of SL2(Z)?

29



Proposition 5.5 (Poisson Summation Formula). Let f : R → C be a continu-
ous function. Suppose that there are C, δ > 0 such that |f(t)| ≤ C/(1 + |t|)δ+1

for all t ∈ R. Then

f̂(s) =

∫ ∞

t=−∞
f(t)e−2πist dt

converges. If in addition that
∑

n∈Z |f̂(n)| < ∞, then
∑

n∈Z f(n) =
∑

n∈Z f̂(n).

Proof. Define F (t) =
∑

n∈Z f(t, n), which converges absolutely and uniformly
on any bounded interval by Weierstrass M -test, hence defines continuous func-
tion R → C. We als have F (t) = F (t+ 1).

Define G(t) =
∑

n∈Z f̂(n)e
2πint. Again by Weierstrass M -test, this converges

absolutely and uniformly on R, so G is continuous and too has G(t) = G(t+1).
The claim now is F = G, which implies the proposition by setting t = 0. It
suffices to check that F̂ (n) = Ĝ(n) for all n where

Ĥ(n) =

∫ 1

t=0

H(t)e−2πint

But we can simply calculate, noting absolute and uniform convergence,

F̂ (n) =

∫ 1

t=0

∑
m∈Z

f(m+ t)e−2πint dt =
∑
n∈Z

∫ 1

t=0

f(n+ t)e−2πint dt

=
∑
m∈Z

∫ m+1

t=m

f(t)e−2πint dt =

∫ ∞

t=−∞
f(t)e−2πint dt = f̂(n)

Ĝ(n) =

∫ 1

t=0

∑
m∈Z

f̂(m)e2πi(m−n)t dt =
∑
m∈Z

f̂(m)

∫ 1

t=0

e2π(m−n)t dt = f̂(n)

which are the same.

Let fy(t) = e−πyt2 , then ϑ(iy) =
∑

n∈Z fy(n) for y > 0. We have

f̂y(s) =

∫ ∞

t=−∞
e−πt2ye−2πist dt =

∫ ∞

t=−∞
e−π(t

√
y+is/

√
y)2e−πs2/y dt

=
e−πs2/y

√
y

∫ ∞

t=−∞
e−π(t

√
y+is/

√
y)2 dt =

e−πs2/y

√
y

∫
γ

f(z) dz

where γ is the the horizontal line Im z = 2/
√
y and f(z) = e−πz2

. By going
around a rectangular contour (easy exercise), we have

f̂y(s) =
e−πs2/y

√
y

∫ ∞

t=−∞
e−πt2/2 =

e−πs2/y

√
y

=
1
√
y
fy−1(s)

The preceding proposition the gives us

ϑ(iy) =
∑
n∈Z

fy(n) =
∑
n∈Z

f̂y(n) =
1
√
y

∑
n∈Z

e−πn2y =
1
√
y
ϑ

(
1

y

)

Consequently, the holomorphic functions ϑ(τ) and (
√
τ/i)−1ϑ(−1/τ) on h (we

choose a branch of the square root so that it takes positive values on the positive

30



imaginary line) agree on iR>0, so they must be equal on h by identity principle.
But this looks like ϑ being invariant under a certain modular action of “weight
1/2”!
How do we deal with stuff like this? For k ∈ 8N, we have ϑk = τ−k/2ϑ(−1/τ)k =
ϑk|k/2[S].

Proposition 5.6. For k ∈ 8N, ϑk ∈ Mk/2(Γ) where Γ = Γ(2) ∪ SΓ(2).

Proof. ϑk is holomorphic in h and is invariant under the weight k/2 actions
of S, T 2. So ϑk is invariant under the weight k/2 action of ⟨S, T 2⟩, which
equals Γ (example sheet). Therefore ϑk is weakly modular of weight k/2 and
levele Γ. It is holomorphic at ∞ since we can write down a q-expansion
ϑk(τ) = (1 +

∑
n≥1 q

n2

2 )k. It remains to show that ϑk is holomorphic at the
other cusps.
Let’s compute the cusps. They corresponds to Γ-orbits on P1(Q), which cor-
responds to Γ\Γ(1)/Γ∞. Now Γ(2) ◁ Γ(1) has an isomorphism Γ(2)\Γ(1) →
SL2(F2). So the cusps further corresponds to ⟨S⟩\SL2(F2)/⟨T ⟩. We can com-
pute this the easy way, or we can feel fancy and consider the SL2(F2)-action on
P1(F2) = {[1 : 0], [1 : 1], [0, 1]}. The SL2(F2)-stabiliser of [1 : 0] is just ⟨T ⟩. So
we get another bijection between ⟨S⟩\SL2(F2)/⟨T ⟩ and ⟨S⟩\P1(F2), which has
two elements (yay!).
If we trace back through this bunch of bijections, we find that the cusp which
is not ∞ is Γγ∞ for any γ ∈ Γ(1) such that (γ mod 2)(1, 0)⊤ = (1, 1)⊤. Let’s
take γ =

(
1 −1
1 0

)
, so γ∞ = 1 ∈ P1(Q).

It remains to show that ϑk|k/2[γ] is holomorphic at ∞. We have ϑ(τ + 1) =∑
n∈Z(−1)neπin

2τ . So ϑ(τ) + ϑ(τ + 1) = 2ϑ(4τ). We have γτ = 1 − 1/τ . The
identity above gives

ϑ

(
1− 1

τ

)
= 2ϑ

(
−4

τ

)
− ϑ

(
−1

τ

)
= 2

√
τ

4i
ϑ
(τ
4

)
−
√

τ

i
ϑ(τ) =

√
τ

i

(
ϑ
(τ
4

)
− ϑ(τ)

)
So ϑ(1 − 1/τ)(

√
τ/i)−1 = ϑ(τ/4) − ϑ(τ), hence ϑk|k/2[γ] = (ϑ(τ/4) − ϑ(τ))k,

which means that ϑk is holomorphic (in fact vanishing) at this cusp.

Remark. The fundamental domain for Γ is a hyperbolic triangle with vertices
−1, 0,∞ and zero angles. 0,∞ are the same cusp since they are Γ-conjugates,
and −1 is the extra cusp.

Now to the exciting part. For any k ∈ N, we have ϑk =
∑

m≥0 rk(n)q
m
2

where rk(n) = #{n ∈ Zk :
∑

i n
2
i = m}.

Theorem 5.7 (Ramanujan). Let n ∈ N, then

r24(n) =
65536

691
σ11

(n
2

)
− 16

691
(−1)nσ11(n)−

65536

691
τ
(n
2

)
− 33152

691
(−1)nτ(n)

Remark. Here and always, we use the convention that a function is zero wherever
it’s undefined.

Consequently, if n is odd, then r24(n) = (16/691)σ11(n) + (33152/691)τ(n).
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Proof. We just showed that ϑ24 =
∑

n≥0 r24(n)q
n
2 ∈ M12(Γ). If we know a basis

for M12(Γ), then we can express this in terms of functions we already know
well.
In example sheet, you’ll show that (for any k and any congruence subgroup
Γ) dimC Mk(Γ) ≤ 1 + k[Γ(1) : Γ]/12. So for our Γ we have dimC M12(Γ) ≤
1 + [Γ(1) : Γ] = 1 + [SL2(F2) : ⟨S⟩] = 1 + 3 = 4.
Let’s now find four linearly independent elements of M12(Γ). M12(Γ(1)) is
contained in M12(Γ), so we get ∆, F12 ∈ M12(Γ) for free. Let’s just recall

F12(τ) =
691

65520
+
∑
n≥1

σ11(n)q
n

How do we get more? Let’s consider α = ( 1 1
0 2 ) ∈ GL2(Q)+. We claim that

Γ ≤ α−1Γ(1)α, or αΓα−1 ≤ Γ(1). This just follows from a computation

α

(
A B
C D

)
α−1 =

(
A+ C (B +D − (A+ C))/2
2C D − C

)
If γ = (A B

C D ) is in Γ(2) then A ≡ D ≡ 1 (mod 2) and B ≡ C ≡ 0 (mod 2). If
γ ∈ SΓ(2), then A ≡ D ≡ 0 (mod 2) and B ≡ C ≡ 1 (mod 2). In either case,
the final expression is in Γ(1).
So ∆|12[α](τ) = ∆((τ +1)/2), F12|12[α](τ) = F12((τ +1)/2) are both in Mk(Γ).
Let’s compute them

∆

(
τ + 1

2

)
=
∑
n≥1

τ(n)(−1)nqn2

F12

(
τ + 1

2

)
=

691

65520
+
∑
n≥1

(−1)nσ11(n)q
n
2

It’s easy to check from these expressions that these are linearly independent
over C (by viewing them as elements of C[[q2]]/(q42)). So they form a basis
for M12(Γ), and we can then very easily compute (by looking at the first few
coefficients)

ϑ24 =
65536

691
F12(τ)−

16

691
F12

(
τ + 1

2

)
− 65536

691
∆(τ)− 33152

691
∆

(
τ + 1

2

)
Expanding all of them in q2 gives the formula.

Another application of ϑ is the meromorphic continuation of ζ.

Theorem 5.8. Let ξ(s) = π−s/2Γ(s/2)ζ(s). Then ξ admits a meromorphic
continuation to C with simple poles at s = 1, 0 (of residues 1,−1 respectively)
and no other poles. Furthermore, it satisfies ξ(s) = ξ(1− s).

Proof. Consider

X(s) =

∫ ∞

y=0

(ϑ(iy)− 1)ys/2
dy

y

Now ϑ(y) = 1 + 2
∑

n≥1 e
−πn2y, so |ϑ(y)− 1| = O(e−πy) as y → ∞, so the part∫ ∞

y=1

(ϑ(iy)− 1)ys/2
dy

y
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converges absolutely for all s ∈ C and defines an entire function, using the same
argument used in the proof of Proposition 4.2.
We know ϑ(iy) = (

√
y)−1ϑ(i/y), so ϑ(iy)−1 = (ϑ(i/y)−1)(

√
y)−1+((

√
y)−1−

1) ∼ 1/
√
y as y → 0. This tells us that∫ 1

y=0

(ϑ(iy)− 1)ys/2
dy

y

converges when Re s > 1 and defines a holomorphic function there. On the
other hand, for Re s > 1,

X(s) =

∫ ∞

y=0

2
∑
n≥1

e−πn2yys/2
dy

y
= 2

∑
n≥1

∫ ∞

y=0

e−πn2yy2/s
dy

y

= 2
∑
n≥1

π−s/2n−sΓ(s) = 2ξ(s)

Now let’s show that X converges to a meromorphic function on C with the
desired poles and functional equation. We have∫ 1

y=0

(ϑ(iy)− 1)ys/2
dy

y
=

∫ ∞

y=1

(ϑ(i/y)− 1)y−s/2 dy

y

=

∫ ∞

y=1

(ϑ(iy)y1/2 − 1)y−s/2 dy

y

=

∫ ∞

y=1

(ϑ(iy)− 1)y(1−s)/2 + (y(1−s)/2 − y−s/2)
dy

y

So

X(s) = − 2

1− s
− 2

s
+

∫ ∞

y=1

(ϑ(iy)− 1)(y(1−s)/2 + ys/2)
dy

y

The integral defines an entire function by the estimate |ϑ(iy) − 1| = O(e−πy).
So this gives what we wanted.

We can generalise this.

5.3 ϑ-Functions and ζ-Functions of Lattices

Let Λ ≤ Rn be a lattice. Its associated ϑ function is ϑΛ(τ) =
∑

λ∈Λ eπi⟨λ,λ⟩τ .
Then ϑΛ is holomorphic in h. Moreover, we have the following proposition:

Proposition 5.9. Let f : Rn → C be continuous such that there are C, δ > 0
with |f(t)| ≤ C/(1 + ∥t∥)n+δ for any t ∈ Rn. Then

f̂(s) =

∫
Rn

f(t)e−2πi⟨s,t⟩ dt

converges absolutely. Moreover, suppose Λ ≤ Rn is a lattice such that we have∑
µ∈Λ∨ |f̂(µ)| < ∞, where Λ∨ = {s ∈ Rn : ∀λ ∈ Λ, ⟨s, λ⟩ ∈ Z} is its dual lattice,

then ∑
λ∈Λ

f(λ) =
1

covol(Λ)

∑
µ∈Λ∨

f̂(µ)
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Proof. Similar to Proposition 5.5

Let’s apply this to f(t) = e−π⟨t,t⟩.

ϑΛ(iy) =
∑
λ∈Λ

e−π⟨λ,λ⟩y =
∑

λ∈√
yΛ

e−π⟨λ,λ⟩

So we take the lattice to be
√
yΛ. Note that f = f̂ , so

ϑΛ(iy) = y−n/2 covol(Λ)−1
∑

µ∈y−1/2Λ∨

f(µ) = y−n/2 covol(Λ)−1ϑΛ∨

(
i

y

)

So by the identity principle we have

ϑΛ(τ) =

(√
τ

i

)−n/2

covol(Λ)−1ϑΛ∨

(
−1

τ

)
Proposition 5.10. Suppose n ∈ 8N and Λ ≤ Rn is a lattice satisfying:
(i) Λ = Λ∨.
(ii) Λ is even, i.e. ⟨λ, λ⟩ ∈ 2Z for all λ ∈ Λ.
Then ϑΛ ∈ Mn/2(Γ(1)).

Proof. ϑΛ(τ) =
∑

λ∈Λ eπi⟨λ,λ⟩τ =
∑

n≥0 rΛ(n)q
n, where rΛ(n) = #{λ ∈ Λ :

⟨λ, λ⟩ = 2n}. This shows that ϑΛ(τ) = ϑΛ(τ + 1) and ϑ|n/2[S](τ) = ϑΛ∨(τ) =
ϑΛ(τ) by the formula we obtained. Since S, T generate Γ(1), ϑΛ is weakly
modular of weight n/2 and level Γ(1). The expansion we got shows that it is
holomorphic at ∞.

Example 5.4. Consider the lattice ΛE8
≤ R8 which corresponds to the biggest

exceptional Lie group E8. It happens to be self-dual and even. So ϑΛE8
∈

M4(Γ(1)). In fact ϑΛE8
(τ) = E4(τ) = 1 + 240

∑
n≥1 σ3(n)q

n. In particular, the
equality 240 = a1(E4) can be interpreted as saying 240 is the number of roots
in the E8 root system.

Definition 5.10. For a lattice Λ ≤ Rn, its Epstein ζ-function is ζΛ(s) =∑
λ∈Λ\{0}⟨λ, λ⟩−s.

Example 5.5. ζZ(s) = ζ(s).

Theorem 5.11. Let ξΛ(s) = π−sΓ(s)ζΛ(s), then:
(i) ξΛ admits a meromorphic continuation to C with only simple poles at s =
n/2, 0 of residues covol(Λ)−1,−1, respectively.
(ii) We have a functional equation ξΛ(n/2− s) = covol(Λ)−1ξΛ∨(s).

Remark. 1. ξ(s) = ξZ(s/2).
2. ξΛ usually does not have an Euler product, so we disqualify it (sad) from
being an L-function.

Proof. We’ll not take as much care as previously in convergence issues since it’s
always gonna be the same kind of arguments.
Consider

XΛ(s) =

∫ ∞

y=0

(ϑΛ(iy)− 1)ys
dy

y
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which for suitably large Re s has

XΛ(s) =

∫ ∞

y=0

∑
λ∈Λ\{0}

e−π⟨λ,λ⟩yys
dy

y
=

∑
λ∈Λ\{0}

π−s⟨λ, λ⟩−sΓ(s)

= π−1π−sΓ(s)ζΛ(s) = ξΛ(s)

So let’s show that XΛ defines a meromorphic function on C with the desired
properties. As per usual,

XΛ(s) =

∫ 1

y=0

(ϑΛ(iy)− 1)ys
dy

y
+

∫ ∞

y=1

(ϑΛ(iy)− 1)ys
dy

y

=

∫ ∞

y=1

(ϑΛ(i/y)− 1)y−s dy

y
+

∫ ∞

y=1

(ϑΛ(iy)− 1)y−s dy

y

=

∫ ∞

y=1

(covol(Λ)−1yn/2ϑΛ∨(iy)− 1)y−s dy

y
+

∫ ∞

y=1

(ϑΛ(iy)− 1)ys
dy

y

=
1

covol(Λ)

∫ ∞

y=1

(ϑΛ∨(iy)− 1)yn/2−s dy

y
+

∫ ∞

y=1

(ϑΛ(iy)− 1)ys
dy

y

+

∫ ∞

y=1

1

covol(Λ)
yn/2−s − y−s dy

y

=

∫ ∞

y=1

1

covol(Λ)
(ϑΛ∨(iy)− 1)yn/2−s + (ϑΛ(iy)− 1)ys

dy

y

− covol(Λ)−1

n/2− s
− 1

s

which gives the result.

6 Non-Holomorphic Eisenstein Series

6.1 Definition and Modularity

Modular forms are just the start of the story. A more general point of view
is the study of the decomposition of L2(Γ(1)\ SL2(R)) as a representation of
SL2(R). It turns out that for k ≥ 2, there is an irreducible representation Dk

of SL2(R) such that

Sk(Γ(1)) ∼= HomSL2(R)(Dk, L
2(Γ(1)\ SL2(R)))

The rest of this L2 space are described in terms of automorphic forms. In
the remainder of the course, we’ll study some examples of automorphic forms,
namely non-holomorphic Eisenstein series.

Definition 6.1. Let s ∈ C,Re s > 1. The non-holomorphic Eisenstein series
with parameter s is

G(τ, s) =
∑

(m,n)∈Z2−{(0,0)}

Im(τ)s|mτ + n|−2s

for τ ∈ h.
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It’s easy to check that this converges absolutely and locally uniformly in
h×{Re s > 1}. So it is holomorphic as a function of s. But it’s not holomorphic
as a function of τ .
Let’s check how G(τ, s) transform under Γ(1).

G(τ, s) =
∑
d∈N

∑
(m,n)∈Z2,gcd(m,n)=d

Im(τ)s|mτ + n|−2s

=
∑
d∈N

d−2s
∑

(m,n)∈Z2,gcd(m,n)=1

Im(τ)s|mτ + n|−2s

= 2ζ(2s)
∑

(m,n)∈Z2/{±1},gcd(m,n)=1

Im(τ)s|mτ + n|−2s

= 2ζ(2s)
∑

γ∈Γ∞\Γ(1)

Im(γτ)s = 2ζ(2s)E(τ, s)

where E(τ, s) =
∑

γ∈Γ∞\Γ(1) Im(γτ)s, which again converges absolutely and

locally uniformly for τ ∈ h,Re s > 1. Now E(δτ, s) = E(τ, s) for any δ ∈ Γ(1),
so G(τ, s) = G(δτ, s) for any δ ∈ Γ(1).
Let’s now try to meromorphically continue G(τ, s) as a function of s. This is
possible, as G(τ, s) is secretly an Epstein ζ-function: Recall Λτ = Zτ ⊕ Z ≤ C
which we can identify as R2 using the R-basis 1, i.

Proposition 6.1. G(τ, s) = ζy−1/2Λτ
(s) where τ = x+ iy.

Proof.

ζy−1/2Λτ
(s) =

∑
λ∈y−1/2Λτ−{0}

⟨λ, λ⟩−s =
∑

λ∈Λτ−{0}

⟨y−1/2λ, y−1/2λ⟩−s

=
∑

(m,n)∈Z2−{0}

Im(τ)s|mτ + n|−s = G(τ, s)

Lemma 6.2. covol(y−1/2Λτ ) = 1, (y−1/2Λτ )
∨ = iy−1/2Λτ .

Proof. y−1/2Λτ has basis xy−1/2 + iy1/2, y−1/2, so

covol(y−1/2Λτ ) =

∣∣∣∣det(xy−1/2 y−1/2

y1/2 0

)∣∣∣∣ = 1

On the other hand, iy−1/2Λτ has basis iy−1/2, y1/2 − iy−1/2x, which is dual to
xy−1/2 + iy1/2, y−1/2.

Theorem 6.3. Let G∗(τ, s) = π−sΓ(s)G(τ, s). Then:
(i) For fixed τ , G∗(τ, s) admits a meromorphic continuation to C with only
simple poles at s = 1, 0 of residues 1,−1, respectively.
(ii) G∗(τ, s) = G∗(τ, 1− s).
(iii) G∗(τ, s)− 1/(s(s− 1)) extends to a C∞ function on h× C.

Proof. (i), (ii): Both follow from Theorem 5.11 and our previous discussion.
(iii): We have

G∗(τ, s) =
1

s(s− 1)
+

∫ ∞

t=1

∑
(m,n)∈Z2−{(0,0)}

e−πi|mτ+n|2t/yts
dt

t

and the second term is C∞.

36



We know G∗(x+ iy, s) = G∗(x+1+ iy, s) by its invariant under Γ(1), so we
still have a Fourier expansion

G∗(x+ iy, s) =
∑
k∈Z

A∗
k(y, s)e

2πikx, A∗
k(y, s) =

∫ 1

x=0

G∗(x+ iy, s)e−2πikx dx

Since G∗(τ, s) is C∞ in h×(C−{0, 1}), we know that A∗
k(y, s) is C

∞ in (0,∞)×
(C− {0, 1}), and also holomorphic as a function of s.

6.2 Computing Fourier Coefficients

Theorem 6.4. A∗
0(y, s) = 2ξ(2s)ys + 2ξ(2(1− s))y1−s.

Proof. Even Jack said it’s a painful computation.
Both sides of this equality are holomorphic in s ∈ C − {0, 1}. By the identity
principle, it suffices to show that it holds when Re s > 1. Under this assumption,
we have

A∗
0(y, s) =

∫ 1

x=0

G∗(τ, s) dx =

∫ 1

x=0

∫ ∞

t=0

(ϑy−1/2Λτ
(it)− 1)ts

dt

t

=

∫ 1

x=0

∫ ∞

t=0

∑
(m,n)∈Z2−{(0,0)}

e−π|mτ+n|2t/yts
dt

t
dx = Im=0 + Im ̸=0

Im=0 = 2
∑
n≥1

∫ 1

x=0

∫ ∞

t=0

e−πn2t/yts
dt

t
dx

Im ̸=0 = 2
∑
m≥1

∫ ∞

t=0

∫ 1

x=0

∑
n∈Z

e−π|mτ+n|2t/yts dx
dt

t

We have

Im=0 = 2
∑
n≥1

∫ ∞

t=0

e−πn2t/yts
dt

t
= 2ysπ−sΓ(s)ζ(2s) = 2ξ(2s)ys

To compute Im̸=0, first observe that e
−π|mτ+n|2t/y = e−π(mx+n)2t/ye−πm2ty. We

have ∑
n∈Z

∫ 1

x=0

e−π(mτ+n)2t/y dx =
∑
n∈Z

1

m

∫ n+m

x=n

e−πx2t/y dx

=

∫ ∞

x=−∞
e−πx2t/y =

√
y

t

Therefore

Im ̸=0 = 2
∑
m≥1

∫ ∞

t=0

e−πm2ty√yts−1/2 dt

t

= 2
∑
m≥1

π1/2−sm2(1/2−s)y1/2−sy1/2Γ

(
s− 1

2

)

= 2π(1−2s)/2ζ(2s− 1)Γ

(
2s− 1

2

)
y1−2

= 2ξ(2s− 1)y1−s = 2ξ(1− (2s− 1))y1−s = 2ξ(2(1− s))y1−s
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To compute A∗
k(y, s), we introduce the Bessel function Ks(c), defined for

c ∈ (0,∞) and s ∈ C by

Ks(c) =

∫ ∞

t=0

e−c(t+t−1)ts
dt

t
=

∫ ∞

t=1

e−c(t+t−1)(ts + t−s)
dt

t

Theorem 6.5. If k ̸= 0, then A∗
k(y, s) = 2

√
y|k|s−1/2σ1−2s(|k|)Ks−1/2(π|k|y)

where σ1−2s(|k|) =
∑

m||k| m
1−2s.

Proof. Even Jack said it’s a really painful calculation.
Again both sides are holomorphic, so we need only to prove equality in {Re s >
1}. Consider the expression

A∗
k(y, s) =

∑
(m,n)∈Z2−{(0,0)}

∫ ∞

t=0

(∫ 1

x=0

e−π(mx+n)2t/ye−2πikx dx

)
e−πm2tyts

dt

t

The terms with m = 0 vanish, so

A∗
k(y, s) = 2

∑
m≥1

∫ ∞

t=0

e−πm2ty
∑
n∈Z

(∫ 1

x=0

e−π(mx+n)2t/ye−2πikx dx

)
ts
dt

t

We have∑
n∈Z

∫ 1

x=0

e−π(mx+n)2t/ye−2πikx dx

=
1

m

∑
m∈Z

∫ n+m

x=n

e−πx2tye−2πikx/me2πikn/m dx

=
∑

a∈Z/mZ

1

m
e2πika/m

∑
n∈Z,n≡a (mod m)

∫ n+m

x=n

e−πx2t/y−2πikx/m dx

= 1m|k

∫ ∞

x=−∞
e−πx2t/y−2πikx/m dx

= 1m|k

∫ ∞

x=−∞
e−π(xt1/2/y1/2+iky1/2/(mt1/2))2e−πk2y/(m2t) dx

= 1m|ke
−πk2y/(m2t)y1/2t−1/2

So

A∗
k(y, s) = 2

∑
m≥1,m|k

∫ ∞

t=0

e−πm2tye−πk2y/(m2t)√yts−1/2 dt

t

= 2
√
y

∫
m≥1,m|k

∫ ∞

t=0

e−π|k|y((m2/|k|)t+(|k|/m2)t−1)ts−1/2 dt

t

= 2
√
y

∑
m≥1,m||k|

(
|k|
m2

)s−1/2

Ks−1/2(π|k|y)

= 2
√
y|k|s−1/2

 ∑
m≥1,m||k|

m1−2s

Ks−1/2(π|k|y)
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To use this computation, we need to understand Ks(c).

Lemma 6.6. (i) If c > 0, then Ks(c) is absolutely convergent and defines an
entire function of s.
(ii) If c0 > 0 and σ0 < σ1, then there is some C = C(c0, σ0, σ1) such that for
all c ≥ c0 and s ∈ C with σ0 ≤ Re s ≤ σ1, we have |Ks(c)| ≤ Ce−c.
(iii) For all s ∈ C, there is some c ∈ (0,∞) such that Ks(c) ̸= 0.

Proof. (i) Routine.
(ii) As usual we set σ = Re s. We have

|Ks(c)| ≤
∫ ∞

t=1

e−(t+t−1)(tσ + t−σ)
dt

t

So the claim follows from the estimate∫ ∞

t=1

e−c(t+t−1)tσ
dt

t
= O(e−c)

for c > c0 and σ ∈ [σ0, σ1]. This is true because∫ ∞

t=1

e−C(t+t−1)tσ
dt

t
=

∫ 2

t=1

e−C(t+t−1)tσ
dt

t
+

∫ ∞

t=2

e−C(t+t−1)tσ
dt

t

≤ e−c

∫ 2

t=1

tσ−1 dt+ e−c

∫ ∞

t=2

e−c0(t/2+t−1)tσ
dt

t

(iii) Take the Mellin transform of Ks(c), i.e.∫ ∞

c=0

Ks(c)c
s1
dc

c
=

∫ ∞

c=0

∫ ∞

t=0

e−(ct+ct−1)cs1ts
dtdc

tc

The change of variables a = ct, b = c/t gives∫ ∞

c=0

Ks(c)c
s1
dc

c
=

∫ ∞

a=0

∫ ∞

b=0

e−(a+b)(ab)s1/2(a/b)s/2
dadb

2ab

=
1

2
Γ

(
s1 + s

2

)
Γ

(
s1 − s

2

)
valid if Re(s1 ± s) > 0. But can always choose s1 such that this is true. Since
Γ is nonvanishing, Ks(c) cannot be zero for all c ∈ (0,∞).

Corollary 6.7. For any s ∈ C− {0, 1},
(i) G∗(τ, s) is not the zero function on h.
(ii) |G∗(τ, s)−A∗

0(y, s)| = O(e−πy/s) as y → ∞.
(iii) |G∗(τ, s)| = O(max{yσ, y1−σ}) as y → ∞.

Remark. This could be compared with our estimate for the holomorphism Eisen-
stein series |Gk(τ)−Gk(∞)| = O(e−2πy) as y → ∞.

Proof. (i) If G∗(τ, s) were the zero function on h, then A∗
k(y, s) = 0 for all

τ ∈ h. But A∗
1(y, s) = 2

√
yKs−1/2(πy), but by the preceding lemma we know

that there exists a choice for y making this nonzero, contradiction.
(ii) We have

|G∗(τ, s)−A∗
0(y, s)| ≤

∑
k∈Z−{0}

2
√
y|k|σ−1/2σ1−2σ(|k|)|Ks−1/2(π|k|y)|
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But we can find M,N > 0 such that |k|σ−1/2σ1−2σ(|k|) ≤ M |k|N for all k ∈
Z− {0}. If we let C = C(1, σ, σ) be as in the lemma, then for y ≥ 1,

|G∗(τ, s)−A∗
0(y, s)| ≤ 2

∑
k≥1

2
√
ykNMCe−πky ≤ O

∑
k≥1

e−πky/2

 = O(e−πy/2)

as y → ∞.
(iii) |G∗(τ, s)| ≤ 2|ξ(2s)ys + ξ(2(1− s))y1−s|+O(e−πy/2) by (ii).

6.3 The Prime Number Theorem

Theorem 6.8. For any t ∈ R, t ̸= 0, ζ(1 + it) ̸= 0.

Proof. ζ(s) =
∑

n≥1 n
−s, so ζ(s̄) = ζ(s) for all s ∈ C. So it suffices to show the

case t > 1. Suppose ζ(1 + it) = 0.
Let s0 = (1 + it)/2, then 1 − s0 = (1 − it)/2 and A∗

0(y, s0) = 2ξ(1 + it)ys0 +
2ξ(1− it)y1−s0 = 0. Consider the function

F (s) =

∫
Γ(1)\h

G∗(τ, s)G∗(τ, s0)
dx dy

y2

which makes sense since G∗ is invariant under Γ(1). The integral converges for
all s ∈ C since∫

F
|G∗(τ, s)||G∗(τ, s0)|

dx dy

y2
≤ C

∫ ∞

y=
√
3/2

max{yσ, y1−σ}e−πy/2 dy

y2

for some C > 0. And the routine argument shows that F is entire. When
Re s > 1, G(τ, s) = 2ξ(2s)E(τ, s) where recall E(τ, s) =

∑
γ∈Γ∞\Γ(1) Im(γτ)s.

So

F (s) =

∫
Γ(1)\h

∫
γ∈Γ∞\Γ(1)

2ξ(2s)G∗(γτ, s0) Im(γτ)s
dxdy

y2

=

∫ 1/2

x=−1/2

∫ ∞

y=0

2ξ(2s)G∗(τ, s0)y
s dxdy

y2

=

∫ ∞

y=0

2ξ(2s)

(∫ 1/2

x=−1/2

G∗(τ, s0) dx

)
dy

y2

=

∫ ∞

y=0

2ξ(2s) ·A∗
0(y, s0)

dy

y2
= 0

This means that F (s) = 0 for Re s > 1. Since F is entire, F vanishes identically.
Take s = s0, then

0 = F (s0) =

∫
Γ(1)\h

|G∗(τ, s0)|2
dxdy

y2

So G∗(τ, s0) ≡ 0, contradiction.
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7 Non-Examinable Lecture: Galois Representa-
tions

The Langlands program seeks relationship between modular forms/automorphic
forms/modular representations and Galois representations/motives.
Since we only have one lecture, let’s just tell a joke: What do the Prime Number
Theorem and Fermat’s Last Theorem have in common? (Punchline at the end.)
What is a Galois representation? Take K/Q a normal algebraic extension, pos-
sibly of infinite degree. We call Aut(K/Q) the Galois group Gal(K/Q) of this
extension. This is naturally a topological group by takig a basis of neighbour-
hoods of the identity to be subgroups Gal(K/M) where M/K is an intermediate
field extension of K/Q with finite degree over Q.

Definition 7.1. An n-dimensional Galois representation (of K/Q with coeffi-
cients in F ) is a continuous homomorphism Gal(K/Q) → GLn(F ) where F is a
local field (e.g. R,C,Qℓ,Fp((t))).

Example 7.1. Suppose f(X) ∈ Z[X] is separable and K is its splitting field,
then any representation Gal(K/Q) → GLn(C) is a Galois representation.

Example 7.2. Suppose E/Q is an elliptic curve and ℓ is a prime, then we can
associate a Galois representation ρE,ℓ : Gal(Q̄/Q) → GL2(Qℓ).
Where does this come from? E has an algebraic group operation on it, and the
group of ℓn-torsions in E(Q̄) is finite and isomorphic to (Z/ℓnZ)2. This carries
a natural action of Gal(Q̄/Q). So we take the projective limit and get our ρE,ℓ.
This is unramified at any p ∤ ∆Eℓ in the sense that it factors through Gal(QS/Q),
where S = {p prime : p | ∆Eℓ} and QS ⊂ Q̄ is the maximal subextension
unramified away from S.
For p /∈ S, there is a distinguished conjugacy class of Frobenius elements Frobp ∈
Gal(QS/Q). And we have ρE,ℓ(Frobp) = p+ 1−#E(Fp).

Example 7.3. Suppose f ∈ Sk(Γ(1)) be a normalised eigenform and let ℓ be a
prime. As before we have a number field Kf = Q({an(f)}). Let λ be a prime
ideal above ℓ, then Deligne showed that we have a Galois representation ρf,λ :
Gal(Q{ℓ}/Q) → GL2(Kf,λ), unique up to isomorphism, such that ρf,λ(Frobp) =
ap(f).

An application of these is a generalisation of Kummer’s criterion:

Theorem 7.1 (Kummer). If p is an odd prime, then p is regular (in the sense
that p ∤ #Cl(Z[e2πi/p])) iff none of the rational numbers Bk, k = 2, 4, 6, . . . , p−3
has numerator divisible by p.

This is nice because it’s reasonably easy to show that

Theorem 7.2. Fermat’s Last Theorem holds for all regular prime exponent p.

p is regular iff p ∤ #Cl(Z[e2πi/p]) iff the p-torsion Cp = Cl(Z[e2πi/p]) vanishes.
On the other hand, Gal(Q(e2πi/p/Q)) acts on CL(Z[e2πi/p]), hence on Cp. Since
that Galois group has size p− 1, we have a decomposition Cp =

⊕
χ Cp,χ where

the sum is taken over hommorphisms χ : Gal(Q(e2πi/p/Q)) ∼= (Z/pZ)× → F×
p

and
Cp,χ = {σ ∈ Cp : ∀σ ∈ Gal(Q(e2πi/p/Q)), σ(a) = χ(σ)a}
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Theorem 7.3 (Herbrand-Ribet). If p is an odd prime and 2 ≤ k ≤ p−3, then p
divides the numerator of Bk iff Cp,χk

̸= 0 where χk : (Z/pZ)× → F×
p , b 7→ b1−k.

The hard part in the proof is to show that if p divides the numerator of
Bk then Cp,χk

̸= 0. The starting point of this proof is to observe that the
normalised eigenform Fk = −Bk/(2k) +

∑
n≥1 σk−1(n)q

n is congruent modulo
p to a cuspidal normalised eigenform f . So we obtain a Galois representation
ρf,p : Gal(Q{p}/Q) → GL2(Kf,p) for some p above p. This has the property
that tr ρf,p(Frobℓ) ≡ σn−1(ℓ) (mod p) for any prime ℓ ̸= p.
What do the Prime Number Theorem and Fermat’s Last Theorem have in com-
mon? They are both proved by looking at cuspidal eigenforms.
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