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0 Introduction and Motivations

Denote the complex upper half-plane by h = {τ ∈ C : Im τ > 0}. Naturally,
certain matrix groups act on it by Möbius transformations.

Lemma 0.1. GL2(R)+ = {M ∈ GL2(R) : detM > 0} acts transitively on h
via Möbius transformations.

Consequently, subgroups (in particular SL2(Z)) of GL2(R)+ also acts on h
by Möbius transformations.

Proof. Let τ ∈ h and g =
(
a b
c d

)
∈ GL2(R)+, then by brute-force computation,

Im(gτ) =
det(g) Im(τ)

|cτ + d|2

For transitivity, just observe that x+ iy = ( y x
0 1 ) · i.

Definition 0.1. Let k ∈ Z, f : h → C∞ and g ∈ GL2(R)+. Define f |k[g] : h →
C∞ by the formula

f |k[g](τ) = f(gτ) det(g)k−1j(g, τ)−k

where j(g, τ) = cτ + d if g =
(
a b
c d

)
.

Lemma 0.2. The above definition defined a right action of GL2(R)+ on the set
of functions f : h → C∞.

Proof. This reduces to the cocycle identity j(gh, τ) = j(h, τ)j(g, hτ), which can
be verified by simple computation.

Definition 0.2. Let k ∈ Z and let Γ ≤ SL2(Z) be a subgroup of finite index.
A function f : h → C∞ is called weakly modular of weight k and level Γ if it is
meromorphic and ∀γ ∈ Γ, f |k[γ] = f .

For it to be a modular form, we actually need a little bit more. But before
jumping to actual definition and further theory, let’s look at some motivating
examples of it first.
Modular forms were first studied in the context of elliptic functions. Suppose E
is an elliptic curve over C and let ω be a non-vanishing holomorphic differential
on E. Then there is a unique holomorphic isomorphism ψ : C/Λ → E(C) such
that ψ∗(ω) = dz, where Λ is a lattice. Furthermore, E can be defined by the
equation y2 = x3 − 60G4(Λ)x− 140G6(Λ) where Gk(Λ) =

∑
ω∈Λ\{0} ω

−k. But

in fact, if τ ∈ h, then Λτ = Zτ⊕Z is a lattice and the functions Gk(τ) = Gk(Λτ )
(when k ≥ 4) are modular forms.
If f : h → C is a modular form, then f has a Fourier expansion f(τ) =∑

n≥0 ane
2πinτ/k for some an ∈ C, k ∈ N. The coefficients an often carries very

very useful arithmetic information. For example, consider the theta function
θ(τ) =

∑
n∈Z e

πin2τ , then θ2k is (we will see later) a modular form (of weight

k) for any integer k ≥ 2. Its Fourier expansion is θ2k(τ) =
∑

n]ge1 r2k(n)e
πinτ

where r2k(n) is actually the number of ways of writing n as a sum of 2k perfect
squares. So by relating θ2k to other modular forms with known Fourier series,
we can get information about r2k(n) which is a very interesting subject in num-
ber theory. For example, we can show that r4(n) = 8

∑
d|n,4∤d d.
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Consider the Riemann zeta function ζ(s) =
∑

n≥1 n
−s which is well-defined for

Re s > 1 and can be continued meromorphically to C. Studies in zeta function
also shows that it satisfies a functional equation relating ζ(s) and ζ(1− s), and
we have the Euler product

ζ(s) =
∏

p prime

1

1− p−s

There is actually a big family of functions that shares analogous properties to
these, e.g. the Dirichlet L-functions

L(χ, s) =
∑

gcd(m,n)=1

χ(n)n−s

associated with a character χ : (Z/NZ)× → C×. Just like ζ, L(χ, s) also pos-
sess significant arithmetic importance, namely it can be used to prove Dirichlet’s
theorem on arithmetic progressions. In general, L-functions are functions of the
form L(s) =

∑
n ann

−s which satisfies analogous properties to ζ. And as one
can expect, most of them are related to number theory. However, the tricky part
is that it is not usually easy to show that they have these properties, hence even
harder to utilise them in problems in number theory. This is where modular
forms come in. Turns out, modular forms can be used to construct L-functions
satisfying these properties. The details involve the theory of Hecke operators,
which will be discussed later in the course.
One last motivation to talk about is the Langlands programme, which pre-
dicts relations between objects in number theory and (certain generalisations
of) modular forms. This includes a special case of the Shimura-Taniyama-Weil
Conjecture (aka Modularity Theorem) which asserts a bijection between elliptic
curves over Q up to isogeny and certain modular forms. This bijection may
be characterised by saying the L-functions of elliptic curves corresponds to L-
functions of associated modular form.

1 Modular Forms on SL2(Z)
1.1 Modular Functions and the Valence Formula

Let f be a weakly modular function of weight k and level SL2(Z). Then f(τ) =
f |k [( 1 1

0 1 )] (τ) = f(τ+1). This means that 1 is a period of f , hence there exists a

meromorphic function f̃ : {q ∈ C : 0 < |q| < 1} → C such that f̃(e2πiτ ) = f(τ).

Definition 1.1. We say a weakly modular function f of weight k and level
SL2(Z) is meromorphic (resp. holomorphic) at ∞ if f̃ is meromorphic (resp.
holomorphic) at 0.
We say f vanishes at ∞ if f̃ is holomorphic and vanishes at 0.

Remark. If f is meromorphic at ∞, then f̃ has a Laurent expansion

f̃(q) =
∑
n∈Z

anq
n
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near 0 and an = 0 for sufficiently small n. Consequently we get a q-expansion
(or Fourier expansion)

f(τ) =
∑
n∈Z

anq
n, q = e2πiτ

valid for sufficiently large Im τ .
If f is actually holomorphic at ∞, then an = 0 when n < 0, so f(∞) = a0.

Definition 1.2. Let f : h → C∞ be a weakly modular function of weight k
and level SL2(Z). It is a modular function if f is meromorphic at ∞. It is a
modular form if f is holomorphic in h and at ∞. It is a cuspidal modular form
if it is a modular form and vanishes at ∞.
We write Mk(SL2(Z)) for the C-vector space of modular forms of weight k and
level SL2(Z). Similarly we write Sk(SL2(Z)) for the C-vector space of cuspidal
modular forms of weight k and level SL2(Z).

Example 1.1. If τ ∈ h, write Λτ = Zτ ⊕ Z. For k ∈ Z, we define

Gk(τ) =
∑

ω∈Λτ\{0}

ω−k

If γ =
(
a b
c d

)
∈ SL2(Z), then Λγτ = j(γ, τ)−1Λτ , so, if Gk converges absolutely,

Gk|k[γ](τ) = Gk(γτ)j(γ, τ)
−k =

∑
ω∈Λγτ\{0}

(ωj(γ, τ))−k

=
∑

ω∈Λτ\{0}

ω−k = Gk(τ)

Proposition 1.1. Suppose k ≥ 4 and k is even. Then Gk(τ) converges abso-
lutely and uniformly in compact subsets of h. Moreover, Gk(τ) is holomorphic
at ∞ and Gk(∞) = 2ζ(k). In particular, Gk ∈Mk(SL2(Z)).

Remark. We are not really disappointed at k being required to be even. In fact,
there is no nonzero weakly modular functions of odd weight k and level SL2(Z)
since we can take T =

(−1 0
0 −1

)
∈ SL2(Z) which gives f |k[T ] = (−1)kf = −f .

Proof. Fix A ≥ 1 and define ΩA = {τ ∈ h : |Re τ | ≤ A, Im τ ≥ 1/A}. We shall
show absolute and uniform convergence of Gk in ΩA. Note that if τ ∈ ΩA, then
|τ + x| ≥ 1/A for any x ∈ R and |τ + x| ≥ |x|/2 if in addition that |x| ≥ 2A. So
|τ + x| ≥ (2A2)−1 max{1, |x|}. Hence for any τ ∈ ΩA,∑

(m,n)∈Z2\{0}

|mτ + n|−k =
∑

(m,n)∈Z2\{0}

|m|−k
∣∣∣τ + n

m

∣∣∣−k

≤
∑

(m,n)∈Z2\{0}

|m|−k

(2A2)−k
(max{1, |n/m|})−k

≤ (2A2)k
∑

(m,n)∈Z2\{0}

min{|m|−k, |n|−k}

= (2A2)k
∑
r∈N

r−k8r

= (2A2)k8ζ(k − 1)
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which shows absolute and uniform convergence.
To see it is holomorphic at ∞ and Gk(∞) = 2ζ(k), it suffices to show that
Gk(x+ iy) → 2ζ(k) as y → ∞, which we can just calculate∑

(m,n)∈Z2\{0}

lim
Im τ→∞

(mτ + n)−k =
∑

n∈Z\{0}

n−k = 2ζ(k)

as desired.

Definition 1.3. The normalised Eisenstein series is defined as

Ek(τ) =
1

2ζ(k)
Gk(τ) = 1 +

∑
n≥1

anq
n

We shall see later that these an are actually rational numbers of bounded
(minimal) denominators.

Remark. if f ∈Mk(SL2(Z)) and g ∈Ml(SL2(Z)), then fg ∈Mk+l(SL2(Z)).
Consequently E3

4 and E2
6 ∈ M12(SL2(Z)) and E3

4 = E2
6 at ∞. So ∆ =

(E3
4 −E2

6)/1728 ∈ S12(SL2(Z)). We’ll see later that ∆ =
∑

n≥1 bnq
n is nonzero

with b1 = 1 and ∀n, bn ∈ Z.
We now turn to study a fundamental domain for the action of SL2(Z) on h.
Write Γ(1) = SL2(Z),Γ(1) = SL2(Z)/{±1}. We are interested in the domains
F = {τ ∈ h : −1/2 ≤ Re τ ≤ 1/2, |τ | ≥ 1} (draw it!) and F ′ = {τ ∈ F : Re τ <
1/2, |τ | = 1 =⇒ Re τ ≤ 0} obtained by removing part of the boundary of F .

Proposition 1.2. 1. F ′ is a fundamental domain for the action of Γ(1) on h.
More precisely, ∀τ ∈ h,∃!τ ′ ∈ Γ(1) · τ such that τ ′ ∈ F ′.
2. Stab

Γ(1)
(τ) is trivial for any τ ∈ F ′ − {i, ρ}, while Stab

Γ(1)
(i) = {1, S} and

Stab
Γ(1)

(ρ) = {1, ST, (ST )2} where

ρ = −1

2
+

√
3

2
i, T =

(
1 1
0 1

)
, S =

(
0 −1
1 0

)
3. Γ(1) is generated by S and T .

Proof. We shall first prove that any τ ∈ h is Γ(1)-conjugate to an element of
F . We already know that if τ ∈ h and γ ∈ Γ(1), then Im(γτ) = Im τ/|j(γ, τ)|2
For τ ∈ h, as (c, d) ∈ Z2 \ {0}, the numbers |cτ + d| achieve a positive minimum
(since Λτ = Zτ⊕Z is a lattice). Consequently, the numbers Im(γτ) for γ ∈ Γ(1)
achieve a maximum. So by applying certain elements of Γ(1) we can arrive at
∀γ ∈ Γ(1), Im τ ≥ Im(γτ) and Re(τ) ∈ [−1/2, 1/2]. One can check that these
properties means τ ∈ F by observing that Im(Sτ) = Im(τ)/|τ |2 ≤ Im τ =⇒
|τ | ≥ 1.
This implies that any τ ∈ h is Γ(1)-conjugate to an element of F ′ since we can
obviously get from F to F ′ by S and T .
Now suppose γτ = τ ′ for τ, τ ′ ∈ F ′, γ =

(
a b
c d

)
∈ Γ(1). WLOG (up to possible

swap of τ and τ ′) we have Im τ ′ = Im(γτ) ≥ Im τ =⇒ |j(γ, τ)| ≤ 1. Then
since Im τ ≥

√
3/2, |j(γ, τ)| = |cτ + d| ≥ c

√
3/2, which means that |c| ≤ 1.

If c = 0, then γ is linear, which then forces γ = 1, τ = τ ′. If c = ±1, WLOG
c = 1. As |τ + d| ≤ 1, either d = 0 which means |τ | = 1 or d = 1 which means
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τ = ρ. If d = 0, |τ | = 1, then γτ = a − τ−1. We have Re τ,Re(γτ) = a − Reτ
both residing in [−1/2, 0], so the only possibilities are{

Re τ = −1/2, a = −1, τ = ρ, γ = (ST )2

Re τ = 0, a = 0, τ = i, γ = S.

If d = 1, τ = ρ, then γρ = (aρ+ b)/(ρ+1). But Im(γρ) = Im(ρ)/(ρ+1) = Im ρ
which actually means γρ = ρ since ρ has minimal imaginary part in F ′, hence
a = 0, b = −1 and γ = ST .
It remains to show that S, T generate Γ(1). Take G = ⟨S, T ⟩ and τ ∈ h. WLOG
∀γ ∈ G, Im(γτ) ≤ Im τ and Re τ ∈ [−1/2, 1/2] as usual, so τ ∈ F as Im(Sτ) =
Im(τ)/|τ |2 ≤ Im τ =⇒ |τ | ≥ 1. Choose any τ ∈ Int(F) and γ ∈ Γ(1). As
γτ ∈ h,∃δ ∈ G such that δγτ ∈ Int(F) and hence δγ = 1 =⇒ γ = δ−1 ∈ G.

For p ∈ Γ(1)\h, we write ep = |Stab
Γ(1)

(τ)| for any representative τ ∈ p.

Then ep = 1 except when e
Γ(1)·ρ = 3 and e

Γ(1)·i = 2.

Definition 1.4. Suppose that f is a modular function of weight k and level
SL2(Z), we define vp(f) to be the order of f at τ ∈ p ∈ Γ(1)\h.

Note that this is independent of the choice of τ since for any γ ∈ Γ(1) we
have f(γτ)j(γ, τ)−k = f(τ) and j is holomorphic and non-vanishing.

Definition 1.5. We define v∞(f) = infn∈Z{n ∈ Z : an ̸= 0} where f(τ) =∑
n∈Z anq

n is the q-expansion of f . (equivalently, this is the order of f̃ at
q = 0).

Theorem 1.3 (Valence Formula). Let f be a nonzero modular function of
weight k and level SL2(Z), then

v∞(f) +
∑

p∈Γ(1)\h

1

ep
vp(f) =

k

12

The sum is, of course, always finite.

Proof. We shall first prove the theorem assuming that f has no zeros or poles
on ∂F . Since f is meromorphic at ∞, there exists R > 0 such that f has no
zeros or poles in {τ ∈ h : Im τ ≥ R}. Consider the region {τ ∈ F : Im τ ≤ R}
and let γ be its (anticlockwise) boundary. Let’s label some points on γ:

A = −1

2
+ iR < B = ρ, C = i,D = ρ+ 1, E =

1

2
+ iR

The argument principle then gives

1

2πi

∮
γ

f ′(z)

f(z)
dz =

∑
τ∈IntF

vτ (f)

What is this countor integral? Well, f(τ) = f(τ + 1), so∫ B

A

f ′(z)

f(z)
dz = −

∫ E

D

f ′(z)

f(z)
dz

6



Also, the image of the path from E to A under τ 7→ e2πiτ is a clockwise circle
α around q = 0, so

1

2πi

∫ A

E

f ′(z)

f(z)
dz =

1

2πi

∮
α

f̃ ′(q)

f̃(q)
dq = −v0(f̃) = −v∞(f)

Next, the path from C to D is the image of the path from C to B under S, so

1

2πi

∫ C

D

f ′(z)

f(z)
dz =

1

2πi

∫ C

B

(f ◦ S)′(z)
(f ◦ S)(z)

dz =
1

2πi

∫ C

B

k

τ
dτ +

1

2πi

∫ C

B

f ′(z)

f(z)
dz

Therefore,

1

2πi

(∫ C

B

f ′(z)

f(z)
dz +

∫ D

C

f ′(z)

f(z)
dz

)
= − 1

2πi

∫ C

B

k

τ
dτ =

1

2πi

∫ B

C

k

τ
dτ =

k

12

Putting everything together gives the formula (since every zeros/poles p in the
interior of F has ep = 1).
What if there are zeros and poles of f on the contour? Well, if they are not
i, ρ, ρ+ 1, then it is easy to deal with – just modify the contours by a properly
oriented perturbation and use a limit argument. For i, ρ, ρ + 1, we make the
following observation: If g is a meromorhic function define in an open neigh-
bourhood of z = 0 and γϵ (for sufficiently small ϵ) be the path γϵ(t) = ϵeθ0+tθ,
then

lim
ϵ→0

1

2πi

∫
γϵ

g′(z)

g(z)
dz =

θ

2π
v0(g)

(This can be easily shown by writing g(z) = zv0(g)h(z) where h is nonzero and
holomorphic at 0). So in the case where f has zeros or poles at i or ρ, ρ+1, we
can modify the contour by a small ϵ-arc around them that are oriented inside
F . Sending ϵ→ 0 then works everything out since the angles at ρ, ρ+1 are π/3
and eρ = 3 while the angle at i is π and ei = 2.

Modular forms are holomorphic in h ∪ {∞}, so it only have nonnegative
orders. This fact allows us to do tonnes of stuff with this formula.

Example 1.2. Take k = 4 and f = E4 ∈M4(SL2(Z)). Then we get

v∞(E4) +
∑

p∈Γ(1)\h

1

ep
vp(E4) =

1

3

which implies that E4 has a simple zero at ρ and none else.
Take k = 6 and f = E6 gives

v∞(E6) +
∑

p∈Γ(1)\h

1

ep
vp(E6) =

1

2

So E6 has a simple zero at i and none else.
Putting these two together shows that ∆ = (E3

4 − E2
6)/1728 ∈ S12(SL2(Z)) is

nonzero at i. In particular ∆ ̸= 0.
Also, applying the theorem to ∆ gives

v∞(∆) +
∑

p∈Γ(1)\h

1

ep
vp(∆) = 1
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But we already have v∞(∆) ≥ 1 since ∆ is cuspidal, so ∆ has a simple zero at
∞ and is non-vanishing on h.

1.2 Structures of Mk(SL2(Z)) and Sk(SL2(Z))
Theorem 1.4. Let k ∈ 2Z.
1. If k < 0 or k = 2, then Mk(SL2(Z)) = 0. Moreover, M0(SL2(Z)) = C.
2. If 4 ≤ k ≤ 10 or k = 14, then Mk(SL2(Z)) = CEk.
3. If k ≥ 0, then multiplication by ∆ induces an isomorphism

Mk(SL2(Z)) → Sk+12(SL2(Z))

Proof. If f ̸= 0, then

v∞(f) +
∑

p∈Γ(1)\h

1

ep
vp(f) =

k

12

It follows straight away that k ≥ 0 and k ̸= 2. Suppose f ∈ M0(SL2(Z)),
then there exists λ ∈ C such that f − λ is cuspidal. The valence formula then
yields a contradiction unless f − λ = 0, so f has to be a scalar. Therefore
M0(SL2(Z)) = C.
Suppose f ∈ Mk(SL2(Z)) and 4 ≤ k ≤ 10 or k = 14, then ∃λ ∈ C, f − λEk ∈
Sk(SL2(Z)). If f − λEk ̸= 0, then plugging it into the valence formula yields
immediate contradiction, so the result follows.
For the last part of the theorem, we know the map is injective right away since
∆ ̸= 0. It is surjective since ∆ is nonvanishing in all of h and has a simple zero
at ∞ (which means that f/∆ ∈Mk(SL2(Z)) if f ∈ Sk+12(SL2(Z))).

Corollary 1.5. For any k ∈ Z, k ≥ 0, we have

dimCMk(SL2(Z)) =

{
⌊k/12⌋, if k ≡ 2 (mod 12)

⌊k/12⌋+ 1, otherwise

Proof. When 0 ≤ k ≤ 14 the corollary follows immediately from the theorem.
Also, Mk(SL2(Z)) = CEk ⊕ Sk(SL2(Z)), so by part 3 of the theorem,

dimCMk+12(SL2(Z)) = 1 + dimCMk(SL2(Z))

which is what we want.

Corollary 1.6. Let k ≥ 0 be even. Then Mk(SL2(Z)) is spanned as a vector
space by the elements {Ea

4E
b
6 : a, b ∈ Z≥0, 4a+ 6b = k}.

Proof. This certainly holds when k ≤ 10. Also, if this holds for k, then choose
a, b ∈ Z≥0 such that 4a + 6b = k + 12. We know that Ea

4E
b
6 ∈ Mk+12 and

Mk+12(SL2(Z)) = Sk+12(SL2(Z)) ⊕ CEa
4E

b
6 = ∆Mk(SL2(Z)) ⊕ CEa

4E
b
6. The

result for k + 12 follows. We conclude the corollary by induction.

Definition 1.6. We define j : h → C by the formula j = E3
4/∆ which is a

modular function of weight 0 and level SL2(Z).

Remark. If τ ∈ h, then j(τ) is the j-invariant of the elliptic curve Eτ = C/Λτ .
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Theorem 1.7. j is holomorphic in h and v∞(j) = −1, and it induces a bijection
Γ(1)\h → C. Also, every modular function of weight 0 and level SL2(Z) is a
rational function of j.

Remark. Later in the course, we will give Γ(1)\h ∪ {∞} the structure of a
compact Riemann surface. The theorem then means that j gives an isomorphism
from this Riemann surface to the usual Riemann sphere.

Proof. We immediately have j being holomorphic on h and having a simple zero
at ∞ since E3

4 is a non-cuspidal modular form and ∆ is holomorphic in h with
a simple zero at ∞. For any z ∈ C, we have

v∞(E3
4 − z∆) +

∑
p∈Γ(1)\h

1

ep
vp(E

3
4 − z∆) = 1

Consequently E3
4 − z∆ has exactly one zero τ ∈ Γ(1)\h, which would be the

unique solution to j(τ) = z.
Suppose f is a nonzero modular function of weight 0 and level SL2(Z), then
WLOG (by multiplying f by terms of the form j − j(τ0)) f is holomorphic
in h. Then ∃n ≥ 0 such that ∆nf ∈ M12n(SL2(Z)). We already know that
M12n(SL2(Z)) is generated by {Ea

4E
b
6 : a, b ∈ Z≥0, 4a+ 6b = 12n}, so it suffices

to show that everything in this generating set is a rational function in j. If
4a+ 6b = 12n, then a = 3p, b = 2q for some p, q ∈ Z≥0 with p+ q = n, hence

Ea
4E

b
6

∆n
=

(
E3

4

∆

)p(
E2

6

∆

)q

= jp(j − 1728)q

as desired.

Proposition 1.8. Let k ≥ 4 be an even integer, then the q-expansion of Gk is

Gk(τ) = 2ζ(k) +
2(2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)q
n, σk−1(n) =

∑
d|n

dk−1

Proof. We have the identity

π cot(πτ) =
1

τ
+

∞∑
n=1

(
1

τ − n
+

1

τ + n

)
Note that π cot(πτ) = πi(q + 1)/(q − 1) = −πi(1 + q)(1 + q + q2 + · · · ), so

−πi− 2πi
∑
n≥1

qn =
1

τ
+

∞∑
n=1

(
1

τ − n
+

1

τ + n

)
Differentiating (k − 1) times gives

−2πi
∑
n≥1

(2πin)k−1qn = (−1)k−1(k − 1)!

(
1

τk
+

∞∑
n=1

(
1

(τ − n)k
+

1

(τ + n)k

))
= (−1)k−1(k − 1)!

∑
n∈Z

(τ + n)−k

9



(We can do all these sort of stuff since the series we deal with all converges
absolutely and uniformly on compact sets.) So,

Gk(τ) =
∑

(m,n)∈Z2\{0}

(mτ + n)−k

= 2ζ(k) + 2
∑
m≥1

∑
n∈Z

(mτ + n)−k

= 2ζ(k) +
2(2πi)k

(k − 1)!

∑
m,n≥1

nk−1qnm

= 2ζ(k) +
2(2πi)k

(k − 1)!

∑
n≥1

σk−1(n)q
n

which is what we wanted.

Corollary 1.9. Ek(τ) has q-expansion

Ek(τ) = 1 +
(2πi)k

(k − 1)!ζ(k)

∑
n≥1

σk−1(n)q
n

Consequently, the coefficients are all rationals. In particular, they are integers
when k = 4, 6, in which case

E4(τ) = 1 + 240
∑
n≥1

σ3(n)q
n, E6(τ) = 1− 504

∑
n≥1

σ5(n)q
n

Proof. It is well known that πk/ζ(k) is rational for any k ∈ 2Z>0. In particular,
ζ(4) = π4/90 and ζ(6) = π6/945.

Proposition 1.10. The q-expansions of ∆ is q+
∑

n≥2 anq
n where ∀n ≥ 2, an ∈

Z. The q-expansion of j is q−1
∑

n≥0 bnq
n where ∀n ≥ 0, bn ∈ Z.

Proof. As j = E3
4/∆, it suffices to show that ∆ has the said properties. Write

E4 = 1 + 240U,E6 = 1 − 504V where U =
∑

n≥1 σ3(n)q
n, V =

∑
n≥1 σ5(n)q

n,

then ∆ = (E3
4 − E2

6)/1728 = 5(U − V )/12 + P (U, V ) where P (U, V ) ∈ Z[U, V ].
Consequently, the q-expansion of ∆ has integer coefficients since σ3(n) ≡ σ5(n)
(mod 12) for all n ∈ N. The leading term is q as (3×240+2×504)/1728 = 1.

Proposition 1.11. Let k ≥ 0 be an even integer. Then there exists a basis
f1, . . . , fN for Sk(SL2(Z)) such that:
(a) If fi has q-expansion

∑
n≥1 ai,nq

n, then ai,n ∈ Z.
(b) ai,n = δin if i, n ∈ {1, . . . , N}.

Proof. Assume that Sk(SL2(Z)) ̸= 0. Write k = 12a+ d where d = 14 if k ≡ 2
(mod 12) and 0 ≤ d < 12 otherwise, then N = dimC Sk(SL2(Z)) = a. Write

d = 4A + 6B for some A,B ∈ Z≥0 and introduce gi = ∆iEA
4 E

B
6 E

2(N−i)
6 for

i = 1, . . . , N . The weight of gi is 12i + 4A + 6B + 12(N − i) = 12N + d = k.
Also the leading term in the q-expansion of gi is qi and the coefficients in
the q-expansions of gi are integers. Performing row reduction on the first N
coefficients in the q-expansions of gi shall produce the required fi.
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2 Hecke Operators and L-functions

Hecke operators are just automorphisms of Sk(SL2(Z)) and Mk(SL2(Z)). They
exists, in fact, for rather abstract reasons. So naturally, we want to start from
an abstract point of view.

2.1 Abstract Hecke Algebras

Definition 2.1. Let G be a group and H ≤ G. We say (G,H) is a Hecke pair
if for all g ∈ G, the set of orbits H\(HgH) (where H acts on the double coset
HgH by left multiplication) is finite.

Lemma 2.1. Let H ≤ G. For any g ∈ G, there is a bijection (H∩g−1Hg)\H →
H\(HgH) where (H ∩ g−1Hg)\H is the set of right cosets of H ∩ g−1Hg in H.
In particular, (G,H) is a Hecke pair iff ∀g ∈ G, [H : H ∩ g−1Hg] <∞

Proof. Consider the surjective map H → H\(HgH) via h 7→ Hgh. We have
Hgh1 = Hgh2 ⇐⇒ gh1h

−1
2 g−1 ∈ H ⇐⇒ h1h

−1
2 ∈ H ∩ g−1Hg ⇐⇒ (H ∩

g−1Hg)h1 = (H ∩ g−1Hg)h2. So we can induce a bijection (H ∩ g−1Hg)\H →
H\(HgH) which is what we want.

Definition 2.2. Suppose (G,H) is a Hecke pair. The Hecke algebra H(G,H)
is defined to be the set of all functions f : G → C satisfying the following
condition:
(a) ∀g ∈ G, h1, h2 ∈ H, f(h1gh2) = f(g).
(b) f is nonzero on only finitely many H-double cosets.
If f1, f2 ∈ H(G,H), then we define their product as

(f1 · f2)(g) =
∑
i

f1(gg
−1
i )f2(gi)

where {gi} is a set of representatives for the disjoint decomposition G =
∐

iHgi.

Remark. 1. We can, of course, switch the actions to the other side instead.
2. A continuous analogue of this notion can be defined in the context where G
is a locally compact topological group. In this case, the product on the Hecke
algebra is the convolution that comes with it.

Lemma 2.2. The multiplication in H(G,H) is well-defined and associative.
Moreover, its unit element is the indicator [H] = 1H .

Proof. The sum is finite since we can write f1(g) =
∑

i λi[HxiH] where λi ∈ C
and {xi} is a finite set of representatives of the double cosets of H where f1 is
supported. As (G,H) is a Hecke pair, we can write [HxiH] =

∑
j [Hyij ] where

Hyij are the (finitely many) orbits in H\(HxiH). Hence f1 can be written as
a finite sum f1 =

∑
i,j λi[Hyij ]. Similarly, we can write f2 =

∑
k,l µk[Hzkl], so

(f1 · f2)(g) =
∑

i,j,k,l,r

λjµk[Hyij ](gg
−1
r )[Hzkl](gr)

which has to be a finite sum since i, j, k, l are indices of finite range.
To see it is independent of the choice of {gi}, just observe that for any {hi} ⊂ H,∑

i

f1(g(higi)
−1)f2(higi) =

∑
i

fi(gg
−1
i h−1

i )f2(higi) =
∑
i

fi(gg
−1
i )f2(gi)

11



To see f1 · f2 is in H(G,H), take any g ∈ G, h1, h2 ∈ H and

(f1 · f2)(h1gh2) =
∑
i

f1(h1gh2g
−1
i )f2(gi)

=
∑
i

f1(g(gih
−1
2 )−1)f2(gih

−1
2 )

= (f1 · f2)(g)

as · is well-defined. It is easy to see f1 ·f2 is supported on finitely manyH-double
cosets (by e.g. the formula we obtained earlier in terms of indicator functions),
so indeed · : H(G,H)×H(G,H) → H(G,H) is well-defined.
To see associativity, we simply compute

(f1 · (f2 · f3))(g) =
∑
i

f1(gg
−1
i )(f2 · f3)(gi) =

∑
i,j

f1(gg
−1
i )f2(gig

−1
j )f3(gj)

((f1 · f2) · f3)(g) =
∑
j

(f1 · f2)(gg−1
j )f3(gj)

=
∑
i,j

f1(gg
−1
j (gig

−1
j )−1)f2(gig

−1
j )f3(gj)

= (f1 · (f2 · f3))(g)

f · [H] = f = [H] · f is easy to see.

Definition 2.3. Let G be a group and V be a C-vector space on which G acts on
the right by linear maps. For a subgroup H ≤ G, the subspace of H-invariants
is denoted by V H = {v ∈ V : ∀h ∈ H, v · h = v}.
Proposition 2.3. Suppose (G,H) is a Hecke pair. Let V be a C-vector space
on which G acts on the right by linear maps, then V H is a right H(G,H)-module
under the action (v ∈ V H , f ∈ H(G,H)) v · f =

∑
i f(gi)(v · gi) where {gi} is a

family of representatives for the right cosets of H in G.

Proof. To see v · f is well-defined, note that the sum is finite as f is only
supported on finitely many H-double cosets (which are in particular unions of
finitely many right cosets). As both the action and f are invariant under H,
the sum is independent of the choice of representatives.
We next check that v · f is in V H . Indeed, whenever h ∈ H,

(v · f) · h =
∑
i

f(gi)((v · gi) · h) =
∑
i

f(gih)(v · (gih)) = v · f

The last thing to check is that v · (f1 · f2) = (v · f1) · f2. Indeed, we can just
calculate

v · (f1 · f2) =
∑
i

(f1 · f2)(gi)(v · gi) =
∑
i,j

f1(gig
−1
j )f2(gj)(v · gi)

(v · f1) · f2 =
∑
j

f2(gj)((v · f1) · gj)

=
∑
i,j

f2(gj)f1(gig
−1
j )(v · (gig−1

j gj))

= v · (f1 · f2)

as desired.
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These are all quite dry since what we have done is basically just verifying
everything is well-defined. Thankfully, as we’ve just done all these, it’s the time
for concrete applications.

2.2 Hecke Operators on Modular Functions

Fix k ∈ Z and let Vk = {f : h → C meromorphic} equipped with the weight k
modular action of GL2(Q)+ = GL2(Q) ∩GL2(R)+.

Definition 2.4. For N ∈ N, we define Γ(N) = ker(SL2(Z) → SL2(Z/NZ))
where the map is induced by the canonical quotient map Z → Z/NZ.

So Γ(1) = SL2(Z) and each Γ(N) is a finite index subgroup of Γ(1).

Lemma 2.4. (GL2(Q)+,Γ(1)) is a Hecke pair.

Proof. We need to check that ∀g ∈ GL2(Q)+, [Γ(1) : Γ(1)∩ g−1Γ(1)g] <∞. We
will prove this by showing that Γ(1)∩g−1Γ(1)g contains Γ(N2) for some N . Fix
g ∈ GL2(Q)+. We can find N ∈ N such that Ng and Ng−1 both have integer
entries. Then

gΓ(N2)g−1 ⊂ g(1 +N2M2(Z))g−1 = 1 + (Ng)M2(Z)(Ng−1) ⊂M2(Z)

So gΓ(N2)g−1 ≤ Γ(1) =⇒ Γ(N2) ≤ Γ(1) ∩ g−1Γ(1)g.

Hence V
Γ(1)
k , which is the space of weakly modular functions of weight k and

level Γ(1), is a H(GL2(Q)+,Γ(1))-module.

Definition 2.5. For n ∈ N, we write Tn for the endomorphism of V
Γ(1)
k induced

by [Xn] ∈ H(GL2(Q)+,Γ(1)) where Xn = {g ∈M2(Z) : det(g) = n}.

It is not quite immediate that [Xn] is indeed an element of the Hecke algebra
H(GL2(Q)+,Γ(1)). This is justified with the following lemma:

Lemma 2.5. The set Γ(1)\Xn (the set of left Γ(1)-orbits in Xn) is finite, and
a set of representatives is{(

a b
0 d

)
: a, d ∈ N, ad = n, b ∈ Z, 0 ≤ b ≤ d

}
Proof. If α ∈ Xn, then Z2α ≤ Z2 has index detα = n. There is then a map
Γ(1)\Xn → Ln = {Λ ≤ Z2 : [Z2 : Λ] = n} via α 7→ Z2α (one can check this is
well-defined). Our claim is that this map is bijective.
It is surjective since if Λ ≤ Z2 has index n then we can find u, v ∈ Λ such
that Λ = Zu ⊕ Zv, so Λ = Z2α where α = ( uv ) where detα = n after possibly
swapping u, v.
To see it is injective, suppose α, β ∈ Xn and Z2α = Z2β, then Z2 = Z2βα−1.
But this means that γ = βα−1 ∈ SL2(Z), so β = γα =⇒ Γ(1)β = Γ(1)α.
It remains to find a suitable representative α for each choice of Λ ≤ Z2 of index
n. Let e1 = (1, 0), e2 = (0, 1), then Ze2 ∩ Λ ≤ Ze2 has finite index, say d. We
have a short exact sequence

0 Ze2/(Ze2 ∩ Λ) Z2/Λ Z2/(Λ + Ze2) 0

13



Note that Z2/(Λ+Ze2) ∼= Ze1/(Ze1 ∩ (Λ+Ze2)). Let a = |Z2/(Λ+Ze2)|, then
ad = n. Observe that d is the least natural number such that de2 ∈ Λ. Similarly,
a is the least natural number such that ae1 ∈ Λ + Ze2. Equivalently, it is the
least natural number such that there exists some b ∈ Z with ae1+be2 ∈ Λ. Take
the unique choice of b in [0, d) gives the required representative α =

(
a b
0 d

)
.

What do these Tn’s do, precisely?

Proposition 2.6. Let n ∈ N and f be a modular function of weight k and
level Γ(1). Suppose it has q-expansion f(τ) =

∑
m∈Z amq

m. Then Tnf is also
a modular function with q-expansion Tnf(τ) =

∑
m∈Z bmq

m where

bm =
∑

a|gcd(m,n),a≥1

ak−1amn/a2

Proof. By definition,

Tnf(τ) = (f · [Xn])(τ) =
∑

g∈Γ(1)\Xn

f |k[g](τ)

=
∑

ad=n,0≤b<d

f

(
aτ + b

d

)
d−knk−1

= nk−1
∑
m∈Z

∑
ad=n

d−kam
∑

0≤b<d

e2πim(aτ+b)/d

= nk−1
∑
m∈Z

∑
ad=n

d−kame
2πiamτ/d

∑
0≤b<d

e2πimb/d

Note that
∑

0≤b<d e
2πimb/d = d1d|m, so

Tnf(τ) = nk−1
∑
m∈Z

∑
ad=n,d|m

d1−kame
2πiamτ/d

=
∑
ad=n

ak−1
∑
m∈Z

adme
2πiamτ

=
∑
m∈Z

qm
∑

a|gcd(m,n),a≥1

ak−1amn/a2

which is the desired q-expansion. The expression also implies that bm = 0 if
m is negative and |m| is sufficiently large, therefore Tnf is indeed a modular
function (we already know that Tnf is weakly modular by our established theory
on Hecke algebra).

Corollary 2.7. Tn also preserves Sk(SL2(Z)) and Mk(SL2(Z)).

Write am(g) to denote the coefficients in the q-expansion of g, i.e. g =∑
m∈Z am(g)qm.

Corollary 2.8. If f is a modular function, then a0(Tnf) = σk−1(n)a0(f) and
a1(Tnf) = an(f).

Recall from our study of abstract Hecke algebra that each f ∈ H(G,H) is
a linear combination of indicator functions for right cosets of H. We can say
somthing more about this.
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Lemma 2.9. Let (G,H) be a Hecke pair and f1 =
∑

i λi[Hxi], f2 =
∑

j µj [Hµj ]
be elements of H(G,H). Then f1 · f2 =

∑
i,j λiµj [Hxiyj ].

Proof. Simple calculation.

(f1 · f2)(g) =
∑
k

f1(gg
−1
k )f2(gk) =

∑
i,j,k

λiµj [Hxi](gg
−1
k )[Hyj ](gk)

For each j, there is a unqiue k(j) such that gk(j) ∈ Hyj . Write gk(j) = hjyj ,
then

(f1 · f2)(g) =
∑
i,j

λiµj [Hxi](gy
−1
j h−1

j ) =
∑
i,j

λiµj [Hxi](gy
−1
j h−1

j )

=
∑
i,j

λiµj [Hxi](gy
−1
j ) =

∑
i,j

λiµj [Hxiyj ](g)

as desired,

This allows us to study the composition of Hecke operators.

Proposition 2.10. 1. Suppose n,m ∈ N are coprime, then Tn ◦ Tm = Tnm. In
particular, Tn ◦ Tm = Tm ◦ Tn
2. Suppose p, n ∈ N with p prime, then Tpn ◦ Tp = Tpn+1 + pk−1Tpn−1 .

Proof. Let X+ = {g ∈ M2(Z) : det g > 0} =
⋃

nXn and L+ = {Λ ≤ Z2 : [Z2 :
Λ] < ∞} =

⋃
n Ln. We have shown in the proof of Lemma 2.5 that α 7→ Z2α

is a bijection SL2(Z)\Xn → Ln. This can then be extended to a bijection
SL2(Z)\X+ → L+.
If f ∈ H(GL2(Q)+,SL2(Z)) is supported in X+, then we can identify it as a
function ϕf : L+ → C given by ϕf (Z2α) = f(α) (well-defined since f is, by
definition, SL2(Z)-invariant). For n,m ∈ N, we can find coset representatives
xi, yj to write [Xn] =

∑
i[SL2(Z)xi], [Xm] =

∑
j [SL2(Z)yj ] which gives [Xn] ·

[Xm] =
∑

i,j [SL2(Z)xiyj ] by the preceding lemma.

For fixed j, we have Z2 ≥ Z2yj ≥ Z2xiyj . For varying i,j, Z2xiyj ’s are exactly
the subgroups of Z2yj of index n, each appearing exactly |{Z2 ≥ Λ1 ≥ Λ : [Z2 :
Λ1] = m, [Λ1 : Λ] = n}| times.
If n,m are coprime, then such Λ1 is unique for each Λ, therefore [Xn] · [Xm] =
[Xmn], in other words Tm ◦ Tn = Tnm.
Suppose n = p,m = pn, then f = [Xp] · [Xpn ] corresponds to ϕf : Lpn+1 → C
given by ϕf (Λ) = |{Z2 ≥ Λ1 ≥ Λ : [Z2 : Λ1] = pn, [Λ1 : Λ] = p}|. If Z2/Λ is
cyclic, then ϕf (Λ) = 1 since Z2/Λ has a unique subgroup of order p.
Otherwise, Z2/Λ ∼= Z/paZ ⊕ Z/pbZ for some a, b ≥ 1, a + b = n + 1. Notably,
this is equivalent to Λ ≤ pZ2. In this case, Z2/Λ has p + 1 subgroups of order
p, so ϕf (Λ) = p+ 1.
In conclusion ϕf (Λ) = 1 + p1Λ≤pZ2 , so [Xp] · [Xpn ] = [Xpn+1 ] + p[pXpn−1 ] =⇒
Tpn ◦ Tp = Tpn+1 + p · p2k−2 · p−kTpn−1 = Tpn+1 + pk−1Tpn−1 .

Corollary 2.11. 1. For any prime p, Tpn is a polynomial in Tp.
2. Tn, Tm commute for arbitrary m,n.

Proof. 1 follows from induction. To see 2, just decompose n =
∏

i p
αi
i and

observe that Tn =
∏

i Tpαi
i
.
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2.3 Diagonalising the Hecke Operators

Proposition 2.12. Let k ≥ 4 be even. Then for all n ∈ N, TnEk = σk−1(n)Ek.

So, in fact, the Eisenstein series are all eigenvectors of the Hecke operators
Tn. This allows us to diagonalise Tn in Mk(SL2(Z)) by diagonalising Tn in
Sk(SL2(Z)).

Proof. It suffices to show that Ek is an eigenvector. We shall show that it is
an eigenvector of Tp for prime p, which implies the general claim by Corollary
2.11. It is of course easier to work with Gk instead.

(TpGk)(τ) =
∑

ad=p,0≤b<d

Gk|k
[(

a b
0 d

)]
=

∑
ad=p,0≤b<d

pk−1
∑

ω∈Λ(aτ+b)/d\{0}

(dω)−k

=
∑

Λ′≤Λτ ,[Λ:Λ′]=p

pk−1
∑

ω∈Λ′\{0}

ω−k

For ω ∈ Λτ \ {0}, how many Λ′ ≤ Λτ with index p contains ω? if ω /∈ pΛτ , then
Λ′ = Zω + pΛτ is the unique such subgroup. Otherwise, every such Λ′ ≤ Λτ

with index p contains ω. Hence

(TpGk)(τ) = pk−1

 ∑
ω∈Λτ\{0}

ω−k +
∑

ω∈pΛτ\{0}

pω−k


= pk−1

Gk(τ) +
∑

ω∈Λτ\{0}

p(pω)−k


= (pk−1 + 1)Gk(τ) = σk−1(p)Gk(τ)

as desired.

Inevitably, our focus is now on Sk(SL2(Z)). Finding explicit eigenvectors
does seem hard, so our strategy would be to harness the power of spectral theory
by finding an inner product on Sk(SL2(Z)) such that the Hecke operators are
self-adjoint.

Lemma 2.13. 1. y−2 dx dy (where τ = x + iy) is a GL2(R)+-invariant area
form.
2. If f, g : h → C are smooth and invariant under the weight k modular ac-
tion of a subgroup G ≤ GL2(R)+, then ω(f, g) = f(τ)g(τ)yk dxdy/y2 sat-
isfies α∗ω(f, g) = (detα)2−kω(f, g) for all α ∈ G. In particular, if G ≤
SL2(R) ∩GL2(R)+, then ω is G-invariant.

Proof. 1. Note that dτ dτ̄ = −2i dxdy. For g =
(
a b
c d

)
∈ GL2(R)+,

g∗(dτ) = d

(
aτ + b

cτ + d

)
=

det g

j(g, τ)2
dτ

So

g∗
(
dτ dτ̄

y2

)
=

(det g)2 dτ dτ̄

|j(g, τ)|4

(
y det g

|j(g, τ)|2

)−2

=
dτ dτ̄

y2
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2. Take α =
(
a b
c d

)
∈ G, then

α∗ω(f, g) = f(ατ)g(ατ) Im(ατ)k
dx dy

y2

= f(τ)j(α, τ)k(detα)1−kg(τ)j(α, τ)k(detα)1−k y
k(detα)k

|j(α, τ)|2k
dx dy

y2

= f(τ)g(τ)yk
dx dy

y2
(detα)2−k

= (detα)2−kω(f, g)

which is what we wanted.

So if f, g are invariant under the weight k action of Γ(1), we have a Γ(1)-
invariant area form ω(f, g).

Definition 2.6. For a Γ(1)-invariant function ϕ : h → C, we define∫
Γ(1)\h

ϕ
dxdy

y2
=

∫
F
ϕ
dx dy

y2

when this integral is absolutely convergent.

Definition 2.7. Let f, g ∈ Sk(Γ(1)), we define

⟨f, g⟩ =
∫
Γ(1)\h

ω(f, g)

We certainly want this to be a well-defined inner product.

Lemma 2.14. For any f, g ∈ Sk(Γ(1)), the integral defining ⟨f, g⟩ is absolutely
convergent.

Proof. It is easy to see that∫
Γ(1)\h

dxdy

y2
=

∫
F

dxdy

y2
≤
∫ 1/2

x=−1/2

∫ ∞

y=1/2

dxdy

y2
<∞

Also, for any f ∈ Sk(SL2(Z)), the expression |f(τ)|yk/2 is bounded above by∑
n≥1 |an(f)|e−2πnyyk/2, which tends to 0 uniformly as y → ∞. In particular,

|f(τ)|yk/2 is bounded for τ = x+ iy ∈ F . Combining both gives the lemma.

It is then easy to see that it does satisfy what we want from an inner product.

Definition 2.8. Suppose Γ ≤ Γ(1) has finite index. Let ϕ : h → C be a smooth
function invariant under translation by Γ. Then we define∫

Γ\h
ϕ
dxdy

y2
=

∫
Γ(1)\h

∑
γ∈Γ\Γ(1)

(ϕ ◦ γ)dx dy
y2

where Γ\Γ(1) denotes the set of right cosets of Γ in Γ(1).
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Definition 2.9. Suppose Γ ≤ Γ(1) has finite index and f, g : h → C are
invariant under the weight k modular action of Γ. The Petersson inner product
of f and g is defined by

⟨f, g⟩ = [Γ(1) : Γ]−1

∫
Γ\h

ω(f, g)

whenever the integral converges absolutely.

Remark. 1. If Γ′ ≤ Γ ≤ Γ(1) and everything has finite index, then ⟨f, g⟩ defined
using Γ is the same as ⟨f, g⟩ defined using Γ′. So we don’t have to specify the
subgroup Γ.
2. If f : h → C is invariant under the weight k action of Γ(1) and α ∈ GL2(Q)+,
then f |k[α] is invariant under the weight k modular action of α−1Γ(1)α ∩ Γ(1)
which has finite index in Γ(1) (since (GL2(Q)+,Γ(1)) is a Hecke pair).

Proposition 2.15. Let f, g : h → C be smooth and invariant under the weight k
modular action of Γ(1), then we have ⟨f |k[α], g|k[α]⟩ = (detα)k−2⟨f, g⟩ provided
that both sides of this equality are defined.

Proof. Computation gives

⟨f |k[α], g|k[α]⟩[Γ(1) : α−1Γ(1)α ∩ Γ(1)]

=

∫
(α−1Γ(1)α∩Γ(1))\h

f(ατ)g(ατ)|j(α, τ)|−2k(detα)2k−2yk
dx dy

y2

=

∫
(αΓ(1)α−1∩Γ(1))\h

f(τ)g(τ)|j(α, α−1τ)|−2k(detα)2k−2 Im(α−1τ)k
dx dy

y2

=

∫
(αΓ(1)α−1∩Γ(1))\h

f(τ)g(τ)|j(α, α−1τ)|−2k(detα)2k−2 (detα)
−k Im(τ)k

|j(α−1, τ)|2k
dxdy

y2

=

∫
(αΓ(1)α−1∩Γ(1))\h

f(τ)g(τ)(detα)k−2 Im(τ)k
dxdy

y2

= (detα)k−2⟨f, g⟩[Γ(1) : αΓ(1)α−1 ∩ Γ(1)]

So it remains to check that [Γ(1) : α−1Γ(1)α ∩ Γ(1)] = [Γ(1) : αΓ(1)α−1 ∩ Γ(1)]
which follows from∫

Γ(1)\h

dxdy

y2
=

1

[Γ(1) : Γ(1) ∩ α−1Γ(1)α]

∫
(Γ(1)∩α−1Γ(1)α)\h

dxdy

y2

=
1

[Γ(1) : Γ(1) ∩ α−1Γ(1)α]

∫
(αΓ(1)α−1∩Γ(1))\h

dxdy

y2

=
[Γ(1) : αΓ(1)α−1 ∩ Γ(1)]

[Γ(1) : Γ(1) ∩ α−1Γ(1)α]

∫
Γ(1)\h

dx dy

y2

This completes the proof.

Proposition 2.16. For any n ∈ N, the Hecke operator Tn is self-adjoint on
Sk(SL2(Z)) with respect to ⟨·, ·⟩.

18



Proof. We need to show ⟨Tnf, g⟩ = ⟨f, Tng⟩. It suffices to show the case where
n = p is prime.
We first claim that we can find matrices xi ∈ Xp such that Xp =

∐
i Γ(1)xi =∐

i Γ(1)px
−1
i . To see this, observe that Adj : Xp → Xp is a bijection. Choose

ai, bi such that Xp =
∐

i Γ(1)ai =
∐

i biΓ(1). Observe that Xp consists of a
single Γ(1)-double coset, i.e. Γ(1)\Xp/Γ(1) has a single element, because every
matrix in Xp can be written in Smith normal form. So we can find elements
ui, vi ∈ Γ(1) such that uiai = bivi = xi which concludes the claim.
Then, we can compute

⟨Tpf, g⟩ =

〈∑
i

f |k[xi], g

〉
=
∑
i

⟨f |k[xi], g⟩

=
∑
i

⟨f |k[xi]|k[x−1
i ], g|k[x−1

i ]⟩det(x−1
i )2−k

=
∑
i

⟨f, g|k[x−1
i ]⟩pk−2 =

∑
i

⟨f, g|k[px−1
i ]⟩

=

〈
f,
∑
i

g|k[px−1
i ]

〉
= ⟨f, Tpg⟩

as desired.

Corollary 2.17. The operators Tn on Sk(SL2(Z)) can be simultaneously diag-
onalised with real eigenvalues.

Proof. General spectral theory on self-adjoint operators.

Definition 2.10. We say an element f ∈ Mk(Γ(1)) is a normalised eigenform
if f is an eigenvector for all Hecke operators Tn and a1(f) = 1.

Lemma 2.18. If f ∈Mk(SL2(Z)) is an eigenvector for all Tn and k > 0, then
there is a unique scalar multiple of f which is a normalised eigenform.

Proof. If a1(f) = 0 and Tnf = αnf , then ∀n, an(f) = a1(Tnf) = αna1(f) =
0 =⇒ f = 0, contradiction. So a1(f) = 0 from where the lemma is obvious.

From the idea in the proof, we also know that if f is a normalised eigen-
form then an(f) is the eigenvalue of f wrt Tn. Consequently, the simultaneous
eigenspaces all have dimension 1.

Example 2.1. We have seen that

Gk(τ) = 2ζ(k) +
2(2πi)k

(k − 1)!

∑
n≥1

σk−1(n)q
n

is an eigenvector for all Hecke operators Tn. The corresponding normalised
eigenform is

(k − 1)!ζ(k)

(2πi)k
+
∑
n≥1

σk−1(n)q
n
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Proposition 2.19. The eigenvalues of Tn on Mk(SL2(Z)) are all (real) alge-
braic integers which lie in a number field independent of n.

Proof. Let f1, . . . , fN be the basis for Sk(SL2(Z)) as described in Proposition

1.11. Consequently, for any f ∈ Sk(SL2(Z)), we have f =
∑N

i=1 ai(f)fi. The
matrix of Tn with respect to this basis then has integer entries, so its eigenvalues
are algebraic integers.
The eigenvalues lie in the number field generated by a1(f), . . . , aN (f) where f
is a normalised eigenform.

2.4 Ramanujan’s Conjectures

For any weight k, we can associate with it a sequence (a1(f), a2(f), . . .) of Hecke
eigenvalues (where f is a normalised eigenform). Since the operators Tn are
polynomials in Tp for p prime, this sequence is determined by (ap(fi)) where p
is prime. When Sk(SL2(Z)) is one-dimensional (when k = 12, 16, 18, 20, 22, 26),
then the Hecke eigenvalues are integers. When k = 12, ∆ is a normalised
eigenform which was first considered by Ramanujan (1916) who defined it as

∆ = q
∏
n≥1

(1− qn)24 =
∑
n≥1

τ(n)qn

He then conjectured:

Proposition 2.20. 1. τ(mn) = τ(m)τ(n) for m,n coprime.
2. If p is prime and n ∈ N, then τ(p)τ(pn) = τ(pn+1) + p11τ(pn−1).

which follows from the general properties of Hecke operators we have estab-
lished!
What about when dimSk(SL2(Z)) > 1? The first example occurs when k = 24.
We know we can find a basis g1, g2 for S24(SL2(Z)) such that g1 = q1 +
O(q2), g2 = q2 + O(q3). Let’s compute the matrix of Tn in this basis. We
know

T2

∑
n≥1

anq
n

 =
∑
n≥1

∑
a|gcd(2,n)

ak−1a2n/a2qn

so a1(T2f) = a2(f), a2(T2f) = a4(f) + 223a1(f), or T2f = a2(f)g1 + (a4(f) +
223a1(f))g2. With some messy algebra (that can be outsourced to stuff like
Wolfram Mathematica), we obtain the matrix(

0 1
20468736 1080

)
for T2. So T2 has eigenvalues 12(45 ±

√
144169) and all the eigenvalues of T2

are in Q(
√
144169). Nicely 144169 is prime.

There’s another related conjecture from Ramanujan regarding τ(n). We first
need some motivation.

Lemma 2.21. Let p be a prime number, then we have an identity of formal
power series

1 +
∑
n≥1

τ(pn)Xn = (1− τ(p)X + p11X2)−1
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Proof. Follows directly from preceding proposition.

Let αp, βp be the roots of the polynomial 1 − τ(p)X + p11X2. If −τ(p)2 −
4p11 ≤ 0, then αp, βp are complex conjugates with absolute value p11/2; Oth-
erwise, they are distinct real numbers. Regarding this, Ramanujan conjectured
that only the first case may happen. Or, more generally,

Proposition 2.22 (Ramanujan-Petersson Conjecture). Let f be a cuspidal nor-
malised eigenform of weight k and level SL2(Z), then for any prime p, we have
|ap(f)| ≤ 2p(k−1)/2

Why is this important? It can actually provide links between modular forms
and number theory in various ways. Later, we will prove that

r24(p) =
16

691
σ11(p) +

33152

691
τ(p)

for any odd prime p, where r24(n) is the number of ways to write n = x21 +
· · · + x224 for x1, . . . , x24 ∈ Z. The Ramanujan-Petersson conjecture then gives
the estimate r24(p) = (16/691)p11 +O(p11/2).
Deligne proved this conjecture in 1973 as part of his proof of the Weil conjec-
tures. As part of this, he proved the existence of Galois representations attached
to cuspidal normalised eigenforms. This is now seen as part of the Langlands
programme. Specifically, Deligne proved that

Theorem 2.23 (Deligne). Let f ∈ Sk(SL2(Z)) be a normalised eigenform and
Kf/Q be the number field generated by {ap(f) : p prime} (in other words, the
number field generated by the eigenvalues of the Hecke operators). Suppose
p ⊂ OKf

is a prime ideal lying above a prime number p, then there exists a
continuous homomorphism ρf,p : Gal(Q̄/Q) → GL2(Kf,p) (where Kf,p is the
completion of Kf at p) such that:
1. ρf,p is unramified at all prime ℓ ̸= p.
2. For all primes ℓ ̸= p, det(X − ρf,p(Frobℓ)) = X2 − aℓ(f)X + ℓk−1.

So each cuspidal normalised eigenform gives rise to a family of Galois rep-
resentations in the way stated in the theorem. There are many applications of
this, for example,

Theorem 2.24 (Herbrand-Ribet). Let p be an odd prime and 4 ≤ k ≤ p− 3 be
an integer, then the followings are equivalent:
(i) p divides the numerator of ζ(1− k).
(ii) There exists a non-zero element x ∈ Cl(Z[exp(2πi/p)]) annihilated by p such
that for all elements σ = σa ∈ Gal(Q(exp(2πi/p))/Q) ∼= (Z/pZ)× (where the
isomorphism sends σa to a), we have σa(x) = a1−kx.

Sketch of proof that (i) implies (ii). The normalised eigenform associated toGk

can be written as
(−1)kζ(1− k) +

∑
n≥1

σk−1(n)q
n

When p | ζ(1− k), we can reduce this to get a “mod p cuspidal modular form”
which can be used to show the result.
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2.5 L-Functions of Modular Forms

A practical importance of Hecke operators is that we can construct L-functions
from them. Recall that the Riemann zeta function ζ(s) =

∑
n≥1 n

−s has very
good properties: Firstly, we can write it as its Euler product (when Re s > 1)

ζ(s) =
∏

p prime

(1− p−s)−1

Secondly, we can continue it meromorphically to the whole complex plane with
a simple pole at s = 1. Thirdly, it satisfies a functional equation ξ(s) = ξ(1− s)
where ξ(s) = π−s/2Γ(s/2)ζ(s) is the completed ζ function. One also might hy-
pothesize that the values ζ takes at integers should relate to arithmetics, but it
is in general hard to prove results of this form.
Conventionally, we call a Dirichlet series

∑
n≥1 ann

−s an L-function if ana-
logues of these three conditions hold. Examples of this includes the Dirichlet
L-functions

L(χ, s) =
∑

n≥1,gcd(n,N)=1

χ(n mod N)n−s

where χ : (Z/NZ)× → C× is a homomorphism. Through Hecke operators, we
can construct another big class of L-functions from modular forms.

Definition 2.11. Let f ∈ Mk(SL2(Z)) be a nonzero modular form and let
its q-expansion be f(τ) =

∑
n≥0 anq

n. The associated L-function is defined as

L(f, s) =
∑

n≥1 ann
−s.

Example 2.2. Take f to be the normalised eigenform associated with Gk, then

L(f, s) =
∑
n≥1

σk−1(n)n
−s =

∑
n≥1,d|n

dk−1n−s =
∑

n,m≥1

mk−1(mn)−s

= ζ(s)ζ(s+ 1− k)

In particular, there is a functional equation relating L(f, s) and L(f, k − s) in
this case.

Lemma 2.25. Suppose f ∈ Sk(SL2(Z)) is nonzero, then L(f, s) converges ab-
solutely for Re s > 1 + k/2.

Proof. Followed form the fact that |an(f)| = O(nk/2) (exercise).

Theorem 2.26. Let f ∈ Sk(SL2(Z)) be nonzero, then:
1. L(f, s) has an meromorphic continuation to C.
2. Let Λ(f, s) = (2π)−sΓ(s)L(f, s) be the completed L-function, then Λ(f, s) =
ikΛ(f, k − s).

Before we prove this, let’s remind ourselves of some facts about the Γ func-
tion. By definition,

Γ(s) =

∫ ∞

0

e−yys
dy

y

which converges absolutely and uniformly on compact sets of the right half-
plane {Re s > 0}. Via integration by parts, we also know that Γ(s+1) = sΓ(s)
which allows us to meromophically continue Γ to C.
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Proof. Define

F (s) =

∫ ∞

0

f(iy)ys
dy

y

as the Mellin transform of f(iy). The integral converges absolutely in C and
hence F defines an entire function. This follows from the fact that |f(iy)| =
O(e−2πy) as y → ∞ and that f(−1/τ)τ−k = f(τ) =⇒ f(iy) = f(i/y)(iy)−k

so |f(i/y)| = |f(iy)(iy)k| = O(yke−2πy) = O(e−πy) as y → ∞.
Formally, we can compute

F (s) =

∫ ∞

0

∑
n≥1

ane
−2πnyys

dy

y
=
∑
n≥1

an

∫ ∞

0

e2πnyys
dy

y

=
∑
n≥1

ann
−sΓ(s)(2π)−s = (2π)−sΓ(s)L(f, s) = Λ(f, s)

Does it actually work? Of course. This is because the absolute convergence of
L(f, s) in the region Re s > 1+k/2 implies the computation is valid in the same
region.
Consequently, Λ can be meromorphically continued to C. As we have L(f, s) =
(2π)sΛ(f, s)/Γ(s) and Γ ̸= 0 on C, this also gives a meromorphic continuation
of L(f, s) to C.
To get the functional equation, we compute

Λ(f, s) =

∫ 1

0

f(iy)ys
dy

y
+

∫ ∞

1

f(iy)ys
dy

y

=

∫ 1

0

f(i/y)(iy)−kys
dy

y
+

∫ ∞

1

f(iy)ys
dy

y

=

∫ ∞

1

f(iy)ikyk−s dy

y
+

∫ ∞

1

f(iy)ys
dy

y

which implies the Λ(f, s) = Λ(f, k − s).

Theorem 2.27. Let f ∈ Sk(SL2(Z)) be a normalised eigenform, then the
Dirichlet series L(f, s) admits the Euler product

L(f, s) =
∏

p prime

(1− ap(f)p
−s + pk−1−2s)−1

Proof. We know anm(f) = an(f)am(f) when gcd(n,m) = 1. Hence

∑
n≥1

an(f)n
−s =

∏
p prime

∑
k≥1

apk(f)p−ks


So we only need to show that

(1− ap(f)p
−s + pk−1−2s)−1 =

∑
k≥1

apk(f)p−ks

which indeed follows from the relation Tp·Tpk = Tpk+1+pk−1Tpk−1 for k ∈ N.
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So the class of Dirichlet series L(f, s) does deserve to be called L-functions,
at least when f is a cuspidal normalised eigenform. For each prime p, we factor
1− apX + pk−1X2 = (1− αpX)(1− βpX).

Definition 2.12. For each m ≥ 1, we define the associated symmetric power
L-function as

L(Symm, f, s) =
∏

p prime

m∏
i=0

(1− αi
pβ

m−i
p p−s)−1

Lemma 2.28. L(Symm, f, s) converges in the right half-plane.

Proof. Again |ap(f)| = O(pk−2) which implies that |αp|, |βp| = O(pk−2), there-
fore |αi

pβ
m−i
p | = O(pmk/2).

These L-functions were first constructed in the 1960s by Langlands and
Serre. The motivating idea was to associate to each prime p the (conjugacy

class of) matrix
(

αp 0
0 βp

)
and to associate to any algebraic representation R :

GL2(C) → GLN (C) the L-function

L(R, f, s) =
∏

p prime

det(1−R(tp)p
−s)−1

We of course want to take R to be the irreducible (algebraic) representations
of GL2(C), which are those symmetric powers Symm : GL2(C) → GLm+1(C) of
the identity representation (up to twist).
Naturally, Langlands and Serre then conjectured

Proposition 2.29 (Conjecture). For any m ≥ 1, L(Symm, f, s) has an analytic
continuation and satisfies a functional equation

Λ(Symm, f, s) = Λ(Symm, f,m(k − 1) + 1− s)

where Λ is some explicit completed L-function.

Proposition 2.30 (Langlands). If L(Symm, f, s) has an analytic continuation
to C for all m ≥ 1, then the Ramanujan-Petersson conjecture holds for f .

The idea behind Langlands’ proof of this proposition made another appear-
ance in Deligne’s proof of the Weil conjectures in the early 1970s. Assuming
the Ramanujan-Petersson conjecture, we can make a further conjecture about
asymptotic behaviour of these Hecke eigenvalues.

Proposition 2.31 (Sato-Tate Conjecture). Suppose f ∈ Sk(SL2(Z)) is a nor-
malised eigenform, then the values ap(f)/(2p

(k−1)/2) are equidistributed in the
interval [−1, 1] as p→ ∞ with respect to the Sato-Tate measure (2/π)

√
1− t2 dt.

More precisely, for any g ∈ C([−1, 1]), we have

lim
x→∞

1

π(x)

∑
p prime,p<x

g

(
ap(f)

2p(k−1)/2

)
→ 2

π

∫ 1

−1

g(t)
√
1− t2 dt

Proposition 2.32 (Serre). Suppose for all m ≥ 1, L(Symm, f, s) has an ana-
lytic continuation to C and is non-vanishing on the line Re(s) = 1+m(k−1)/2,
then the Sato-Tate conjecture holds for f .
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So these symmetric power L-functions are indeed interesting.
Recall that for an odd prime p we stated

r24(p) =
16

691
(1 + p11) +

33152

691
τ(p)

The Sato-Tate conjecture implies that the normalised error terms

691

33152× 2× p11/2

(
r24(p)−

16

691
(1 + p11)

)
∈ [−1, 1]

are equidistributed with respect to the Sato-Tate measure.
The Sato-Tate conjecture was proved in 2010 by Banet-Lamb, Geraghty, Harris,
and Taylor. The complete analytic continuation of the symmetric power L-
function was established in 2019 by J. Newton and J. Thorne (the lecturer).

3 Modular Forms on Congruence Subgroups

3.1 Congruence Subgroups and their Cusps

We now turn our focus to modular forms of level Γ where Γ is any congruence
subgroup of SL2(Z). Recall that for N ∈ N, we defined Γ(N) = ker(SL2(Z) →
SL2(Z/NZ)).

Definition 3.1. A congruence subgroup Γ ≤ SL2(Z) is any subgroup of SL2(Z)
containing Γ(N) for some N ∈ N.

Example 3.1. Γ(N) are, of course, congruence subgroups themselves. Also,

Γ0(N) =

{(
a b
c d

)
∈ SL2(Z) : c ≡ 0 (mod N)

}
⊃ Γ(N)

and

Γ1(N) =

{(
a b
c d

)
∈ SL2(Z) : c ≡ 0 (mod N), a ≡ 1 (mod N)

}
⊃ Γ(N)

are congruence subgroups as well with Γ0(N) ⊃ Γ1(N). Observe that the ho-
momorphism SL2(Z) → SL2(Z/NZ) is surjective, so Γ0(N)/Γ1(N) ∼= (Z/NZ)×
via the map

(
a b
c d

)
7→ d. Another example of an important congruence subgroup

which you met in example sheet is Γ = ⟨S,Γ(2)⟩.

Definition 3.2. A weakly modular function f of weight k ∈ Z and level Γ
(where Γ is a congruence subgroup) is a meromorphic function on h such that
∀γ ∈ Γ, f |k[γ] = f .

Recall that the action of SL2(Z) on h has a fundamental domain F which
is the hyperbolic triangle with vertices ρ, ρ2,∞. In example sheet, you have
shown that a fundamental domain of ⟨S,Γ(2)⟩ is the hyperbolic triangle with
vertices −1, 0,∞. Naturally, we want some sort of quantity that captures certain
features of the fundamental domain.

Definition 3.3. A cusp of a congruence subgroup Γ is a Γ-orbit on P1
Q ⊂ P1

C =
C∞.
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Note that GL2(Q)+ acts on P1
Q by Möbius transformations.

Lemma 3.1. SL2(Z) acts transitively on P1
Q.

In particular, SL2(Z) has a unique cusp.

Proof. For any a, c ∈ Z coprime, choose b, d ∈ Z such that ad− bc = 1, then we
have γ · (0) = a/c where γ =

( −b a
−d c

)
.

Corollary 3.2. If Γ ≤ SL2(Z) is a congruence subgroup, then Γ has only finitely
many cusps.

Proof. Let

Γ∞ = StabΓ(1)(∞) =

{
±
(
1 b
0 1

)
: b ∈ Z

}
There is a bijection Γ(1)/Γ∞ → P1

Q sending γΓ∞ 7→ γ · (∞). The set of cusps of
Γ can then be identified with the double quotient Γ\Γ(1)/Γ∞ which is finite.

Example 3.2. Let’s compute the cusps of Γ = ⟨S,Γ(2)⟩. Note that we have
Γ\Γ(1)/Γ∞ = ⟨S⟩\ SL2(Z/2Z)/Γ∞. Now SL2(Z/2Z)/Γ∞ = F2

2 − {0} as

Im(Γ∞ → SL2(Z/2Z)) = StabSL2(Z/2Z)

(
1
0

)
So indeed

Γ\Γ(1)/Γ∞ = ⟨S⟩
∖{(

1
0

)
,

(
1
1

)
,

(
0
1

)}
=

{{(
1
0

)
,

(
0
1

)}
,

(
1
1

)}
More precisely, Γ\Γ(1)/Γ∞ has representatives 1,

(−1 −1
1 0

)
in Γ\Γ(1)/Γ∞. So Γ

has two cusps corresponding to Γ · (−1) and Γ · (∞).

Remark. We will see later that if Γ is a congruence subgroup, then the set
(Γ\h)⊔(Γ\P1

Q) can be given the natural structure of a compact Riemann surface.
From this point of view, we can say that the set of cusps compactifies the
Riemann surface Γ\h (with its complex structure inherited from the quotient).

Definition 3.4. If Γ is a congruence subgroup, then the width of the cusp ∞
is

min

{
h ∈ N :

(
1 h
0 1

)
∈ Γ

}
= [Γ∞ : Γ∞ ∩ {±1}Γ]

Let h be the width of the cusp ∞, we define qh = e2πiτ/h. So if f is a weakly
modular function of weight k and level Γ, then by modularity f(τ + h) = f(τ),
so f(τ) = f̃(qh) for some meromorphic f̃ : {0 < |qh| < 1} → C∞.

Definition 3.5. We say f is meromorphic at ∞ if f̃ is meromorphic at 0. It is
holomorphic at ∞ if f̃ is holomorphic at 0.

If f is meromorphic at ∞, then by passing to f̃ we have a q-expansion of
the form f(τ) =

∑
n∈Z anq

n
h for suffciently large Im τ .
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Definition 3.6. Let f be a weakly modular function of weight k and level Γ. We
say f is meromorphic (resp. holomorphic/vanishing) at the cusp Γ · z, z ∈ P1

Q
if, choosing α ∈ SL2(Z) such that α · (∞) = z, f |k[α] is meromorphic (resp.
holomorphic/vanishing) at ∞ when viewed as a weakly modular function of
level α−1Γα.
The width of the cusp Γ · z is the width of the cusp ∞ for the group α−1Γα.

Lemma 3.3. The width and the meromorphy (resp. holomorphy/vanishing) of
a weakly modular function at a cusp is well-defined.

Proof. To see the width is well-defined, observe that for any γ ∈ Γ, δ ∈ Γ∞,

[Γ∞ : Γ∞ ∩ {±1}(γαδ)−1Γ(γαδ)] = [Γ∞ : Γ∞ ∩ {±1}δ−1α−1γ−1Γγαδ]

= [Γ∞ : Γ∞ ∩ {±1}α−1Γα]

To see the meromorphy of a weakly modular function at a cusp is well-defined,
note that for any γ ∈ Γ, δ = ± ( 1 a

0 1 ) ∈ Γ∞, we have

f |k[γαδ](τ) = f |k[αδ](τ) = (f |k[α])|k[δ](τ) = (±1)kf |k[α](τ + a)

Suppose f |k[α] = τ =
∑

n∈Z q
n
h , then

f |k[γαδ](τ) =
∑
n∈Z

ane
2πiτ/he2πia/h(−1)k

which shows the result.

Remark. The q-expansion of a weakly modular function f at a particular cusp
(via the weight k action of the α as above) is, however, not independent of
choice of α.
By “the” q-expansion of a weakly modular function which is meromorphic at
∞, we mean the q-expansion at ∞.

Definition 3.7. Let Γ be a congruence subgroup and f a weakly modular
function of weight k and level Γ. We say f is a modular function (of weight k
and level Γ) if f is meromorphic at every cusp of Γ. It is a modular form (of
weight k and level Γ) if f is holomorphic on h and at every cusp of Γ. It is a
cuspidal modular form (of weight k and level Γ) if in addition that it vanishes
at every cusp.
We write Mk(Γ) as the C-vector space of all modular forms of weight k and
level Γ and Sk(Γ) be its subspace containing cuspidal modular forms of weight
k and level Γ.

Remark. An equivalent definition of what it means for f to be a modular form
(of weight k and level Γ) is that f is holomorphic in h and f |k[α] is holomorphic
at ∞ for any α ∈ SL2(Z).

Lemma 3.4. 1. If f ∈Mk(Γ) and g ∈Ml(Γ), then fg ∈Mk+l(Γ).
2. If Γ′ ≤ Γ is another congruence subgroup, then Mk(Γ) ≤Mk(Γ

′).
3. If Γ,Γ′ ≤ SL2(Z) are congruence subgroups and α ∈ GL2(Q)+ has Γ′ ≤
α−1Γα, then for any f ∈Mk(Γ), f |k[α] ∈Mk(Γ

′).

Remark. These also hold when one replace Mk by Sk.

27



Proof. 1 is obvious and 2 is a special case of 3.
To prove 3, note that f |k[α] is holomorphic in h and is invariant under the
weight k action of α−1Γα, so we just need to check that f |k[α] is holomorphic
at the cusps of Γ′. Equivalently, we need to check that for all β ∈ Γ(1), f |k[αβ]
is holomorphic at ∞. Choose γ ∈ Γ(1) such that (αβ) · (∞) = γ · (∞). We can
write αβ = γδ for some δ ∈ StabGL2(Q)+(∞). But then δ has the form

(
a b
0 d

)
for

some a, b, d ∈ Q with ad > 0. Then

f |k[αβ](τ) = f |k[γδ](τ) = (ad)k−1d−kf |k[γ]
(
aτ + b

d

)
which implies the claim.

Example 3.3. Recall that we defined Γ0(N) = {
(
a b
c d

)
∈ SL2(Z) : c ≡ 0

(mod N)}. If f ∈ Mk(Γ0(M)) and L ∈ N, then the function g(τ) = f(Lτ)
belongs to Mk(Γ0(ML)). Indeed, we have Lτ = ( L 0

0 1 ) · τ . By the lemma, we
need to check the inclusion

Γ0(ML) ≤
(
L 0
0 1

)−1

Γ0(M)

(
L 0
0 1

)
which follows from direct computation.
So if k ∈ 2N, k ≥ 4 and p is prime, then Gk(τ), Gk(pτ) are both in Mk(Γ0(p)).

3.2 An Instance of θ Function

Consider the q-expansion θ(τ) =
∑

n∈Z e
πin2τ . Easily, the series converges ab-

solutely and uniformly in compact subsets of h, hence defines a holomorphic
function on h. We also have θ(τ + 2) = θ(τ).

Proposition 3.5 (Poisson Summation Formula). Suppose f : R → C is a
continuous function such that

∑
n∈Z |f(n + x)| converges uniformly in R and∑

n∈Z |f̂(n)| converges where

f̂(n) =

∫ ∞

−∞
f(t)e−2πint dt

Then, ∑
n∈Z

f(n) =
∑
n∈Z

f̂(n)

Proof. Let ϕ(x) =
∑

n∈Z f(n+x) which is continuous by assumption. We want

to expand it as a Fourier series ϕ(x) =
∑

n∈Z ϕ̂(n)e
2πinx. If we could do that,

then the coefficients have the form

ϕ̂(n) =

∫ 1

0

∑
n∈Z

f(n+ t)e−2πint dt =
∑
n∈Z

∫ 1

0

f(n+ t)e−2πint dt

=

∫ ∞

−∞
f(t)e−2πint dt = f̂(n)
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It is a fact from Fourier analysis that if ψ : R → C is a conitnuous function
with period 1 and

∑
n∈Z |ψ̂(n)| <∞, then the series

∑
n∈Z ψ̂(n)e

2πinx converges
uniformly to ψ(x). Applying this to ϕ then gives∑

n∈Z
f(n) = ϕ(0) =

∑
n∈Z

f̂(n)

which is the summation formula we were after.

Applying this formula to fy(x) = e−πx2y gives

θ(iy) =
∑
n∈Z

e−πn2y =
∑
n∈Z

fy(n) =
∑
n∈Z

f̂y(n) =
∑
n∈Z

e−πs2/y

√
y

=
θ(i/y)
√
y

for y ∈ R+. By identity principle, we can extend this to (taking principal branch
of

√
·).

θ(τ) =
θ(−1/τ)√

τ/i

for τ ∈ h. It almost looks as if θ is a modular form of “weight 1/2”, which is
however not permitted in our definition. Nonetheless, we can construct some
modular forms of certain weights and levels by using θ as a building block.
Observe that θ8|4[( 1 2

0 1 )] = θ8 and θ8|4[
(
0 −1
1 0

)
] = θ8.

Proposition 3.6. θ8 ∈ M4(Γ) where Γ ≤ Γ(1) is the subgroup of matrices γ
such that either γ ≡ 1 (mod 2) or γ ≡ S (mod 2).

Proof. Easy to see that θ8 is holomorphic in h and that Γ is generated by
± ( 1 2

0 1 ) ,±
(
0 −1
1 0

)
. It remains to show that θ8 is holomorphic at the cusps

Γ · ∞,Γ · 1 of Γ. The cusp Γ · ∞ is easy to deal with since we know that θ8 has
the form

θ8 =

1 +
∑
n≥1

qn
2

2

8

As for Γ · 1, we need to show that θ8|2[
(
1 −1
1 0

)
] is holomorphic at ∞. In fact, we

shall show that it is not only holomorphic, but also vanishing at ∞. We have
θ(τ + 1) =

∑
n∈Z e

πin2τeπin
2

=
∑

n∈Z(−1)nqn2 , so

θ(τ) + θ(τ + 1) =
∑
n∈Z

(1 + (−1)n)qn
2

2 =
∑
n∈2Z

2qn
2

2 = 2θ(4τ)

The substitution τ 7→ −1/τ gives

θ(−1/τ) + θ((τ − 1)/τ) = 2θ(−4/τ) =⇒ θ((τ − 1)/τ)√
τ/i

= θ(τ/4)− θ(τ)

It follows that θ8|4[
(
1 −1
1 0

)
] = (θ(τ/4)− θ(τ))8 which gives the result.

What actually happens if we raise θ to a power? We have

θk(τ) =

(∑
n∈Z

qn
2

2

)k

=
∑

n∈Z≥0

rk(n)q
n
2
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where rk(n) is the number of ways to write n = m2
1+· · ·+m2

k form1, . . . ,mk ∈ Z.
Let k = 8. What are the elements of M4(Γ)? Since M4(Γ(1)) ≤M4(Γ), E4(τ) ∈
M4(Γ). Also we have ( 1 1

0 2 ) Γ ( 1 1
0 2 )

−1 ≤ Γ(1) by direct calculation. Conse-
quently, E4((τ + 1)/2) = (1/2)E4|4[( 1 1

0 2 )] ∈ M4(Γ). We will later see some
techniques that allows us to prove dimM4(Γ) = 2. Combining them shows that
E4(τ) and E4((τ +1)/2) spans M4(Γ). In particular, θ8 is a linear combination
of E4(τ) and E4((τ + 1)/2).
There are several ways to calculate the coefficients in this q-expansion. One of
them is as follows: We know that θ8(∞) = 1 and θ8|4[

(
1 −1
1 0

)
](∞) = 0. At the

same time, E4(∞) = 1, E4|4[
(
1 −1
1 0

)
](∞) = E4(∞) = 1. As for E4((τ + 1)/2),

we have

E4

(
τ + 1

2

)
= 1 +

∑
n≥1

σ3(n)e
2πi(τ+1)/2 = 1 +

∑
n≥1

σ3(n)(−1)nqn2

Therefore E4((τ + 1)/2) attains 1 at τ = ∞. To find its value at the cusp Γ · 1,
we need to compute

2E4|4
[(

1 1
0 2

)(
1 −1
1 0

)]
(τ) = 2E4|4

[(
1 −1
1 0

)(
2 0
0 1

)]
(τ)

= 2E4|4
[(

2 0
0 1

)]
(τ) = 16E4(2τ)

Putting τ = ∞ shows that E4((τ+1)/2) has value 16 at ∞. Incorporating these
pieces of information gives

θ8(τ) =
16

15
E4(τ)−

1

15
E4

(
τ + 1

2

)
And thus r8(n) = 28σ3(n/2)− 16(−1)nσ3(n) where, by convention, σ3 vanishes
at non-integers. In particular r8(p) = 16σ3(p) for any odd prime p.

3.3 Hecke Operators

Mk(Γ) and Sk(Γ) are finite-dimensional vector spaces for any congruence sub-
group Γ. We will prove this (with a more precise statement) later.

Lemma 3.7. If Γ ≤ Γ(1) is a congruence subgroup, then (GL2(Q)+,Γ) is a
Hecke pair.

Proof. We shall show that (g−1Γg∩Γ)\Γ is finite for any g ∈ GL2(Q)+. Choose
N ∈ N such that Γ(N) ≤ Γ and Ng,Ng−1 ∈M2(Z). We have gΓ(N3)g−1 ⊂ 1+
gN3M2(Z)g−1 ⊂ 1+(Ng)NM2(Z)(Ng−1) ⊂ 1+NM2(Z). Hence gΓ(N3)g−1 ≤
Γ(N) =⇒ Γ(N3) ≤ g−1Γ(N)g ∩ Γ(N) ≤ g−1Γg ∩ Γ.

Definition 3.8. Let k ∈ Z. We define

Mk =
⋃

Γ≤Γ(1)

Mk(Γ),Sk =
⋃

Γ≤Γ(1)

Sk(Γ)

Proposition 3.8. GL2(Q)+ acts on Mk and Sk via the weight k modular
action.
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Proof. Suppose we have f ∈ Mk(Γ) and g ∈ GL2(Q)+, then f |k[g] is invari-
ant under the weight k modular action of g−1Γg which contains a congruence
subgroup Γ′ ≤ g−1Γg. Then f |k[g] ∈Mk(Γ

′). The proof for Sk is analogous.

Proposition 3.9. H(GL2(Q)+,Γ) acts on Mk(Γ) and Sk(Γ).

Proof. General theory on Hecke algebra.

H(GL2(Q)+,Γ(1)) is commutative and Sk(Γ(1)) decomposes with multiplic-
ity 1 under the action of H(GL2(Q)+,Γ(1)). Sadly, we cannot generalise these
facts directly to other congruence subgroups: In general, H(GL2(Q)+,Γ) is not
commutative. How shall we proceed, then?
Let’s look at a particular family of congruence subgroups we’ve come across
before.

Definition 3.9. For N ∈ N, we define

Γ0(N) =

{(
a b
c d

)
∈ Γ(1) : c ≡ 0 (mod N)

}

Γ1(N) =

{(
a b
c d

)
∈ Γ(1) : c ≡ 0 (mod N), a ≡ 1 (mod N)

}
Recall the fact that we have the surjective map SL2(Z) → SL2(Z/NZ) via

reduction. In particular, Γ1(N)◁Γ0(N) and Γ0(N)/Γ1(N) ∼= (Z/NZ)× via the
map

(
a b
c d

)
7→ d mod N . Conversely, for d ∈ Z, (d,N) = 1, we can make sense

of the endomorphism ⟨d⟩ of Mk(Γ1(N)) induced by[{(
A B
C D

)
∈ Γ0(N) : D ≡ d (mod N)

}]
∈ H(GL2(Q)+,Γ1(N))

For a prime p, we write Tp for the endomorphism of Mk(Γ1(N)) induced by[
Γ1(N)

(
1 0
0 p

)
Γ1(N)

]
∈ H(GL2(Q)+,Γ1(N))

Remark. When N = 1, this is exactly the same sets of Tp that we had for Γ(1).
In general, if p ∤ N , Tp behaves in a similar way to the N = 1 case. Things can,
however, get trickier when p | N .

How does ⟨d⟩ act on Mk(Γ1(N))?

Lemma 3.10. If f ∈ Mk(Γ1(N)) and γ = (A B
C D ) ∈ Γ0(N) and D ≡ d

(mod N), then f |k[γ] = ⟨d⟩(f)

Proof. We in fact have{(
X Y
Z W

)
∈ Γ0(N) :W ≡ d (mod N)

}
= Γ1(N)

(
A B
C D

)
So ⟨d⟩(f) = f |k[γ].

Lemma 3.11. If A is a finite abelian group which acts by linear maps on a
C-vector space V , then

V =
⊕

χ∈Hom(A,C×)

Vχ, Vχ = {v ∈ V : ∀a ∈ A, a · v = χ(a)v}
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Proof. Representation theory.

Corollary 3.12. We have Mk(Γ1(N)) =
⊕

χMk(Γ1(N), χ) and Sk(Γ1(N)) =⊕
χ Sk(Γ1(N), χ) where the direct sums run over the set of homomorphisms

χ : (Z/NZ)× → C× and

Mk(Γ1(N), χ) = {f ∈Mk(Γ1(N)) : ∀d ∈ Z, (d,N) = 1, ⟨d⟩f = χ(d)f}

Sk(Γ1(N), χ) = {f ∈ Sk(Γ1(N)) : ∀d ∈ Z, (d,N) = 1, ⟨d⟩f = χ(d)f}

Proposition 3.13. 1. If p | N , then

Γ1(N)

(
1 0
0 p

)
Γ1(N) =

p−1∐
j=0

Γ1(N)

(
1 j
0 p

)
2. If p ∤ N , then

Γ1(N)

(
1 0
0 p

)
Γ1(N) =

p−1∐
j=0

Γ1(N)

(
1 j
0 p

)
⊔ Γ1(N)

(
pa r
pN ps

)
for any integers r, s such that pas−Nr = 1.

In other words, Tpf =
∑p−1

j=0 f |k
[(

1 j
0 p

)]
if p | N and Tpf = f |k

[(
pa r
pN ps

)]
+∑p−1

j=0 f |k
[(

1 j
0 p

)]
for some pas−Nr = 1 if p ∤ N .

Proof. Recall that for any g ∈ GL2(Q)+, there is a bijection

(g−1Γ1(N)g ∩ Γ1(N))\Γ1(N) → Γ1(N)\(Γ1(N)gΓ1(N)), γ 7→ Γ1(N)gγ

We want to compute(
1 0
0 p

)−1

Γ1(N)

(
1 0
0 p

)
=

{(
a pb

p−1c d

)
:

(
a b
c d

)
∈ Γ1(N)

}
In particular,(

1 0
0 p

)−1

Γ1(N)

(
1 0
0 p

)
∩ Γ1(N) ≤

{(
a b
c d

)
∈ Γ1(N) : p | b

}
Conversely, if

(
a b
c d

)
∈ Γ1(N) and p | b, then(

1 0
0 p

)(
a b
c d

)(
1 0
0 p

)−1

=

(
a b/p
pc d

)
∈ Γ1(N)

So in fact(
1 0
0 p

)−1

Γ1(N)

(
1 0
0 p

)
∩ Γ1(N) =

{(
a b
c d

)
∈ Γ1(N) : p | b

}
Let Γ be this group.
For part 1 of the proposition, observe that Γ is the pre-image under the surjec-
tive homomorphism Γ1(N) → {( 1 a

0 1 ) : a ∈ Z/NZ} via reduction of the subgroup
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{( 1 a
0 1 ) : a ∈ pZ/NZ}. Any set γ0, . . . , γp−1 in Γ1(N) projecting to a set of repre-

sentatives for {( 1 a
0 1 ) : a ∈ pZ/NZ} \ {( 1 a

0 1 ) : a ∈ Z/NZ} will give representation
for Γ\Γ1(N). We can take γj =

(
1 j
0 1

)
which then gives the identity.

For part 2 of the proposition, Γ is the preimage in Γ1(N) of the surjective
homomorphism Γ1(N) → SL2(Z/pZ) of the subgroup {( a 0

c d ) : ad = 1}. Now{(
a 0
c d

)
: ad = 1

}
\ SL2(Z/pZ) ∼= {v ∈ F2

p, v ̸= 0}/F×
p

via g 7→ F×
p · (1 0)g. So for any matrices γ0, . . . , γp in Γ1(N) such that {F×

p ·
(1 0)γi} = {v ∈ F2

p, v ̸= 0}/F×
p , they are a transversal for Γ\Γ1(N). We can take

γj =
(
1 j
0 1

)
for j = 0, . . . , p− 1 and γp =

(
a b
c d

)
such that N | c, p | a, a ≡ d ≡ 1

(mod N). Choose a ≥ 1 such that pa ≡ 1 (mod N) (e.g. a = ϕ(N)) and
r, s ∈ Z such that pas − Nr = 1, then γp =

(
pa r
N s

)
works. The corresponding

representatives for Γ1(N)\Γ1(N)
(
1 0
0 p

)
Γ1(N) are given by(

1 0
0 p

)
γj =

(
1 j
0 p

)
, j = 0, . . . , p− 1,

(
1 0
0 p

)
γp =

(
pa r
pN ps

)
which gives what we wanted.

The proof actually gives us something more general: If p | N , then Tpf =∑p−1
j=0 f |k

[(
1 0
0 p

)
γj
]
for any γ0, . . . , γp−1 ∈ Γ1(N) projecting to representatives

for the quotient{(
1 b
0 1

)
∈ SL2(Z/NZ) : b ≡ 0 (mod p)

}
\
{(

1 b
0 1

)
∈ SL2(Z/NZ)

}
if p ∤ N , then Tpf =

∑p
j=0 f |k

[(
1 0
0 p

)
γj
]
for any γ0, . . . , γp ∈ Γ1(N) projecting

to representatives for the quotient{(
a 0
c d

)
∈ SL2(Z/pZ)

}
\ SL2(Z/pZ)

3.4 Diagonalisation; Newforms

Lemma 3.14. ⟨d⟩ commutes with Tp.

Proof. We shall prove the case where p ∤ N . Choose δ = (A B
C D ) ∈ Γ0(N) with

δ ≡ 1 (mod p2).

⟨d⟩Tpf =

p∑
j=0

f |k
[(

1 0
0 p

)
γjδ

]
, Tp⟨d⟩f =

p∑
j=0

f |k
[
δ

(
1 0
0 p

)
γj

]
So the lemma shall follow if

ϵj =

(
1 0
0 p

)−1

δ−1

(
1 0
0 p

)
γjδ

lie in Γ1(N) and project to representatives for the quotient{(
a 0
c d

)
∈ SL2(Z/pZ)

}
\ SL2(Z/pZ)
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Indeed, (
1 0
0 p

)−1

δ−1

(
1 0
0 p

)
=

(
D −pB

−C/p A

)
∈ Γ0(N)

and is congruent to 1 modulo p. So ϵj ∈ Γ1(N) and ϵj ≡ γj (mod p).

Corollary 3.15. The operators Tp preserve the subspaces Mk(Γ1(N), χ) and
Sk(Γ1(N), χ) for characters χ : (Z/NZ)× → C×.

Proposition 3.16. Let f ∈Mk(Γ1(N)) and write f(τ) =
∑

n≥0 an(f)q
n, then

Tp(f) =
∑
n≥0

(
anp(f) + pk−11p∤Nan/p(⟨p⟩f)

)
qn

where by convention an/p = 1p|nan/p.

Proof.

Tpf =

p−1∑
j=1

f |k
[(

1 j
0 p

)]
+ 1p∤Nf |k

[(
pa r
pN ps

)]

= pk−1p−k

p−1∑
j=0

f

(
τ + j

p

)
+ 1p∤Nf |k

[(
pa−1 r
N ps

)(
p 0
0 1

)]

=
1

p

∑
n≥0

p−1∑
j=0

an(f)e
2πinτ/pe2πinj/p + 1p∤N (⟨p⟩f)|k

[(
p 0
0 1

)]
=
∑
n≥0

anp(f)q
n + 1p∤N

∑
n≥0

an(⟨p⟩f)qnp

which is equivalent to the claimed identity.

Corollary 3.17. If p, q are primes, then Tp and Tq commute.

Proof. Computation reveals that an(TpTqf) is symmetric in p, q.

Recall that we can define an inner product on Sk(Γ1(N)) by

⟨f, g⟩ = [Γ(1) : Γ1(N)]−1

∫
Γ1(N)\h

f(τ)g(τ)yk
dxdy

y2

Proposition 3.18. If d ∈ (Z/NZ)×, then its adjoint is ⟨d⟩∗ = ⟨d−1 mod N⟩.
if p ∤ N , then its adjoint is T ∗

p = ⟨p−1 mod N⟩Tp.

Corollary 3.19. The operators ⟨d⟩ and Tp (for p ∤ N) are simultaneously
diagonalisable on Sk(Γ1(N)).

Remark. If p | N , then Tp is not in general diagonalisable on Sk(Γ1(N)).
Meanwhile, the simultaneous eigenspaces of ⟨d⟩ and Tp (p ∤ N) are not one-
dimensional in general either. Both of these defects are explained by the pres-
ence of so-called “old forms”.
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To see the simultaneous eigenspaces don’t have to be one-dimensional, sup-
pose N > 1 and f ∈ Sk(Γ(1)) is a normalised eigenform. Then f(τ), g(τ) =
f(Nτ) ∈ Sk(Γ1(N)) are linearly independent. If p ∤ N is a prime, then f, g
are eigenvectors of Tp with the same eigenvalue ap(f). Indeed, note that Tpf is
the same no matter whether we take the definition of Tp in Γ(1) or Γ1(N), so
Tpf = ap(f)f . As for g,

an(Tpg) = anp(g) + pk−1an/p(g) = anp/N (f) + pk−1an/(pN)(f)

= an/N (Tpf) = ap(f)an/N (f) = ap(f)an(g)

So the defects happened when we take some eigenforms from some strictly bigger
congruence subgroups (“old forms”).

Definition 3.10. Let N ∈ N. The old subspace Sold
k (Γ1(N)) ≤ Sk(Γ1(N))

consists of all forms of type f(Mτ) whereM | N,M > 1 and f ∈ Sk(Γ1(N/M)).
The new subspace Snew

k (Γ1(N)) is the orthogonal complement of Sold
k (Γ1(N))

in Sk(Γ1(N)).

Theorem 3.20. All the operators ⟨d⟩, Tp preserve the direct sum decomposi-
tion Sk(Γ1(N)) = Sold

k (Γ1(N))⊕ Snew
k (Γ1(N)). Furthermore, the simultaneous

eigenspaces of the operators ⟨d⟩, Tp (d ∈ (Z/NZ)×, p ∤ N) on Snew
k (Γ1(N)) are

one-dimensional. In addition, Snew
k (Γ1(N)) has a unique basis of normalised

eigenforms, i.e. forms f ∈ Snew
k (Γ1(N)) which are eigenvectors for all these

operators ⟨d⟩, Tp and satisfy a1(f) = 1.

Definition 3.11. A newform of weight k and level Γ1(N) is a normalised eigen-
form in Snew

k (Γ1(N)).

Example 3.4. S2(Γ(1)) = 0, so if p is a prime, so S2(Γ1(p)) = Snew
2 (Γ1(p)).

The first prime p for which this space is nonzero is p = 11, in which case it has
dimension 1 (as will be shown later). So it’s basis consist of a (new) eigenform.
What is it? Recall from example sheet the expression for the Dedekind η func-
tion η(τ) = q24

∏
n≥1(1 − qn). Turns out η(τ)2η(11τ)2 is the unique newform

in S2(Γ1(11)).

The eigenforms in Γ(1) has relations to L-functions, so there should certainly
be some sort of results in this flavour in this new context.

Theorem 3.21. Let f ∈ Sk(Γ1(N)) be a newform, say f(τ) =
∑

n≥1 anq
n and

define L(f, s) =
∑

n≥1 ann
−s. Then:

1. L(f, s) is absolutely convergent in Re s > 1 + k/2.
2. There is a character χ : (Z/NZ)× → C× such that f ∈ Sk(Γ1(N), χ).
3. There is an Euler product L(f, s) =

∏
p(1− app

−s + χ(p)pk−1−2s)−1 (where
by convention χ(p) = 1p∤Nχ(p)).
4. L(f, s) has an analytic continuation to C. Furthermore, if we define Λ(f, s) =
Ns/2(2π)−sΓ(s)L(f, s), then there is a sign ϵf ∈ {±1} such that Λ(f, s) =
ϵfΛ(f, k − s).

Theorem 3.22 (Shimura-Taniyama-Weil Conjecture, aka Modularity Theo-
rem). There is a bijection between the collection of elliptic curves E/Q up to
isogeny and the newforms f ∈ S2(Γ1(N), 1) with integer coefficients. Specifi-
cally, an elliptic curve E corresponds to f if for all but finitely many primes p,
ap(f) = p+ 1− |Ẽ(Fp)|.
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4 Modular Curves

Given a congruence subgroup Γ, our goal is to endow Γ\h and Γ\h⊔Γ\P1
Q with

the structure of Riemann surfaces. They are known as modular curves.

4.1 Conformal Structures of Modular Curves

Definition 4.1. A Riemann surface is a connected Hausdorff topological space
X together with an atlas of charts A = {(Ui, Vi, ϕi : Ui → Vi) : i ∈ I} such that:
(a) ∀i ∈ I, Ui ⊂ X,Vi ⊂ C are open.
(b) ∀i ∈ I, ϕi is a homeomorphism.
(c) ∀i, j ∈ I, ϕj ◦ ϕ−1

i : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj) is holomorphic.
(d)

⋃
i∈I Ui = X.

Definition 4.2. If X,Y are Riemann surfaces, then a function f : X → Y is a
morphism if it’s a continuous map such that for any chart ϕ : U → V of X and
ψ : U ′ → V ′ of Y , ψ ◦ f ◦ ϕ−1 : V ∩ f−1(U ′) → V ′ is holomorphic.

Example 4.1. 1. Take X = C and A = {(C,C, idC)}. Then X is a Riemann
surface and morphisms f : Y → C would be continuous functions such that for
any chart ϕ : U → V of Y , f ◦ ϕ−1 : V → C is holomorphic.
2. Take X = Ĉ = C ∪ {∞} and A = {(C,C, idC), (C× ∪ {∞},C, ϕ)} with
ϕ(z) = 1/z. Then ϕ ◦ id−1

C : C× → C× is z 7→ 1/z which is holomorphic, so X
is a Riemann surface.

Our first goal is to make Y (Γ) = Γ\h a Riemann surface. The first step is
to make it a connected Hausdorff topological space. Give h its usual topology
and Y (Γ) the quotient topology. Let π : h → Y (Γ) be the quotient map, i.e.
U ⊂ Y (Γ) is open iff π−1(U) is open. Y (Γ) has its connectednes inherited from
π. As for Hausdorff-ness,

Lemma 4.1. Suppose A,B ⊂ h are compact subsets, then {γ ∈ Γ(1) : γA∩B ̸=
∅} is finite.

Proof. Let ΩX = {τ ∈ h : |Re τ | ≤ X, Im τ ≥ 1/X}. We showed that ∃cX >
0,∀τ ∈ ΩX ,∀t ∈ R, |τ + t| ≥ cX max{1, |t|}. If c, d ∈ Z, then |cτ + d| =
|τ + dc−1||c| ≥ CX |c| sup{1, |dc−1|} = CX sup(|c|, |d|). hence if τ ∈ ΩX , then
Im(γτ) ≤ Im(τ)/(C2

X sup{|c|, |d|}2), hence sup(|c|, |d|)2 ≤ Im(τ)/(C2
X Im(γτ)).

Now suppose that A,B ∈ ΩX . If τ ∈ A, γτ ∈ B, then sup{|c|, |d|} is bounded
above by a constant only depending on A,B. If γ ∈ Γ(1) and γA ∩ B ̸= ∅,
then there are only finitely many possibilities for (c, d). if γ, δ have the same
denominator, then δ = ϵγ for some ϵ ∈ Γ∞ = {± ( 1 m

0 1 ) : m ∈ Z}. Since A,B are
compact hence bounded, there can only be finitely many ϵ such that ϵγA∩B ̸=
∅.

Proposition 4.2. Y (Γ) is Hausdorff.

Proof. Let x, y ∈ h be such that x, y are not Γ-conjugate. Enough to find open
sets Wx ∋ x and Wy ∋ y of h such that if γ ∈ Γ(1) then γWx ∩ Wy = ∅.
Choose open subsets Ux ∋ x and Uy ∋ y and compact subsets Kx ⊃ Ux and
Ky ⊃ Uy of h. The lemma shows that the set N = {γ ∈ Γ : Kx ∩ γKy ̸= ∅}
is finite. For all γ ∈ N , choose open sets Aγ ∋ x and Bγ ∋ γy such that
Aγ ∩ Bγ = ∅ as h is Hausdorff. We now take Wx = Ux ∩

⋂
γ∈N Aγ ∋ x and
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Wy = Uy ∩
⋂

γ∈N γ−1Bγ ∋ y, which are both open and Wx ∩ γWy = ∅ for any
γ ∈ Γ.

How about X(Γ) = Γ\h ⊔ Γ\P1
Q = Γ\(h ⊔ P1

Q)? Let h∗ = h ⊔ P1
Q on which Γ

acts on. Give h∗ a topology by declaring a basis that consists of open sets on
h and sets of the form αVR ∪ {z} = α(VR ∪ {∞}) where z = α∞ for α ∈ Γ(1)
and VR = {τ ∈ h : Im τ > R}. Note that α(VR ∪ {∞}) only depends on z and
R and not on the choice of α.
Any γ ∈ Γ(1) is a homeomorphism h → h, so X(Γ) inherits a quotient topology
from the quotient map π : h∗ → X(Γ).
Note that if R > 2, then ∀γ ∈ Γ(1), γVR∩VR ̸= ∅ =⇒ γ ∈ Γ∞ = StabΓ(1)(∞).
Indeed, if τ ∈ γVR∩VR, say τ = γτ ′ for some τ ′ ∈ VR, then ∃δ, ϵ ∈ Γ∞ such that
δτ, ϵτ ′ ∈ F ′. But δτ, ϵτ ′ are Γ(1)-conjuagte, so δτ = ϵτ ′, i.e. τ = δ−1ϵγτ =⇒
δ−1ϵγ = ±1 =⇒ γ ∈ Γ∞, which is what we wanted.
We can draw a commutative diagram

h∗ X(Γ)

VR VR/(γ ∩ γ∞)

where the map VR/(Γ ∩ Γ∞) → X(Γ) is injective, continuous, and open. This
means that it is in fact an embedding. What does VR/(Γ∩Γ) look like? Note that
Γ∩Γ∞ has the form of either {( 1 hn

0 1 )} or {±1} {( 1 hn
0 1 )} (depending on whether

−1 ∈ Γ), where h is the width of the cusp ∞. There is a continuous bijection
VR/(Γ ∩ Γ∞) → DR = {qh ∈ C : |qh| < e−2πR/h} via ∞ 7→ 0, (Γ ∩ Γ∞) · γ 7→
e2πiτ/h which is also open by open mapping theorem. So π(VR) is an open
neighbourhood of π(∞) in X(Γ) which is homeomorphic to the disc DR ⊂ C.
Similarly, if α ∈ Γ(1) and Γ · α∞ is a cusp of Γ of width h, then π(αVR) (for
any R > 0) is an open neighbourhood of π(α∞) which is homeomorphic to the

disk DR via α∞ 7→ 0,Γ · τ 7→ e2πiα
−1τ/h for τ ∈ αVR.

Theorem 4.3. X(Γ) is connected, Hausdorff, and compact.

Proof. It is easy to see that h∗ is connected, so X(Γ) inherits this connectedness
from π.
To see X(Γ) is Hausdorff, it is enough to find open sets that seperate the pairs
Γ · τ,Γ · α∞ and Γ · α∞,Γ · β∞.
In the first case, we can find an open set Uτ ∈ h and a compact set Kτ ∈ h
such that τ ∈ Uτ ⊂ Kτ . We already know previously that ∃Cτ > 0 such that
Im(γz) ≤ Cτ for any γ ∈ Γ(1), z ∈ Kτ . If R > Cτ , then γKτ ∩ VR = ∅ for any
γ ∈ Γ(1), hence γUτ ∩ αVR = ∅ for any γ ∈ Γ. This means that π(Uτ ) and
π(αVR) are disjoint.
In the second case, suppose Γ · α∞ and Γ · β∞ are distinct cusps, then αVR
and βVR are disjoint when R > 2 since if γ ∈ Γ has γαVR ∩ βVR ̸= ∅, then
∃δ ∈ Γ∞ such that γα = βδ, therefore γα∞ = β∞, contradiction. So π(αVR)
and π(βVR) are disjoint and seperate the two cusps.
How do we show compactness? Note that F∗ = F ∪ {∞} is a compact subset
of h∗ since F∗ − VR is closed and bounded hence compact for any R > 0. Take
a transversal γ1, . . . , γn for Γ\Γ(1), then π (

⋃n
i=1 γiF∗) = X(Γ) is compact as a

continuous image of a compact set.
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We can give X(Γ) the structure of Riemann surface by giving explicit charts.
Let I be a set of representatives for the Γ-orbits in h∗. For each x ∈ I, we need
to construct a chart ϕx : Ux → Vx where Ux ⊂ X(Γ) is an open neighbourhood
of π(x) and Vx ∈ C is open.
If x ∈ P1

Q, say x = α∞ for some α ∈ Γ(1), then we define Ux = π(αV2), Vx =

{qh ∈ C : |qh| < e−4π/h} and ϕx(π(α∞)) = 0, ϕx(π(ατ)) = e2πiτ/h for τ ∈ V2.
This is a homeomorphism as we’ve already seen.
If x ∈ h, we first show that we can find an open set Wx ⊂ h such that x ∈ Wx,
Wx is stable under StabΓ(x) and if y ∈ Wx and y ̸= x, then StabΓ(y) ≤ {±1}.
To do this, choose Mx ⊂ h open and Kx ⊂ h compact such that x ∈ Mx ⊂ Kx

and let N = {γ ∈ Γ : γKx ∩ Kx ̸= ∅}. N is finite and contains StabΓ(x). If
γ ∈ N − StabΓ(x), then γx ̸= x, so we can find Aγ , Bγ ⊂ h open such that
x ∈ Aγ , γx ∈ Bγ and Aγ ∩Bγ = ∅. We define Wx =Mx ∩

⋂
γ∈N−StabΓ(x)

(Aγ ∩
γ−1Bγ) which is open in h and contains x. Also, if γ ∈ Γ and Wx ∩ γWx ̸= ∅,
then γ ∈ N , so unless γ /∈ StabΓ(x) we must have Wx ∩ γWx ⊂ Aγ ∩ Bγ = ∅
which is a contradiction.
Consider the Möbius transformation ψx(z) = (z − x)/(z − x̄), then ψx(x) = 0,
ψx(∞) = ∞, and ψx StabΓ(x)ψ

−1
x stablises both 0 and ∞ – but any Möbius

transformation which stablises 0 and ∞ and has finite order must be given by
z 7→ ζz for some root of unity ζ.
By further shrinking Wx, we can assume WLOG that ψx(Wx) is an open disk
Dϵ of radius ϵ around 0 for some ϵ ∈ (0, 1). Consequently, Wx is stable under
StabΓ(x).
If y ∈Wx and y ̸= x and δ ∈ Γ such that δy = y, then δWx∩Wx ̸= ∅, therefore
δ ∈ StabΓ(x). ψxδψ

−1
x stabilises ψx(y) ̸= 0,∞, so ψxδψ

−1
x is trivial, therefore

δ ∈ {±1}.
We conclude that π(Wx), which is an open subset of X(Γ) that contains π(x),
is homeomorphic to Wx/ StabΓ(x) ∼= Dϵ/ψx StabΓ(x)ψ

−1
x . We know that group

ψx StabΓ(x)ψ
−1
x /(Γ∩ {±1}) is finite and consists of rotations by roots of unity,

therefore is cyclic of some order nx and is generated by z 7→ e2πi/nxz. It follows
that Dϵ/ψx StabΓ(x)ψ

−1
x is homeomorphic to Dϵnx via the map z 7→ znx . Our

desired charts around π(x) can then be defined by taking Ux = π(Wx), Vx =
Dϵnx , ϕx : Ux → Vx defined by ϕx(π(z)) = ψx(z)

nx where z ∈Wx.
Checking the holomorphy of transition functions is left as exercise. So we have
made X(Γ) a Riemann surface which also gives Y (Γ) the structure of a Riemann
surface by considering it as a subsurface.
Naturally, we should be able to link all these to certain modular functions.

Proposition 4.4. The map f 7→ π ◦ f/h defines a bijection between the mero-
morphic functions on X(Γ) and modular functions of weight 0 and level Γ.

Proof. The map π|h : h → Y (Γ) is a morphism of Riemann surfaces. So if

f : X(Γ) → Ĉ is a morphism, then F = f ◦ π|h : h → Ĉ is meromorphic on
h. F is certainly weakly modular as it factors through π|h, so it remains to
check that F is meromorphic at the cusps. Let α ∈ Γ(1), α∞ ∈ P1

Q. Since f is

meromorphic, there exists a meromorphic function gα : D → Ĉ where D is an
open disk centered at 0 such that ∀τ ∈ V2, f(π(ατ)) = F (ατ) = F |0[α](τ) =
g(e2πiτ/h) = g(qh). This exactly means that F is meromorphic at the cusp
Γ · α∞.
Conversely, suppose F is a modular function of weight 0 and level Γ. Then
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F : h → Ĉ factors through f : Y (Γ) → Ĉ. We need to show that f extends to
X(Γ) as a morphism. The previous computation (but done in reverse) reveals
that f is meromorphic at the cusps. As for τ ∈ h, we need to check that f is
meromorphic in a chart ϕτ (π(z)) = ψτ (z)

nτ in a neighbourhood Uτ of a point
π(τ). Explicitly, we need to show that the function w = ψτ (z)

nτ 7→ F (z) =
(F ◦ ψ−1

τ )(ψτ (z)) is meromorphic in D. F ◦ ψ−1
τ is meromorphic in an open

disk D′ centered at 0 and satisfies F ◦ ψ−1
τ (ζnτ

z) = F ◦ ψ−1
τ (z) for every nthτ

root of unity ζnτ
. The result then follows from Lemma 4.5 which will be stated

shortly.

Lemma 4.5. If D′ is a disk centered at 0, g is a meromorphic function in D′

and ∀z ∈ D′, g(z) = g(e2πi/nz), then there exists a meromorphic function h in
D′ such that h(zn) = g(z) for all z ∈ D′.

Example 4.2. j(τ) is a modular function of weight 0 and level Γ(1), so it

defines a morphism X(1) = X(Γ(1)) → Ĉ. This is bijective, so it is actually an
isomorphism.

4.2 Genus and the Generalised Valence Formula

Definition 4.3. If U ⊂ C is an open subset, then a holomorphic differential is
a symbol of the form ω = f(z) dz where f : U → C is a holomorphic function.
We write Ω1(U) for the set of holomorphic differentials in U .

If g : U → V is a holomorphic map between two open subsets of C, then we
write g∗ : Ω1(V ) → Ω1(U) for the map (the “pullback”) given by g∗(f(w) dw) =
f(g(z))g′(z) dz. If X is a Riemann surface, then a holomorphic differential on X
is the data for every chart ϕi : Ui → Vi of a holomorphic differential ωi ∈ Ω1(Vi)
such that for any i, j, the pullback of ωj |ϕj(Ui∩Uj) ∈ Ω1(ϕj(Ui ∩ Uj)) under the

map ϕj ◦ ϕ−1
i : ϕi(Ui ∩Uj) → ϕj(Ui ∩Uj) is equal to ωi|ϕi(Ui∩Uj). Write Ω1(X)

for the C-vectpr space of holomorphic differentials.

Theorem 4.6. If X is compact, then Ω1(X) is finite dimensional.

Its dimension gX is called the genus of X.

Example 4.3. gX(1) = gĈ = 0.

Definition 4.4. An elliptic point of Γ is a point π(τ) such that StabΓ(τ)/(Γ∩
{±1}) is nontrivial.

If π(τ) is an elliptic point, then StabΓ(τ)/(Γ ∩ {±1}) ↪→ StabΓ(1)(τ)/{±1}.
This means that τ is Γ(1)-conjugate to ρ = e2πi/3 or i and the stabiliser of
τ is isomorphic to a cyclic group of order 2 or 3. The order nτ = nπ(τ) =
|StabΓ(τ)/(Γ ∩ {±1})| of it is called the period of the elliptic point.

Theorem 4.7 (Generalised Valence Formula). Suppose Γ ≤ Γ(1) is a congru-
ence subgroup. Let ϵ∞ be its number of cusps, ϵ3 the number of elliptic points
of period 3, and ϵ2 the number of elliptic points of period 2, then

gX(Γ) = 1 +
[Γ(1) : Γ{±1}]

12
− ϵ2

4
− ϵ3

3
− ϵ∞

2
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We’ll prove this theorem using the Riemann-Hurwitz formula for Riemann
surfaces. To state it, we need the notion of ramification. For a nonconstant
morphism f : X → Y between compact Riemann surfaces and x ∈ X, choose
charts ϕx : Ux → Vx around X and ϕy : Uy → Vy around y = f(x) such that
ϕx(x) = ϕy(y) = 0, then ϕy ◦ f ◦ ϕ−1

x is a holomorphic function around 0 that
fixes 0, therefore takes the form zng(z) for some n ≥ 1 and g holomorphic and
nonvanishing at 0.

Definition 4.5. This number n is the ramification index ex = ex,f of f at x.
The degree deg f is defined to be deg f =

∑
x∈f−1(y) ex for any y ∈ Y .

It is a fact from the study of Riemann surfaces that these notions are well-
defined.

Theorem 4.8 (Riemann-Hurwitz). If f : X → Y is a nonconstant morphism
of compact Riemann surfaces, then

2− 2gX = (deg f)(2− 2gY )−
∑
x∈X

(ex,f − 1)

We shall prove our theorem by applying this formula to the morphism
X(Γ) → X(1) given by the projection Γ · τ 7→ Γ(1) · τ . The key thing to
compute is, of course, the various ramification indices.
If x = π(τ) for some τ ∈ h, then a chart around x is given by π(z) 7→ ψτ (z)

nx

and a chart around f(x) has the form ψτ (z)
nf(x) . In these charts, f has the

form w 7→ wnf(x)/nx , hence ex = nf(x)/nx. If x = π(α∞) for some α ∈ Γ(1),

then a chart around x is π(ατ) 7→ e2πiτ/h (where h is the width of the cusp
α∞) for τ ∈ V2 and a chart around f(x) is π(ατ) 7→ e2πiτ = (e2πi/h)h, so f has
the form w 7→ wh, i.e. ex = h.

Proof of Theorem 4.7. As gX(1) = 0, we have

2− 2gX(Γ) = 2deg f −
∑

x∈X(Γ)

(ex − 1)

Let’s compute deg f first: Take τ = 2i (or literally any other point that’s
generic enough), then ∀γ ∈ Γ(1), eπ(γτ) = 1 as nf(π(γτ)) = 1. So d = deg f =
|f−1(f(π(2i)))| = |Γ\(Γ(1) · (2i))| = |Γ\Γ(1)/{±1}| = [Γ(1) : Γ{±1}].
If ex > 1, then either x is a cusp or x ∈ Y (Γ) and nf(x) > 1, in which case
f(x) = Γ(1) · i or Γ(1) · ρ. For the former, we have∑

x∈f−1(Γ(1)·i)

(ex − 1) = d− |f−1(Γ(1) · i)|

Let ai = |{x ∈ f−1(Γ(1) · i) : ex = 1}|, bi = |{x ∈ f−1(Γ(1) · i) : ex = 2}|,
then ai + 2bi = d, ai + bi = |f−1(Γ(1) · i)| and ai = ϵ2. Substitution gives
d− |f−1(Γ(1) · i)| = (d− ϵ2)/2.
Similarly, for ρ we have∑

x∈f−1(Γ(1)·ρ)

(ex − 1) =
2

3
(d− ϵ3),

∑
x∈f−1(Γ(1)·∞)

(ex − 1) = d− ϵ∞

Putting these back to Riemann-Hurwitz delivers the result.
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Example 4.4. Let Γ = ⟨Γ(2), S⟩. We know that ϵ∞ = 2, [γ(1) : Γ] = 3 and
ϵ2 ≥ 1 (since Si = i). The formula gives gX(Γ) = (1/4) − (ϵ2/4) − (ϵ3/3) =⇒
gX(Γ) = 0, ϵ2 = 1, ϵ3 = 0 =⇒ X(Γ) ∼= Ĉ.

4.3 Modular Functions as Differentials

Definition 4.6. Let n ∈ Z and U ⊂ C be open. A holomorphic (resp. mero-
morphic) n-differential is a symbol f(z)(dz)⊗n where f : U → C is holomorphic
(resp. meromorphic).
We write Ω⊗n(U) (resp. Ω⊗n

! (U)) to denote the C-vector space of holomorphic
(resp. meromorphic) n-differentials in U .
If g : U → V is a holomorphic map between open subsets of C, we define a
pullback map g∗ : Ω⊗n(V ) → Ω⊗n(U) (resp. g∗ : Ω⊗n

! (V ) → Ω⊗
! (U)) induced

by g via g∗(f(w)(dw)⊗n) = f(g(z))(g′(z))n(dz)⊗n.
If X is a Riemann surface, a holomorphic (resp. meromorphic) n-differential
on X is the set of data ωi ∈ Ω⊗n(Vi) (resp. ωi ∈ Ω⊗n

! (Vi)) for every chart
ϕi : Ui → Vi such that ∀i, j, ϕj ◦ ϕ−1

i : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj) satisfies
(ϕj ◦ ϕ−1

i )∗(ωj |ϕj(Ui∩Uj)) = ωi|ϕi(Ui∩Uj).

We write Ω⊗n(X) (resp. Ω⊗n
! (X)) for the C-vector space of holomorphic (resp.

meromorphic) n-differentials on X.

Proposition 4.9. Let n ∈ Z, then the map Ω⊗n
! (X(Γ)) → Ω⊗n

! (h) given by
ω 7→ (π|h)∗(ω) = f(τ)(dτ)⊗n defines a bijection between ω ∈ Ω⊗n

! (X(Γ)) and
the set of modular functions f(τ) of weight k = 2n and level Γ.

Proof. Let ω ∈ Ω⊗n
! (X(Γ)) and write (π|h)∗(ω) = f(τ)(dτ)⊗n. For any γ ∈ Γ,

we have (π|h ◦ γ) = π|h =⇒ (π|h)∗ = γ∗ ◦ (π|h)∗. Therefore

f(τ)(dτ)⊗n = γ∗(f(τ)(dτ)⊗n) = f(γτ)γ′(τ)n(dτ)⊗n = f(γτ)j(γ, τ)−2n(dτ)⊗n

That is, f is invariant under the weight k action of Γ.
We also need to check that f is meromorphic at each cusp Γ · α∞, α ∈ Γ(1).
There exists a meromorphic function g on a disk D around qh = 0 such that
ω = g(qh)(dqh)

⊗n in the chart π(αV2) → D,π(ατ) 7→ e2πiτ/h. In αV2, π
∗(ω) =

f(τ)(dτ)⊗n is given by the pullback of g(qh)(dqh)
⊗n under the map τ 7→

e2πiα
−1τ/h. Expanding this relation gives

f(τ) = g(e2πiα
−1τ/h)(2πi/h)j(α−1, τ)−2n(e2πiα

−1τ/h)n

for τ ∈ αV2. So f |k[α](τ) = g(qh)(2πi/h)q
n
h which is a meromorphic function of

qh, so indeed f is meromorphic at the cusp α∞.
The rest of the proof is left as exercise.

Definition 4.7. Let X be a Riemann surface and ω ∈ Ω⊗n
! (X). For x ∈ X,

choose a chart ϕx : Ux → Vx around x. Say ω is reprensented by f(z)(dz)⊗n ∈
Ω⊗n

! (Vx) in this chart where f : Vx → Ĉ is a meromorphic function. The order
vx(ω) of ω at x is the order of f at ϕx(x).

One can check that this is independent of the choice of the chart.

Proposition 4.10. Let ω ∈ Ω⊗n
! (X(Γ)) correspond to a modular function f of

weight k = 2n and level Γ, then:
1. If x = π(α∞), then vx(ω) = v∞(f |k[α])− n.
2. If x = π(τ), τ ∈ h, then nxvx(ω) = vτ (f)− n(nx − 1).
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Proof. 1. From the proof of the preceding proposition we know that f |k[α](τ) =
g(qh)(2πi/h)q

n
h where ω = g(qh)(dqh)

⊗n near the cusp π(α∞). This immedi-
ately gives vx(ω) = vx(g) = v∞(f |k[α])− n.
2. Take a chart ϕx : Ux → Vx around x given by ϕx(π(z)) = ψτ (z)

nx (where

x = π(τ)). Say ω has the form g(w)(dw)⊗n in the chart for some g : Vx → Ĉ
meromorphic, then by computing (π|h)∗(ω) we know that the modular form
that ω corresponds to

f(z) = g(ψτ (z)
nx)nxψτ (z)

n(nx−1)ψ′
τ (z)

n

in a neighbourhood of τ . Hence vτ (f) = nxvx(ω) + n(nx − 1).

Corollary 4.11. Take n = 1. The map ω 7→ (π|h)∗(ω) = f(τ) dτ restricts to
an isomorphism Ω1(X(Γ)) → S2(Γ). In particular, dimC S2(Γ) = gX(Γ).

Proof. If ω ∈ Ω1
! (X(Γ)), then ω is holomorphic iff vx(ω) ≥ 0 for all x ∈

X(Γ). If f is a modular function, then f is a cuspidal modular form iff
∀α ∈ Γ(1), v∞(f |k[α]) ≥ 1 and ∀τ ∈ h, vτ (f) ≥ 0.
These conditions do match up by the proposition since vx(ω) = v∞(f |k[α]− 1)
if x = π(α∞) and vτ (f) = nxvx(ω) + nx − 1 if x = π(τ).

Can we do something in general? Needless to say, Hurwitz isn’t the only
mathematician who shared the credit of a theorem with Riemann.

Definition 4.8. Let X be a Riemann surface. A divisor on X is a formal sum
D =

∑
x nxx where nx ∈ Z for all x and nx = 0 for all but finitely many x. The

degree of the divisor D is degD =
∑

x∈X nx. We define Ω⊗n(D)(X) = {ω ∈
Ω⊗n

! (X) : ∀x ∈ X, vx(ω) + nx ≥ 0} ≤ Ω⊗n
! (X).

Example 4.5. Ω⊗0
! (x) is the space of meromorphic functions on X. So if

f ∈ Ω⊗0
! (x) and nx = 0, then vx(f) + nx ≥ 0 is equivalent to say that f is

holomorphic at x; if nx > 0, then vx(f) + nx ≥ 0 is to say that f has a pole of
order at most nx at x; if nx < 0, then vx(f)+nx ≥ 0 is to say that f has a zero
of order at least −nx at x.

Corollary 4.12. For any n, there are isomorphisms of vector spaces Mk(Γ) ∼=
Ω⊗n(DM )(X(Γ)), Sk(Γ) ∼= Ω⊗n(DS)(X(Γ)), where k = 2n and

DM =
∑

Γ·z∈Γ\P1
Q

n(Γ · z) +
∑

x∈X(Γ)

⌊
n

(
1− 1

nx

)⌋
x

DS =
∑

Γ·z∈Γ\P1
Q

(n− 1)(Γ · z) +
∑

x∈X(Γ)

⌊
n

(
1− 1

nx

)⌋
x

Proof. Recall that if ω corresponds to f , then v∞(f |k[α]) = vπ(α∞)(ω) + n
and vτ (f) = nxvx(ω) + n(nx − 1). So f ∈ Mk(Γ) iff ∀τ ∈ h, vτ (f) ≥ 0,∀α ∈
Γ(1), v∞(f |k[α]) ≥ 0, which happens iff ∀x ∈ Y (Γ), vx(ω) ≥ −n(1− 1/nx),∀z ∈
P1
Q, vΓ·z(ω) ≥ −n which translates to the first isomorphism. The proof for Sk(Γ)

is analogous.

This allows us to compute the dimensions of M2n(Γ) and S2n(Γ) if we know
dimensions of some of these Ω⊗n(D)(X). The latter is, however, usually hard
– but we have a strong enough theorem to make it work.
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Theorem 4.13 (Riemann-Roch). Suppose X be a compact Riemann surface
and n ∈ Z. Let D be a divisor on X such that degD+(2g− 2)(n− 1) > 0, then

dimC Ω⊗n(D)(X) = degD + (2n− 1)(g − 1)

Let’s try this onM2n(Γ) for n ≥ 1. We need C = degDM+(2g−2)(n−1) > 0
to apply Riemann-Roch in the form we stated it. Indeed,

C = nϵ∞ + ϵ2

⌊n
2

⌋
+ ϵ3

⌊
2n

3

⌋
+

(
d

6
− ϵ2

2
− 2ϵ3

3
− ϵ∞

)
(n− 1)

= ϵ∞ + ϵ2

(⌊n
2

⌋
− n− 1

2

)
+ ϵ3

(⌊
2n

3

⌋
− 2(n− 1)

3

)
+ (n− 1)

d

6
> 0

Riemann-Roch then gives

dimCM2n(Γ) = dimC Ω⊗n(DM )(X(Γ)) = degDM + (2n− 1)(g − 1)

As for S2n(Γ), the same computation gives degDS + (2g − 2)(n− 1) > 0 when
n ≥ 2 (the case n = 1 has already been dealt with in Corollary 4.11), so we
similarly have

dimC S2n(Γ) = dimC Ω⊗n(DS)(X(Γ)) = degDS + (2n− 1)(g − 1)

We conclude these in the following theorem:

Theorem 4.14. If n ≥ 1, then

dimCM2n(Γ) = nϵ∞ + ϵ2

⌊n
2

⌋
+ ϵ3

⌊
2n

3

⌋
+ (2n− 1)(gX(Γ) − 1)

If n ≥ 2, then

dimC S2n(Γ) = (n− 1)ϵ∞ + ϵ2

⌊n
2

⌋
+ ϵ3

⌊
2n

3

⌋
+ (2n− 1)(gX(Γ) − 1)

Example 4.6. 1. Take Γ = Γ(1), then g = 0, ϵ2 = ϵ3 = ϵ∞ = 1, so

dimC Sk(Γ(1)) =

⌊
k

4

⌋
+

⌊
k

3

⌋
− k

2
=

{
⌊k/12⌋ − 1, if k ≡ 2 (mod 12)

⌊k/12⌋, otherwise

which is consistent with Theorem 1.4.
2. Take Γ = ⟨Γ(2), S⟩, then we have ϵ∞ = 2, ϵ2 ≥ 1, therefore

g =
1

4
− ϵ2

4
− ϵ3

3
=⇒ g = 0, ϵ2 = 1, ϵ3 = 0

So if k is even and is at least 4, then dimCMk(Γ) = 1+⌊k/4⌋ and dimC Sk(Γ) =
−1+⌊k/4⌋. In particular, when k = 4, we have dimCM4(Γ) = 2,dimC S4(Γ) = 0
which implies thatM4(Γ) is spanned by E4(τ), E4((τ+1)/2) – a result we quoted
a few sections ago.
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4.4 A Formula of Ramanujan

Recall that we used the result dimCM4(Γ) = 2 for Γ = ⟨Γ(2), S⟩ to prove
some properties of r8. Naturally, knowing the explicit formulae of dimCMk(Γ)
and dimC Sk(Γ), we shall attempt to investigate rℓ(n) for 8 | n. Let k = ℓ/2,

then we know that θℓ ∈ Mk(Γ) where as before θ(τ) =
∑

n∈Z e
πin2τ . Also,

θℓ =
∑

n≥0 rℓ(n)q
n
2 = 1 + 3ℓq2 + · · · and θℓ vanishes at the cusp γ · 1.

We shall use these to get an approximate formula for rℓ(n). We know that

Ek(τ) = 1− 2k

Bk

∑
n≥1

σk−1(n)q
n ∈Mk(Γ)

and that

Ek|k [( 1 1
0 2 )] (τ) =

1

2
Ek

(
τ + 1

2

)
=

1

2

1− 2k

Bk

∑
n≥1

(−1)nσk−1(n)q
n
2

 ∈Mk(Γ)

since Ek|k [( 1 1
0 2 )] is invariant under (

1 1
0 2 )

−1
Γ(1) ( 1 1

0 2 ) which contains Γ. It fol-
lows that

Mk(Γ) = Sk(Γ)⊕ span{Ek, Ek|k [( 1 1
0 2 )]}

We want to find a, b ∈ Q such that θℓ − aEk − bEk|k [( 1 1
0 2 )] ∈ Sk(Γ). The

constant term of the q-expansion of this expression at ∞ is 1− a− b/2. As for
the cusp Γ · 1, take α =

(
1 −1
1 0

)
(so that α∞ = 1). Ek|k[α] = Ek since α ∈ Γ(1),

while

Ek|k
[(

1 1
0 2

)]
|k[α] = Ek|k

[(
1 1
0 2

)
α

]
= Ek|k

[(
2 0
0 1

)]
= 2k−1E2τ

Hence θℓ − aEk − bEk|k [( 1 1
0 2 )] vanishes at Γ · 1 provided that a + 2k−1b = 0.

Gathering all these information, we have a = 2k/(2k − 1), b = 2/(1− 2k).

Theorem 4.15. If 8|ℓ, then

rℓ(n) =
2k

2k − 1

−2k

Bk
σk−1

(n
2

)
+

1

1− 2k
−2k

Bk
(−1)nσk−1(n) +O(nk/2)

Proof. Let f = θℓ − aEk − bEk|k [( 1 1
0 2 )] ∈ Sk(Γ). The q-expansion of f is

f(τ) =
∑

n≥1 anq
n
2 where an = rℓ(n) − aan(Ek) − ban (Ek|k [( 1 1

0 2 )]). Using

techniques from example sheet, one can show that |an| = O(nk/2) which gives
the formula.

We now consider the case ℓ = 24, in which case k = 12,dimC Sk(Γ) = 2.
Note that ∆ =

∑
n≥1 τ(n)q

n ∈ S12(Γ) and

∆|k
[(

1 1
0 2

)]
=

1

2
∆

(
τ + 1

2

)
=

1

2

∑
n≥1

(−1)nτ(n)qn2 ∈ S12(Γ)

These two modular forms span S12(Γ), so we should be able to find c, d ∈ Q
such that

θℓ = aEk + bEk|k
[(

1 1
0 2

)]
+ c∆+ d∆|k

[(
1 1
0 2

)]
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We first compare the coefficients of the q-expansion of both sides at ∞. The
left side is 1+48q2+ · · · and the right side is (a+ b/2)+((b/2)(−2k/Bk)(−1)+
(d/2)τ(n)(−1))q2 + · · · . Then we look at the q-expansion of them after action
by
(
1 −1
1 0

)
to deal with the cusp Γ · 1. But θ8|k

[(
1 −1
1 0

)]
vanishes at ∞, so

θ24|k
[(

1 −1
1 0

)]
vanishes to order at least 3 at ∞. The q-expansion of the right

side after the action is, on the other hand,

aEk(τ)+2k−1bEk(2τ)+c∆(τ)+2k−1d∆(2τ) = (a+2k−1b)+

(
a
−2k

Bk
+ c

)
q+· · ·

Equating all these coefficients solves to

a =
4096

4095
, b = − 2

4095
, c = −65536

691
, d = −66304

691

In conclusion,

θ24 =
4096

4095
E12 −

2

4095
E12|12

[(
1 1
0 2

)]
− 65536

691
∆− 66304

691
∆|12

[(
1 1
0 2

)]
Expanding the coefficients gives

Theorem 4.16 (Ramanujan). If n ∈ N, we have

r24(n) =
65536

691
σ11

(n
2

)
− 16

691
(−1)nσ11(n)−

65536

691
τ
(n
2

)
− 33152

691
(−1)nτ(n)

Corollary 4.17. If p is an odd prime, then

r24(p) =
16

691
(1 + pn) +

33152

691
τ(p)

Recall that we stated Ramanujan’s conjecture that |τ(p)| ≤ 2p11/2 which
was proved by Deligne in 1973. This implies the optimal estimate∣∣∣∣r24(p)− 16

691
(1 + p11)

∣∣∣∣ ≤ 66304

691
p11/2

We also stated the Sato-Tate conjecture, proved by Barnet-Lamb, Geraghty,
Harris and Taylor in 2011, which implies that the normalised error terms

r24(p)− (16/691)(1 + p11)

(66304/691)p11/2
∈ [−1, 1]

are equidistributed with respect to the Sato-Tate measure (2/π)
√
1− t2 dt.
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