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0 Introduction and Motivations

Denote the complex upper half-plane by h = {7 € C : Im7 > 0}. Naturally,
certain matrix groups act on it by Mdbius transformations.

Lemma 0.1. GLy(R)™ = {M € GLy(R) : det M > 0} acts transitively on b
via Mébius transformations.

Consequently, subgroups (in particular SLy(Z)) of GL2(R)™ also acts on b
by Mobius transformations.

Proof. Let T € h and g = (‘; Z) € GL2(R)™, then by brute-force computation,

det(g) Im(7)
I = -
m(g7) ler + d|?
For transitivity, just observe that « + iy = ({ 7) - 4. O

Definition 0.1. Let k € Z, f: h — C and g € GLo(R)™. Define f|x[g] : h —
Cs by the formula

Flrlgl(r) = f(gr) det(9)"*j(g.7) 7"
where j(g,7) =cT +dif g=(2}).

Lemma 0.2. The above definition defined a right action of GLa(R)™ on the set
of functions f : h — Cq.

Proof. This reduces to the cocycle identity j(gh,7) = j(h,7)j(g, h7), which can
be verified by simple computation. O

Definition 0.2. Let k£ € Z and let I' < SLy(Z) be a subgroup of finite index.
A function f:h — C is called weakly modular of weight k and level T" if it is
meromorphic and Vy € T, f|x[v] = f.

For it to be a modular form, we actually need a little bit more. But before
jumping to actual definition and further theory, let’s look at some motivating
examples of it first.

Modular forms were first studied in the context of elliptic functions. Suppose F
is an elliptic curve over C and let w be a non-vanishing holomorphic differential
on E. Then there is a unique holomorphic isomorphism ¢ : C/A — E(C) such
that 1*(w) = dz, where A is a lattice. Furthermore, E can be defined by the
equation y* = 2% — 60G4(A)x — 140G6(A) where Gi(A) = 3 e\ 0y @ " But
in fact, if 7 € b, then A, = Z7®Z is a lattice and the functions G (1) = Gi(A;)
(when k > 4) are modular forms.

If f:Hh — Cis a modular form, then f has a Fourier expansion f(7) =
> >0 a,€2™"7/k for some a,, € C,k € N. The coefficients a,, often carries very
very useful arithn;etic information. For example, consider the theta function
0(1) =Y ,cz€™™ 7, then 62* is (we will see later) a modular form (of weight
k) for any integer k > 2. Its Fourier expansion is §2%(7) = D njger T2k(n)e™T
where roi(n) is actually the number of ways of writing n as a sum of 2k perfect
squares. So by relating 62* to other modular forms with known Fourier series,
we can get information about 79, (n) which is a very interesting subject in num-
ber theory. For example, we can show that r4(n) =83, y,d.



Consider the Riemann zeta function ((s) = > ., n~* which is well-defined for
Res > 1 and can be continued meromorphically to C. Studies in zeta function
also shows that it satisfies a functional equation relating (s) and ¢(1 — s), and
we have the Euler product

o= I —

1 _ m—S
p prime p

There is actually a big family of functions that shares analogous properties to
these, e.g. the Dirichlet L-functions

Lix,s)= Y, x(nn™*

ged(m,n)=1

associated with a character x : (Z/NZ)* — C*. Just like ¢, L(x,s) also pos-
sess significant arithmetic importance, namely it can be used to prove Dirichlet’s
theorem on arithmetic progressions. In general, L-functions are functions of the
form L(s) = >, ann~® which satisfies analogous properties to (. And as one
can expect, most of them are related to number theory. However, the tricky part
is that it is not usually easy to show that they have these properties, hence even
harder to utilise them in problems in number theory. This is where modular
forms come in. Turns out, modular forms can be used to construct L-functions
satisfying these properties. The details involve the theory of Hecke operators,
which will be discussed later in the course.

One last motivation to talk about is the Langlands programme, which pre-
dicts relations between objects in number theory and (certain generalisations
of) modular forms. This includes a special case of the Shimura-Taniyama-Weil
Conjecture (aka Modularity Theorem) which asserts a bijection between elliptic
curves over Q up to isogeny and certain modular forms. This bijection may
be characterised by saying the L-functions of elliptic curves corresponds to L-
functions of associated modular form.

1 Modular Forms on SLy(Z)

1.1 Modular Functions and the Valence Formula

Let f be a weakly modular function of weight k and level SLo(Z). Then f(7) =
fle [(§ )] (1) = f(7+1). This means that 1 is a period of f, hence there exists a

meromorphic function f: {g € C:0 < |q| < 1} — C such that f(e*™7) = f(7).

Definition 1.1. We say a weakly modular function f of weight & and level
SLy(Z) is meromorphic (resp. holomorphic) at oo if f is meromorphic (resp.
holomorphic) at 0.

We say f vanishes at oo if f is holomorphic and vanishes at 0.

Remark. If f is meromorphic at oo, then f has a Laurent expansion

f(Q) = Z anq"

ne”Z



near 0 and a,, = 0 for sufficiently small n. Consequently we get a g-expansion
(or Fourier expansion)

f(T) — Zanqn’q — 62711'7-

neZ

valid for sufficiently large Im 7.
If f is actually holomorphic at co, then a,, = 0 when n < 0, so f(c0) = ao.

Definition 1.2. Let f : h — C, be a weakly modular function of weight k
and level SLy(Z). It is a modular function if f is meromorphic at co. It is a
modular form if f is holomorphic in h and at co. It is a cuspidal modular form
if it is a modular form and vanishes at oo.

We write M}, (SL2(Z)) for the C-vector space of modular forms of weight k& and
level SLo(Z). Similarly we write Si(SL2(Z)) for the C-vector space of cuspidal
modular forms of weight &k and level SLo(Z).

Example 1.1. If 7 € h, write A, = Z7 & Z. For k € Z, we define

Gi(r) = Z wF

weA,\{0}

If v =(2%) € SLy(Z), then Ay = j(y,7) " A+, so, if G, converges absolutely,

GrleM(7) = Gr()i(v, )= > (wily, )7
weA,-\{0}

= ) w =G

weA\{0}

Proposition 1.1. Suppose k > 4 and k is even. Then G (1) converges abso-
lutely and uniformly in compact subsets of h. Moreover, G (7) is holomorphic
at 0o and Gi(o0) = 2¢(k). In particular, Gy, € My(SLa(Z)).

Remark. We are not really disappointed at k being required to be even. In fact,
there is no nonzero weakly modular functions of odd weight k& and level SLo(Z)
since we can take T'= (' %) € SLa(Z) which gives f|,[T] = (-1)Ff = —f.

Proof. Fix A > 1 and define Q4 = {r € f:|Re7| < A, Im7 > 1/A}. We shall
show absolute and uniform convergence of Gy, in €2 4. Note that if 7 € Q 4, then
|74+ x| > 1/A for any x € R and |7 + x| > |z|/2 if in addition that |z| > 2A4. So
|7+ x| > (2A2?) "' max{1,|z|}. Hence for any 7 € Q4,

_ _ n |~k
Z |m7 +n| 7% = Z |m| k‘r—&—g‘

(m,n)€Z2\{0} (m,n)€Z2\{0}

ml—k
Z (Z'Al)gmax{l, in/ml})~

(m,n)€Z2\{0}

<242 3" min{m[ 7", |n|7*}
(m.n)€z2\{0}

= (242)* Z = 8r
reN

= (24%)k8¢(k — 1)

IN



which shows absolute and uniform convergence.
To see it is holomorphic at oo and Gg(c0) = 2((k), it suffices to show that
Gr(z + 1y) — 2¢(k) as y — oo, which we can just calculate

Z lirgoo(mTJrn Z n~ "% = 2¢(k)

Im
(m,n)€Z2\{0} neZ\{0}
as desired. ]

Definition 1.3. The normalised Eisenstein series is defined as

Ei(r) = 2& 5 1+nz>:lanq

We shall see later that these a, are actually rational numbers of bounded
(minimal) denominators.

Remark. if f € My(SL2(Z)) and g € M;(SL2(Z)), then fg € My41(SLa(Z)).

Consequently Ef and EZ € Mi2(SLa(Z)) and Ef = E? at oo. So A =

(E3 — E3)/1728 € S12(SLo(Z)). We'll see later that A =" ., b,¢™ is nonzero
with b; = 1 and Vn, b, € Z.
We now turn to study a fundamental domain for the action of SLy(Z) on b.
Write T'(1) = SLo(Z), (1) = SLy(Z)/{£1}. We are interested in the domains
F={re€h:-1/2<Ret <1/2,|7| > 1} (draw it!) and F' = {r € F: ReT <
1/2,]7| =1 = Rer < 0} obtained by removing part of the boundary of F.

Proposition 1.2. 1. F' is a fundamental domain for the action of T'(1) on b.
More precisely, Vr € §, 7" € T'(1) - 7 such that 7’ € F'.

2. Stabf(T) is triial for any T € F' — {i, p}, while Stabr(l)( 1) ={1,5} and
Stabm— ( ) = {1, ST, (ST)?} where

1 V3, 11 0 —1
P—_2+22’T_<0 1>’S_<1 0>

3. T'(1) is generated by S and T.

TP

Proof. We shall first prove that any 7 € b is T'(1)-conjugate to an element of
F. We already know that if 7 € h and v € T'(1), then Im(y7) = Im7/|j(v, 7)|?
For 7 € b, as (c,d) € Z*\ {0}, the numbers |eT + d| achieve a positive minimum
(since A = Z7®Z is a lattice). Consequently, the numbers Im(y7) for v € I'(1)
achieve a maximum. So by applying certain elements of I'(1) we can arrive at
Vy € T(1),Im7 > Im(y7) and Re(7) € [—-1/2,1/2]. One can check that these
properties means 7 € F by observing that Im(S7) = Im(7)/|7]? < Im7 =
7] > 1.

This implies that any 7 € b is ﬁl)—conjugate to an element of F' since we can
obviously get from F to F’ by S and T. -

Now suppose y7 = 7/ for 7,7/ € ',y = (¢4) € I'(1). WLOG (up to possible
swap of 7 and 7') we have Im7' = Im(vy7) > Im7 = |j(v,7)| < 1. Then
since Im7 > v/3/2, |j(7,7)| = |er + d| > ¢V/3/2, which means that |¢| < 1.

If ¢ = 0, then ~ is linear, which then forces v = 1,7 = 7/. If ¢ = £1, WLOG
c=1. As |7 +d| <1, either d = 0 which means |7| = 1 or d = 1 which means




T =p. Ifd=0,|r| =1, then y7 = a — 7~ !. We have Re7,Re(y7) = a — Rer
both residing in [—1/2, 0], so the only possibilities are

Rer =—1/2,a=—1,7 = p,y = (ST)?
Rer=0,a=0,7=1i,7y= 5.

Ifd=1,7 = p, then vp = (ap+b)/(p+1). But Im(vp) =Im(p)/(p+1) =Imp
which actually means vp = p since p has minimal imaginary part in 7', hence
a=0,b=—-1and ~v=S5T. L

It remains to show that S, T generate I'(1). Take G = (S,T) and 7 € h. WLOG
Vy € G,Im(y7) <Im7 and ReT € [-1/2,1/2] as usual, so 7 € F as Im(S7) =

Im(7)/|7]* < Im7 = |7| > 1. Choose any 7 € Int(F) and v € I'(1). As
47 € h,36 € G such that §y7 € Int(F) and hence §y =1 = y=6"1eG. O

For p € T'(1)\h, we write e, = |Stabm(7)| for any representative T € p.

Then e, = 1 except when T D).p = 3 and erDy. = 2.
Definition 1.4. Suppose that f is a modular function of weight k£ and level
SL2(Z), we define v,(f) to be the order of f at 7 € p € T(1)\b.

Note that this is independent of the choice of 7 since for any v € T'(1) we
have f(y7)j(v,7)™% = f(7) and j is holomorphic and non-vanishing.

Definition 1.5. We define voo(f) = inf,ez{n € Z : a,, # 0} where f(1) =
> nez @nq" is the g-expansion of f. (equivalently, this is the order of f at
q=0).

Theorem 1.3 (Valence Formula). Let f be a nonzero modular function of
weight k and level SLy(Z), then

Nt Y ul) = 1

pel(M\h
The sum is, of course, always finite.

Proof. We shall first prove the theorem assuming that f has no zeros or poles
on OF. Since f is meromorphic at oo, there exists R > 0 such that f has no
zeros or poles in {7 € h : Im7 > R}. Consider the region {7 € F : Im7 < R}
and let v be its (anticlockwise) boundary. Let’s label some points on ~:

1 1

The argument principle then gives

L fl(z)dzz Z 'U-r(f)

2mi v f(Z) T€lnt F

What is this countor integral? Well, f(7) = f(r + 1), so

Bpe) [P
/;ﬂdw_téf@dz




Also, the image of the path from E to A under 7 — 2™ is a clockwise circle
«a around ¢ = 0, so

1 Af’(z) 1 f’(q) R
2wi Jp T C T am g YT o) = )

Next, the path from C' to D is the image of the path from C to B under S, so
C pr C ! C C g
(O L [CUeSI e L [Tk, 1 [CrE)

2wty 1) T 2w )y (Fooie) T ami )y T o )y T
Therefore,

1L (191 PR N k1 PRk
2(/ 0 ) )

Putting everything together gives the formula (since every zeros/poles p in the
interior of F has e, = 1).

What if there are zeros and poles of f on the contour? Well, if they are not
i, p,p+ 1, then it is easy to deal with — just modify the contours by a properly
oriented perturbation and use a limit argument. For i, p, p + 1, we make the
following observation: If g is a meromorhic function define in an open neigh-
bourhood of z = 0 and . (for sufficiently small €) be the path v.(t) = eef+*?
then

1 CAC T

vo(9)

es02mi ) g(z) " 2r
(This can be easily shown by writing g(z) = 2*°(9 h(z) where h is nonzero and
holomorphic at 0). So in the case where f has zeros or poles at i or p,p+ 1, we
can modify the contour by a small e-arc around them that are oriented inside
F. Sending € — 0 then works everything out since the angles at p, p+ 1 are 7/3
and e, = 3 while the angle at 7 is 7 and e; = 2. O

Modular forms are holomorphic in h U {oc}, so it only have nonnegative
orders. This fact allows us to do tonnes of stuff with this formula.

Example 1.2. Take k =4 and f = E; € M4(SLy(Z)). Then we get

1 1
Voo (Ey) + ; ;%(EO =3
pEL(1)\b
which implies that F4 has a simple zero at p and none else.
Take k = 6 and f = Eg gives

(Bt YD o) = 5

peT(M\h
So Fg has a simple zero at i and none else.
Putting these two together shows that A = (Ej — E2)/1728 € S12(SLa(Z)) is
nonzero at ¢. In particular A # 0.
Also, applying the theorem to A gives

(A + S eivp(A)zl

peTM\h



But we already have vo(A) > 1 since A is cuspidal, so A has a simple zero at
oo and is non-vanishing on b.

1.2 Structures of M;(SLy(Z)) and Si(SLy(Z))

Theorem 1.4. Let k € 27Z.

1. If k<0 or k=2, then M(SLo(Z)) = 0. Moreover, My(SLy(Z)) = C.
2. If 4 <k <10 or k =14, then My(SL2(Z)) = CEj.

3. If k > 0, then multiplication by A induces an isomorphism

My, (SL2(Z)) — Sk+12(SL2(Z))

Proof. If f # 0, then

wfr Y Sulh) =1

pel(\h
It follows straight away that & > 0 and k& # 2. Suppose f € My(SLa(Z)),
then there exists A € C such that f — A is cuspidal. The valence formula then
yields a contradiction unless f — A = 0, so f has to be a scalar. Therefore
Mo(SL2(Z)) = C.
Suppose f € M(SL2(Z)) and 4 < k < 10 or k = 14, then IN € C, f — AE}, €
Sk(SLa(Z)). It f — AEy # 0, then plugging it into the valence formula yields
immediate contradiction, so the result follows.
For the last part of the theorem, we know the map is injective right away since

A # 0. It is surjective since A is nonvanishing in all of h and has a simple zero
at oo (which means that f/A € M, (SLa(Z)) if f € Si+12(SLa(Z))). O

Corollary 1.5. For any k € Z,k > 0, we have

k/12], if k=2 (mod 12)

dime My, (SL2(Z)) =
imc My, (SL2(Z)) {Lk/12J+1’ otherwise

Proof. When 0 < k < 14 the corollary follows immediately from the theorem.
Also, My (SL2(Z)) = CEy, ® Sk(SL2(Z)), so by part 3 of the theorem,

dimg My 412 (SL2 (Z)) =1+ dim¢ Mk(SLQ(Z))
which is what we want. O

Corollary 1.6. Let k > 0 be even. Then My (SLy(Z)) is spanned as a vector
space by the elements {E$ES : a,b € Z>o,4a + 6b = k}.

Proof. This certainly holds when k < 10. Also, if this holds for k, then choose
a,b € Zso such that 4a + 6b = k + 12. We know that E{EE € M 12 and
Mk+12(SL2(Z)) = Sk+12(SL2(Z)) D CEZEg = AMk(SLQ(Z)) S5 CEZEg The
result for k 4 12 follows. We conclude the corollary by induction. O

Definition 1.6. We define j : h — C by the formula j = Ef/A which is a
modular function of weight 0 and level SLo(Z).

Remark. If 7 € b, then j(7) is the j-invariant of the elliptic curve E,. = C/A,.



Theorem 1.7. j is holomorphic in by and v (j) = —1, and it induces a bijection

T(1)\b — C. Also, every modular function of weight 0 and level SLy(Z) is a
rational function of j.

Remark. Later in the course, we will give T'(1)\h U {oo} the structure of a
compact Riemann surface. The theorem then means that j gives an isomorphism
from this Riemann surface to the usual Riemann sphere.

Proof. We immediately have j being holomorphic on § and having a simple zero
at oo since Ej is a non-cuspidal modular form and A is holomorphic in b with
a simple zero at co. For any z € C, we have

1
Voo (B3 — 2A) + Z e—vp(EZ’ —zA) =1
Pl M\

Consequently Ej — 2zA has exactly one zero 7 € T'(1)\b, which would be the
unique solution to j(7) = z.

Suppose f is a nonzero modular function of weight 0 and level SLy(Z), then
WLOG (by multiplying f by terms of the form j — j(7y)) f is holomorphic
in h. Then In > 0 such that A™f € Mj2,(SL2(Z)). We already know that
M2, (SL2(Z)) is generated by {E$Eg : a,b € Z>o,4a + 6b = 12n}, so it suffices
to show that everything in this generating set is a rational function in j. If
4a + 6b = 12n, then a = 3p, b = 2q for some p, q € Z>o with p 4+ ¢ = n, hence

E¢E? E3N? (1 E2\Y
A = (ﬁ) (ﬁ) = j*(j — 1728)°

as desired. O

Proposition 1.8. Let k > 4 be an even integer, then the q-expansion of Gy, is

)P
Gr(r) =2¢(k) + (2152 1))' Zakfl(n)q",ok,l(n) = de_l

d|n

Proof. We have the identity

I~ 1 1
wcot(WT):T+Z<7_n+T+n)

n=1

Note that 7 cot(r7) = wi(g+1)/(¢ —1) = —mi(1+q)(1+qg+¢*>+---), so

m’2mzq"i+2(7in+7in>

n>1 n=1

Differentiating (k — 1) times gives

—271 min)f gt = (= 1)F Yk — L 3 1 1
2 ;(2 lgn = (1) (ke — 1) <Tk+7;((7—n)k+(7+n)k>>
= (D)= (r+n)7"

neZ




(We can do all these sort of stuff since the series we deal with all converges
absolutely and uniformly on compact sets.) So,

Gi(1) = Z (m7T+n)”

(m,n)ez2\{0}

=2¢(k +222m7’+n

k

m>1neZ
2(2mi)k N
=2¢(k) + (15 1))' Z nk=lgnm
T mn>1
2(27i)k N
=2¢(k) 1) Z or—1(n)q
T n>1
which is what we wanted. O

Corollary 1.9. Ey(7) has g-expansion

2m
Ek(T):1+ _1'< Zﬂkl
n>1

Consequently, the coefficients are all rationals. In particular, they are integers
when k = 4,6, in which case

Ey(1) =14240 > 03(n)q", Es(r) =1-504) o5(n)

n>1 n>1

Proof. Tt is well known that 7% /( (k) is rational for any k € 2Z~¢. In particular,
¢(4) = 74/90 and ¢(6) = 0 /945. m

Proposition 1.10. The g-expansions of A is g+, <5 anq" where¥n > 2, a,, €
Z. The q-expansion of j is ¢~ ' ano bnq™ where ¥n > 0,0, € Z.

Proof. As j = E3/A, it suffices to show that A has the said properties. Write
Ey=1+240U,Eg = 1 — 504V where U = )~ ., 03(n)¢™,V = >, -, 05(n)¢",
then A = (B} — E2)/1728 = 5(U — V) /12 + P(U,V) where P(U,V) € Z[U, V.
Consequently, the g-expansion of A has integer coefficients since o3(n) = o5(n)
(mod 12) for all n € N. The leading term is q as (3x240+2x504)/1728 = 1. O

Proposition 1.11. Let k > 0 be an even integer. Then there exists a basis
fis--oy I for Sk(SLa(Z)) such that:

(a) If f; has q-expansion Y, -, a;nq"™, then a;, € Z.

(b) Qi p = bin ifi,’/l S {1,...,7\7}.

Proof. Assume that Sy (SL2(Z)) # 0. Write k = 12a + d where d = 14 if k = 2
(mod 12) and 0 < d < 12 otherwise, then N = dim¢ S(SL2(Z)) = a. Write
d = 4A + 6B for some A, B € Z>o and introduce g; = AiEfEf;BEg(N_Z) for
t=1,...,N. The weight of g; is 12i + 4A + 6B + 12(N — i) = 12N +d = k.
Also the leading term in the g-expansion of g; is ¢’ and the coefficients in
the g-expansions of g; are integers. Performing row reduction on the first N
coefficients in the g-expansions of g; shall produce the required f;. O
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2 Hecke Operators and L-functions

Hecke operators are just automorphisms of S;(SLz(Z)) and My, (SL2(Z)). They
exists, in fact, for rather abstract reasons. So naturally, we want to start from
an abstract point of view.

2.1 Abstract Hecke Algebras

Definition 2.1. Let G be a group and H < G. We say (G, H) is a Hecke pair
if for all g € G, the set of orbits H\(HgH) (where H acts on the double coset
HgH by left multiplication) is finite.

Lemma 2.1. Let H < G. For any g € G, there is a bijection (HNg~*Hg)\H —
H\(HgH) where (HNg 'Hg)\H is the set of right cosets of HNg 'Hg in H.
In particular, (G, H) is a Hecke pair iff Vg € G,[H : HNg 1Hg] < oo

Proof. Consider the surjective map H — H\(HgH) via h — Hgh. We have
Hghy, = Hghy <= ghihy'g' € H <= hhy;' ¢ HNng 'Hg < (HN

g tHg)hy = (HN g 'Hg)hs. So we can induce a bijection (H Ng~'Hg)\H —
H\(HgH) which is what we want. O

Definition 2.2. Suppose (G, H) is a Hecke pair. The Hecke algebra H(G, H)
is defined to be the set of all functions f : G — C satisfying the following
condition:

(a) Vg € G,hy1,he € H, f(hlghg) = f(g)

(b) f is nonzero on only finitely many H-double cosets.

If f1, f2 € H(G, H), then we define their product as

(fr- f2)(g) = Z f1(gg; ") f2(9:)

where {g;} is a set of representatives for the disjoint decomposition G = [[, Hg;.

Remark. 1. We can, of course, switch the actions to the other side instead.

2. A continuous analogue of this notion can be defined in the context where G
is a locally compact topological group. In this case, the product on the Hecke
algebra is the convolution that comes with it.

Lemma 2.2. The multiplication in H(G, H) is well-defined and associative.
Moreover, its unit element is the indicator [H] = 1p.

Proof. The sum is finite since we can write f1(g) = >, \i[Hz; H| where \; € C
and {z;} is a finite set of representatives of the double cosets of H where f; is
supported. As (G, H) is a Hecke pair, we can write [Hz; H] = Zj [Hy;;] where
Hy;; are the (finitely many) orbits in H\(Hxz;H). Hence f; can be written as
a finite sum f; = Z” Ai[Hyij;]. Similarly, we can write fo = Zk,l i [H 2k, so

(o)) = D NulHyi) (997 ") [Hzr) (gr)

©,7,k,l,r

which has to be a finite sum since i, j, k, [ are indices of finite range.
To see it is independent of the choice of {gi}, just observe that for any {h;} C H,

Zfl zgz zgz Zfz ggz zgz Zfz 99; f2(gz)
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To see f1 - fo is in H(G, H), take any g € G, h1,hs € H and
(f1- f2)(haighs) = Zfl (h1ghzg; ) f2(9:)

= Zfl N falgihy )
= (fl - f2)(9)

as - is well-defined. It is easy to see fi- f2 is supported on finitely many H-double
cosets (by e.g. the formula we obtained earlier in terms of indicator functions),
so indeed - : H(G, H) x H(G, H) — H(G, H) is well-defined.

To see associativity, we simply compute

(fr-(f2- f3)) Zfl 99: ) (f2 - f3)(9:) Zfl 99: ") f2(9i9; ") f3(95)

0,J

((fi-f2)- f3)(9) = Z(fl - f2)(99; ") fa(g;)
= Zfl (99; H(9i9; )~ falgigy 1) f3(9;)
=(fi-(f2- f3))(9)
f-[H)=f=[H]- f is easy to see. O
Definition 2.3. Let G be a group and V be a C-vector space on which G acts on

the right by linear maps. For a subgroup H < G, the subspace of H-invariants
is denoted by VH = {v € V:Vh € H,v-h =v}.

Proposition 2.3. Suppose (G, H) is a Hecke pair. Let V be a C-vector space
on which G acts on the right by linear maps, then V¥ is a right H(G, H)-module
under the action (v e VI fe H(G,H))v-f=3, f(g:)(v-g;) where {g;} is a
family of representatives for the right cosets of H in G.

Proof. To see v - f is well-defined, note that the sum is finite as f is only
supported on finitely many H-double cosets (which are in particular unions of
finitely many right cosets). As both the action and f are invariant under H,
the sum is independent of the choice of representatives.

We next check that v - f is in V. Indeed, whenever h € H,

ngz vgz ngz )):’Uf

The last thing to check is that v - (f1 - fa) = (v - f1) - fo. Indeed, we can just
calculate

v (fi -f2>—Z<f )o@+ gi) = 3 Filgig; ) 2(95)(v - 90)

4,7
Zf? g] g])
= Zfz 9:)f1(9i9; )(v - (9:9; " 95))

%,
v (f1- f2)
as desired. O

12



These are all quite dry since what we have done is basically just verifying
everything is well-defined. Thankfully, as we’ve just done all these, it’s the time
for concrete applications.

2.2 Hecke Operators on Modular Functions

Fix k € Z and let V;, = {f : h — C meromorphic} equipped with the weight k
modular action of GLa(Q)* = GL2(Q) N GL2(R) ™.

Definition 2.4. For N € N, we define I'(N) = ker(SL2(Z) — SL2(Z/NZ))
where the map is induced by the canonical quotient map Z — Z/NZ.

So I'(1) = SL2(Z) and each I'(IV) is a finite index subgroup of I'(1).
Lemma 2.4. (GL2(Q)*",T(1)) is a Hecke pair.

Proof. We need to check that Vg € GLo(Q)™, [['(1) : T(1)Ng~ ! (1)g] < co. We
will prove this by showing that I'(1)Ng~1T'(1)g contains I'(N?) for some N. Fix
g € GLy(Q)". We can find N € N such that Ng and Ng~! both have integer
entries. Then

T(N?)g™ € (14 N2My(Z))g™ = 1+ (No)Ma(Z)(Ng™") C Mo (Z)
So gT'(N*)g~1 <T(1) = T(N?) <T(1)Nng T (1)g. O

Hence Vkr(l), which is the space of weakly modular functions of weight k and
level (1), is a H(GL2(Q)™,T'(1))-module.

(1

Definition 2.5. For n € N, we write T}, for the endomorphism of VkF ) induced

by [X,] € H(GL2(Q)",T'(1)) where X,, = {g € M3(Z) : det(g) = n}.

It is not quite immediate that [X,,] is indeed an element of the Hecke algebra
H(GL2(Q)*,T'(1)). This is justified with the following lemma:

Lemma 2.5. The set I'(1)\X,, (the set of left I'(1)-orbits in X,,) is finite, and
a set of representatives is

{(g Z):a,deN,ad:n,beZ,Ogbgd}

Proof. If a € X,,, then Z?a < Z? has index det o = n. There is then a map
F(\X, — L, = {A <Z%:[Z%: A] = n} via a — Z?« (one can check this is
well-defined). Our claim is that this map is bijective.

It is surjective since if A < Z2? has index n then we can find u,v € A such
that A = Zu @ Zv, so A = Z2a where a = (%) where det a = n after possibly
swapping u, v.

To see it is injective, suppose a, 3 € X,, and Z?«a = Z23, then Z? = Z?Ba~".
But this means that v = fa~! € SLy(Z), so 8 = ya = (1) =T(1)c.

It remains to find a suitable representative o for each choice of A < Z2? of index
n. Let e = (1,0),e5 = (0,1), then Zes N A < Zey has finite index, say d. We
have a short exact sequence

0 —— Zes/(ZeaNA) —— Z2 /N —— Z%/(A + Zes) —— 0

13



Note that Z2/(A + Zes) = Zey /(Zey N (A + Zes)). Let a = |Z%/(A + Zes)|, then
ad = n. Observe that d is the least natural number such that des € A. Similarly,
a is the least natural number such that ae; € A + Zes. Equivalently, it is the
least natural number such that there exists some b € Z with ae; +bey € A. Take

the unique choice of b in [0, d) gives the required representative o = (8 2). O

What do these T;,’s do, precisely?

Proposition 2.6. Let n € N and f be a modular function of weight k and
level T'(1). Suppose it has q-expansion f(1) = >, .y amq™. Then T, f is also

a modular function with q-expansion T, f(T) = >, .7 bmq™ where

k—1
b = E a Amn/a?

alged(m,n),a>1

Proof. By definition,

Tof(r) = (f- (X)) = > flell(r)

gel(\ Xy

Z f (aT+b> d_knk_l
d

ad=n,0<b<d

:nk—l Z Z d—kam Z e27rim(a7'+b)/d

mEZ ad=n 0<b<d

— nk—l § E d—kam627rmm7'/d E e27rzmb/d

meZ ad=n 0<b<d

Note that D yq g2mimb/d — d1 g, S0

Tnf(T) — nk—l Z Z dl—kam627riam‘r/d

meEZ ad=n,d|m

— § ak—l § admeQ‘n'mmT

ad=n meZ

= Z qm Z ak_lamn/az

meZ alged(m,n),a>1

which is the desired g-expansion. The expression also implies that b,, = 0 if
m is negative and |m| is sufficiently large, therefore T), f is indeed a modular
function (we already know that T;, f is weakly modular by our established theory
on Hecke algebra). O

Corollary 2.7. T,, also preserves Si(SLa(Z)) and My (SLa(Z)).
Write a,,(g) to denote the coefficients in the g-expansion of g, i.e. g =
D mez @m(9)q"

Corollary 2.8. If f is a modular function, then ag(T,f) = ok—1(n)ao(f) and
al(Tnf) = an(f)

Recall from our study of abstract Hecke algebra that each f € H(G, H) is
a linear combination of indicator functions for right cosets of H. We can say
somthing more about this.

14



Lemma 2.9. Let (G, H) be a Hecke pair and fi = 37, Ni[Hws], fa = 37, puj[Hpuj]
be elements of H(G, H). Then fi- fo =37, ; Nipj[Hziy;].

Proof. Simple calculation.

(f1- f2)(9) = Zfl(ggk_l)f2(gk) = Z it [Hz] (99, ") [Hy;) (9x)
k

.9,k

For each j, there is a unqiue k(j) such that gy;) € Hy;. Write gi;) = hjy;,
then

(fr- £2)(9) =D Xipg[Hal(gy; "hy ') = N [Haa)(gy; by )

5 0,J
=3 Nipi[Hzi)(gy; ') =D Nipi[Haiys](9)
.5 )
as desired, O]

This allows us to study the composition of Hecke operators.

Proposition 2.10. 1. Suppose n,m € N are coprime, then T,, o Ty, = Ty In
particular, Ty, o Ty, =Ty, 0o Ty
2. Suppose p,n € N with p prime, then Tyn 0 Tp, = Tpni1 + pk_lTpnfl.

Proof. Let X4 = {g € My(Z) : detg > 0} = ,, X;, and Ly = {A < Z?: [Z*:
A] < oo} = U,, Ln. We have shown in the proof of Lemma [2.5| that o — Z%«
is a bijection SLo(Z)\X, — L,. This can then be extended to a bijection
SLy(Z)\ X4 — L.

If f € H(GL2(Q)",SL2(Z)) is supported in X, then we can identify it as a
function ¢f : Ly — C given by ¢¢(Z%a) = f(a) (well-defined since f is, by
definition, SLo(Z)-invariant). For n,m € N, we can find coset representatives
z;,y; to write [X,] = 37, [SLo(Z)xs], [Xm] = >2;[SL2(Z)y;] which gives [X,,] -
[Xom] =32, ;[SLa(Z)x;y,] by the preceding lemma.

For fixed j, we have Z? > Z*y; > Z*xz,;y;. For varying i,j, Z%z,;y;’s are exactly
the subgroups of Z%y; of index n, each appearing exactly [{Z? > A’ > A : [Z? :
A =m, [A!: A] = n}| times.

If n,m are coprime, then such A; is unique for each A, therefore [X,] - [X,,] =
[Ximn], in other words Ty, o Ty, = Thum,.

Suppose n = p,m = p", then f = [X,] - [X,»] corresponds to ¢y : Lynt1 — C
given by ¢p(A) = [{Z% > A > A : [Z% : AY] = p, [AY : A] = p}|. If Z%/A is
cyclic, then ¢;(A) = 1 since Z? /A has a unique subgroup of order p.
Otherwise, Z2/A = Z/p*Z @ Z/p°Z for some a,b > 1,a + b = n + 1. Notably,
this is equivalent to A < pZ?. In this case, Z%/A has p + 1 subgroups of order
p, s0 ¢r(A) =p+ 1.

In conclusion ¢f(A) =1+ pla<pyze, so [Xp] - [Xpn] = [Xpn+1] + ppXpn—1] =
Tpn 0Ty =Tyt +p- p?k—2 ~p*kTpn_1 =Tpn+1 + pkilTpn—l. O

Corollary 2.11. 1. For any prime p, Ty is a polynomial in T,.
2. Ty, Ty, commute for arbitrary m,n.

Proof. 1 follows from induction. To see 2, just decompose n = [, p;" and
observe that T;, = [[; T}« O
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2.3 Diagonalising the Hecke Operators
Proposition 2.12. Let k > 4 be even. Then for alln € N, T, E, = o;_1(n)E}.

So, in fact, the Eisenstein series are all eigenvectors of the Hecke operators
T,. This allows us to diagonalise T}, in My(SL2(Z)) by diagonalising T, in
Sk(SLa(Z)).

Proof. 1t suffices to show that Ej is an eigenvector. We shall show that it is
an eigenvector of T}, for prime p, which implies the general claim by Corollary
It is of course easier to work with G instead.

(TG = > Gl [(89)]

ad=p,0<b<d

>t > (dw)™*

ad=p,0<b<d WEA(ar4by/a\{0}

Z pkfl Z wik

A SAL AN )=p weA\{0}

For w € A, \ {0}, how many A’ < A, with index p contains w? if w ¢ pA,, then
AN = Zw + pA. is the unique such subgroup. Otherwise, every such A’ < A,
with index p contains w. Hence

@)@ = Y w3

weA\{0} wepA,\{0}

=P G+ D] plpw)
weA\ {0}

= "+ 1)Gi(7) = ok_1(p)Gir(T)
as desired. O

Inevitably, our focus is now on Si(SL2(Z)). Finding explicit eigenvectors
does seem hard, so our strategy would be to harness the power of spectral theory
by finding an inner product on Sy (SL2(Z)) such that the Hecke operators are
self-adjoint.

Lemma 2.13. 1. y~2dady (where 7 = x +iy) is a GLy(R) T -invariant area
form.

2. If f,g : h = C are smooth and invariant under the weight k modular ac-
tion of a subgroup G < GLo(R)T, then w(f,g9) = f(r)g(7)y* dwdy/y? sat-
isfies a*w(f,g) = (deta)®> *w(f,g) for all a € G. In particular, if G <
SLy(R) N GLa(R)*, then w is G-invariant.

Proof. 1. Note that dr d7 = —2idzdy. For g = (2%) € GLy(R)™,

9*(dT):d<aT+b>— detg 4,

cT+d - jlg,7)?

So

" (de%> _ (detg)?drd7 ( ydet g )2 _ drdr
y? g1t \lilg,7)? y?
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2. Take o = (24) € G, then

pdxdy
Y2

= f(1)j(a,7)"(det @) *g(7)j(a, ) (det @)

a*w(f,9) = flar)g(ar) Im(aT)

1w Y¥(det a)* dz dy
l7(a, )% y2
— £ g et )

= (det @) *w(f.9)

which is what we wanted. O

So if f,g are invariant under the weight k action of I'(1), we have a I'(1)-
invariant area form w(f,g).

Definition 2.6. For a I'(1)-invariant function ¢ : h — C, we define

dzd dxd
/ ¢ 23/ = / ¢ 2y
T(1)\b Yy F Y

when this integral is absolutely convergent.

Definition 2.7. Let f,g € Si(I'(1)), we define

(f,9) = /1“(1)\h w(f,9)

We certainly want this to be a well-defined inner product.

Lemma 2.14. For any f,g € Sp(I'(1)), the integral defining (f, g) is absolutely
convergent.

Proof. Tt is easy to see that

dzd dzd 1/2 ®  dzd
[ [ [
r(\s Y F Y z=—1/2Jy=1/2 Y

Also, for any f € Si(SL2(Z)), the expression |f(7)|y*/? is bounded above by
> st lan(f)|e™2™Vy*/2 which tends to 0 uniformly as y — oo. In particular,

|£(7)|y*/? is bounded for 7 = z 44y € F. Combining both gives the lemma. [

It is then easy to see that it does satisfy what we want from an inner product.

Definition 2.8. Suppose I' < T'(1) has finite index. Let ¢ : h — C be a smooth
function invariant under translation by I'. Then we define

dz dy dzdy
[ oS =] 3 e
ny Y FOND yemr(1) Y

where T'\I'(1) denotes the set of right cosets of I in T'(1).

17



Definition 2.9. Suppose I' < T'(1) has finite index and f,g : h — C are
invariant under the weight & modular action of I". The Petersson inner product
of f and g is defined by

(f.9) = [C(1) : T / Lelro)

whenever the integral converges absolutely.

Remark. 1. TV <T <T'(1) and everything has finite index, then (f, g) defined
using I' is the same as (f, g) defined using I''. So we don’t have to specify the
subgroup T.

2. If f : h — C is invariant under the weight k action of I'(1) and o € GLy(Q) T,
then f|i[a] is invariant under the weight k¥ modular action of a=T'(1)a N T(1)
which has finite index in T'(1) (since (GL2(Q)™,T'(1)) is a Hecke pair).

Proposition 2.15. Let f, g : h — C be smooth and invariant under the weight k
modular action of T'(1), then we have {f|i[a], glx[a]) = (det a)*~2(f, g) provided
that both sides of this equality are defined.

Proof. Computation gives
(flx[e], gle[a)[T(1) : ™' T(1)an T(1)]
= [ feng@nie ] *dera 2y Y

)
(@™t (1)anT'(1)\b

- gl o r) [~ (det )22 Tm(a )
(al'(1)a=1NI(1))\b

- / F()a(n)]i (0 a17) |~ (det o)
(al'(1)a=1NC(1))\b

- F(r)gT)(det a)*~2 Tmn(r)

(a'(1)a~tNC(1))\b
= (det a)F2(f, @A) al ()™t NT(1)]

pdxdy
Y2
on_o (det @)% Im(7)* dx dy

lila=tm)PE 2

rdxdy
Y2

So it remains to check that [['(1) : 7 1T'(1)anT(1)] = [[(1) : al'(1)a~t NT(1)]
which follows from

dedy 1 dz dy
y>  [L(1):T1)Nna~T(1)q] y?
L(1)\b (P(1)Na= 1T (1)a)\b
B 1 dx dy
() :T(1)Nna~iI'(1)a] y?

(aT'()a=1NT(1)\b
[C(1):al()a~tNI(1)] / dz dy

[C(1):T(1) NnaT(1)al 2
)\

This completes the proof. O

Proposition 2.16. For any n € N, the Hecke operator T, is self-adjoint on
Sk(SL2(Z)) with respect to (-,-).
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Proof. We need to show (T, f,g) = (f,Tng). It suffices to show the case where
n = p is prime.

We first claim that we can find matrices z; € X, such that X, =[], I'(1)z; =
[1,T(1)pz;*. To see this, observe that Adj : X, — X, is a bijection. Choose
a;, by such that X, = J[,I'(1)a; = [, b:;I'(1). Observe that X, consists of a
single I'(1)-double coset, i.e. T'(1)\X,/T'(1) has a single element, because every
matrix in X, can be written in Smith normal form. So we can find elements
u;, v; € T'(1) such that u;a; = b;v; = x; which concludes the claim.

Then, we can compute

(T, f.9) <Zf zi, >=Z<fkm]7g>

%

= S (7l ol e
= Z Frgleley PP = (fglklpz )

: <f,§jg|mf]>
= (f, Tp9>
as desired. O]

Corollary 2.17. The operators T,, on Sk(SLa(Z)) can be simultaneously diag-
onalised with real eigenvalues.

Proof. General spectral theory on self-adjoint operators. O

Definition 2.10. We say an element f € My (T'(1)) is a normalised eigenform
if f is an eigenvector for all Hecke operators T;, and aq(f) = 1.

Lemma 2.18. If f € My(SL2(Z)) is an eigenvector for all T,, and k > 0, then
there is a unique scalar multiple of f which is a normalised eigenform.

Proof. If a1(f) = 0 and T, f = a,f, then Vn,a,(f) = a1(Tnf) = anai(f) =
0 = f =0, contradiction. So a1(f) = 0 from where the lemma is obvious. O

From the idea in the proof, we also know that if f is a normalised eigen-
form then a,(f) is the eigenvalue of f wrt T;,. Consequently, the simultaneous
eigenspaces all have dimension 1.

Example 2.1. We have seen that

is an eigenvector for all Hecke operators T,. The corresponding normalised
eigenform is

(b~ LK) +ZUI<:1

2772
n>1
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Proposition 2.19. The eigenvalues of T,, on My(SL2(Z)) are all (real) alge-
braic integers which lie in a number field independent of n.

Proof. Let f1,..., fn be the basis for S;(SL2(Z)) as described in Proposition
Consequently, for any f € Si(SL2(Z)), we have f = Zf\il a;(f)fi- The
matrix of T,, with respect to this basis then has integer entries, so its eigenvalues
are algebraic integers.

The eigenvalues lie in the number field generated by a1 (f),...,an(f) where f
is a normalised eigenform. O

2.4 Ramanujan’s Conjectures

For any weight k, we can associate with it a sequence (a1(f),aa(f),...) of Hecke
eigenvalues (where f is a normalised eigenform). Since the operators T,, are
polynomials in T}, for p prime, this sequence is determined by (a,(f;)) where p
is prime. When S (SL2(Z)) is one-dimensional (when k = 12,16, 18, 20, 22, 26),
then the Hecke eigenvalues are integers. When & = 12, A is a normalised
eigenform which was first considered by Ramanujan (1916) who defined it as

A=q[[-g* =) 7(n)"

n>1 n>1
He then conjectured:

Proposition 2.20. 1. 7(mn) = 7(m)7(n) for m,n coprime.
2. If p is prime and n € N, then 7(p)T(p™) = 7(p" 1) + ptlr(pn1).

which follows from the general properties of Hecke operators we have estab-
lished!
What about when dim Sy (SL2(Z)) > 1?7 The first example occurs when k = 24.
We know we can find a basis g1,ge for S94(SLa(Z)) such that g1 = ¢1 +
0(¢®),92 = ¢®> + O(¢®). Let’s compute the matrix of 7}, in this basis. We

know
T Z anqn = Z Z ak71a2n/a2qn

n>1 n>1alged(2,n)

so a1 (T2 f) = az(f), a2(Taf) = aa(f) + 2%a1(f), or Tof = az(f)g1 + (aa(f) +
223a1(f))g2. With some messy algebra (that can be outsourced to stuff like
Wolfram Mathematica), we obtain the matrix

0 1
20468736 1080

for T>. So Ty has eigenvalues 12(45 4 +/144169) and all the eigenvalues of T5
are in Q(v/144169). Nicely 144169 is prime.

There’s another related conjecture from Ramanujan regarding 7(n). We first
need some motivation.

Lemma 2.21. Let p be a prime number, then we have an identity of formal
power series

L+> 7" X" = (1—7(p)X +p"'X*)7!
n>1
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Proof. Follows directly from preceding proposition. O

Let ay,, 8, be the roots of the polynomial 1 — 7(p)X + p'! X2, If —7(p)? —
4p't < 0, then ay, 8, are complex conjugates with absolute value p'/2; Oth-
erwise, they are distinct real numbers. Regarding this, Ramanujan conjectured
that only the first case may happen. Or, more generally,

Proposition 2.22 (Ramanujan-Petersson Conjecture). Let f be a cuspidal nor-
malised eigenform of weight k and level SLo(Z), then for any prime p, we have
jap(f)] < 2ptF- 1/

Why is this important? It can actually provide links between modular forms
and number theory in various ways. Later, we will prove that

16 33152

—o11(p) + 691

6ol 7(p)

724 (p) =

for any odd prime p, where ro4(n) is the number of ways to write n = 2% +
oo+ a3, for x1,...,724 € Z. The Ramanujan-Petersson conjecture then gives
the estimate 794(p) = (16/691)p'! + O(p'/?).

Deligne proved this conjecture in 1973 as part of his proof of the Weil conjec-
tures. As part of this, he proved the existence of Galois representations attached
to cuspidal normalised eigenforms. This is now seen as part of the Langlands
programme. Specifically, Deligne proved that

Theorem 2.23 (Deligne). Let f € Si(SL2(Z)) be a normalised eigenform and
K¢/Q be the number field generated by {a,(f) : p prime} (in other words, the
number field generated by the eigenvalues of the Hecke operators). Suppose
p C Ok, is a prime ideal lying above a prime number p, then there exists a
continuous homomorphism py, : Gal(Q/Q) — GLa(Ky,) (where Ky is the
completion of Ky at p) such that:

1. pyp is unramified at all prime £ # p.

2. For all primes { # p, det(X — pyo(Froby)) = X2 — ae(f)X + k1.

So each cuspidal normalised eigenform gives rise to a family of Galois rep-
resentations in the way stated in the theorem. There are many applications of
this, for example,

Theorem 2.24 (Herbrand-Ribet). Let p be an odd prime and 4 < k < p—3 be
an integer, then the followings are equivalent:

(i) p divides the numerator of (1 — k).

(i1) There exists a non-zero element x € Cl(Zlexp(27mi/p)]) annihilated by p such
that for all elements o = o, € Gal(Q(exp(27mi/p))/Q) = (Z/pZ)* (where the
isomorphism sends o, to a), we have o,(x) = a*~Fz.

Sketch of proof that (i) implies (i). The normalised eigenform associated to Gy,
can be written as
(=" (L =k) + D ok1(n)q"
n>1

When p | (1 — k), we can reduce this to get a “mod p cuspidal modular form”
which can be used to show the result. O
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2.5 L-Functions of Modular Forms

A practical importance of Hecke operators is that we can construct L-functions
from them. Recall that the Riemann zeta function ((s) = > -, n~*® has very
good properties: Firstly, we can write it as its Euler product (when Res > 1)

o= I a-p"

p prime

Secondly, we can continue it meromorphically to the whole complex plane with
a simple pole at s = 1. Thirdly, it satisfies a functional equation £(s) = £(1 —s)
where £(s) = 775/ (s/2)((s) is the completed ¢ function. One also might hy-
pothesize that the values ( takes at integers should relate to arithmetics, but it
is in general hard to prove results of this form.

Conventionally, we call a Dirichlet series > ., a,n"® an L-function if ana-
logues of these three conditions hold. Examples of this includes the Dirichlet
L-functions

L(x,s) = Z x(n mod N)n™?°
n>1,gcd(n,N)=1

where x : (Z/NZ)* — C* is a homomorphism. Through Hecke operators, we

can construct another big class of L-functions from modular forms.

Definition 2.11. Let f € My(SL2(Z)) be a nonzero modular form and let
its g-expansion be f(7) = ano anq"™. The associated L-function is defined as

L(f,s) = anl anpn=®.
Example 2.2. Take f to be the normalised eigenform associated with Gy, then
L(f,s) = Z op—1(n)n=°% = Z d*InTs = Z m*~ 1 (mn)~*
n>1 n>1,d|n n,m>1
=((s)C(s +1—k)

In particular, there is a functional equation relating L(f,s) and L(f,k — s) in
this case.

Lemma 2.25. Suppose f € Si(SL2(Z)) is nonzero, then L(f,s) converges ab-
solutely for Res > 1+ k/2.

Proof. Followed form the fact that |a, (f)| = O(n*/?) (exercise). O

Theorem 2.26. Let f € Si(SLa(Z)) be nonzero, then:

1. L(f,s) has an meromorphic continuation to C.

2. Let A(f,s) = (2m)~*T'(s)L(f,s) be the completed L-function, then A(f,s) =
P"A(f,k — s).

Before we prove this, let’s remind ourselves of some facts about the I" func-
tion. By definition,
T'(s) :/ e Yyt —

0 Y

which converges absolutely and uniformly on compact sets of the right half-
plane {Res > 0}. Via integration by parts, we also know that I'(s + 1) = sI'(s)
which allows us to meromophically continue I" to C.
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Proof. Define
> d
P = [ sty

as the Mellin transform of f(iy). The integral converges absolutely in C and
hence F defines an entire function. This follows from the fact that |f(iy)| =
O(e?™) as y — oo and that f(=1/7)r* = f(r) = f(iy) = f(i/y)(iy)~*

so |f(i/y)l = |/ (iy)(iy)*| = O(y*e ™) = O(e™™) as y — 0.
Formally, we can compute

o d o d
F(s) = / Z ane_%”yys?y = Z an/ 62”"yysgy
0 0

n>1 n>1

=Y aunT(s)(2m) " = (2m) °T(s)L(f,5) = A(f,5)

Does it actually work? Of course. This is because the absolute convergence of
L(f,s) in the region Res > 1+k/2 implies the computation is valid in the same
region.

Consequently, A can be meromorphically continued to C. As we have L(f,s) =
(2m)°A(f,s)/T'(s) and T" # 0 on C, this also gives a meromorphic continuation
of L(f,s) to C.

To get the functional equation, we compute

1 o0
A(f,s) = / f(z'y)ysd—;’+ / f(z'y)ys%
v g <dy L .dy
_ k,s“J s d
—/0 fG/y)(iy) "y " Jr/1 fGiy)y y
_ o N % k—s% OO . 5%
- /1 ity 4 /1 e

which implies the A(f,s) = A(f, k — s). O

Theorem 2.27. Let f € Sip(SLa(Z)) be a normalised eigenform, then the
Dirichlet series L(f,s) admits the Euler product

L(f,s)= [[ —ap(f)p—s+p172)7"

p prime

Proof. We know anm (f) = an(f)am(f) when ged(n, m) = 1. Hence

SanHin = I | Doam(Hp™*

n>1 p prime \ k>1

So we only need to show that

(L= ap(fp~* +p"172) = ap(fp ™

k>1

which indeed follows from the relation T},-T,r = Tpr+1 +pk*1Tpk71 forkeN. O
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So the class of Dirichlet series L(f, s) does deserve to be called L-functions,
at least when f is a cuspidal normalised eigenform. For each prime p, we factor
1—ap,X +pF1X2 = (1 -, X)(1 - B,X).

Definition 2.12. For each m > 1, we define the associated symmetric power
L-function as

L(Symm,f, H H 1 —O/’Bm i —e)

p prime =0
Lemma 2.28. L(Sym™, f,s) converges in the right half-plane.

Proof. Again |a,(f)| = O(p*~2) which implies that |ay,|, |8, = O(p*~2), there-
fore |a B~ i = O(pmk/2). O

These L-functions were first constructed in the 1960s by Langlands and
Serre. The motivating idea was to associate to each prime p the (conjugacy

class of) matrix (og, ;p) and to associate to any algebraic representation R :

GL2(C) — GLN(C) the L-function

L(R, f,s)= [ det(1—R(t,)p*)"

p prime

We of course want to take R to be the irreducible (algebraic) representations
of GLy(C), which are those symmetric powers Sym™ : GLy(C) — GL;,+1(C) of
the identity representation (up to twist).

Naturally, Langlands and Serre then conjectured

Proposition 2.29 (Conjecture). For anym > 1, L(Sym™, f, s) has an analytic
continuation and satisfies a functional equation

(Sym vfa )_ (Symnl7f7 ( 1)+1—S)
where A is some explicit completed L-function.

Proposition 2.30 (Langlands). If L(Sym™, f,s) has an analytic continuation
to C for all m > 1, then the Ramanugjan-Petersson conjecture holds for f.

The idea behind Langlands’ proof of this proposition made another appear-
ance in Deligne’s proof of the Weil conjectures in the early 1970s. Assuming
the Ramanujan-Petersson conjecture, we can make a further conjecture about
asymptotic behaviour of these Hecke eigenvalues.

Proposition 2.31 (Sato-Tate Conjecture). Suppose f € Si(SLa(Z)) is a nor-
malised eigenform, then the values a,(f)/(2p*=Y/2) are equidistributed in the
interval [—1,1] as p — oo with respect to the Sato-Tate measure (2/m)v/1 — t2 dt.
More precisely, for any g € C(]—1,1]), we have

ap(f) g ! 2
zhﬁngo W( ] Z g <2p(k_1)/2> - B g(t)V1—1t2dt
p prime,p<zT
Proposition 2.32 (Serre). Suppose for all m > 1, L(Sym™, f,s) has an ana-
lytic continuation to C and is non-vanishing on the line Re(s) = 1+m(k—1)/2,

then the Sato-Tate conjecture holds for f.

24



So these symmetric power L-functions are indeed interesting.
Recall that for an odd prime p we stated

_ 16
691

33152

(1+p") +—===7(p)

r24(p) 691

The Sato-Tate conjecture implies that the normalised error terms

691 16
——1+pY ) e[-1,1
33152 x 2 x pli/2 (”4(1”) 6oL TP )> =11

are equidistributed with respect to the Sato-Tate measure.

The Sato-Tate conjecture was proved in 2010 by Banet-Lamb, Geraghty, Harris,
and Taylor. The complete analytic continuation of the symmetric power L-
function was established in 2019 by J. Newton and J. Thorne (the lecturer).

3 Modular Forms on Congruence Subgroups

3.1 Congruence Subgroups and their Cusps

We now turn our focus to modular forms of level I" where I is any congruence
subgroup of SLy(Z). Recall that for N € N, we defined I'(N) = ker(SLy(Z) —
SLo(Z/NZ)).

Definition 3.1. A congruence subgroup I' < SLy(Z) is any subgroup of SLa(Z)
containing I'(IV) for some N € N.

Example 3.1. T'(N) are, of course, congruence subgroups themselves. Also,

To(N) = {(i Z) €SLy(Z):¢=0 (mod N)} S T(N)

and

T'y(N) = {(‘CL Z) €SLy(Z) :¢=0 (mod N),a=1 (mod N)} S T(N)
are congruence subgroups as well with I'o(N) D T';(N). Observe that the ho-
momorphism SLa(Z) — SL2(Z/N7Z) is surjective, so Io(N)/T'1(N) = (Z/NZ)*
via the map (¢ 4) +— d. Another example of an important congruence subgroup
which you met in example sheet is I' = (S,T'(2)).

Definition 3.2. A weakly modular function f of weight £ € Z and level T
(where T is a congruence subgroup) is a meromorphic function on h such that

Yy el flel] = f-

Recall that the action of SLy(Z) on b has a fundamental domain F which
is the hyperbolic triangle with vertices p, p?,00. In example sheet, you have
shown that a fundamental domain of (S,I'(2)) is the hyperbolic triangle with
vertices —1, 0, co. Naturally, we want some sort of quantity that captures certain
features of the fundamental domain.

Definition 3.3. A cusp of a congruence subgroup I' is a I'-orbit on I%) - ]P’(%: =
Coo-
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Note that GLa(Q)" acts on Pg by Mdbius transformations.
Lemma 3.1. SLy(Z) acts transitively on Pg,.
In particular, SLy(Z) has a unique cusp.

Proof. For any a, c € Z coprime, choose b,d € Z such that ad — bc = 1, then we
have v - (0) = a/c where v = (2} ). O

Corollary 3.2. IfT' < SLy(Z) is a congruence subgroup, then T has only finitely
many cusps.

Proof. Let
I'so = Stabp(y)(c0) = {i (é ll)) :b e Z}

There is a bijection I'(1) /T'o, — ]P’@ sending YI's — 7+ (00). The set of cusps of
' can then be identified with the double quotient I'\I'(1) /T, which is finite. [

Example 3.2. Let’s compute the cusps of I' = (S,I'(2)). Note that we have
I\I'(1)/To = (S)\ SL2(Z/2Z) /T ». Now SL2(Z/2Z)/T s = F3 — {0} as

1
Im(Foo — SLQ(Z/2Z)) = StabSLZ(Z/gz) (0>

So indeed

A (DEORGIHORGIRO)

More precisely, I'\I'(1) /T« has representatives 1, (' ') in T\I'(1)/T. So T
has two cusps corresponding to T' - (—1) and T - (00).

Remark. We will see later that if I' is a congruence subgroup, then the set
(T\h)U(T'\Pg) can be given the natural structure of a compact Riemann surface.
From this point of view, we can say that the set of cusps compactifies the
Riemann surface I'\h (with its complex structure inherited from the quotient).

Definition 3.4. If I" is a congruence subgroup, then the width of the cusp oo
is

min{heN: ((1) ’1‘) er} — [Fao: T N {1}

Let h be the width of the cusp oo, we define q; = €27/, So if f is a weakly
modular function of weight k and level I', then by modularity f(7 + h) = f(7),

so f(1) = f(gn) for some meromorphic f : {0 < |gn| < 1} = Cx.

Definition 3.5. We say f is meromorphic at oo if f is meromorphic at 0. It is
holomorphic at oo if f is holomorphic at 0.

If f is meromorphic at co, then by passing to f we have a g-expansion of
the form f(7) =3 ., anqjy for suffciently large Im 7.
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Definition 3.6. Let f be a weakly modular function of weight k and level I'. We
say f is meromorphic (resp. holomorphic/vanishing) at the cusp I'- 2,z € ]P’qll)
if, choosing a € SLs(Z) such that « - (00) = z, f|x[a] is meromorphic (resp.
holomorphic/vanishing) at oo when viewed as a weakly modular function of
level o~ 'Ta.

The width of the cusp I' - z is the width of the cusp oo for the group o 'Ta.

Lemma 3.3. The width and the meromorphy (resp. holomorphy/vanishing) of
a weakly modular function at a cusp is well-defined.

Proof. To see the width is well-defined, observe that for any v € I',§ € ',

Coo : oo N{E1}(yad) ' T(yad)] = [Too : Too N {E1}0 oy Tyad]
= [T : Too N{£1}a"'Tq]

To see the meromorphy of a weakly modular function at a cusp is well-defined,
note that for any vy € I',d = £ ({ ¢) € ', we have

flelyad)(r) = flx[ad](r) = (fleleD)|k[6](r) = (£1)* flx[a(r + a)
Suppose flxla] =7 =3, s qp, then

f‘k[’YOé(ﬂ(T) _ Z aneQﬂiT/h€27ria/h(_1)k
nez

which shows the result. O

Remark. The g-expansion of a weakly modular function f at a particular cusp
(via the weight k action of the a as above) is, however, not independent of
choice of a.

By “the” g-expansion of a weakly modular function which is meromorphic at
o0, we mean the g-expansion at co.

Definition 3.7. Let I' be a congruence subgroup and f a weakly modular
function of weight & and level I'. We say f is a modular function (of weight &
and level T') if f is meromorphic at every cusp of I'. It is a modular form (of
weight k and level T') if f is holomorphic on h and at every cusp of T'. It is a
cuspidal modular form (of weight k& and level T') if in addition that it vanishes
at every cusp.

We write My(I") as the C-vector space of all modular forms of weight & and
level T' and Si(T") be its subspace containing cuspidal modular forms of weight
k and level I'.

Remark. An equivalent definition of what it means for f to be a modular form
(of weight k and level T') is that f is holomorphic in § and f|x[a] is holomorphic
at oo for any o € SLy(Z).

Lemma 3.4. 1. If f € My(T") and g € My(T), then fg € M1 (T).

2. If T/ < T is another congruence subgroup, then My (T') < M (I").

3. If I,T" < SLa(Z) are congruence subgroups and o € GLa(Q)T has TV <
a~Ta, then for any f € My(T), flxla] € M(I").

Remark. These also hold when one replace M}, by S.
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Proof. 1 is obvious and 2 is a special case of 3.

To prove 3, note that f|i[a] is holomorphic in b and is invariant under the
weight & action of a T, so we just need to check that f|x[a] is holomorphic
at the cusps of I'V. Equivalently, we need to check that for all g € T'(1), f|i[af]
is holomorphic at co. Choose v € I'(1) such that (af) - (00) =7 - (00). We can
write aff = 6 for some 0 € Stabgr,(g)+(00). But then ¢ has the form (8 Z) for
some a,b,d € Q with ad > 0. Then

fummﬂszww»=m®“”*7Mﬂ(mfb)

which implies the claim.

O
Example 3.3. Recall that we defined To(N) = {(¢4) € SLy(Z) : ¢ = 0
(mod N)}. If f € Mp(T'o(M)) and L € N, then the function g(7) = f(L )
belongs to My (T'o(ML)). Indeed, we have LT = (§9) - 7. By the lemma, we
need to check the inclusion

rO(ML)gG; (1)>_1F0(M) (g ?)

which follows from direct computation.
So if k € 2N,k > 4 and p is prime, then Gy (1), Gk (p7) are both in My (Ty(p)).

3.2 An Instance of § Function

Consider the g-expansion 0(7) = >, emin’T, Easily, the series converges ab-
solutely and uniformly in compact subsets of b, hence defines a holomorphic
function on h. We also have (7 + 2) = 0(7).

Proposition 3.5 (Poisson Summation Formula). Suppose f : R — C is a
continuous function such that ) . |f(n + )| converges uniformly in R and

> nez |f(n)| converges where
— / f(t)ef%rint dt

Y f) =3 f(n)

neZ nez

Then,

Proof. Let ¢(x) = >, ., f(n+x) which is continuous by assumption. We want

to expand it as a Fourier series ¢(z) = 3 .5 $(n)e*™ e If we could do that,
then the coefficients have the form

/ Zf n4+t 727TZ’I’Lt dt = Z/ f Tl—|—t —2mint dt

nez neEZ

=1<mw%ma=ﬂm
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It is a fact from Fourier analysis that if ¢ : R — C is a conitnuous function
with period 1 and Y-, ., [1)(n)| < oo, then the series Y-, ., ¥(n)e*™™* converges
uniformly to ¢ (z). Applying this to ¢ then gives

D fn)=¢(0)=>" f(n)
nez neZ
which is the summation formula we were after. O
Applying this formula to fy,(z) = e~y gives

2 A e—‘”sz/y i
i) = > ™ = 3 fym) = D fum) = > ——— = 9(/;)

neZ nez neZ neZ

for y € R;. By identity principle, we can extend this to (taking principal branch

of \/+).
0(—1
or) = UHD
T/i
for 7 € . Tt almost looks as if § is a modular form of “weight 1/2”, which is

however not permitted in our definition. Nonetheless, we can construct some

modular forms of certain weights and levels by using 6 as a building block.
Observe that 6%[4[(§ %)] = 6® and 98|4[((1) _01 )] = 68.

Proposition 3.6. 6% € My(T') where I' < T'(1) is the subgroup of matrices v
such that either vy =1 (mod 2) ory =S (mod 2).

Proof. Easy to see that #® is holomorphic in § and that I' is generated by
+(42),+£(%3'). It remains to show that 6% is holomorphic at the cusps
I'-00,'-1 of . The cusp I' - 0o is easy to deal with since we know that 6% has

the form o

6 = 1+Zq;2

n>1

As for T'- 1, we need to show that 6%]3[(] ' )] is holomorphic at co. In fact, we

shall show that it is not only holomorphic, but also vanishing at co. We have

. 2 .
0T +1) =2 ez €™ 7€™™ =2 pen(=1)"a2, s0

Or)+0(r+1) = 1+ (-1)")gs" = Y 245" = 26(4r)

nez ne2Z

The substitution 7 — —1/7 gives

0(=1/7)+0((r —1)/7) =20(—4/7) = H“T_})/T) =0(r/4) —6(7)

It follows that 6%[4[(1 ')] = (8(7/4) — 6(7))® which gives the result. O

What actually happens if we raise 6 to a power? We have

k
0" () = (ZQS2> = Y m(n)g

nez n€lx>o
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where ry,(n) is the number of ways to write n = m3+- - -+m3 for mq,...,my, € Z.
Let k = 8. What are the elements of My(T")? Since My(T'(1)) < My(T'), E4(7) €
My(T). Also we have ({3)T(} 1)~ < (1) by direct calculation. Conse-
quently, Eq((7 4+ 1)/2) = (1/2)E4|4[({ 3)] € Ma(T'). We will later see some
techniques that allows us to prove dim My(T") = 2. Combining them shows that
E4(7) and E4((7+1)/2) spans My(T). In particular, 6 is a linear combination
of E4(7) and E4((T 4+ 1)/2).

There are several ways to calculate the coefficients in this g-expansion. One of
them is as follows: We know that §%(co) = 1 and 63[4[(] ' )](c0) = 0. At the
same time, Fy(00) = 1, E4la[(] 3')](c0) = E4(c0) = 1. As for E4((1 +1)/2),
we have

T+1 (T n,.n
E4< 5 )=1+Zag(n)e2 (+1)/2:1+Z(73(7’L)(—1) a5

n>1 n>1

Therefore E4((7 + 1)/2) attains 1 at 7 = oco. To find its value at the cusp T"- 1,
we need to compute

w96 o= )6 e

Y Kg m (1) = 16E4(27)

—_

Putting 7 = oo shows that E4((7+41)/2) has value 16 at co. Incorporating these
pieces of information gives

16 1 T+1
8 e — _ —
9 (T)— 15E4(T) 15E4< 2 )

And thus rg(n) = 2803(n/2) — 16(—1)"03(n) where, by convention, o3 vanishes
at non-integers. In particular rg(p) = 1603(p) for any odd prime p.

3.3 Hecke Operators

M(T) and Si(T") are finite-dimensional vector spaces for any congruence sub-
group I'. We will prove this (with a more precise statement) later.

Lemma 3.7. IfT' < I'(1) is a congruence subgroup, then (GL2(Q)*,T) is a
Hecke pair.

Proof. We shall show that (g~ *T'gNT)\T is finite for any g € GL2(Q)". Choose
N € Nsuch that T'(N) <T and Ng, Ng~! € My(Z). We have gI'(N3)g~! C 1+
gN*M(Z)g~" C 1+(Ng)NM2(Z)(Ng~') C 1+ NM>(Z). Hence gT'(N®)g~! <
I'(N) = T(N3) < g 'I'(N)gNT(N) < g 'I'gnT. O

Definition 3.8. Let k € Z. We define

Mp= ) MuD), 8= |J Su(D)
)

r<r(i) r<r@

Proposition 3.8. GL3(Q)" acts on My and Sy wvia the weight k modular
action.
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Proof. Suppose we have f € M(T') and g € GLo(Q)™, then f|i[g] is invari-
ant under the weight k& modular action of g~'I'g which contains a congruence
subgroup IV < g7 'I'g. Then f|x[g] € My (I"). The proof for S is analogous. [

Proposition 3.9. H(GL2(Q)*,T) acts on My (T') and Si(T).
Proof. General theory on Hecke algebra. O

H(GL2(Q)*,T'(1)) is commutative and Sy (I'(1)) decomposes with multiplic-
ity 1 under the action of H(GL2(Q)™",T'(1)). Sadly, we cannot generalise these
facts directly to other congruence subgroups: In general, H(GL2(Q)™",T) is not
commutative. How shall we proceed, then?

Let’s look at a particular family of congruence subgroups we’ve come across
before.

Definition 3.9. For N € N, we define

FO(N):{@ Z)EF(I):CEO (modN)}

Fl(N){<CCL Z)EF(l):CO (mod N),a = 1 (modN)}

Recall the fact that we have the surjective map SLo(Z) — SLo(Z/NZ) via
reduction. In particular, T'y(N) <tTy(N) and To(N)/T'1(N) = (Z/NZ)* via the
map (‘; Z) — d mod N. Conversely, for d € Z,(d, N) = 1, we can make sense
of the endomorphism (d) of My (T';(V)) induced by

H (é g) €lo(N):D=d (mod N)}] € H(GLy(Q) ", T4 (N))

For a prime p, we write T), for the endomorphism of My (I'1(N)) induced by

n) (5 3) )] e Heta@ rw))

Remark. When N = 1, this is exactly the same sets of T}, that we had for I'(1).
In general, if pt N, T,, behaves in a similar way to the N =1 case. Things can,
however, get trickier when p | N.

How does (d) act on M (I'1(N))?

Lemma 3.10. If f € My(I'y(N)) and v = (A 8) € T'o(N) and D = d
(mod N), then flx[y] = (d)(f)

Proof. We in fact have

{@( VYV)GPO(N):WEd (modN)}zFl(N) (é g)

So (d)(f) = flk[¥]- O

Lemma 3.11. If A is a finite abelian group which acts by linear maps on a
C-vector space V, then

V= @ Vi, Vi ={veV:Vae A a v=x(a)}
x€Hom(A,CX)
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Proof. Representation theory. O

Corollary 3.12. We have My (I'1(N)) = @, Mi(I'1(N), x) and Sp(I'1(N)) =
D, Sk(I'1(N),x) where the direct sums run over the set of homomorphisms

X :(Z/NZ)* — C* and
Mi(T1(N), x) = {f € My(I'1(N)) : vd € Z,(d, N) = 1,(d) [ = x(d) [}

Sk(L1(N), x) ={f € Se(T1(N)) : Vd € Z, (d, N) = 1,{d) f = x(d) f}
Proposition 3.13. 1. Ifp | N, then

ey Jren=Tno G )

2. If pt N, then

p—1 . a
r) ()T - G0 (o Dumw (2 1)
for any integers r,s such that p*s — Nr = 1.
In other words, T}, f = Z?;S fle Ké%)} ifp| Nand T, f = f| [(f;, prs)} +
Z?;é Sl [((1) ;)] for some p®s — Nr=1if p{ N.
Proof. Recall that for any g € GLy(Q)™, there is a bijection
(g7 'T1(N)g NT1(N)\L1(N) = Ty (N)\(T1(N)gT'1(N)),~ = T1(N)gy

We want to compute

(0 ) (o) {G W) (8 emew)

In particular,

(é 2>_1F1(N) (é 2>OF1(N)§{<(CZ Z) €F1(N):p|b}

Conversely, if (24) € T'1(N) and p | b, then

GO NG = (o) erw
So in fact
(é 2>1P1(N) (é 2>OP1(N):{<(; Z)el“l(N):p|b}

Let T" be this group.
For part 1 of the proposition, observe that I' is the pre-image under the surjec-
tive homomorphism I'y (N) — {({ ¢) : @ € Z/NZ} via reduction of the subgroup
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{({9):a€pZ/NZ}. Any setyo,...,yp—1inT1(N) projecting to a set of repre-
sentatives for {({ 9) : a € pZ/NZ}\{(}¢) : a € Z/NZ} will give representation
for I'\I'; (). We can take v; = (§ 7) which then gives the identity.

For part 2 of the proposition, I" is the preimage in T'y(IN) of the surjective
homomorphism I'y (N) — SLo(Z/pZ) of the subgroup {(29) : ad = 1}. Now

{(i 2) tad = 1} \ SL2(Z/pZ) = {v € F2, v # 0} /F

via g = F - (1 0)g. So for any matrices 7o, ..,7, in T'1(N) such that {F; -
(10)y;:} = {v € F2,v # 0}/F, they are a transversal for '\I'; (N). We can take
v = ((1){) for j=0,...,p—1and v, = (‘C‘g) such that N | ¢,p | a,a=d=1
(mod N). Choose a > 1 such that p* = 1 (mod N) (e.g. a = ¢(N)) and

r,8 € Z such that p®s — Nr = 1, then v, = (’1’; Z) works. The corresponding

representatives for I't (N)\I't (V) (§ 9) I'1(IV) are given by

1oy _ (1 g . _ 1 0 _(p*

which gives what we wanted. O

The proof actually gives us something more general: If p | N, then T,,f =
?;3 fle [((l)g) 7]-} for any ~o,...,vp—1 € I't1(N) projecting to representatives
for the quotient

{((1) ?) € SLy(Z/NZ) :b=0 (mod p)}\{(é l{) c SLQ(Z/NZ)}

ifpt N, then T, f = Zi;:o fle [(69) ;] for any 7o, ...,7, € ['1(N) projecting
to representatives for the quotient

{(i 2) < SLz(Z/pZ)} \ SL2(Z/pZ)

3.4 Diagonalisation; Newforms
Lemma 3.14. (d) commutes with T,.

Proof. We shall prove the case where pf N. Choose § = (4 B) € I'y(N) with
§=1 (mod p?).

(T, f = jz:ﬂk [((1) 2) ”Yj5] Tp(d) f = Jz:ﬂk {5 <(1) 2) %’]

So the lemma shall follow if

-1
1 0 _1(1 0

lie in 'y (V) and project to representatives for the quotient
a 0
{(&3) este@im f\saem)
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Indeed,
—1
10 (1 0\ _( D —pB
<0 p) ’ (0 p) - (—C/p A ) = Fol)
and is congruent to 1 modulo p. So ¢; € I'1(N) and ¢; =; (mod p). O

Corollary 3.15. The operators T, preserve the subspaces My(T1(N),x) and
Sk(T1(N),x) for characters x : (Z/NZ)* — C*.

Proposition 3.16. Let f € My(I'1(NN)) and write f(1) =3, 5o an(f)q", then

To(f) = (anp(f) + 0" pnan,((0)F)) 4"

n>0
where by convention ay/p = lpnay/p-

Proof.

a

p—1 .
1 g P r
5= 2| (o )] et [ 50)
jz:; k 0 P pINJ |k pN ps
p—1 ; a—1
() a5 26 )
§=0

-1 S S an(peminrlreniniln 1 () @)

n>0j7=0

=" (D" + Ly Y an((p) g™

n>0 n>0
which is equivalent to the claimed identity. O
Corollary 3.17. If p,q are primes, then T, and T, commute.
Proof. Computation reveals that a,(T,T,f) is symmetric in p, g. O
Recall that we can define an inner product on Si(I'1(N)) by

<fag> = [F(].) : Fl(N)]_1A f(T)ﬁykdxy;ﬂ.y

1(N)\b

Proposition 3.18. If d € (Z/NZ)*, then its adjoint is (d)* = (d~! mod N).
if pt N, then its adjoint is T, = (p~! mod N)T,.

Corollary 3.19. The operators (d) and T, (for p { N) are simultaneously
diagonalisable on Sk(I'1(N)).

Remark. If p | N, then T, is not in general diagonalisable on Si(I'1(N)).
Meanwhile, the simultaneous eigenspaces of (d) and T, (p { N) are not one-
dimensional in general either. Both of these defects are explained by the pres-
ence of so-called “old forms”.
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To see the simultaneous eigenspaces don’t have to be one-dimensional, sup-
pose N > 1 and f € Si(I'(1)) is a normalised eigenform. Then f(7),g(7) =
f(NT) € Sp(T'1(N)) are linearly independent. If p t+ N is a prime, then f,g
are eigenvectors of T}, with the same eigenvalue a,(f). Indeed, note that T, f is
the same no matter whether we take the definition of 7, in I'(1) or I';(IV), so

Tpf = ap(f)f. As for g,

a’n(Tpg) = anp(g) +pk_1an/p(g) = anp/N(f) +pk_1an/(pN)(f>
= an/N(Tpf) = ap(f)an/N(f) = ap(f)an(g)

So the defects happened when we take some eigenforms from some strictly bigger
congruence subgroups (“old forms”).

Definition 3.10. Let N € N. The old subspace SP4(T'1(N)) < Si(I'1(N))
consists of all forms of type f(M7) where M | N, M > 1and f € Sp(T'1(N/M)).
The new subspace S2°¥(I'1(N)) is the orthogonal complement of S¢!4(T'y (V)
in Si(T'(N)).

Theorem 3.20. All the operators (d), T, preserve the direct sum decomposi-
tion Sk(T'1(N)) = SAT1(N)) @ Siev (1 (N)). Furthermore, the simultaneous
eigenspaces of the operators (d),T, (d € (Z/NZ)*,p{ N) on Sp¥(I'1(N)) are
one-dimensional. In addition, SpV(I'1(N)) has a unique basis of normalised
eigenforms, i.e. forms f € SpV(I'1(N)) which are eigenvectors for all these
operators (d), T, and satisfy a1(f) = 1.

Definition 3.11. A newform of weight &k and level 'y (V) is a normalised eigen-
form in Sp°V(Ty(N)).

Example 3.4. S3(T'(1)) = 0, so if p is a prime, so Sa(T'1(p)) = SV (T'1(p)).
The first prime p for which this space is nonzero is p = 11, in which case it has
dimension 1 (as will be shown later). So it’s basis consist of a (new) eigenform.
What is it? Recall from example sheet the expression for the Dedekind 7 func-
tion (1) = g24 ], (1 — ¢™). Turns out n(7)?n(117)? is the unique newform
in SQ(Fl(ll)) -

The eigenforms in I'(1) has relations to L-functions, so there should certainly
be some sort of results in this flavour in this new context.

Theorem 3.21. Let f € Si(I'1(N)) be a newform, say f(1) =), ang™ and
define L(f,s) =), ~  ann~°. Then:

1. L(f,s) is absolutely convergent in Res > 1+ k/2.

2. There is a character x : (Z/NZ)* — C* such that f € Sk(T'1(N),x).

8. There is an Buler product L(f,s) =T[,(1 —app™ + x(p)pF~1725)71 (where
by convention x(p) = Lynx(p))

4. L(f,s) has an analytic continuation to C. Furthermore, if we define A(f,s) =
N*/2(2m)=T'(s)L(f,s), then there is a sign e; € {+1} such that A(f,s) =
A 5).

Theorem 3.22 (Shimura-Taniyama-Weil Conjecture, aka Modularity Theo-
rem). There is a bijection between the collection of elliptic curves E/Q up to
isogeny and the newforms f € So(I'1(N),1) with integer coefficients. Specifi-
cally, an elliptic curve E corresponds to f if for all but finitely many primes p,
ap(f) =p+1—|E(F,).
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4 Modular Curves

Given a congruence subgroup T, our goal is to endow I'\ and T'\h U I‘\IP’@ with
the structure of Riemann surfaces. They are known as modular curves.

4.1 Conformal Structures of Modular Curves

Definition 4.1. A Riemann surface is a connected Hausdorff topological space
X together with an atlas of charts A = {(U;, V;, ¢; : U; = V;) : i € T} such that:
(a) Vi e I,U; C X,V; C C are open.

(b) Vi € I, ¢; is a homeomorphism.

(c) Vi, j€I,¢;0¢; " : ¢:;(U;NU;) — ¢;(U; NU;) is holomorphic.

(d) Uie, Ui = X.

Definition 4.2. If XY are Riemann surfaces, then a function f: X — Y is a

morphism if it’s a continuous map such that for any chart ¢ : U — V of X and
U =V of Y, o foep t:Vnf~1(U')— V'is holomorphic.

Example 4.1. 1. Take X = C and A = {(C,C,id¢)}. Then X is a Riemann
surface and morphisms f : Y — C would be continuous functions such that for
any chart ¢ : U =V of Y, fo¢~!:V — C is holomorphic.

2. Take X = C = CU {o0} and A = {(C,C,idc),(C* U {o0},C, ¢)} with
¢(2) = 1/z. Then ¢oidz' : C* — C* is z + 1/z which is holomorphic, so X
is a Riemann surface.

Our first goal is to make Y(I') = I'\h a Riemann surface. The first step is
to make it a connected Hausdorff topological space. Give § its usual topology
and Y(I') the quotient topology. Let 7 : h — Y(I') be the quotient map, i.e.
U C Y(I') is open iff 7=1(U) is open. Y (') has its connectednes inherited from
7. As for Hausdorff-ness,

Lemma 4.1. Suppose A, B C by are compact subsets, then {y € T'(1) : YANB #
o} is finite.

Proof. Let Qx = {7 € h:|Re7| < X,Im7 > 1/X}. We showed that Jex >
0,V7r € Qx,Vt € R,|7 +t| > exmax{l,|t|}. If ¢,d € Z, then |er + d| =
|7 4+ dc™Y||c| > Cx|c|sup{l,|dc™t|} = Cx sup(|c|,|d|). hence if 7 € Qx, then
Im(yr) < In(r)/(C% sup{Jel,|d|}?), hence sup(Jel,|d])? < Tm(r)/(C% Tm(yr).
Now suppose that A, B € Qx. If 7 € A,vy7 € B, then sup{|c|, |d|} is bounded
above by a constant only depending on A,B. If v € T'(1) and yAN B # &,
then there are only finitely many possibilities for (c,d). if «y,d have the same
denominator, then § = ey for some € € I'oo = {£ (3 7) : m € Z}. Since A, B are
compact hence bounded, there can only be finitely many € such that eyAN B #
. O

Proposition 4.2. Y(T') is Hausdorff.

Proof. Let x,y € h be such that x,y are not I'-conjugate. Enough to find open
sets W, > x and W, > y of b such that if v € I'(1) then YW, N W, = @.
Choose open subsets U, > x and U, > y and compact subsets K, O U, and
K, D Uy of h. The lemma shows that the set N = {y € I' : K, NvK, # &}
is finite. For all v € N, choose open sets A, > z and B, > vy such that

A, N By = & as b is Hausdorff. We now take W, = U, N ﬂ’yEN A, > x and
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Wy, =UynN ﬂ,yeN y~1B7y >y, which are both open and W, N YW, = & for any
vyel. O

How about X (I') = T\h UT\Pg = T'\(h UPE)? Let h* = b UPg on which T
acts on. Give h* a topology by declaring a basis that consists of open sets on
b and sets of the form aVgr U {2} = a(Vr U {o0}) where z = aco for a € T'(1)
and Vg = {r € h : Im7 > R}. Note that a(Vr U {occ}) only depends on z and
R and not on the choice of «.

Any v € T'(1) is a homeomorphism f — b, so X (I') inherits a quotient topology
from the quotient map = : h* — X(T).

Note that if R > 2, then Vy € I'(1),YVrRNVr # & = v € I'c = Stabp(y)(c0).
Indeed, if 7 € YVrNVg, say 7 = y7’ for some 7/ € Vg, then 34, ¢ € T'y, such that
dt,er’ € F'. But d7,er’ are I'(1)-conjuagte, so 07 = et/ ie. 7= "leyr =
0 tey =41 = v € T's,, which is what we wanted.

We can draw a commutative diagram

h* ——— X(I)

I I

VR — VR/('Y m”Yoo)

where the map Vp/(I' NT's) — X(I') is injective, continuous, and open. This
means that it is in fact an embedding. What does Vg/(I'NI") look like? Note that
I'NT has the form of either {( )} or {£1}{({ ")} (depending on whether
—1 € T'), where h is the width of the cusp co. There is a continuous bijection
Vr/(TNTy) — Dp = {qn € C: |qn| < e 2™B/"} via 0o — 0,(TNT) - v
e2™i7/h which is also open by open mapping theorem. So m(VR) is an open
neighbourhood of 7(c0) in X (I') which is homeomorphic to the disc Dg C C.
Similarly, if & € I'(1) and I" - oo is a cusp of T" of width h, then 7(aVg) (for
any R > 0) is an open neighbourhood of 7(aoco) which is homeomorphic to the
disk Dy via aco s 0,T - 7+ 27 ' 7/h for 1 € V.

Theorem 4.3. X(I') is connected, Hausdorff, and compact.

Proof. Tt is easy to see that h* is connected, so X (T") inherits this connectedness
from .

To see X (T") is Hausdorff, it is enough to find open sets that seperate the pairs
I' -7, acoand I' - oo, I - Boo.

In the first case, we can find an open set U, € h and a compact set K, € §
such that 7 € U, C K,. We already know previously that 3C; > 0 such that
Im(yz) < C; for any v € I'(1),z € K. If R > C;, then vK, NV = & for any
~v € T'(1), hence YU, N aVg = @ for any v € I'. This means that 7(U,) and
m(aVR) are disjoint.

In the second case, suppose I' - aco and I' - foo are distinct cusps, then aVg
and Vg are disjoint when R > 2 since if v € T' has yaVi N VR # &, then
36 € ', such that ya = 44, therefore yaoco = foo, contradiction. So 7(aVg)
and 7(BVR) are disjoint and seperate the two cusps.

How do we show compactness? Note that F* = F U {co} is a compact subset
of h* since F* — Vg is closed and bounded hence compact for any R > 0. Take
a transversal 1, ..., 7, for [\I'(1), then 7 (| J!_, 7:F*) = X(I') is compact as a
continuous image of a compact set. O
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We can give X (I') the structure of Riemann surface by giving explicit charts.
Let I be a set of representatives for the I'-orbits in h*. For each = € I, we need
to construct a chart ¢, : U, — V, where U, C X(T") is an open neighbourhood
of w(x) and V,, € C is open.

If x € P}, say z = aoo for some « € I'(1), then we define U, = 7(alVz),V, =
{gn € C : |gn| < e™*/"} and ¢, (7(ac0)) = 0, ¢, (7(aT)) = ™7/ for 1 € V3.
This is a homeomorphism as we’ve already seen.

If x € b, we first show that we can find an open set W, C § such that z € W,
W, is stable under Stabr(z) and if y € W, and y # «, then Stabr(y) < {£1}.
To do this, choose M, C h open and K, C § compact such that x € M, C K,
and let N ={y €T :vK, N K, # @}. N is finite and contains Stabr(z). If
v € N — Stabp(z), then y& # x, so we can find A,, B, C h open such that
z € Ay,yx € By and Ay N B, = @. We define W, = Mz N(,ey_sgabp () (Ay N
4~1B7) which is open in h and contains x. Also, if v € I' and W, N YW, # @,
then v € N, so unless v ¢ Stabr(z) we must have W, N\yW, C A,NB, = o
which is a contradiction.

Consider the Mébius transformation v, (z) = (z — x)/(z — &), then ¥, (z) = 0,
by (00) = oo, and 9, Stabr(z)1,; 1 stablises both 0 and oo — but any Mébius
transformation which stablises 0 and oo and has finite order must be given by
z + (z for some root of unity (.

By further shrinking W, we can assume WLOG that ¢, (W) is an open disk
D, of radius € around 0 for some € € (0,1). Consequently, W, is stable under
Stabr(z).

Ify € W, and y # x and § € T such that dy = y, then §W, NW, # @, therefore
§ € Stabr(z). .0, ! stabilises 1, (y) # 0,00, so 1,09, 1 is trivial, therefore
§ e {£1}.

We conclude that 7(W, ), which is an open subset of X (T') that contains 7(z),
is homeomorphic to W,/ Stabr(z) & D, /1, Stabr(z); . We know that group
by Stabr(x)y, 1 /(I'N{%1}) is finite and consists of rotations by roots of unity,
therefore is cyclic of some order n, and is generated by z — e2™"/"= 2. Tt follows
that D, /v, Stabr(z)y, ! is homeomorphic to Den. via the map z +— 2™, Our
desired charts around 7(z) can then be defined by taking U, = n#(W,),V, =
Denoy ¢y : Uy — V,, defined by ¢ (7(2)) = ¢,(2)" where 2z € W,,.

Checking the holomorphy of transition functions is left as exercise. So we have
made X (I') a Riemann surface which also gives Y (I") the structure of a Riemann
surface by considering it as a subsurface.

Naturally, we should be able to link all these to certain modular functions.

Proposition 4.4. The map f — 7o f/h defines a bijection between the mero-
morphic functions on X (T') and modular functions of weight 0 and level T.

Proof. The map n|, : h — Y(I') is a morphism of Riemann surfaces. So if
f:XT) — C is a morphism, then F = fo Ty h — C is meromorphic on
h. F is certainly weakly modular as it factors through |y, so it remains to
check that F' is meromorphic at the cusps. Let a € T'(1), aco € P@. Since f is
meromorphic, there exists a meromorphic function g, : D — C where D is an
open disk centered at 0 such that Vr € Vs, f(n(art)) = F(ar) = Flo[a](T) =
g(e2™7/") = g(qy). This exactly means that F is meromorphic at the cusp
' acc.

Conversely, suppose F' is a modular function of weight 0 and level I'. Then
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F : b — C factors through f : Y(T) — C. We need to show that f extends to
X(T') as a morphism. The previous computation (but done in reverse) reveals
that f is meromorphic at the cusps. As for 7 € h, we need to check that f is
meromorphic in a chart ¢, (7(2)) = ¥-(2)" in a neighbourhood U, of a point
(7). Explicitly, we need to show that the function w = 9.(2)"" — F(z) =
(F o 7Y (2h,(2)) is meromorphic in D. F ot ! is meromorphic in an open
disk D’ centered at 0 and satisfies F o ¢71((,, 2) = F o 17 !(2) for every nit
root of unity (.. The result then follows from Lemma which will be stated
shortly. O

Lemma 4.5. If D' is a disk centered at 0, g is a meromorphic function in D’
and ¥z € D', g(z) = g(e2™/"z), then there exists a meromorphic function h in
D’ such that h(z"™) = g(z) for all z € D'.

Example 4.2. j(7) is a modular function of weight 0 and level I'(1), so it
defines a morphism X (1) = X(I'(1)) — C. This is bijective, so it is actually an
isomorphism.

4.2 Genus and the Generalised Valence Formula

Definition 4.3. If U C C is an open subset, then a holomorphic differential is
a symbol of the form w = f(z) dz where f : U — C is a holomorphic function.
We write Q1 (U) for the set of holomorphic differentials in U.

If g : U — V is a holomorphic map between two open subsets of C, then we
write g* : Q1(V) — QY(U) for the map (the “pullback”) given by ¢*(f(w) dw) =
f(g(2))g' () dz. If X is a Riemann surface, then a holomorphic differential on X
is the data for every chart ¢; : U; — V; of a holomorphic differential w; € Q(V;)
such that for any i, j, the pullback of wjls (,nv,) € Q' (¢;(U; NU;)) under the
map ¢, 0d; ' ¢;(U; NU;) — ¢;(U; NU;) is equal to Wil (U,nuy)- Write QYX)
for the C-vectpr space of holomorphic differentials.

Theorem 4.6. If X is compact, then Q1 (X) is finite dimensional.
Its dimension gx is called the genus of X.
Example 4.3. gx1) =gz =0.

Definition 4.4. An elliptic point of I' is a point 7(7) such that Stabp(7)/(I' N
{+£1}) is nontrivial.

If w(7) is an elliptic point, then Stabr(7)/(I' N {%1}) < Stabp(y)(7)/{%1}.
This means that 7 is I'(1)-conjugate to p = e2™/3 or i and the stabiliser of
7 is isomorphic to a cyclic group of order 2 or 3. The order n, = ng) =

| Stabr(7) /(' N {£1})] of it is called the period of the elliptic point.

Theorem 4.7 (Generalised Valence Formula). Suppose I' < T'(1) is a congru-
ence subgroup. Let €, be its number of cusps, €3 the number of elliptic points
of period 3, and €3 the number of elliptic points of period 2, then

P T e &
L T I
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We’ll prove this theorem using the Riemann-Hurwitz formula for Riemann
surfaces. To state it, we need the notion of ramification. For a nonconstant
morphism f : X — Y between compact Riemann surfaces and x € X, choose
charts ¢, : U, — V,, around X and ¢, : U, — V,, around y = f(z) such that
bz(z) = ¢y(y) = 0, then ¢, o f o ¢, ! is a holomorphic function around 0 that
fixes 0, therefore takes the form z"g(z) for some n > 1 and ¢g holomorphic and
nonvanishing at 0.

Definition 4.5. This number n is the ramification index e, = e, s of f at x.
The degree deg f is defined to be deg f = Zzef,l(y) e, forany y € Y.

It is a fact from the study of Riemann surfaces that these notions are well-
defined.

Theorem 4.8 (Riemann-Hurwitz). If f : X — Y is a nonconstant morphism
of compact Riemann surfaces, then

2—2gx = (deg f)(2—29v) — > (eay — 1)
reX

We shall prove our theorem by applying this formula to the morphism

X() — X(1) given by the projection I' - 7 — T'(1) - 7. The key thing to
compute is, of course, the various ramification indices.
If + = w(7) for some 7 € b, then a chart around z is given by 7(z) — ¥, (2)"
and a chart around f(z) has the form t,(z)™@ . In these charts, f has the
form w — w™ @/ hence e, = Nf(z)/Naz- If & = 7(aoco) for some o € T'(1),
then a chart around z is w(a7) — €2™7/" (where h is the width of the cusp
aoo) for 7 € V and a chart around f(z) is 7(ar) = €277 = (e?™/M)h 50 f has
the form w — w”, i.e. e, = h.

Proof of Theorem[{.7. As gx(1) =0, we have

2 —2gxr) = 2deg f — Z (ex — 1)
zeX(T)

Let’s compute deg f first: Take 7 = 2i (or literally any other point that’s
generic enough), then ¥y € I'(1),ex(yr) = 1 a8 Np(r(yr)) = 1. Sod =degf =

|1 (f(n(20)))] = [P\(T(1) - (20)] = [P\T(1)/{=£1}] = [[(1) : T{£1}].
If e, > 1, then either z is a cusp or = € Y(I') and ny(,) > 1, in which case
f(x)=T(1)-io0r I'(1) - p. For the former, we have

S (D =d— Q) )
zEf—1(D(1)1)

Let a; = {z € f~YT(1)-4) : ex = 1}|,b; = {z € fF7HUTQ) i) : e, = 2},
then a; + 2b; = d,a; +b; = |f~1(T(1) -4)| and a; = €. Substitution gives
d—[f7HI1) i) = (d - e2) /2.

Similarly, for p we have

> (ez—1):§(d—63), Yo (-1 =d—ex

zef~1(I'(1)-p) zef~H(I(1)-00)

Putting these back to Riemann-Hurwitz delivers the result. O
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Example 4.4. Let I' = (I'(2), S). We know that €5, = 2, [y(1) : I'] = 3 and
€2 > 1 (since Si = 7). The formula gives gx ) = (1/4) — (e2/4) — (e3/3) =
gxr)y =0,62 =165 =0 = X(I')=C.

4.3 Modular Functions as Differentials

Definition 4.6. Let n € Z and U C C be open. A holomorphic (resp. mero-
morphic) n-differential is a symbol f(z)(dz)®"™ where f : U — C is holomorphic
(resp. meromorphic).

We write Q¥ (U) (resp. QF"(U)) to denote the C-vector space of holomorphic
(resp. meromorphic) n-differentials in U.

If g: U — V is a holomorphic map between open subsets of C, we define a
pullback map g* : Q¥*(V) — Q¥(U) (resp. g* : QX" (V) — QF(U)) induced
by g via g* (f(w)(dw)®") = f(g(2))(g'(2))" (d2)*".

If X is a Riemann surface, a holomorphic (resp. meromorphic) n-differential
on X is the set of data w; € Q®*(V;) (resp. w; € QF™(V;)) for every chart
¢; + U; — V; such that Vi, j,¢; o q/)[l s 0:(Ui NU;) = ¢;(U; NU;) satisfies
((bj © ¢’i_1)*(wj|¢j(UimUj)) = Wilg (UinUy) -

We write Q7 (X) (resp. QF"(X)) for the C-vector space of holomorphic (resp.
meromorphic) n-differentials on X.

Proposition 4.9. Let n € Z, then the map QF"(X(T)) — QF"(h) given by
w = (7]p)*(w) = f(7)(d7)®" defines a bijection between w € Q7™ (X(T)) and
the set of modular functions f(7) of weight k = 2n and level T.

Proof. Let w € QF"(X(T)) and write (7]5)*(w) = f(7)(d7)®". For any v € T,
we have (| 0oy) = 7|y = (7]p)* =" o (w|y)*. Therefore

FE)Ar)®" = 5" (f(1)@n)®") = f(yr)y (1) (d)®" = f(y7)j (v, 7) 72" (d7)®"

That is, f is invariant under the weight & action of I'.

We also need to check that f is meromorphic at each cusp I' - aco, @ € T'(1).
There exists a meromorphic function g on a disk D around g; = 0 such that
w = g(qn)(dgn)®™ in the chart m(aVy) — D, m(ar) = 2™7/h In aVy, *(w) =
f(m)(dT)®™ is given by the pullback of g(qn)(dgy)®" under the map 7 —
e2mia”'m/h  Expanding this relation gives

F(r) = g(e2™ e T/ (2mi fh) (=t 7) 2 (2T T/

for 7 € aVa. So flk[a](T) = g(gn)(2wi/h)q}} which is a meromorphic function of
qn, so indeed f is meromorphic at the cusp aoo.
The rest of the proof is left as exercise. O

Definition 4.7. Let X be a Riemann surface and w € QF"(X). For z € X,
choose a chart ¢, : U, — V, around x. Say w is reprensented by f(z)(dz)®" €
Q®"(V,) in this chart where f : V, — C is a meromorphic function. The order
vz (w) of w at x is the order of f at ¢, (z).

One can check that this is independent of the choice of the chart.

Proposition 4.10. Let w € QF"(X(T')) correspond to a modular function f of
weight k = 2n and level T', then:

1. If x = w(ao0), then v (w) = Voo (f|k[a]) — 1.

2. If x =n(7), 7 €h, then nyv,(w) = v-(f) — n(ng —1).
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Proof. 1. From the proof of the preceding proposition we know that f|i[a](7) =
g(qn)(2mi/h)q) where w = g(gp)(dgn)®™ near the cusp m(aoo). This immedi-
ately gives Uﬂc(w) = Uﬂc(g) = Uoo(f'k[a}) —n.

2. Take a chart ¢, : U, — V, around z given by ¢, (7w (z)) = ¥, (2)"* (where
@ = 7(7)). Say w has the form g(w)(dw)®" in the chart for some g : V, — C
meromorphic, then by computing (7]y)*(w) we know that the modular form
that w corresponds to

F(2) = g(r (2)" Jatpr (2)" =Dl (2)"
in a neighbourhood of 7. Hence v, (f) = n,v,(w) + n(n, — 1). O

Corollary 4.11. Take n = 1. The map w — (7|p)*(w) = f(7)d7 restricts to
an isomorphism Q' (X (T')) — So(T). In particular, dime S2(T') = gx(r)-

Proof. If w € Q}(X(I')), then w is holomorphic iff v,(w) > 0 for all z €
X(T). If f is a modular function, then f is a cuspidal modular form iff
Va € T'(1),v00(f|r[e]) > 1 and V7 € b, v-(f) > 0.

These conditions do match up by the proposition since v, (w) = voo (f|r[a] — 1)
if x = m(aoco) and v, (f) = nyvp(w) + 1y — 1 if z = 7(7). O

Can we do something in general? Needless to say, Hurwitz isn’t the only
mathematician who shared the credit of a theorem with Riemann.

Definition 4.8. Let X be a Riemann surface. A divisor on X is a formal sum
D= Zx ngx where n, € 7Z for all z and n, = 0 for all but finitely many z. The
degree of the divisor D is degD = 3 _y n,. We define Q®"(D)(X) = {w €
QP™(X) : Vo € X, vp(w) +ny > 0} < QP (X).

Example 4.5. Q?O(x) is the space of meromorphic functions on X. So if
fe Q!®0(x) and n, = 0, then v, (f) + n, > 0 is equivalent to say that f is
holomorphic at z; if n, > 0, then v, (f) + n, > 0 is to say that f has a pole of
order at most n, at x; if n, < 0, then v, (f)+mn, > 0 is to say that f has a zero
of order at least —n, at x.

~

Corollary 4.12. For any n, there are isomorphisms of vector spaces My (T")
QO (Dyr)(X(T)), Sk(T) 2 Q%" (Dg)(X(T)), where k = 2n and

Dy= Y nl-2)+ Y Ln<11>Jx

Ng
I-2€0\P} zeX(I)

Ds= Y (-1)T-2)+ Zln(l—;ﬂx

[-2€0\P} zeX (T

Proof. Recall that if w corresponds to f, then voo(flk[@]) = Vr(aoe)(w) +n
and vr(f) = nyvz(w) +n(ng —1). So f € Mi(T) iff Vr € b,v-(f) > 0,Va €
I'(1), veo (f|k[]) > 0, which happens iff Vo € Y (T'), vy (w) > —n(l —1/n,),Vz €
Pg, vr.z(w) > —n which translates to the first isomorphism. The proof for S (T')
is analogous. O

This allows us to compute the dimensions of Ma, (T') and Ss,(T') if we know
dimensions of some of these Q®"(D)(X). The latter is, however, usually hard
— but we have a strong enough theorem to make it work.
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Theorem 4.13 (Riemann-Roch). Suppose X be a compact Riemann surface
andn € Z. Let D be a divisor on X such that deg D+ (2g—2)(n—1) > 0, then

dime Q¥ (D)(X) = deg D + (2n — 1)(g — 1)

Let’s try this on My, (T') forn > 1. We need C' = deg Dps+(29—2)(n—1) > 0
to apply Riemann-Roch in the form we stated it. Indeed,

o n 2n d €2 263
C=nete 5] +e BJ*(ngEw)(””

vl (2] 2552t

Riemann-Roch then gives

dim¢ Ms, (T') = dim¢ Q®"(DM)(X(F)) =deg Dy + (2n—1)(g—1)

As for S5, (T"), the same computation gives deg Dg + (29 — 2)(n — 1) > 0 when
n > 2 (the case n = 1 has already been dealt with in Corollary , SO we
similarly have

dime S, (I') = dime Q%"(Dg)(X(T)) = deg Dg + (2n — 1)(g — 1)
We conclude these in the following theorem:
Theorem 4.14. Ifn > 1, then

2n

) n
dim¢ My, (T') = nes + €2 {§J +e3 {3J +(2n—1)(9xr) — 1)

If n > 2, then

dimg S2,(T) = (n — 1)eo + €2 L%J +e3 V;J +(2n—1)(gxm) — 1)

Example 4.6. 1. Take ' =T'(1), then ¢ = 0,e2 = €3 = €00 = 1, S0

. |k k| k_ [lk/12) - 1,if k=2 (mod 12)
dlIl’l(C Sk(r(l)) - \‘4J + L3J - 5 = {I_IC/IZJ, otherwise

which is consistent with Theorem [[.4l
2. Take I' = (I'(2), S), then we have €, = 2, €3 > 1, therefore

_lle s e =le=0

9_4 4 3 g=VU,e3 = 1,63 =

So if k is even and is at least 4, then dime M (T') = 14 | k/4] and dim¢ Si(T) =
—1+|k/4]. In particular, when k = 4, we have dim¢ My (T') = 2,dim¢ S4(T') =0
which implies that M (T') is spanned by E4(7), E4((7+1)/2) — a result we quoted
a few sections ago.
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4.4 A Formula of Ramanujan

Recall that we used the result dimg My(T') = 2 for T' = (I'(2), S) to prove
some properties of rg. Naturally, knowing the explicit formulae of dim¢ M (T")
and dimc S (I"), we shall attempt to investigate r¢(n) for 8 | n. Let k = £/2,
then we know that 6¢ € My(T') where as before 6(t) = > _, e™n’T - Also,
0 =3 ,>ore(n)gh =14 3lgo +--- and 6 vanishes at the cusp 7 - 1.

We shall use these to get an approximate formula for ry(n). We know that

Ep(r)=1- %’“ > or-1(n)g" € My(T)

and that

B30 =38 (T37) =5 (1= 5 S(-1"os0) | € (r)

since Eglx [(§ )] is invariant under (} %)_1 I'(1) ({ %) which contains I'. It fol-
lows that

M, (T) = Si(T) @ span{ Ey, Ex[x [(§ 3)]}
We want to find a,b € Q such that 0° — aEj — bEg|, [(§3)] € Sk(T). The
constant term of the g-expansion of this expression at co is 1 —a — b/2. As for
the cusp I'- 1, take o = (% _01) (so that aco = 1). Eg|x[a] = E) since a € T'(1),
while

(- [} o] )] -2m

Hence ¢ — aE), — bEy| [(§ §)] vanishes at I' - 1 provided that a + 28~1b = 0.
Gathering all these information, we have a = 2% /(2% —1),b = 2/(1 — 2F).

Theorem 4.15. If 8|¢, then
2k 2k n 1 -2k
- T, (Il - 1V k/2
reln) = g5 =1, % H(3) 1w B, (U ok-1(n) + 00

Proof. Let f = 0° — aEy — bEg|x [(§3)] € Sk(T'). The g-expansion of f is
(1) = 3,51 anq8 where a, = r¢(n) — aa,(Ex) — ban (Egl[(§3)]). Using
techniques from example sheet, one can show that |a,| = O(n*/?) which gives
the formula. O

We now consider the case ¢ = 24, in which case k = 12,dim¢ Si(T) = 2.
Note that A =}_ -, 7(n)q" € S12(I") and

ale[(5 )] =52 () = § S-vrring € s

n>1

These two modular forms span Si2(I"), so we should be able to find ¢,d € Q

such that
1 1 1 1
v (5 )] venvant (3 1)
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We first compare the coefficients of the g-expansion of both sides at co. The
left side is 1 +48go + - - - and the right side is (a +b/2) + ((b/2)(—2k/By)(—1) +
(d/2)T(n)(=1))ga + - --. Then we look at the g-expansion of them after action
by (1 5') to deal with the cusp I'- 1. But 68| [(] ')] vanishes at oo, so
0%4)), [(7 ')] vanishes to order at least 3 at co. The g-expansion of the right
side after the action is, on the other hand,

aBy(1)+2F 10 By (27) +cA(T) +28 1A (27) = (a+2571) + <a_B2k + c) q+---
k

Equating all these coefficients solves to

4096 2 65536 66304

T 20957 T T2095°°T T 601 YT T 601

In conclusion,

4096 2 11 65536 66304 11
u_"Pp. g _ A— A
0 4095 2 4095 he {9 691 691 e [{g o

Expanding the coefficients gives

Theorem 4.16 (Ramanujan). If n € N, we have

2

65536 . (n) 16 65536 (’;L) 33152

eo1 o (-1)"o11(n) — ——7 ———(=1)"1(n)

raa(n) = T 691 691 691

Corollary 4.17. If p is an odd prime, then

16 1 33152

r24(p) = @( ") WT(P)

Recall that we stated Ramanujan’s conjecture that |7(p)| < 2p*'/? which
was proved by Deligne in 1973. This implies the optimal estimate

16 L 66304 1y

7“24(27)—@(1 +p'h)| < 691

We also stated the Sato-Tate conjecture, proved by Barnet-Lamb, Geraghty,
Harris and Taylor in 2011, which implies that the normalised error terms

raa(p) — (16/691)(1 + p'')

11
(66304 /6onpr17z €L

are equidistributed with respect to the Sato-Tate measure (2/7)v1 — 2 dt.
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