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This document serves as a set of revision materials for the Cambridge Math-
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1 Cohomology of Groups

1.1 The Basics
Let G be a group.

*Based on the lectures under the same name taught by Dr. C. J. B. Brookes in Lent 2023.



Definition 1.1. The integral group ring is the free abelian group on the letters
of G equipped with the obvious multiplication

(%}m) (;nkk) =S | .

g hk=g

Definition 1.2. A (left) ZG-module M is an abelian group equipped with an
action ZG x M — M, (r,m) — rm such that 1m = m, r(my+ms) = rmy +rms
and 71 (rem) = (rira)m.

A trivial ZG-module is one where the action of G is trivial, i.e. gm = m for
all g € G,m € M. We call the trivial module structure on M = Z “the” trivial
ZG-module.

Definition 1.3. The free ZG-module ZG{X} on X is the set of finite formal
sums of letters in X with coefficients in Z(G, with the obvious addition and
ZG-action.

Submodules and quotients are defined in the standard way.

Definition 1.4. A ZG-map (or a ZG-morphism) « : M; — Ms between ZG-
modules is a map of abelian groups such that a(rm) = ra(m). We write
Homg (M, Ms) to denote the abelian group (in fact ZG-module) of ZG-maps
M1 — Mg.

Example 1.1. 1. We have the augmentation map € : ZG — Z, where ZG is
viewed as a ZG-module via ring multiplication and Z is the trivial ZG-module.
It is defined by > ag9 — >_, ag. It is both a ZG-map and a ring map.

2. Regard ZG as a ZG-module again. Then Homg(ZG, M) = M via a — «(1).
In particular, if we take M = ZG, then we see Homg(ZG,ZG) = ZG, and
a € Homg(ZG, Z@G) is multiplication on the right by a(1).

Definition 1.5. If f : M; — M is a ZG-map and N is a ZG-module, then the
dual map of f (relative to N) is f* : Homg(Msz, N) — Homg (M, N),a — «of.
Similarly, for a ZG-map f : Ny — Ny and a ZG-module M, the induced map
of f relative to M is f. : Homg(M, N1) — Homg(M, Na),a +— foa.

Example 1.2. Consider the case of an infinite cyclic group G = (t) = Z which
acts on R by translation. Consider R as a graph with vertices V' at the integers
and edges F between adjascent integers. Write vy to denote the vertex at 0 and e
the edge connecting 0 to 1. Then ZV = ZG{v},ZE = ZG{e} are both free ZG-
modules, and there is a ZG-map ZV — Z corresponding to the augmentation
map.

Definition 1.6. A chain complex M, of ZG-modules is a sequence

ds ds_1 diy1

Ms—l

M, Mt+1 L} M;

such that d,d,+1 =0 forallt <n <s.
M, is exact at M, if Imd,,+1 = kerd,,, and it is exact if it is exact at every M,,.

We allow exact sequences to go on forever on either side.



Definition 1.7. The homology of the chain complex M, is given by H(M,) =
kerds, Hi(Mo) = M;/Imd; 1 and H,(M,) =kerd,/Imd, ;.

Definition 1.8. A short exact sequence is an exact chain complex of the form

0 M, Mo, Ms 0

Example 1.3. Take G = () = Z again. We have a short exact sequence

t—1

0 7G 7G —— 7 0

which can be interpreted as the sequence

t—1

0 7E Vv —— 7 0

as in Example [[.2]

1.2 Resolutions

Definition 1.9. A ZG-module P is projective if, whenever there is a surjective
ZG-map M7 — My and a ZG-map P — Ms, there exists a map P — M,
making the diagram

M1 Emd M2 — 0
commute.

If we have a short exact sequence

0 M, M, Ms 0

Then can form a chain complex
0 —— Homg(P, M) —— Homg (P, M3) —— Homg (P, M3) —— 0

which is always exact except at Homg (P, M3). P is projective if and only if this
sequence is always exact at Homg (P, M3) too.

Lemma 1.1. Free modules are projective.

Proof. Suppose we have o : My — My surjective and 5 : ZG{X} — M. For
each z € X, there is some m, € M; such that a(m,) = B(x) by surjectivity.
Then define 5 : P — My via B(D_, o) = >, TaMy. O

Definition 1.10. A projective (resp. free) resolution of Z is an exact sequence

P Py Z 0

with all P; projective (resp. free).



Example 1.4. 1. Take G = () = Z again. Then

t—1

0 7zG G —— 7 0

is a free resolution of Z.
2. Suppose G = (t) =2 Z/nZ. Then a free resolution of Z is given by

B B

7G 7G —— 7G G —— 717G —— 7 0

where a(z) = z(t — 1) and B(z) = z(1 +t+--- +t"1).

Suppose X is a connected simplicial complex, G its fundamental group and
X its universal cover which is contractible. Then X contains information about
G. We will try to replicate the study of (co)homology of X when studying G
algebraically.
Suppose we have a partial free or projective resolution

ds

PS > Pl P() 7 0

of Z. Write Xsy1 = kerds and Psy; = ZG{X.11}. The natural map deiq :
P,1 — Ps gives rise to a slightly longer partial resolution

p, % 'y P, Py / 0

dst1

Ps+1

This is not quite nice, since Psy1 could very often have infinite rank. But we
can replace ZG{X;41} with ZG{S} with S generating X 1. This way, if X411
is finitely generated then P;i; would have finite rank.

Definition 1.11. G is of type FP,, if the trivial ZG-module Z has a projective
resolution

P Py Z 0

such that P,,..., Py are finitely-generated ZG-modules.

G is of type FP, if Z has a projective resolution with all terms finitely generated.
G is of type FP if Z has a projective resolution of finite length (i.e. all but finitely
many terms are zero) with all terms finitely generated.

Example 1.5. 1. G = (t) 2 Z is of type FP.
2. G = (t) 2 Z/nZ is of type FP. It turns out that it is not of type FP, as
we’ll see after we developed the theory of cohomology.

These are finiteness conditions. For example, FP,, is analogous to G being
the fundamental group of a simplicial complex X with X contractible with finite
n-skeleton.

Definition 1.12. The standard (or bar) resolution of Z is defined as follows:
Let G™ be the set of symbols [gy] - - - |gn] With g1,...,g, € G and G = {[]}.
Set F,, = ZG{G™} and d,, : F,, — F,,_; defined on the level of symbols by

dn([91] -+ gn]) = 91lg2] - - - |gn] — [9192]93] - - - [gn] + [91]9293] - - - |9n]
— o (=D Magr| - [gn—2lgn—19n] + (=1)"[g1] -+ |gn-1]



One checks that d,,_1d,, = 0 and so

F F, z 0

is a chain complex.
Lemma 1.2. This chain complex is exact.
So the standard resolution is indeed a resolution.

Proof. We check exactness at the level of abelain groups.
F, is a free abelian group on G' x G™ = {go[g1| - |gn] : s € G}. We'll define
maps of abelian groups s, : F,, = Fj,4+; such that idg, = dp4155+5n—1d,. This

is given by s, (golg1|---[gn]) = [g0] -+ |gn]. Now z = idp, (z) = dnt15n(z) +
Sn—1dn(z), so any x € kerd, lives in Imd,, 1. O

Corollary 1.3. A finite group is of type FP .

1.3 Cohomology
Definition 1.13. Take a projective resolution

d2 dl

P Py Z 0

Let M be a ZG-module. Applying Homg(—, M) to get
e Homg(Py, M) «%— Home(Py, M)

where d" = dJ,.
The n-th cohomology group H™(G, M) with coefficients in M is the abelian
group H"(G, M) = ker d"*1/Imd" for n > 1 and H°(G, M) = kerd".

Remark. These are independent of the choice of projective resolution. In partic-
ular, they are the homology groups of the chain complex C,, = Homg(F_,, M)
defined for —oco < n <0, and are

Example 1.6. Back to Example We have the free, hence projective, reso-

lution
t—1

0 7G 7G —— 7 0

For ¢ € Homg(ZG, M) and z € ZG, we have d'(¢)(x) = ¢(d1(z)) = ¢(x(t—1)).
We have an identification of Homg (ZG, M) with M sending 6 to 6(1). So d*(¢)
corresponds to ¢(t—1) = (t—1)¢(1). This means that H°(G, M) = ker(t—1) =
{me M :tm=m} =M% and H'(G,M) = M/{(t —1)M : m € M} = Mg
(and H"(G,M) = 0 for n # 0,1). MY is the largest submodule fixed by G, and
Mg is the largest quotient fixed by G.

Remark. 1. H(G,M) = MY = {m € M : tm — m} is true in general, but the
descrption of H*(G, M) as Mg is special to G = Z.
2. If G is of type FP, then H"(G, M) eventually vanishes.

Definition 1.14. G is of cohomological dimension m (over Z) if there exists
some (left) ZG-module M such that H™(G, M) # 0, and H"(G,N) = 0 for all
n > m and (left) ZG-module N.



Example 1.7. G = (t) is of cohomological dimension 1. In fact, if G is of
cohomological dimension 1 whenever it is free (and nontrivial). The converse is
also true (proved by Stallings in 1968 when G is finitely-generated, and Swan
in 1969 in general).

As is nobody has ever done before (totally), let’s actually show that the
cohomology groups are independent of resolution.

Definition 1.15. Let (A, @e) and (B, fe) be chain complexes of ZG-modules.
Then a chain map f, : Ae = B, is a collection of ZG-maps f, : A,, — B, such
that

Ay =2 Apy

W e

Bn T anl

commutes for each n.

Lemma 1.4. Given a chain map (f,) as above. For every n, it induces a
well-defined map on homology fi : Hy(Aes) = Hy(B.).

Proof. For © € keray,, define f.([z]) = [fn(x)] where [z] denotes the class
of z in H,(A.). Observe that f,(x) € ker 3, since B, fn(x) = fo_1an(x) =
fn—1(0) = 0, so indeed f,(z) € ker B,,. Now if 2’ = x + a,+1(y) for some y,

then f,(2') = fu(z) + frant1(y) = fa(2) + Bat1fus1(y) € [fn(2)], so this map
is well-defined. O

Theorem 1.5. The definition of H™(G, M) is independent of the choice of
projective resolution.

Proof. Take projective resolutions of Z by ZG-modules (P,,d,), (P.,d,). We
produce ZG-maps f, : P, — P, with f,_1d, = d, fn, gn : P, — P, with
gn_lcl;1 = dngn, Sn : Pn — Pnpy1 with dpi18, + Sn—1dn = gnfn — id and
: Pl — P}, with d],,ys), +s),_1dy, = fngn —id.
Suppose we have constructed these then f& gives a chain map Homg (P,, M) —
Homg (P, M), and gi gives a chain map Homg(P,, M) — Homg(P,, M).
They induce maps on the respective homologies by the preceding lemma. For
¢ € kerd"™' € Homg(P,, M), we have f;g;(6)(z) = d(gnfu(x)) = é(z) +
P(dnt150(2)) + P(sn-1dn(z)) = ¢(x) + s7,d" T d(x) + d"s},_1¢(x) = d(z) + 0+
d™(sk_1¢)(x). Therefore fgs induces the identity map on homology Similarly
gi f¥ induces the identity map on homology, so we are done.
g, f,s,s" are constructed as follows:
At the end of the resolutions, we take f_1 : Z — Z as the identity and
f—2 : 0 — 0 as the zero map. Now suppose we’ve constructed f,_1 and f,.
Then fpdpt1 : Pog1 — P, and d,(fndnt1) = fn—1dndn+1 = 0. So the image
of fndns1 lies in kerd),. f,11 is defined using the projectivity of P,y1 by the
diagram

dn
n+1*>P — = P,

f"+1 / J{fn n+1 J/fn J{fn—l

/ / / /
P, T kerd), —— Py —— Piy
n+1



We similarly define g. To define s, first set h,, = g, fr, —id : P, — P,,, which is
a chain map with h_; = 0. Set s_1 : Z — Py to be the zero map. Note that
doho = h_1dy = 0, so Im hy < kerdy. We obtain sy by the projectivity of Py:

P1T>kerd0(—>P0*>Z
1

Now suppose s,_1 and s,,_» are defined, then consider t,, = h,, — Sp,_1dy, : P, —
P,. We have d,t, = dyhy, — dpSn—1dn = hp_1dy, — (hp—1 — Sp—2dn—1)d,, =
Sn—odn_1d, = 0. So Imt, < kerd,. Pulling the same trick, noting that P, is
projective, gives

-
7 hp—1
W Sn—1

Poi1 — kerd,, — Py — Py_y
dn+1 dn

And the procedure for s’ is completely analogous. O

Remark. If we use projective resolutions of any ZG-module N, then our defini-
tion gives us what’s known as Exty~(N, M). Thus Ext;~(Z, M) = H"(G, M).

1.4 Computation of Cohomology
Now consider the definition of H"(G, M) applied to the standard resolution

- ZG{GM} —— ZG{G} —— 7

Note that Homg(ZG{G™}, M) = {(set-theoretic) functions f : G® — M}. We
set this to be C"(G, M). In particular C°(G, M) = M.

Definition 1.16. The group of n cochains of G with coefficients in M is
C"™(G, M) under addition. The n-th coboundary map is d" : C"~1(G, M) —
C™(G, M) dual to d, of the standard resolution.

Explicitly,

(d"9)(g1,-- - 9n) = 910(92, - - -, gn) — #9192, 955 -1 gn) + -+~
+ (_1)n71¢(917 vy In—2, gn—lgn)
+ (_1)n¢(gl7 ne- 7gn—2,gn—1)
Definition 1.17. Z"(G, M) = kerd"™ < C™(G, M) is known as the group
of n-cocycles. B"(G,M) = Imd" < C"(G, M) is known as the group of n-
coboundaries.
So H"(G,M) =2 Z"(G,M)/B™"(G, M).
Maybe it’s time to draw a connection between our standard resolution and the

usual one in algebraic topology. Consider the free abelian group ZG"*!. G acts
on G"* via (g0, 91, -+, 9n) = (990, - - -, 9gn). ZG"T is a free ZG-module with



basis given by (n+1)-tuples with go = 1. The symbol (g1 | - | gn) corresponds to
(n+1)-tuple (1,91, 9192, 919293, - - - s g1 - - - gn ). Note that in the usual resolution
in algebraic topology we have boundary maps given by an alternating sum of
n-tuples with one of the entries missing. If we do this with the (n + 1)-tuple
here, we get the terms in our version of the boundary map.

2 Low Degree Cohomology and Extensions

2.1 The First Cohomology

HY(G, M) is always the group MY of G-invariants in M (by the standard res-
olution or otherwise). What does H*(G, M) entail?

Definition 2.1. A derivation (or crossed homomorphism) of G with coefficients
in M is a function ¢ : G — M such that ¢(gh) = go(h) + ¢(g).

Note that Z'(G, M) is exactly the abelian group Der(G, M) of derivations
(under +).

Definition 2.2. An inner derivation is a derivation of the form ¢(g) = gm —m
for some fixed m € M.

Aaaaaaaand of course the subgroup of inner derivations is just B*(G, M).
This gives an interpretation of H'(G, M). In particular, if M is a trivial ZG-
module, then H(G, M) = Hom(G, M) (the set of group homomorphisms G' —

Definition 2.3. Let G be a group and M a (left) G-module. We can construct
their semidirect product M x G = (M x G,x*) via (m1,g91) * (ma, g2) = (M1 +
91M2, G192).-

The abelian normal subgroup {(m,1) : m € M} < M x G is isomorphic
to M. The subgroup {(0,g) : g € G} is isomorphic to G, and the conjugation
action of whose element in M <1 M x G corresponds to the ZG-module action.
This is an example of an extension of G by M, since we have an isomor-
phism M x G/M = G. Note that there is a homomorphism (the “splitting”)
$s:G— MxG,g+— (0,g9) such that G - M x G — M x G/M = G is the
identity map. So the semidirect is an example of a split extension of G by M.
Write E = M x G. Now consider another splitting s; : G — F (i.e. a homomor-
phism such that G — F — E/M = G is the identity). Define ¢, : G — M by
51(9) = (¥s,(9),9) € E. Then in fact ¢5, € Z'(G, M) (example sheet). Further-
more, suppose we have two splitting sy, s : G — E, then 95, — b, € BY(G, M)
iff there is some m such that (m,1)s1(g)(m,1)~! = s2(g) for all g € G (also ex-
ample sheet). So v, , 1, define different elements in H' (G, M) iff they are con-
jugates under M, and therefore H!(G, M) can be interpreted as M-conjugation
classes of splittings.

2.2 The Second Cohomology

Suppose we have an extension of G by an abelian group M, i.e. a short exact
sequence
1 M E G 1




where maps are group homomorphisms. We are gonna write the (abelian) op-
eration in M multiplicatively as well ’coz otherwise it’s annoying to keep track.
M embeds in FE as a normal subgroup and E acts on (the embedded copy of)
M by conjugation, with M acting trivially on itself. So we may regard M as a
ZG-module.

Definition 2.4. Two extensions E, E’ are equivalent iff there is a commuting
diagram of group homomorphisms

1 M E G 1
1 M E’ G 1

It follows from easy computation (or five lemma) that this middle arrow has
to be an isomorphism, so the equivalence of extensions is a bona fide equivalence
relation. The converse is of course not necessarily true.

Definition 2.5. F is a central extension if M is a trivial ZG-module.

Proposition 2.1. Let E be an extension of G by M. If there is a splitting
s1: G — E, then E is equivalent to the semidirect product of G by M (with the
ZG-module structure on M given by the earlier discussion).

Proof. Exercise. ]

Write m : E — G to denote the quotient map. For general extensions, there
is a set-theoretic section s : G — FE such that mo s = idg. But it may fail to be
a group homomorphism.

Suppose WLOG s(1) = 1. Define ¢(g1,92) = s(g1)s(g2)s(g; "g5 "), which in-
tends to measure how s fails to be a group homomorphism. So m(¢(g1,g2)) =1
and so ¢(g1,92) € M and ¢ : G> — M is a 2-cochain.

In fact, it is a 2-cocycle. Consider s(g1)s(g2)s(gs) in two different ways. On one
hand, it equals

P(91,92)5(9192)5(93) = ¢(91,92) (9192, 93)5(919293)
On the other hand, it equals

s(91)8(92, 93)5(9293) = 5(91)0(92, 93)s(91) (91, 9293)5(919293)
Equating the two, we get ¢(g1, 92)9(9192, g3) = s(g1)P(92, g3)s(91) " ¢(91, 9293)-

Converting to additive notation, this becomes

&(91,92) + #(9192,93) = 919(92, 93) + D(g1, 9293)

But this means that (d¢)(g1,92,93) = 0, i.e. ¢ is a 2-cocycle. ¢ is also nor-
malised in the sense that ¢(1,g) = ¢(g,1) = 0.

Now take a different choice s’ : G — E of section with s(1) = 1 as before. Then
m(s(g)s'(g)~) =1forall g € G. So ¥(g) = s'(g9)s(g) ! lives in M.

Now,

2)s(g2) = 1(91)5(g1)¥(g2)s(g1) " s(g1)5(g2)

(91) " 091, 92)5(9192)
s(g1) " o(g1, 92)0(9192) '8 (9192)
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Switch to additive notation,

¢ (g1, 92) = (g1) + 919(92) + ¢(g1, 92) — V(9192) = D91, 92) + (d*¥) (91, 92)

That is, ¢, ¢’ differ by a coboundary. So we get an element of H%(G, M) out of
any extension Ej

Theorem 2.2. Let G be a group and M a ZG-module. Then there’s a bijection
between equivalence classes of extensions of G by M and H?(G, M).

It’s fairly clear that equivalent extensions give rise to the same cohomology
class, so our construction gives the map from one side. We need some work in
order to introduce the map to the other direction.

Lemma 2.3. Let ¢ € Z*(G, M), then there’s a cochain ¢ € CY(G, M) such
that ¢ + d?y is normalised.

PT‘OOf. Let 1/’(9) = _¢(17 g) Then (¢+d2¢)(179) = d)(l?g) - (¢(1vg) —¢(1, g) +
¢(1,1)) = ¢(1,9) — ¢(1,1) and similarly (¢ + d*9)(g,1) = ¢(g,1) — go(1,1).
But d3¢ = 0, in particular d3¢(g,1,1) = 0 = d®¢(1, 1, g). Expanding everything
gives the result. O

Now take a normalised cocycle ¢ € Z2(G, M) representing a given cohomol-
ogy class. Consider the group E4 on the set M x G with group operation
given by

(m1, 1) *¢ (M2, g2) = (M1 + g1ma + ¢(91, 92), 9192)

which as one can check is an actual group operation (note that this uses the fact
that ¢ is normalised). Ey is an extension of G by M since M = {(m,1) € E,;}
and E4/M = G. The equivalence class of Ey is independent of the choice
of representative of [¢] € H?(G,M). Indeed, if ¢’ is a different normalised
cocycle representing this class, then ¢ — ¢/ = d?y for some 1. Then we have a
homomorphism Ey — Ej, (m, g) — (m +1(g), g)-

Example 2.1. Consider the central extensions of T = Z? by Z. There are two
such extensions, namely

0 7 73 7.2 0

and
0 Z H 7?2 0

where H is the Heisenburg group

b
H = c
1

S O =
S = Q

which receives a map from Z at b and maps into Z? at (a, c).
To analyse the equivalence classes of extensions, let’s work out H?(T,Z). We
have a free resolution

0 zr L g e g €, 7

10



of the free ZT-module Z, where 3(z) = (2(1 —0b),z(a—1)),a(x,y) = z(a— 1)+
y(b—1) where a, b are the generators of T. Applying Homp(—,Z) gives a chain
complex

0 +—— Homp(ZT,Z) +2— Homy(ZT?,Z) +*— Homy(ZT,Z)

But #* = 0 (in fact also a* = 0). Indeed, for a ZT-map f : ZT? — Z and
z € ZT', we have

(B )(z) = f(B(2)) = (2(1 —=b),z(a—1)) = f((z = b2,0) + (0, za — 2))
=(1-b)f(20)+(a—1)f(0,2) =0

since T' acts trivially on Z.

So H*(T,Z) = Hom7(ZT,Z) = Z. Tt has a generator represented by the aug-
mentation map.

Let’s understand H2(T,Z) in terms of cocycles. We’ll construct a chain map
between our resolution above and the standard resolution.

ZT{T®} = 727{TM} 2 ZT{T"} 5 Z —— 0
J,fQ J{ﬁ J{id H
7T 5 712 — 2T ——— 7 0

To construct f; such that afy = dy, we just need to give the image of symbols
[a"b®], 7, s € Z. If it is mapped to (7, s, yrs) € ZT?, then we need a(z, s, Yrs) =
a’b® —1=(a" —1)b° + (b° — 1).

Let

S(ar) = l4a+a?+--+a 1 ifr>0
®r = —at—. —q ifr<0

So we always have S(a,r)(a—1) = a"—1. Then a(S(a,r)b*, S(b,s)) = di([a"b%]),
so we may define f1([a"bs]) = (S(a,r)b%,S(b,s)).

Now let’s define fo. We need to define it for each symbol [a"b® | a’b"]. So we
need to find 2, s+, € ZT such that fida([a"b® | a'd"]) = B(2p.s.4.4). With a bit
of calculations we see that 2z, .., = S(a,r)b*S(b,u) works. Define fo([a"b® |
atb]) = zp.s tou-

For a cochain ¢ : T? — Z which represents a cohomology class p € Z =
Homp(ZT,Z) = H?*(T,Z). Then we have a factorisation ¢ = (pe) o fa. Since
e(S(a,r)) = r, we find ¢(a"b%, a’b") = pe(2,.s.+.4) = pru. The group structure on
Z x T corresponding to ¢ is then (m,a"b®)* (n,a’b*) = (m+n+pru,a” TtHsTv).
This corresponds to groups

1 pr m
1 s):r,ssmeZ
1

2.3 Group Extensions by Group Presentations

Express G in terms of generators and relations and let F' be the free group on
the set X of generators. We thus get a surjection F' — G and let R <1 F' be its
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kernel. Usually we just specify R by a set of elements generating it as a normal
subgroup of F.

Let R, = R/[R, R] be the abelianisation of R. The conjugation action of F' on
R gives an action of F' on R,,. But R < F acts trivially on R,y so R, may
be regarded as a Z(F/R)-module, i.e. a ZG-module. It is called the relation
module. And

1 Ry F/[R,R] — G —— 1

is an extension of G by Rayp.
For a central extension, rather than using R/R’ = R/[R,R], one can use
R/[R, F|. Whence

11— R/[R,F] — F/[R,F] — G —— 1

We introduce these to answer the following question: Is there, in some sense, a
largest (or universal) central extension?

We can obviously make larger and larger extensions by taking direct products
of abelian groups. However, we do have a universal one.

Theorem 2.4 (MacLane). Given a presentation G = (X | R) and let F' be the
free group on X. Let M be a ZG-module, then there’s an exact sequence

HY(F,M) —— Homg (Rap, M) —— H*(G,M) — 0

where we regard M as a ZF-module via the map F — G.
Thus any (equivalence class of ) extension of G by M corresponding to a coho-
mology class arises from taking a ZG-map Rap, — M.

Corollary 2.5. If M is a trivial module, then we get the exact sequence
Homg(F, M) —— Homg(R/[R, F],M) —— H?*(G,M) —— 0
Proof. For trivial module M, H'(F, M) = Hom(F, M) = Hom(F,,, M) and
Hom(R,b, M) = Hom(R/[R, F], M). O

There is also a connection with group homology. Given a projective resolu-
tion of Z, we can apply the functor Z ®7g — to it. This gives a chain complex,
whose homology groups we shall denote as H,,(G,Z).

Definition 2.6. The Schur multiplier (or multiplicator) is M(G) = H2(G,Z).
It has importance in the study of central extensions.

Theorem 2.6 (Universal Coefficient Theorem). Let G be a group and M a
trivial ZG-module. Then there is a short exact sequence

0 —— Ext’(Gap, M) —— H?*(G, M) —— Hom(M(G), M) —— 0

Corollary 2.7. Suppose G, = 1, then H*(G, M) = Hom(M(G), M).

Remark. 1. When G, = 1, we say that G is perfect.
2. To confuse you, some authors refer to H?(G,C*) as the Schur multiplier.

12



Theorem 2.8 (Hopf). Given G = (X | R), M(G) = ([F, F]N R)/[R, F].
Remark. This shows that ([F,F] N R)/[R, F)] is independent of the choice of
presentation.

How do we prove these theorems? Recall from geometric group theory that
all subgroups of free groups are free. R is therefore a free group. Let Y be a
basis of it. Then Ry, is a free abelian group on Y.

Proposition 2.9. Given a presentation G = (F | R), there is an exact sequence

b 76 <7 0

— —, d —
IR/IIZ;C — IF/(IRIF)

where Ip = ker(e : ZF — 7) and I = ker(ZF — ZG). Furthermore,
Ir/(IrlF) is a free ZG-module with basis {x — 1 : x € X}, and Ig/I% is a
free ZG-module with basis {y — 1 :y € Y}. We also have a ZG-isomorphism
Im d2 = Rab~

Lemma 2.10. Let G be a group and let M be a ZG-module.

(a) I = ker(e : ZG — 7Z) is a free abelian group (under addition) on the basis
{9-1:9€G\{1}}.

(b) IG/Ié =~ Gap.-

(c) Der(G, M) =2 Homg(Ig, M).

Proof. (a) I = kere = {3 ngg : >3 ng = 0}. Soif 37 ngg € Ig, then
> g Mgd = > ,ng(g — 1). Also everything of the form }° ng(g — 1) clearly lies
in Ig. So Ig is spanned by {g — 1 : g € G}. Now if z:gg ng(g — 1) = 0, then
2 gNgg — > ,mgl =0and so ng =0 for all g # 1.

(b) Since I is free abelian on {g —1: g € G\ {1}}, we can define a group
homomorphism 6 : I — G, by asking it to send g — 1 to g[G,G]. But
(1 —=1)(g2—1) = (9192—1) — (91 —1) — (92 — 1) and so I% C ker 6, so 6 induces
a homomorphism 6 : Ig/1% — Gab.

Conversely, the map ¢ : G — I /1%, g9+ (g — 1)+ 12 induces a map ¢ : Gap, —
Ig/I% since I /1% is abelian. It’s clear that ¢, 0 are inverses.

(c) ¢ € Der(G, M) corresponds to 6 : g — 1 — ¢(g), and 6 recovers ¢ : g —

0(g—1). O

Lemma 2.11. (a) Let F be a free group on X. Then Ig is a free ZF-module
onX={z—1:2eX}.

(b) Let R <1 F be a normal subgroup. Suppose R is free on Y. Then Ip =
ker(ZF — Z.Q) is a free ZF-module on the basis Y = {y —1:y € Y}.

Proof. (a) Let «: X — M be a map to some ZF-module M. To establish free-
ness, it suffices to show that « uniquely extends to a ZF-map Irp — M. First
consider the map o : F — M x F extending from z — (a(z — 1),z). Write
a/(f) = (@(f), f)- Now o/(fifa) = o'(f1) * &/(f2) = (a(fr), 1) * (a(f2), f2) =
(a(f) + fra(fz), fif2). So a is a derivation F' — M.

Take the corresponding ZF-map Ir — M as in the preceding lemma. Unique-
ness is clear.

(b) Suppose 3,y ry(y — 1) = 0 where 1, € ZF. Choose a transversal T' to
the cosets of R in F. We can write r, = >, . ts:, where s;, € ZR. So
Y yevier tsty(y — 1) = 0 and therefore 3 v s¢,y(y —1) = 0 for each ¢ € T' by
the preceding lemma.

Ir is a free ZR-module on {y —1:y € Y'} by (a), so s¢, = 0 for all y, . O
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Proof of Proposition[2.9 By part (a) of the preceding lemma, 5 is a free ZF-
module on {x —1: 2 € X}, so Ir/(IglF) is a free Z(F/R) = ZG-module on
{x —1:2 € X}. On the other hand I is a free ZF-module on {y —1:y € Y}
by part (b) of the preceding lemma. So Ir/I% is a free ZG-module on {y — 1 :
yeY}

The image of do is Ir/(IrIr). We consider I as aright ZF-module, permissible
as it is a two-sided ideal (as the kernel of a ring map). Our lemmas have obvious
analogies for right modules, so Ig is a free right ZF-module on {y —1:y € Y}.
So Ir/(IrlF) is a free abelian group on {y — 1 : y € Y}, which is isomorphic to
Rap.

Now for the left ZG-module action, we have g(y—1) = (gyg~*—1)g = (gyg~'—1)
(mod IrIF). So this left ZG-action corresponds to the G-action on R}, inherited
from conjugation. O

The proposition gives a partial free resolution, which can be extedned to a
full resolution known as the Gruenberg resolution.

Theorem 2.12. Let G = (X | R) be a presentation of G. Then the following
is a free ZG-resolution of Z:

> I I —— (I Ip) /(Tjlp) — I~ I —— -

Proof. Exercise. O
Lemma 2.13. Given a projective resolution Py — Py — 7Z — 0

da d;

P P, z 0

Denote J, =Imd, C P,_1 and let ¢ : P, — J, be the induced map. Then for
a ZG-module M, there are exact sequences

Homg(P,-1,M) —— Homg(Jp, M) —— H™"(G,M) —— 0

and
0—— Hn(G7Z) —— L ®zq Jpn —— ZRza Pr1

Proof. We'll show the first sequence is exact. A similar argument works for the
second.
We have

dn
P7L+1 = Pn v Jn 0
AN
Pn—l
with the row exact. Applying Homg(—, M) gives the diagram

Homg(Py1, M) <2 Home (P, M) +—2— Homg(Jy, M) +—— 0

T I

Homg(P,—1, M)
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where ¢* is essentially the natural restriction map. The exactness of the row im-
plies that ¥* is injective and Im1* = ker d**'. Therefore ker d"+! = Im ¢*
Homg(Jp, M) and Imd™ = Im(¢* o ¢*) = Imi*. So we get H"(G, M)
Homg(J,, M)/ Imi* as required.

O IR

Proof of Theorem[2.]} Since R, is the image of the boundary map, the pre-
ceding lemma gives the exact sequence

Homg(Ir/(Iglp), M) —— Homg(Rap, M) —— H?*(G,M) —— 0
On the other hand, noting
Homg (Ir/(IrIr), M) = Homp(Ir/(Iplr), M) = Homp(Ip, M) = H'(F, M)
Noting that M is trivial as an ZR-module. O
Proof of Theorem[2.8 Use the lemma again, we get

0 —— Hy(G,Z) —— Z®z¢ Ray —— Z®z6 Ir/(IrlF)

But tensoring with Z_ is the same as taking the coinvariants: Z ®zq Ra.p =
R/IR,F), Z®zc Ir/(Irlr) = Ir/I% = F/[F, F]. On the other hand, the kernel
of R/[R,F] — F/|F, F] is exactly ([F,F]NR)/[R, F]. O

Remark. 1. Theorem and its corollary are proved in example sheet.
2. We'll learn more about the exact sequence appearing in Theorem [2.4] after
we’ve met the five-term exact sequence, coming soon.

3 Some General Theory

3.1 The Long Exact Sequence of Cohomology

In any cohomology theory, we expect a long exact sequence.
Give a short exact sequence

0 M, M, Ms 0

of ZG-modules, we would like some relationship between the cohomology of
My, My, M3 (duh). Recall that applying Hom(P, —) to the short exact sequence
gives another short exact sequence if P is projective. In general, the new se-
quence is only exact on one side.

Proposition 3.1 (Long Exact Sequence of Cohomology). We have an ezxact
sequence

- — H™(G, M) — H™(G, Ms) > H""(G, My) — H" (G, M) — -

Lemma 3.2 (Snake Lemma). Suppose
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is a short exact sequence of chain complezes (i.e. fo,ge are chain maps which
is exact at each entry). Then there exists maps 6, : Hpp1(Co) = Hp(As) such
that the sequence

s Hyar(Ba) —2s Hor (C) =2 Ho(AS) —L Ho(By) — -
18 exact.
Proof. Omitted. O

Proof of Proposition[3.1 Consider a projective resolution P, of Z. Since the
modules in the resolution are projective, we have a short exact sequence of
chain complexes

0 —— Homg (P, M1) —— Homg (P, M3) —— Homg (P, M3) —— 0

We concludes by applying the preceding lemma. O

3.2 The Five-Term Exact Sequence

We want to know the relationship between the cohomology of a group and that
of its subgroups and quotients.

Theorem 3.3. Let H be a normal subgroup of a group G with quotient Q. Let
M be a ZG-module. Then there is an exact sequence

0— HY(Q,M") -~ HY (G, M) - H'(H,M)? —» H?>(Q,M") - H*(G,M)

Remark. We'll see how to extend this sequence using the technique of spectral
sequences.

We'll see shortly how exactly does @ act on H'(H, M). But first, examples.

Corollary 3.4. If G = (X | R) is a presentation, then there is an exact sequence
0 — HYG,M) — HY(F,M) — Homg(Rap, M) — H*(G,M) — 0

Remark. Compare this with Theorem

Proof. We can regard M as a ZF-module which becomes a trivial ZR-module.
Now H?(F,M) =0 and M® = M. So we need Homg (R, M) = H (R, M)©.
But H'(R,M) = Hom(Rap, M). We haven't really defined the G-action on
Hom(Rap, M), but in this instant it will turn out to be (g¢)(x) = gd(g~'z), so
the corollary follows. O

Corollary 3.5. If G = [G,G] (so Ga, = 1) and M is a trivial ZG-module, then

we have a short exact sequence
0 —— Hom(F,,, M) —— Homg(Rap, M) —— H?*(G,M) —— 0
And so H*(G, M) = Homg (R, M)/ Hom(F,p,, M).

Proof. HY(G, M) = Hom(Gap,, M) = 0 and H(F, M) = Hom(F,,, M). O
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Back to the theorem. Let’s finally define the Q-action on H'(H, M).

Lemma 3.6. Let H <G be a normal subgroup and let M be a ZG-module. G
acts on C"(H, M) by (9¢)(h1,...,hn) = go(g  h1g,..., 9 thng). This action
descends to an action of G on H"(H,M). Moreover, the action restricts to a
trivial action by H. In particular, we get an action of @ = G/H on H™(H,M).

Proof. We need to check that the G-action on C™(H, M) are given by chain
maps, i.e. that g(d"¢) = d"(g¢) for any ¢ € C"~1(H, M). The lecturer was in
a good enough mood to check this but I wasn’t.

To show that H acts trivially, we need to check that applying h € H to a
cocycle only adds a coboundary. Ditto but let’s check this for 1-cocyles. Let
¢ € ZY(H,M) and h,h; € H, then

(hg)(h1) — ¢(h1) = h(h™ hih) — d(h1) = h(h™ $(hih) + d(h™1)) — ¢(h1)
= h1¢(h) + ¢(h1) + ho(h™") — ¢(h1) = hap(h) — ¢(h)
= (h1 = 1)¢(h) = (h1)

for a coboundary . O

For n = 1, for [¢] € H'(H, M) represented by a derivation ¢ : H — M,
the G-action becomes (g¢)(h) = gp(g~hg). In particular, ¢ € H'(H, M) iff
[6(9~"hg)] = [96(h)].

We have a map H"(G,M) — H"(H,M)® induced by the map on cochains
taking f : G® — M toresf : H* — G™ — M. After some checking, this is
indeed well-defined, and is known as the restriction map.

We also have a map H"(Q, M#) — H"(G, M), called the inflation map, which
is defined again on the level of cochains by sending f : Q" — M to inf f :
G" — Q" — MH — M.

Finally, we have the transgression map Tg : H'(H, M)? — H?*(Q,M™M). Let
s: Q — G be a set-theoretic section with s(1) = 1. We then define p : G — H
by p(g) = gs(gH)™"

For a 1-cohomology class invariant under @, let f : H — M be a cocycle
representing it, then define Tg(f) : G> — M by (g1,92) — f(p(g1)p(g2)) —
f(p(g1,92)). Changing g1, g> by multiplying with elements of H doesn’t change
this cochain, so this defines a cochain Q% — M.

To establish Theorem [3.3] we need to check that all these maps are well-defined
and that the sequence is exact, which are left as exercise.

3.3 The Transfer Map; Cup Product

Let K < G be a subgroup. Recall from example sheet that we have a coinduced
module coindfy (M) = Homg (ZG, M) with G-action (¢f)(z) = f(zg) for f €
Homg (ZG, M) and = € ZG, and it has the property that:

Lemma 3.7 (Shapiro’s Lemma). H™(K, M) = H"(G,coindZ (M)).

Definition 3.1. Given any ZK-module V, its induced module is the ZG-module
ind% (V) = 2G @z V = Dicrt ®V where T is a transversal of K in G. The
G-action is given by g(t ® v) = t' ® kv wherre gt = t'k for some ¢’ € T, k € K.

Observe that if one has a ZG-module M generated by a ZK-module V' (i.e.
M = ZGV), then there is a canonical map ind$ (V) — M,t ® v — tv.
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Lemma 3.8. Suppose [G : K] < co and M is a ZG-module, then coind (M) =
Ind$ (M).

Proof. There is a ZK-map ¢o : M — Homg (ZG, M) where m € M sends g
to gm if ¢ € K and 0 otherwise. This extends to a ZG-map ZG Qzx M —

Homg (ZG, M).
We have a map to the other direction ¢ : Homg (ZG, M) — ZG Qzx M via
=Y ert® f(t71), which provides an inverse. O

So in the case where K < G has finite index (and M a ZG-module), there
is a map H"(K, M) — H"(G, M) defined as follows:

Definition 3.2. The transfer (or corestriction) map cores® : H™(K, M) —
H™(G, M) given by H"(K, M) = H"(G,coind® (M)) = H"(G,ind$%(M)) —
H™(G, M) where o* : H"(G,ind% (M)) — H"(G, M) is induced by the canoni-
cal map o : ind% (M) — M.

Lemma 3.9. For z € H"(G, M), we have cores% res%(z) = [G : K]z.
Proof. Example sheet. O
Ok. Now products.

Definition 3.3. Given [u] € H?(G, M) and [v] € H1(G, N), their cup product
is [u] — [v] = [u — v] € HPT9(G, M ®z N), defined on cochains in a second.
Here, M ®z N is a ZG-module via the diagonal action g(m ®mn) = (gm) @ (gn).

For u € CP(G, M) and v € C1(G, N), we set u — v € CPTI(G,M @ N) via

(u = 0)(g1, - 9p+q) = (—1)Pulg1,- .-, 9p) ® (g1 9pV(gp+1s- - - Iptq))

In degree 0, the cup product is H*(G, M) x H°(G,N) — H°(G, M ® N) which
is the map M¢ ® N¢ — (M ® N)¢ induced by inclusions.

Needless to say, this construction is natural: Given ZG-maps f: M — M’ and
g : N — N’ both ZG-maps, we have (f ® ¢)«(u — v) = (fiu) — (g«v).

The element 1 € H°(G,Z) = Z satisfies 1 — u = u = u — 1 for all u €
H*(G,M)vinZM=M=M®Z.

The cup product is also associative in the obvious way. On the other hand,
it is graded-commutative, in the sense that if v € HP(G,M),v € H?(G,N),
then v — v = (=1)PMa,(v — u) where a : N®@ M — M ® n is given by
n@me=men.

So H*(G,Z) is a graded-commutative associative unital ring under —. The
subring given by the sum of the even degree terms is then a commutative ring.
And the whole cohomology ring is a module for this ring.

Given « : H — G a group homomorphism, we have a*(u — v) = a*(u) —
a*(v), so we get a ring homomorphism o* : H*(G,Z) — H*(H,Z). When
H < G has finite index, then for u € H?(G, M) and v € HY(H, N) we have

cores$ (res% (u) — v) = u — cores% (v)

Thus the transfer map H*(H,Z) — H*(G,Z) is a homomorphism of H*(G,Z)-
modules.

Randomly we decided to observe that Ext;, (M, M) is a module for the coho-
mology ring H*(G,Z). We can study M via this module.
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4 Brauer Groups

4.1 Central Simple Algebras and Artin-Wedderburn
Fix a field k.

Definition 4.1. A simple algebra over k (or a simple k-algebra) is an algebra
A whose only two-sided ideals are 0 and A. A central simple algebra over k (or
a central simple k-algebra) is a simple algebra over k whose center is k.

We will only concern ourselves with finite-dimensional algebras.

Example 4.1. 1. Mat, (k) is a central simple k-algebra.

2. Take k = R. The quarternions H is spanned by the R-basis 1,1, j, k subject
to the relations ij = k = —ji,i2 = j2 = k> = —1. This is a 4-dimensional
R-algebra. This is in fact a division algebra (in the sense that every nonzero
element has a multiplicative inverse), hence it is simple. We also have Z(H) = R.

We want to classify central simple algebras over a field k.

Theorem 4.1 (Artin-Wedderburn). Any finite-dimensional simple k-algebra A
is isomorphic to a matrix ring over a division algebra D over k.

Proof. Consider a minimal nonzero right A-submodule M of A4 (i.e. A regarded
as a right A-module). So 0, M are the only right A-submodules of M (i.e. M is
a simple right A-module).

Then ) . 4, aM is a two-sided ideal of A, and it’s nonzero since M is. Simplicity
of A implies that A=} _,aM.

Consider 0, : M — aM,m — am which is a right A-module map. Since
M doesn’t have trivial submodules, 6, is either zero or injective (hence an
isomorphism). Consequently, >, ., aM is a sum of copies of M. An easy
induction argument shows that finite sums of simple modules are in fact direct
sums. Since A is finite-dimensional, this shows that Ay = @, M; is a finite
direct sum of copies of M.

Now consider D = End4 (M) which is a division algebra since any right A-
module map M — M is either zero or an isomorphism. And from our direct
sum decomposition we see that End4(A4) is a matrix algebra over D.

Finally, A = Enda(A4) as k-algebras. Indeed, an isomorphism is given by
mapping a € A to left-multiplication by a. O

Corollary 4.2. Using the notation as in the proof, every finitely generated
right A-module V is isomorphic to a direct sum of finitely many copies of M.
In particular, any two submodules of the same dimension are isomorphic, and
End4 V = Mat, (D) where r is the number of copies of M in the direct sum and
D = Ends(M).

Proof. Since V is finitely generated, it is a quotient of a direct sum of finitely
many copies of A4, hence finitely many copies of M. Induction shows that such
a quotient is a direct sum of copies of M. O

Note that Z(Mat, (D)) = {A\ : A € Z(D)}. So to classify central simple
algebras, it suffices to classify central simple division algebras.
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Definition 4.2. Two central simple algebras A, B are equivalent, written A ~
B, if A ®; Mat, (k) &2 B ®; Mat,,(k) for some m,n. We write [4] for the
equivalence class of A.

The preceding theorem shows that every equivalence class contains a central
simple division algebra.

4.2 Brauer Groups

Definition 4.3. The Brauer group Br(k) is the set of equivalence classes of
central simple k-algebras, with group operation [A][B] = [A @} B].

Let us be reminded that (a; ® b1)(a2 ® b2) = (a1a2) ® (b1b2) in A ® B. To
see this is well-defined, we need the following result:

Lemma 4.3. If A, B are central simple k-algebras, so is A Q. B.

Definition 4.4. Let V be a finite-dimensional k-vector space with a chosen
basis {e;}icr. For v € V, its support is J(>_, a;e;) = {i € I : a; # 0}. For a
subspace W <V, w € W\ {0} is primordial (with respect to the same basis) if
J(w) is minimal among any J(w’) for w’ € W nonzero, and a; = 1 for some 14
(where w = ), a;e;).

Lemma 4.4. (i) Suppose w € W nonzero has J(w) minimal. Then J(w') C
J(w) if and only if w' = cw for some ¢ € k, in which case we in fact have
Jw') = J(w).

(ii) W is spanned by primordial elements.

Proof. Trivial. O
Remark. The same is true for D-vector spaces, with D a division ring.

Lemma 4.5. Let A be a k-algebra and D a central division k-algebra. Then
every 2-sided ideal I in A ® D is generated, as a left D-vector space, by J =
IN(A®1) (which by the way is an ideal of AR 1= A).

Proof. The D-vector space structure on A®y, D is explicitly given by §(a®¢’) =
a® (60"). I is a left D-submodule of A ®y D.

Let {e;}; be a basis for A as a k-vector space. Then {e; ® 1}; is a basis for
A ® D as a left D-vector space.

Suppose r is primordial with respect to this basis. Write r = Zie.](r) 0i(e;®1) =
Dics(r) € © 0;.

Now for any 6 € D nonzero, r6 € I and ré = > d;0(e; ® 1). In particular,
J(ré) = J(r). So ré = §'r for some &' € D. As §; = 1 for some j (since r
is primordial), we have § = ¢'. So §; € Z(D) =k, i.e. r € A® 1 and we are
done. O

By Theorem [£.1] we have

Corollary 4.6. The tensor product of two finite-dimensional simple k-algebras,
at least one of which is central, is again simple.

And so Lemma[d.3]follows (noting Z(A®y, B) = Z(A)®y, Z(B)) and therefore
the product on Br(k) is defined. This group is of course abelian. Its identity is
[k]. And for a central simple k-algebra A, its inverse is [A] 7! = [A°P] where
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Definition 4.5. For a ring A, its opposite ring A°? has the same underlying
set and addition, but whose multiplication is given by a 400 b =04 a.

Remark. A right A-module M may be regarded as a left A°°-module in the
obvious way.

Lemma 4.7. A® A° = Mat,, (k) where n = dimy, A.

Proof. Let V' be the underlying k-vector space of A (and A°P). Counsider the
k-homomorphism A ® A°? — Endg(V),a ® a’ — (v — ava’). This is injective
since A®y A°P is simple and 1®1 is not mapped to 0, and hence an isomorphism
by dimension-counting. O

Example 4.2. 1. If k is algebraically closed, then Br(k) is trivial. Indeed,
any finite-dimensional division algebra has all its elements algebraic over k, and
therefore in k.
2. If k = R, then Br(k) = {[R], [H]}. We'll prove it after drawing connections
to cohomology.

4.3 Brauer Groups and Cohomology

Definition 4.6. Let L/k be a field extension. The subgroup Br(L/k) is the
group of classes represented by central simple k-algebras A such that A ®y L =
Mat,, (L) for some n. If this happens, we say A is split by L.

Proposition 4.8. Br(k) = Uy /1. finite Gatois Br(L/K)-

Theorem 4.9. Suppose L is finite Galois over k, then we have an isomorphism

Br(L/k) = H?(Gal(L/k), L*).

Example 4.3. Take A =H,k =R, L =C,G = Gal(L/k) = (o) = Z/2Z. We
have C = R®Ri C Hand H = ChCj. C is a maximal subfield of H and there is
a basis e; = 1,e, = j of H over C indexed by elements of G. So e,ze; ! = o(x)
for all € C (for example ji(—j) = ijk = —i).

In this case and in general, we define ¢ : G x G — L* via e,e; = ¢(0,7)eqr.
We want to think of an extension of G by L* given by a subgroup of the group
of units in our algebra. This algebra is associative if and only if ¢ is a 2-cocycle.
Note that if we take e; = 1 then the 2-cocycle is normalised.

Definition 4.7. For a finite Galois extension L/k with Galois group G =
Gal(L/k) and a given normalised 2-cocycle ¢ : G x G — L*, the cross product
A= A(L,G, ¢) of them is defined as follows:

First, A is an L-vector space with basis {e, : ¢ € G} given by elements of G.
The multiplication law is e,e, = ¢(0, T)e,r. Since ¢ is a 2-cocycle, this extends
to give an associative multiplication with e; the multiplicative identity.

The centre of A(L, G, ¢) is k = key: Suppose z = >___~ Aoy € Z(A). Then
for any 5 € L, we have

> AeBes =8 (Z )\geg> =Bz =ap = (Z Ageg> B=> Ao(Bes

ceG oeG oeG ceG

So () = B whenever A\, # 0. But this means that A, = 0 for all o # 1.
So x = Ajep for some \; € L. But for all 7 € G we have ze, = e,z and so

ceG
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7(A1) = A1. This means that A\ € k.

A is also simple: Let I # 0 be a two-sided ideal of A. Take z = A\, e +
<o+ Ag, €5, € I be such that m is minimal. If m > 1, we can find g € L*
such that ¢,,(8) # om_1(B). Then y = x — 0,,(B)xB~! € I is nonzero and has
fewer nonzero terms than x, violating minimality of m. Thus = = Ae, for some
A € L* and is a unit since it has inverse 27! = 0~ 1(A\7!)e,-1. Hence I = A.
We also have dimy A(L, G, ¢) = (dimy, L)?.

Now suppose ¢, ¢’ are two cocycles giving the same cohomology class. They they
differ by a coboundary. Say ¢'(o,7) = ¢(o, 7)o (ur)u, tu, for some u : G — L*.
Consider the L-linear map F : A(L,G,¢') — A(L,G,¢),e — use,. One
can check that F'(el)F(el) = F(ele!) and so F in fact gives a homomorphism
A(L,G,¢") = A(L,G, ¢). But simplicity and the respective dimension formulae
shows that F' has to be an isomorphism.

Therefore we get a map H?(G, L*) — Br(k), [¢] — [A(L, G, ¢)].

Lemma 4.10 (Double Centraliser Theorem). Let A be a central simple k-
algebra with a simple subalgebra B. Then:

(i) The centraliser C4(B) is simple.

(i) (dim B)(dim C4(B)) = dim A.

(iii) Ca(Ca(B)) = B.

(i) If B is central, then C4(B) is also central and A = B @ Ca(B).

Proof. Exercise. O
Proposition 4.11. The map H?(G,L*) — Br(k) is a homomorphism.

Proof. We need to show that if ¢, ¢’ are 2-cocycles, then A(L,G,¢ + ¢') ~
A(L,G,¢)® A(L,G, ¢+ ¢').

Write A = A(L,G,¢),B = A(L,G,¢'),C = A(L,G,¢ + ¢') with L-bases
(eo), (e.), (e) respectively. Regard A, B as (left) L-vector spaces, so we can
formV =A®, B2 A®; B/{(la)@b—a® (Ib)). V has a unique right A ®j, B-
structure given by (¢’ ®r, b')(a ® b) = (a’a) @1 (b'b). It also has a unique left
C-structure via (lel/)(a ®L b) = (leya) ® (eLb).

The two actions commute. So the right action of A ®; B defines a homomor-
phism (A ®; B)°? — End¢(V), which is injective since A ®;, B is simple, and
surjective by dimension-counting: Certainly the left hand side has dimension
n* where n = [L : k]. We can get dimEndc V' = n* by the preceding lemma.
Although in this special case, we can prove it directly:

Since C' is simple, so is C°P. As V is a left C-module, it is a right C°P-module.
Write V. = @" M for a simple C°P-module M, and so Endc(V) = M, (D°P)
where D°P = Endcer (M). Also C°P = @™ M for some m and C°P =2 M,, (D°P)
by Theorem

Looking at dimensions, we get dimV = rdim M, dimC = mdim M, and
dimEnd¢ (V) = r?dim D. Therefore dimEndg(V)dimC = (dimV)?, and
hence our claim.

Consequently, (A ®x B)°® — End¢ (V) is an isomorphism. But Endg(V) =
Mat,.(D)°P for some division algebra D which is the endomorphism algebra of
a simple C-module and [C] = [D]. So we are done. O

Remark. 1. By counting dimensions, [A(L, G, ¢)] = [A(L, G, ¢")] it A(L, G, ¢) =
A(L,G, "), so the map in the proposition is injective.
2. The image of the map is in fact Br(L/k), hence Theorem [4.9
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3. Conversely, given a class of central simple algebras, we can produce a 2-
cocycle: In a central simple division algebra A, we can look at a maximal
subfield L C A (equivalently maximal commutative subalgebras). From Lemma
we get dimy, A = (dimy, L)?.

Take an L-basis for A, which has size dimy L = [L : k]. The multiplication of
two basis elements give a 2-cocycle for G = Gal(L/k). Also, within A, L is
invariant under conjugation and the action is the Galois action.

4a. A theorem of Wedderburn says that if Br(k) = 0 if & is finite.

4b. For a non-Archimedean local field k, Br(k) = Q/Z.

4c. For a number field k, we have an exact sequence

0 — Br(k) — @, Br(k,) = Q/Z 0

where v runs over all places of k.

5 Lyndon-Hochschild-Serre Spectral Sequence

Let’s related the cohomology of a group G with that of a normal subgroup
H < G and that of its quotient @ = G/H. We already saw an instance of this
in Theorem [3.3]

To do this, we might just want to construct a double cochain complex, i.e. data
of the form A = {A®**,d’,d"}, where d’ is a map of bidegree (1,0) (i.e. d' :
APd — APFTLG) - d" of bidegree (0,1), and we have

(d/)2 — (d//)Q =0
dd" +d'd =0

We may also write A™ = @p+q=n AP?% and d = d' +d". Then the identites give
d> = 0. (A*,d) is known as the total complex. The total cohomology H*(A) is
the cohomology of the total complex.

In our context, we will always have AP>? = 0 if one of p, ¢ is negative.

Take projective resolutions X® — Z — 0,Y*® — Z — 0 of the trivial ZG-module
and the trivial Z@Q-module respectively. X* is therefore also a projective reso-
lution of the trivial ZH-module.

Let M be a ZG-module, then Homp (X*®, M) is also a ZG-module by (gf)(z) =
g(f(g~'x)). Since this action restricts to the trivial action of H, we may view
Hompy(X*®, M) as a ZQ-module.

Set A** = Homg(Y*,Hompy(X*, M)) with d = Homg(dy,id) and d’ =
(—1)* Homg (id, d%).

Remark. There are different conventions for the alternating sign (—1)®. Cartan-

Eilenberg puts (—1)? where p is the degree with respect to the grading of X
and we will too.

The total cohomology of A can be approximated in different ways. We will
do this by filtering the double complex, in order to filter the cohomology. Spec-
tral sequences give information about the associated graded version of H*A
with respect to this filtration.

First we calculate the cohomology H'(A) with respect to d”. Since d'd’ =
—d"d', d’ induces a differential on H"”(A). We may then calculate H'(H"(A))
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(alternatively, one could also have calculated H”(H'(A))), which is a “first or-
der approximation” to the total complex, known as the Fs-page of the spectral
sequence.

Let’s consider how H'(H"(A)) is computed. Let a?? be a vertical cocycle
(i.e. d’a?% = 0). It defines a class in H”(A) modulo the image under d” of
elements in the (p, g — 1)-th position.

For a?? to represent a horizontal cocyle in H”(A) (i.e. under d’), it must be
true that d'a?? (which is at position (p 4+ 1,¢)) is the image under d” of an
element aP*19=1 in the (p + 1,q — 1)-th position. Thus d(a?? — aP*1:971) =
—d'qPtha=l ¢ AP+2.471 0 Go gP9 — gPF197L is a cocycle modulo everythig two
steps to the right of (p, q).

Similarly, a?? represents a coboundary in H'(A) under d if there are bP~14
and bP9~1 such that d’bpP~17 = 0, d'bP~ 19 = ¢"pP9=1 + P4, Thus d(bP~ 14 —
bPa~1) = g7 modulo everything two steps to the right of (p— 1, ¢) (or one step
to the right of (p, q)).

These calculations motivate the idea that filtrations of the complex might be
helpful.

Let FPA be the double subcomplex where components to the left of the p-th
column is zero. So (FPA)" = P >p AP"1. Note that (FOA)" = A" and
(FPA)™ =0 for p > n.

Let CP7 be the set of elements in (FPA)PT? whose image under d lies in
(FPtr A)ptatl  Each such element is a sum of components along the line
{p',q) : p' + ¢ = n}, starting at the (p,q)-th position, such that the verti-
cal and horizontal maps cancel within the band p < p’ < p +r. Note that the
image under d of such an element lies in (FP*" A)"*! (i.e. it starts at coordinates
(p+r,g—r+1)).

p'+q=n,p

Definition 5.1.

CPa + (Fp+1A)p+q

EPq —
T A(CEITRTTTR) (Pt Ayt

Then d induces maps dP4 = EP4 — EPTT4-F1 with d2 = 0. If we compute
the cohomology of the resulting complex (exercise *demonic laughter*), we get
H(E,,d,) = Eypy1.

In other words, EY; = ker d??/Imdl~"9t"~1. A representative of an element
a in EP? defines an element of a subquotient of AP at its upper left (p, ¢). But
its extended structure to the right is crucial in calculating d,.. In particular,
da € FPT1 A represents d,. of the element represented by a.

For each fixed (p, q), the differential d?>? which starts there and the differental
db=ma+7=1 which ends there must vanish for sufficiently large 7, since all our
terms are in the top left quadrant. It follows that, for each fixed (p,q), EP
eventually stabilises at a common value, denoted by EZ:9.

Suppose that a € A™ is a cocyle starting at AP*? where p+q =n (i.e. a € (FPA)™
but a ¢ (FP*1A)"). Since da = 0, a determines an element of EL: since it
determines an element of E?*¢ on which d, = 0 for all . In other words, we
have a surjective map from FPHPT9(A) = Im(HPI(FPA) — HPTI(A)) to BRI
whose kernel is FPTIHPHI(A).

Thus the filtration of the double complex A induces a (descending) filtration of
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the total cohomology H™(A) for each n = p + ¢, and its factors are

FP [p+a (A)

~ P,q
Frtlfr+a(A) =B

Note that the spectral sequence E?'* determines these factors, and hence deter-
mines the associated graded version gr H*A of the totoal cohomology. So we
have reduced the calculation of H*(A) to an extension problem involving E2:°.
Back to group cohomology with A** = Homg(Y*, Homg(X*®, M)). We can
take two spectral sequences arising from either H'(H"(A)) or H"(H'(A)) as the
FE5 page. One can prove that the second one shows, relatively easily, that the
total cohomology H*(A) is just H*(G, M). Then we can use the first sequence
to calculate what this cohomology is, using knowledge about the cohomology of
H and Q.

We have

H"(Homg (Y, Homp (X*,M))) = Homg(Y*, H*(Hompy (X*, M)))

since terms of Y are ZQ-projective and so Homg(Y, —) is exact. Thus E,; =
H*(Q,H*(H,M)).
On the other hand, if we look at the second spectral sequence, then we get

H'(Homg(Y*,Hompy (X*, M))) = H(Q,Hompy (X*, M))
Lemma 5.1. H?(Q,Hompy(X*, M)) =0 for p > 0.

Proof. Since each X7 is ZG-projective, it is a direct summand of a free ZG-
module. So it suffices to show the case where X = ZG.

Let M be a trivial ZG-module with the same underlying additive group as M.
We claim that there is a ZG-isomorphism Homp (ZG, M) = Hompy (ZG, M),
where G acts on the left hand side via (gf)(z) = gf(¢9 '), and G acts on
the right hand side via (gf’)(x) = f'(zg) (i.e. as if it were the coinduced
module). For f € Hompy(ZG,M), the isomorphism is meant to take it to
f' € Hompy(ZG, M) with f'(z) = xzf(z~'). And given f’, we recover f by
Fz) = of (7).

The lemma then follows from Lemma noting that we have an isomorphism
Hompy (ZG, M) = Hom(ZQ, M). O

Thus H'(A) is concentrated on the line p = 0 (i.e. all other terms are zero).
Now, H°(G/H,Hompg(X®, M)) = Hompg(X®, M) = Homg(X*®, M). Hence
M) H"(H'(A)) = H*(Homg(X*,M)) = H*(G,M). So the Ej-page gives
H*(G,M). Moreover, since this Fs-page is concentrated at p = 0, it follows
that F, = FE, for r > 2 and thus E, is concentrated on p = 0. The filtration
of H™(A) then has only one nontrivial factor E%" = H"(G, M), i.e. H"(A) =
H"(G,M).

Example 5.1. Take G = S3 viewed as the extension

1 C: 3 G CQ 1

We know that we can calculate H*(G, Z) from the first spectral sequence, i.e. one
with Es-page EN? = HP(Cy, H1(C3,7)). The action of Cy on HY(Cs,Z) is
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induced by conjugation (12)(123)(12)~! = (132).

Since the inversion map on C3 is a group homomorphism, the induced map
is a ring homomorphism on the cohomology ring H*(C3,Z). We know that
HY(C3,Z) = 7,H*(C3,Z) = 7Z/3Z,H**~Y(C3,Z) = 0 for k > 0. In fact,
H*(C5,7Z) = Z|c]/(3c) with ¢ having degree 2.

The action of Cy on H?(Cs,Z) is just multiplication by —1. Thus it acts trivially
on H*(C3,Z) and acts by —1 on H*+2(C3,7Z). So H°(Cy, H**2(C3,7Z)) =
0 and HO(Co, H*(C3,Z)) = Z/37Z. We also know from example sheet that
H?(Cy,7/37) = 0 for any p > 1. So the Es-page we are calculating is just

7./37

0

Z 0 727 0 7/27 0

All differentials either start or finish at 0, so Fy = FE.. There is also no
nontrivial extension problems. For example, we have

0 — Z/2Z — H*(A) —— Z/3Z —— 0
which forces H*(A) to be Z/6Z. In conclusion,

Z ifn=0

0 if n is odd

7/27 ifn=2 (mod4)

Z/6Z ifn#0,n=0 (mod4)

H"(Ss,7Z) =

Remark. 1. Usually, calculations of spectral sequences can be quite hard, espe-
cially when the differentials are nontrivial.

2. Some information about the product structure on the cohomology are em-
bedded in the spectral sequence.
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