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1 Fermat’s Method of Infinite Descent

Let’s start with a right-angled triangle with perpendicular sides a,b and hy-
potenuse c¢. We know from school that a? + b> = ¢? and the triangle has area
ab/2.

Definition 1.1. We say a (right-angled) triangle is rational if a,b,c € Q. We
say it is primitive if a, b, c € Z are coprime.

Lemma 1.1. Every primitive triangle has the form a = 2uv,b = u? — v?,c =

u? +v? for integers u > v > 0.

Proof. Suppose (a,b,c) are the sides of a primitive triangle, then a,b cannot
be both odd or both even. WLOG a is odd and b is even, then ¢ is odd.
Rearrangement of a? + b2 = ¢? gives (b/2)? = ((c¢ + a)/2)((c — a)/2). Now
(¢ £ a)/2 are coprime positive integers, so both have to be squares. Writing
(c+a)/2 =u?, (c—a)/2 =v? gives the result. O

Definition 1.2. D € Q-¢ is a congruent number if there exists a rational
triangle whose area is D.

Clearly it suffices to study congruent numbers that are square-free positive
integers, since scaling the triangle by a factor of k would result in a factor of k2
on D.

Lemma 1.2. D € Q. is congruent iff Dy* = x3 — x for some z,y € Q,y # 0.



Proof. D is congruent iff Dw? = uv(u? —v?) for some u,v,w € Q,w # 0 by the
preceding lemma. Putting » = u/v,y = w/v? gives the result. O

Theorem 1.3 (Fermat). 1 is not congruent. Equivalently, there are no integers
(u,v,w) € Z x Z x 7\ {0} with w? = uv(u +v)(u — v).

Proof. WLOG u, v are coprime and u,w > 0. We can also assume v > 0 since
if v < 0 then we can replace (u,v,w) by (—v,u,w). If u =v (mod 2), we can
replace (u,v,w) by ((u+v)/2, (u —v)/2,w/2).

So we have reduced to a case which make u, v, u+v,u—v all coprime. But their
product is a square, so there are integers a,b,c,d with v = a?,v = b>,u +v =
c?,u —v = d%. As u,v have opposite parity, c,d both must be odd.

You saw the title of this section, so you know what we are about to do. We

have

(c+d)2 <c—d>2 A2+ d? )

+ = =UuU=a
2 2 2

which gives another primitive triangle those area is (¢? — d?)/8 = v/4 = (b/2)2.
Let w; = b/2, then Lemma .1 shows that w? = ujv; (u? —v?) for some u1,v; €
Z. Now uy,v; are coprime, u,v1,w; > 0 and wup,v; have distinct parity. Also,
dw? = b?> = v | w?, sow; < w/2. We can apply the reduction we did at the start
which then produces a reduced solution (uz, v, ws) with 0 < wg < wy < w.

Repeating this construction indefinitely gives a strictly decreasing sequence of
positive integers, which is a contradiction. ]

Let’s see another place where the descent trick shines. Let K be a field with

char K # 2. We denote the algebraic closure of K by K.

Lemma 1.4. Let u,v € K[t] be coprime. If au+ Bv is a square for four distinct
(a:B) € Pk, thenu,v € K.

Proof. WLOG K = K. By a projective change of coordinates, we may also
assume that the ratios (a : ) are (1 : 0),(0 : 1),(1 : =1),(1 : —A) for some
A€ K,\#0,1. Suppose u = a?,v = b?, then u —v = (a + b)(a — b),u — lv =
(a + pb)(a — pb) where u? = \. a & b are coprime since u, v are, so both have
to be squares. Similarly a 4 ub are also squares. But (a,b) is then a “smaller”
solution in the sense that max{dega,degb} < (1/2)max{degu,degv} which
gives a contradiction by Fermat’s descent unless degu = degv = 0. O

We now give a preliminary definition of elliptic curves.

Definition 1.3. An elliptic curve E/K over a field K is the projective closure of
a plane affine of the form y? = f(z) where f € K[z] is a monic cubic polynomial
with distinct roots in K.

If L/K is a field extension, we write F(L) to denote the set {(x,y) € L? : y? =
f(z)} U{0g} where O denotes the “point at infinity”.

Turns out, F(L) has the natural structure of an abelian group. The course
we will explore properties and significance of E(L) when L is a finite field, local
field (finite extension of Q,) and number field (finite extension of Q).
Theorembasically says that F : y? = 23— has E(Q) = {0g, (0,0), (£1,0)}.

Corollary 1.5. Let E/K be an elliptic curve, then E(K(t)) = E(K).



Proof. WLOG K = K. By a change of coordinates, we may assume that the
elliptic curve has the form E : y? = x(x — 1)(z — \) for some A\ € K \ {0,1}.
Suppose (z,y) € E(K(t)), then we can write x = u/v where u,v € K|[t] are
coprime. Then uv(u — v)(u — Av) = w? for some w € K[t]. But these four
factors are coprime, so each of them is a square. By Lemma [I.4] u,v € K,
hence z € K and y € K. O

2 Some Remarks on Algebraic Curves

We work in an algebraically closed field K = K.

2.1 Rational Curves, Genus, Order of Vanishing

Definition 2.1. A plane curve C' = {f(z,y) = 0} C A? is rational if it has a
rational parameterisation, in the sense that there exists ¢, € K(t) such that:
(i) The map At — A2t — (¢(t),9(t)) is injective on A'\ {finitely many points}.
(i) f(o(t),9(t)) = 0 in K(t).

Example 2.1. (a) Any nonsingular plane conic is rational. For example, on
C : 2?4y? = 1, a rational parameterisation can be found with the following pro-
cedure (we are working over R which breaks our promise of being algebraically
closed, but the same procedure works in general too): Fix an anchor (—1,0) on
the plane, and consider the intersection between C' and the slope with slope ¢
passing through (—1,0). Solving for the coordinates for the intersection gives a
rational parameterisation (z,y) = ((1 —t2)/(1 4 t2),2t/(1 + t2)).

(b) Any singular plane cubic is rational. We pretty much make use of the same
procedure as above, except now we take the anchor to be the singularity, e.g.
(0,0) on y? = 23 and on y? = 22(x + 1). The former gives the parameterisation
(t2,43) and the latter is an exercise.

(¢) What about nonsingular plane cubic? Corollary tells us that elliptic
curves are not rational.

Remark. Recall from algebraic geometry that the genus g(C) € Z> is an invari-
ant of a smooth projective curve C. When K = C, this equals the topological
genus of the Riemann surface. Also, a smooth plane curve C' C P? of degree d
has genus ¢(C) = (d — 1)(d — 2)/2.

Proposition 2.1. Let C be a smooth projective curve, then
(i) C is rational iff g(C) = 0.
(i) C is (isomorphic to) an elliptic curve iff g(C) = 1.

Proof. (i) Omitted.
(ii) The “only if” part is clear. We will cover the “if” part later. O

Definition 2.2. Let C be an algebraic curve with function field K (C). Suppose
P € C is smooth. We write ordp(f) € Z to denote the order of vanishing of
feK(C) at P.

It is a fact from algebraic geometry that this can be defined and ordp :
K(C)* — Z is a discrete valuation, i.e. ordp(f1f2) = ordp(f1) 4+ ordp(f2) and
ordp(f1 + f2) > min{ordp(f1),ordp(f2)}.



Definition 2.3. A function f € K(C)* is a uniformiser at P if ordp(f) = 1.

Example 2.2. 1. Let C = {g = 0} C A? for g € K|x,y] irreducible. Then
K(C) = FF(Kl[z,y]/(9)). Let g = go + g1(z,y) + g2(z,y) + -+ and g; is
homogeneous of degree i. Suppose go = 0 and P = (0,0) € C is a smooth
point (i.e. gi(x,y) = ax + By with «, 8 not both zero). Let 7,0 € K, then
~vx + oy € K(C) is a uniformiser at P iff ad — 5y # 0.

2. Let C C P? be the projective closure of {y?> = z(x — 1)(x — \)} C A? for
A # 0,1. More precisely, C = {Y2?Z = X(X — Z)(X — A\Z)} C P! which has
only one point at infinity P = (0:1:0). Let’s work out ordp(x) = ordp(X/Z)
and ordp(y) = ordp(Y/Z) ’cuz affines are for casuals. Put t = X/Y,w = Z/Y,
then on the (¢,w) affine piece C' cuts out as w = t(t — w)(t — Aw). P is a
smooth point on this affine piece with coordinates (¢, w) = (0,0) with ordp(t) =
ordp(t — w) = ordp(t — Aw) = 1, so ordp(w) = 3. Consequently, ordp(z) =
ordp(X/Z) = ordp(t/w) = =2 and ordp(y) = ordp(Y/Z) = ordp(1l/w) = —3.

2.2 Riemann-Roch, Legendre Form, Degree
Let C be a smooth projective curve.

Definition 2.4. A divisor is a formal sum D = ", - np[P],np € Z of points
on C with np = 0 for all but finitely many P € C. We write Div(C) to denote
the set of all divisors on C.

The degree of the divisor D is the sum degD = ) . np. D is effective
(sometimes written as D > 0) if np > 0 for all P.

Recall that a rational function on C' can only have finitely many zeros or
poles.

Definition 2.5. For f € K(C)*, the divisor associated to f is div(f) =
> pec ordp(f)[P].
Definition 2.6. The Riemann-Roch space of D € Div(C) is

L(D) = {f € K(C)* : div(f) + D > 0} U{0}

Roughly speaking, L(D) is the K-vector space of all rational functions on C
with poles no worse than (and zeros at least as good as) specified by D.
We don’t have the budget to define the canonical divisor, so we are just gonna
quote the special case of Riemann-Roch when our curve has genus 1.

Theorem 2.2 ((Partial) Riemann-Roch for Genus 1 Curves).

degD ifdegD >0
dimL(D)=<c0o0r1l ifdegD =0
0 ifdeg D <0

Example 2.3. Again consider the curve E : y? = f(x) with point P at infinity.
Then dim L(2[P]) = (1, z) and dim L(3[P]) = (1, z,y).

Proposition 2.3. Assume char K # 2. Let C C P? be a smooth plane cubic.
Suppose P € C is a point of inflection (i.e. its tangent meets C at multiplicity
at least 3), then via a projective change of coordinates C can be expressed in the
form Y?Z = X(X — Z)(X — \Z) for some X\ # 0,1, on which P = (0:1:0).



Proof. Change coordinates such that P = (0 : 1 : 0) and TpC = {Z = 0}.
Suppose C now has equation F(X,Y,Z) = 0. As P € C is a point of inflec-
tion, F'(t,1,0) has a root at ¢ = 0 with multiplicity at least 3. But F is a
cubic, so F(t,1,0) is a constant multiple of ¢3. This means that the monomials
X2Y, XY? Y3 cannot appear in F.

The term Y?2Z has nonzero coefficient since otherwise P € C would be singular.
The term X3 too has nonzero coefficient as otherwise {Z = 0} C C. Therefore C
has equation of the form Y2Z+a 1 XY Z+a3Y Z? = X3+ a2, X?Z+as X 7% +ag 2>
(“Weierstrass form”) after rescaling. Substituting Y for Y — (a1/2)X — (as3/2)Z
(noting char K # 2) then reduces C' to the form Y2Z = Z3f(X/Z) (“Legen-
dre form”) for a cubic f, whose roots are distinct by smoothness. The result
follows. O

Remark. One can show that the points of inflections on C' = {F = 0} C P? are
given by the solutions to F' = det(0?F/9X,;0X;) = 0.

Definition 2.7. Let ¢ : C; — C5 be a nonconstant morphism of smooth
projective curves. Then the pullback ¢* : K(C3) — K(Ci),f — fo¢ is
a field extension. We define the degree of the morphism ¢ to be the degree
[K(Ch) : ¢*K(C3)] of the field extension induced by ¢*.

The morphism is separable if the field extension K(C7)/¢* K(C>) is separable.
Suppose P € C; and t € K(C3) is a uniformiser at ¢(P). The ramification
index at P is e4(P) = ordp(¢*t) > 1, which does not depend on the specific
choice of .

Theorem 2.4. Let ¢ : C; — Cs be a nonconstant morphism of smooth projec-
tive curves and @ € Cs, then

> es(P) =dego
Pe¢p=1(Q)
Moreover, if ¢ is separable, then e,(P) =1 for all but finitely many P € Cy.

In particular, ¢ is surjective and |¢~1(Q)| < deg ¢ with equality for all but
finitely many @ € Cs.

Definition 2.8. Let C' be an algebraic curve. A rational map from C is a map
that factors through a map of the form C' --» P*, P — [fo(P) : -+ : fn(P)],
where fo, ..., fn € K(C) not all zero.

Theorem 2.5. If C' is a smooth projective curve, then any rational map is a
morphism.

3 Weierstrass Equations

We now work in a perfect field K, i.e. any finite extension of K is separable.

Definition 3.1. An elliptic curve E over K (sometimes written £/K) is a
smooth projective curve over K with genus 1 and a specificed K-rational point
0= OE cF.

Example 3.1. Let p be a prime, then { X3 +pY3+p3Z3} C P? is not an elliptic
curve over Q since it has no Q-rational point.



Theorem 3.1. Every elliptic curve is isomorphic (over K) to a plane curve in
Weierstrass form with the isomorphism taking Og to (0:1:0).

Remark. Proposition treated the case where K is algebraically closed and
FE is a smooth plane cubic and Og is a point of inflection.

To prove the theorem, we use the fact that if D is a divisor on a curve F
defined over K (i.e. fixed by the natural action of Gal(K/K)), then L(D) has
a basis in K(E).

Proof. Clearly L(2[0g]) C L(3[0g]). Pick bases {1, 2} for L(2[0g]) and {1,z,y}
for L(3[0g]), both in K(E). Then ordg,(xz) = —2,0rdg,(y) = —3, hence the
rational functions 1,x,y, 22, xy, 23, y? all reside in the 6-dimensional K-vector
space L(6[0g]), so there is a nontrivial K-linear relation between them. If one
of 2% and y?, the rest would form a K-basis for L(6[0g]) since each of them
has a different order pole at 0. Consequently, the coefficients of 23 and y? are
nonzero in the linear relation. By rescaling, we get another elliptic curve E’
which is the projective closure of y? + a1zy + asy = x° + asx? + asx + ag for
some a; € K.

Consider the rational map E --» E' C P2, P ~ (x(P) : y(P) : 1) which is
automatically a morphism E — E’ as we are dealing with curves. We also have
05— (x/y)(P) : 15 (1/y)(P)) = (0: 1+ 0).

This morphism is an isomorphism: [K(E) : K(z)] = deg(x : E — P)
ordg, (1/z) = 2 and similarly [K(E) : K(y)] = ordy, = 3. As K(z) C K(z,y)
K(F) and K(y) C K(z,y) C K(F) and ged(2,3) = 1, we have ¢*K(E')
K(z,y) = K(E), thus our morphism has degree 1. E’ is smooth and singular
elliptic curves are rational. Combining this with the fact that rational maps
between smooth curves are morphisms gives the result. O

Nl

How about uniqueness?

Proposition 3.2. Let E, E’ be elliptic curves over K, each in Weierstrass form.
Then E = E’ over K iff their equations are related by a change of variables in
the form x = vz’ 4+ r,y = w3y’ + usx’ +t for some u,r,s,t € K,u # 0.

Proof. If when picking then basis of L(2[0g]) we had (1,z) = L(2[0g]) = (1,2'),
then & = Az’ + r for some A\, r € K, \ # 0. Similarly, suppose we did (1,z,y) =
L(3[0g]) = (1,2',y'), then y = py’ + oa’ + ¢t for some p,o0,t € K, # 0.
Looking at the coefficients of 23 and 32, we conclude that A3 = u? which gives
the result. O

Conversely, when does a Weierstrass equation define an elliptic curve? We
need only to check smoothness in the affine piece, as the point at infinity is
smooth and K-rational. This is equivalent to A(aq,...,ag) # 0 for a certain
polynomial A that you can look up.

When char K # 2,3, we can reduce it further to £ : y?> = 2% + ax + b, in
which case we have a shorter form of A given by A(a,b) = —16(4a® +27b%), the
discriminant of the cubic f(z) = 2® + ax + b.

Corollary 3.3. Assume char K # 2,3. The elliptic curves E : y?2 = 2% 4+ ax +
bE' :y? =23 +d'z+V are isomorphic iff ' = u*a,b’ = uSb for some u € K*.

Definition 3.2. The j-invariant of an elliptic curve E : y2 = 23 + ax + b is
J(E) = 1728(4a%)/(4a® + 27b%).



Corollary 3.4. E 2 E' = j(E) = j(E'). If K = K, then the converse is
also true.

Proof. The first implication follows from our discussion above. The converse
when K = K can be shown by solving for u. O

4 The Group Law

4.1 Chord-and-tangent Construction; Jacobian

Let E C P? be a smooth plane cubic and 0g € E(K). E meets any line at three
(K-)points, counted with multiplicity. For P,Q € E, the line through P, Q (the
tangent through P if P = @) thus has a third point of intersection S with E.
Similarly, let R be the third point of intersection of the line through Og, S and
E.

This is known as the “chord-and-tangent construction” of the group law on the
elliptic curve E, and we define P ® Q) = R.

Theorem 4.1. (E(K),®) is an abelian group.

Proof. @ is clearly commutative. We also have Op @& P = P. As for inverses,
take the tangent line through Or which should meet E at a third point S. The
line through P, S meets F at a third point (), which has P ® @ = 0p.

Associativity is messy if done with diagrams and calculations, so we are going
to explore another description of the group law. O

Definition 4.1. D;, Dy € Div(E) are linearly equivalent, sometimes written
Dy ~ Do, if there exists a rational function f € K(E)* such that D; — Dy =
div(f). The Picard group Pic(FE) of E is the quotient Pic(F) = Div(E)/ ~. The
Jacobian group Jac(E) = Pic’(E) of E is the quotient Pic’(F) = Div’(E)/ ~
where Div’(E) = {D € Div(E) : deg E = 0}.

We shall show that the map E — Pic’(E), P — [[P] — [0g]] is a bijection
and the operation we defined on FE is the same as the pullback of the group
operation on Pic’(E) via this map.

Proposition 4.2. (P ® Q) = ¥(P) + ¢(Q) and v is bijective.

Proof. Suppose the line through P, ) is the vanishing locus of the linear form [
and the line through Og, S is the vanishing of m, then div(l/m) = [P] + [Q] —
05] — [P ®Q], thus [P & Q] — [0g] ~ ([P] - [0r]) + ([Q] — [0g]).

To see 9 is injective, observe that [[P] — [0g]] = [[Q] — [0g]] forces [P] — [@] to
be principal. Suppose div(f) = [P] — [Q] for f € K(E)*, then the morphism
E — P! induced by f has to have degree 1, which forces E =2 P!, contradiction.
As for surjectivity, for [D] € Pic’(E), D + [0g] has degree 1, which means that
L(D+[0g]) has dimension 1 > 0 by Riemann-Roch. In particular, there is some
f € K(E)* with div(f) + D + [0g] > 0. But div(f) + D + [0g] has degree 1,
hence equals [P] for some P € F, which means that [[P] — [0g]] = [D]. O

Hence & is associative and (E(K),®) = Pic’(E) as groups.



4.2 Formulae for Elliptic Curves in Weierstrass Form

Suppose E : y? + a1zy + azy = =3 + asx?® + asx + ag, then P = (z,y) € E
would have inverse ©P = (z,—(a1z + a3) — y) by direct computation. So
P; = P ® P, = ©P' where P, Py, P' are the intersections between E and a
line. Suppose the line is (the projective closure of) {y = Az + v}. Substituting
this into the Weierstrass Equation and comparing coefficients of 22 yields

T3 =M+ a1\ —as — 1 — Ty
ys=—(A+ai)rs — v —as

But of course we still need to solve for \,v. If P; # P, and 7 = z9, then we
simply have P; @ P, = Og; If instead that x1 # x5, then

Y2 — Y1 T2Y1 — T1Y2
)\ = 71/ =
T2 — I T2 — 1

When P; = P,, a messy calculation (exercise) also realises A, v each as a rational
combination of z1, z2,y1, yo.

Corollary 4.3. E(K) is a subgroup of E(K).
The calculation also gives
Theorem 4.4. Elliptic curves are group varieties.

Proof. We shall show that the maps ©: F - E,P+— &P and & : Ex E —
E,(P,Q) — P @ @ are morphisms. The formulae we found tells us that these
are rational maps. The map © is then immediately a morphism as it’s a rational
map between smooth curves. As for @, note that the calculation shows that &
is regular on the Zariski open

U={(PQ)eEEXE:0p¢{P,Q,P®Q,POSQ=Pd(6Q)}}
For P € E, consider 7p : E — E,Q — P @& @ which is rational and hence a

morphism. The diagram

ExE %24 F

ToA XT@BJ TTA@B

EXETE

always commutes, so @ is also regular on (74 x 75)(U) for all A, B € E, hence
@ is regular everywhere. O

4.3 A Survey on the Group Structure

For K = C, we always have E(K) = C/A = (R/Z) x (R/Z) where A is a lattice
in C. This is a consequence of the theory of Weierstrass’s o function: For a
lattice A < C, the function field of C/A is generated by a function p and its
derivative g’ where

=0 3 (e w)

A€A\{0}



Turns out we also have (p')? = 4¢3 — gop — g3 where go, g3 are constants

depending on A. One can then use this to show that C/A = E(C),E : y? =
423 — gox — g3, both as Riemann surfaces and as groups, via z — (p(2), 9’(2)).
The uniformisation theorem (or else) tells us that every elliptic curve over C
arises this way, hence all complex elliptic curves are isomorphic to (R/Z) x (R/Z)
as topological groups.

For K =R, we have

E(R) = (Z)27) x (R/Z) if A >0
- |R/zZ if A <0

For a finite field K = F,, we have the estimate |E(F,) — (¢+1)| < 2,/q (Hasse’s
Theorem).

For a local field K/Q,, with [K : Q,] < co, E(K) has a subgroupd of finite index
isomorphic to (O, +).

For a number field K/Q with [K : Q] < oo, E(K) is a finitely generated abelian
group (Mordell-Weil Theorem). The proof of Mordell-Weil also gives an upper
bound for the rank of it, but there has not been a proven algorithm that reliably
computes the rank in all cases.

We will show some of these results later in the course.

5 Isogeny

5.1 Torsion Subgroups

Definition 5.1. Suppose Ei, E5 are elliptic curves. A map E; — Fs is an
isogeny if it is a nonconstant morphsm of projective varieties that sends Og, to
Og,.

Note that any nonconstant morphism is automatically surjective on K-

points. Consequently, composition of isogenies is still an isogeny, and (being
nonconstant morphisms) we also have deg(y o ¢) = deg(v) deg(¢) for isogenies

¥, .
Definition 5.2. We say Ej, E5 are isogenous if there is an isogeny F1 — Fs.
It is not obvious that this is indeed an equivalence relation.

Definition 5.3. We write Hom(E;, F5) to denote the collection of all isogenies
E; — E5 together with the constant map at 0g,. This has the natural structure
of an abelian group.

For an elliptic curve E and n € Z>q, we write [n] : E - E,P+— P®--- &P
(n copies). As for negative —n,n € Z>o, we write [—n] = & o [n].

Definition 5.4. The n-torsion subgroup of E is E[n] = ker([n]).

By abuse of notation, we sometimes write E[n] to denote E[n](X).
For K = C, E(C) 2 C/A and E[n] & (Z/nZ)?, deg[n] = n%. Surprisingly, these
two results generalise.

Lemma 5.1. Assume char K # 2, then we know an elliptic curve E has the
form E :y? = f(x) = (z — e1)(z — e2)(x — e3),€1,e2,e3 € K. In this form, we
have E[2] = {0g, (e1,0), (e2,0), (e3,0)} = (Z/27)2.
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Proof. Let P = (x,y) € E, then 2]P =0 < P = -P <+ (z,y) =
(x,—y) <= y=0. O

Proposition 5.2. [n] is an isogeny for any n # 0.

Proof. Tt is a morphism by Theorem and it certainly maps Og to itself. [0]
is the zero map, so it suffices to show that [n] # [0] whenever n # 0.

Assume char K # 2. The case n = 2 is given by the preceding lemma. For odd
n, pick T' € E[2] \ {0} by the preceding lemma, then [n]T = T # 0 and hence
[n] # [0]. We can then finish by [mn] = [m][n].

For char K = 2, one can obtain a statement similar to the preceding lemma but
about E[3] which would do the job. O

Corollary 5.3. Hom(E1, Es) is a torsion-free Z-module.
Theorem 5.4. If ¢ : E1 — Es is an isogeny, then ¢(P @ Q) = ¢(P) ® ¢(Q).

Sketch of proof. WLOG K = K by Corollary
¢ induces a pushforward

. : DiVO(E1) = Div0(E2), Y npP > npd(P)
P P
At the same time, we have a pullback ¢* : K(FE2) — K(E;) induced by ¢. By
some commutative algebra, we have div(Ng (g, )k (E,)(f)) = ¢«(div(f)), so ¢
sends principal divisors to principal divisors. This means that we can regard ¢,
as a map Pic’(E;) — Pic’(E;). The commutative diagram

E1 L} E2
PPl 1| |emta-10s,1
Pic’(E)) —— Pic’ (E»)
then shows that ¢, a group homomorphism. O

Lemma 5.5. If ¢ : E1 — FEs is an isogeny, then there exists a morphism &
making

ElL}EQ

IP1T>IP’1

commute, where x; is the x-coordinate projection on E;.
Moreover, if £(t) = r(t)/s(t) for r,s € K[t] coprime, then deg¢ = degé =
max{degr,degs}.

Proof. Again we can take K = K. Each K(E;)/K(x;) is a degree 2 Galois
extension with Galois group generated by &*. We know that p oS = S0 ¢
by Theorem so any f € K(x2) has ©*(¢*f) = ¢*(©*f) = ¢*f, and hence
¢*f € K(x1). We take {(x1) = ¢*x2 which does make the diagram commute.

We have deg{ = deg¢ by tower law. It remains to compute the degree of &.
Suppose £(t) = r(t)/s(t) with r,s € KJt] coprime, then the minimal polyno-
mial of x1 over K(z3) is f(t) = r(t) — s(t)x2 € K(x2)[t]. Indeed, f(z1) = 0
and f is irreducible as it is irreducible in KJzo,t]. Hence degé = deg f =
max{degr, deg s}. O

11



5.2 The Degree Map as a Quadratic Form
Lemma 5.6. deg[2] = 4.

Proof. Assume char K # 2,3. Then our elliptic curve has the form F : 3% =
f(x) =23+ ax +t. For P = (x,y) € E, we have

3m2+a>2 5 Bz +a)? —8xf(x)  at+--
2y 4f(x) 4f(x)

The numerator and denomator here are coprime, since otherwise there’ll be
some 6 € K with f(0) = f'(0) = 0, rendering E singular. The preceding lemma
then allows us to conclude. O

z(2P)=xz(P® P) = (

Definition 5.5. Let A be an abelian group. A map ¢ : A — Z is a quadratic
form if q(nz) = n?q(x) and (-,-) : (z,y) — q(x +y) — q(x) — q(y) is Z-bilinear.

Lemma 5.7. q: A — 7Z is a quadratic form iff it satisfies the parallelogram law
q(z +y) +q(x —y) = 2q(x) + 2q(y) for all x,y € A.

Proof. We have (z,z) = 2¢(z) and (1/2)(z +y,z +y) + (1/2)(x —y,z —y) =
(x,x) + (y,y), which gives the “only if” direction. The converse will be on
example sheet. O

We want to show that the degree map is a quadratic form. Before that,
there are some mandatory calculations we must attend to.

Lemma 5.8. Suppose E : y?> = 23 + ax + b is an elliptic curve and x1,...,%4
are the x-coordinates of P,Q,P + Q,P — @ # Og, then there are polynomials
Wo, Wh, Wy € Zla,b][z1,x2], homogeneous in x1,xs, with their degrees in x1
and in xo both at most 2, and such that (1 : x3 + x4 : x334) = (Wo : Wp : Wh)
(and in fact we can take Wy = (z1 — 12)?).

Proof. One can either show this by direct calculation, or one can do some ge-
ometry. Let y = Az +v be the line through P, Q, then 23 +az +b— Az +v)? =
(x—x1)(z—22)(x —23). Let s; = s;(x1, T, x3) be the i*" symmetric polynomial
in xq, 29,23, then A2 = 51, —2\v = 55 — a,v? = s3 + b. Elliminating \, v gives
F(z1,72,23) = (s2 —a)? —4s1(s3 +b) = 0. By inspection F has degree at most
2 in each z;. Thus x3 is a root of the quadratic W (t) = F'(z1,x2,t). Repeating
the same arguement but for the line through P, —@Q shows that x4 is the other
root, which gives the result. O

Theorem 5.9. deg : Hom(E1, Es) — Z is a quadratic form, with the convention
deg0 = 0.

Proof. Assume again that char K # 2,3. Then we can always write Fy in the
form Es : y? = 23 + az + b and the preceding lemma applies.

We will show that if ¢,¢ € Hom(E1, Es) then deg(¢ + ¥) + deg(¢d — v) <
2deg ¢ + 2deg1p. We may assume that ¢, 1, ¢ + ¥, ¢ — 1 # 0 since otherwise
the statement is either trivial or follows from Lemma Suppose ¢(z,y) =

(51(33), = ')7 ¢(£, y) = (fg(l‘), - ')’ (¢ + ¢)($,y) = (53(37)’ x ')v (¢ - TP)(%ZJ) =
(¢4(2),...) (noting Lemma [5.5)), then the preceding lemma shows that (1 :
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§3+ &0 0 &&) = (Wo = Wy @ Wa). Putting & = ri/s; with 75,5, € K[t]
coprime, we have (s3s4 : 1384 + 7483 : 7374) = ((r182 — 7281)% : - ). Thus

deg(¢ + ¥) + deg(¢ — ¥) = max{degrs, deg ss} + max{degry, deg s4}
= max{deg(s3s4),deg(rsss + rys3),deg(rsrs)}
< 2max{degry,deg s;} + 2max{degry,deg s}
=2deg ¢ + 2degv

which is what we wanted. The parallelogram law then follows from replacing

¢, by ¢+ 1, ¢ — 9. 0
Corollary 5.10. For alln € Z,¢ € Hom(E1, Ey), we have deg(ng) = n? deg ¢.

In particular deg[n] = n?.

Example 5.1. Suppose E/K is an elliptic curve and char K # 2,05 # T €
E[2]. WLOG T = (0,0) and E : y?> = z(z? + az +b) for a,b € K, b(a® —4b) # 0.
Suppose P = (z,y) and P = P& T = (a/,y’), then we have

,_(y)2 _b (y),_ by
t=(2) —a-—r=—y=—(=)2'=-=3
x x x x

Let { = z+2'+a = (y/z)? and n = y+y' = (y/z)(x—b/z), then by calculations
we have n? = £(£2 — 2a€ + a? — 4b).

Take B : y? = x(2? + a’z +V'),a’ = —2a,b’ = a® — 4b, then we get an isogeny
E — E' (z,y) — ((y/z)? y(z? — b)/2?) of degree 2 (a “2-isogeny”).

6 The Invariant Differential

Let C be a smooth projective curve over K = K.

Definition 6.1. The space Q¢ of Kéahler differentials on C' is the K-vector
space generated by symbols df, f € K(C) subject to the relations:

(i) d(f + g) = df + dg.

(ii) d(fg) = fdg + gdf.

(iii) Ya € K,da = 0.

It’s a result from the theory of curves that Q¢ a one-dimensional K(C)-
vector space.
Let w € Q¢ \ {0}, P € C and t € K(C) a uniformiser at P. Then w = fdt for
some rational function f € K(C)*.

Definition 6.2. The order of vanishing ordp(w) at P is the order of vanishing
of f at P.

It’s clear that this is independent of the choice of the uniformiser ¢. Moreover,
ordp(w) = 0 for all but finitely many points P € C.

Definition 6.3. The divisor div(w) of w € Q¢ is div(w) = > p o ordp(w)[P].

Definition 6.4. A differential w € Q¢ is regular if div(w) > 0. The dimension
dimg{w € Q¢ : div(w) > 0} is called the genus g(C) of C.
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As a consequence of (the general version of) Riemann-Roch, if w € Q¢ \ {0},
we have degdiv(w) = 2¢(C) — 2. Also, suppose f € K(C)*,ordp(f) =n #0
and char K {n, then ordp(df) =n — 1.

Lemma 6.1. Assume char K # 2. Consider an elliptic curve E : y* = (z —
e1)(z —ez)(z — e3) for ey, ea,e3 € K = K. Then w =y~ dx has divw = 0.

In particular, {w} is a basis for the 1-dimensional K-vector space of regular
differentials on E.

Proof. Let T; = (e;,0), then E[2] = {0g,T1,Ts,T3}. We have div(y) = [T1] +
[T2]+[T5]—3[0g]. For P € E\E[2], we have ordp(z—x(P)) = 1, thus ordp(dz) =
0. For P =T;, ordp(x — ;) = 2, so ordp(dz) = 1. For P = 0g, ordp(x) = —2,
so ordp(dz) = —3. Consequently div(dz) = [T1] + [T2] + [T5] — 3[0g] = div(y),
hence the result. O

Definition 6.5. For a nonconstant morphism ¢ : C; — Cs, its pullback on
differentials is ¢* : Q¢, — Q¢ , fdg — ¢* fd(d*g).

Lemma 6.2. Let P € E,7p : E = E, X — X + P. Then Tpw = w where
w=y"'dz as before.

We therefore call w an invariant differential.

Proof. Tpw is a regular differential on E, thus 7pw = Apw for some Ap € K*.
The map E — P', P — Ap is a morphism of smooth projective curves. This
map is not surjective (as it misses 0, 00), hence necessarily constant, i.e. there
is some A € K* with 7pw = Aw for all P € C. Taking P =0 gives A=1. O

Remark. In the case K = C where C/A = E via z — (p(2), ¢'(2)), we simply
have dz/y = dz.

Lemma 6.3. Let ¢, € Hom(FE1, Es) and w € Qp, be an invariant differential.
Then (¢ + V) *w = ¢*w + Y*w.

This is very not obvious, since the sum ¢ + ¥ makes use of the structure
given by the group law .

Proof. Write E = E5 for brevity. Consider the maps £ x £ — FE given by
w: (P,Q)— PoQ,pr; : (P,Q)— P,pry: (P,Q) — Q. It’s a fact from algebraic
geometry that Qpxpg (defined analogously as the case of curves and admits
similar properties) is a 2-dimensional K (C)-vector space with a basis given by
pri w, pri w. We thus have p*w = fprjw + gpri w for some f,g € K(E x E).
For Q € E we can consider (q : £ — E x E, P+ (P,Q). Applying () gives

Tow = (1o tg)'w = (g f)(pry otg) w + (1) (Pra otQ)"w = (1. f)w +0

Thus (;, f = 1 for all @ € E, therefore f = 1. Similarly g = 1 and therefore
W'w = pri w + pri w.

Pulling these back by £y — E X E,P +— (¢(P),¥(P)) gives (¢ + ¢)*w =
o*w + YPrw. O

Lemma 6.4. Suppose ¢ : C1 — Cs is a nonconstant morphism between smooth
projective curves, then ¢ is separable iff ¢* : Qc, — Q¢, is nonzero.

Proof. Omitted. O
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Example 6.1. Let G,, = A'\ {0} = P!\ {0,00}. Consider ¢ = ¢,, : G, —
G,z = ", then ¢*(dz) = d(2") = na" 'dx. So if char K { n, then ¢ is
separable, hence |¢~1(Q)| = deg ¢ for all but finitely many Q € G,,.

On the other hand, ¢ is also a group homomorphism as G,, has the structure
of a group given by multiplication in the field. So [¢~}(Q)| = |ker ¢| for all
Q € G,,, consequently n = |ker ¢| = deg ¢.

This is a very elaborate proof of the fact that an algebraically closed field K
with char K t n has exactly n roots of unity.

Theorem 6.5. If char K {n, then E[n] = (Z/nZ)?.

Proof. We know that [n]*w = nw by Lemma Thus [n] is separable by
Lemma as char K { n. Consequently |[n]~(Q)| = deg[n] for all but finitely
many @ € E. On the other hand, [n] is a group homomorphism, so |[n]~1(Q)| =
|E[n]|. Therefore |E[n]| = deg[n] = n?.

Now E|[n] is a finite abelian group, so En| = Z/d1Z X - -- X Z/d:Z with dy | - - |
d;. But of course d; | n. Also, if p is a prime with p | dy (which implies p | n),
then E[p] = (Z/pZ)! and hence t = 2 as |E[p]| = p*>. The only way t = 2 can
happen is if d; = dy = n which gives E[n] = (Z/nZ)?. O

Remark. If char K = p, then [p] is inseparable and it can be shown that either
E[p"] is isomorphic to Z/p"Z (the “ordinary” case) for all r or E[p"] is trivial
for all r (the “supersingular” case).

7 Elliptic Curves over Finite Fields

7.1 Hasse’s Theorem

Lemma 7.1. Let A be an abelian group and q : A — 7Z a positive-definite
quadratic form. If ¢, € A, then |q(¢ +¢) — q(¢) — q(¥)| < 2+/q(d)a(¥).

Proof. Assume that ¢ # 0 since the result is clear otherwise. Then ¢(¢) > 0 as
q is positive-definite.
As usual write (¢, ) = q(¢ + ) — ¢(¢) — q(¢)). Then for any m,n € Z,

0 < gl +n) = & (mo + oy, o+ mp) = m*a(6) + mn(o, v) + na()

s o053

Taking m = — (¢, ¢) and n = 2¢q(¢) gives the result. O

Theorem 7.2 (Hasse). Let Fy be the finite field with q elements. Then

IE(EF,)| = (¢ + 1] <24

Proof. Suppose E is in Weierstrass form with coeflicients a1, ..., as € F;. Then
al = a; for all i, so the Frobenius endomorphism ¢ : E — E, (z,y) — (z%,y9)
is well-defined and is an isogeny of degree ¢q. And we have E(F,) ={P € E:
6(P) = P} = ker(1 - 6).

Let w = y~!dx be the invariant differential, then we have ¢*w = y~?d(z?) =
qr?ly=9dr = 0 and hence (1 — ¢)*w = w # 0. This means that 1 — ¢ is

15



separable. Therefore |E(F,)| = |ker(l — ¢)| = deg(l — ¢) as 1 — ¢ is a group
homomorphism.
We already know that deg is a quadratic form, so by the preceding lemma we

have |deg(1 — ¢) — 1 — deg(¢)| < 24/deg ¢ and we are done. O

7.2 Zeta Function
For a number field K, we can define its Dedekind ¢ function by

Cr(s)= ) (ng)s = 11 (1_ (Nlp)S)_l

0<Ok p<Ox

Similarly, for K a function field over Fy, i.e. K =Fy(C) for a smooth projective
curve C' over Fy, we can define its ¢ function to be

o= 11 (- )

z€|C|

where |C| is the set of closed points of C, i.e. the orbits of Gal(F,/F,) on C(F,),
and Nz = ¢1°8® where deg z is the size of the said orbit.
Then (x(s) = F(q¢~*) where

F(T)= [] @ —1%%")"" e Q[T]]

z€|C|
Formally, we have

d d d =01
T—log F(T) = T— —log(1 — T98%)) = T — —mdeg®
7P =T 3 (sl 1) =T 3 Y

=> > degz | T =) |C(Fyn)
n=1

n=1 \z€|C|,deg z|m

T’ﬂ

So F(T) = exp(},, n {C(Fgn)|T™), which is also denoted as Z¢(T).

Definition 7.1. Let ¢,¢ : End(F) = Hom(E, E). Write (¢, ¢) = deg(¢ + 1) —
deg ¢ — deg v as the bilinear form associated to the quadratic form ¢q. The trace
of ¢ is defined as tr¢ = 1 + deg ¢ — deg(1l — @) = (4, 1).

It’s clear that tr is linear.
Lemma 7.3. If ) € End(E), then 1? — (tr)) + degvp = 0.
Proof. Example sheet. O

Theorem 7.4. Let E/F, be an elliptic curve. Write |E(F,)| = ¢+ 1 — a where
lal < 24, then Zu(T) = (1 — aT +4T?)/(1 - T)(1 — gT)).

Proof. Let ¢ : E — E be the ¢-power Frobenius endomorphism. As seen in the
proof of Theorem we have |E(F;)| = deg(l — ¢) = ¢+ 1 —tr¢. So indeed
a = tr ¢. We also have deg ¢ = ¢, so ¢*>—a¢p-+q = 0. Thus tr(¢"2)—atr(¢" 1)+
gtr(¢™) = 0. Solving this difference equation (whose initial conditions are tr1 =
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2,tr ¢ = a) yields tr(¢") = " + B"™ where «, 3 are the roots of X? —aX +q = 0.
Thus |E(Fgn)| = deg(l — ¢) = 1 + deg(¢™) — tr(¢™) = 1+ ¢" — @™ — ™ and
therefore

Zu(T) = exp (Z ;qu)m)

e (i N (6:)”>

(1—aT)1-BT) 1—aT +qT?

(1-T)1-q¢T) (1-T)1-qT)
which is what we wanted. O

Remark. 1. This generalises to (part of) Weil’s conjectures, which was proved
by Grothendieck and Deligne.

2. Theorem tells us that |a] < 2,/g, so @ = 8 and hence |a| = [B8] =
Vi = q'/?. We can rephrase this as saying that (x(s) = 0 = Zg(¢~°) =
0 = Res = 1/2 (the “the Riemann hypothesis for function fields (of an
elliptic curve)”), the generalisation of which to higher dimensions is also part of
WEeil’s conjectures.

8 Formal Groups

8.1 Expansion near the Identity

Definition 8.1. Suppose R is a ring and I C R an ideal. The I-adic topology
on R is the topology with basis {r +I" : r € R,n > 1}.

A sequence (z,,), € R is Cauchy if for all k£ > 1, there is some N € N such that
T — Xy, € IF for all m,n > N. We say x,, — « in R if for all k > 1, there is
some N € N such that z — z,, € I* for all n > N.

R is called complete if |J,,~, I™ = {0} and every Cauchy sequence in R con-
verges.

Remark. 1. Tt is trivial to check that this notion of convergence is compatible
with the ring operations.

2. Suppose R is complete with respect to I 3 z, then 1+ 2 + 22 +--- is Cauchy
and hence converges to some y € R. It’s then clear that (1 — z)y = 1, i.e.
x € R*.

Example 8

A. 1. R=17,,1 =pZ,.
2. R=Z[[t]], 1 = ()

(t

Lemma 8.1 (Hensel’s Lemma). Let R be an integral domain which is complete
in the I-adic topology for some I < R. Let F € R[X] and s > 1. Suppose a € R
satisfies F(a) =0 (mod I®), F'(a) € R*, then there is some unique b € R such
that F'(b) =0 and b=a (mod I°).

Proof. Let uw € R* be such that F'(a) = u (mod I). By replacing F(X) by
u1F(X + a), we may assume WLOG that a = 0, F'(0) =1 (mod I).
Consider the sequence g = 0,2,4+1 = =, — F(x,). Then by induction we
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know that x, € I® for all n. We also have F'(X) — F(Y) = (X —= Y)(F'(0) +
XG(X,Y)+YH(X,Y)) for some G, H € R[X,Y], which means that ©,,11 = z,,
(mod I™#) for all n > 0 (another easy induction).

(zn)n is then Cauchy and hence converges to some b € R which has b = b— F(b),
ie. F(b) =0, and b = 0 (mod I®). Uniqueness is clear as R is an integral
domain. O

Let’s see how these relate to elliptic curves. Suppose our elliptic curve has

Weierstrass form F : Y2Z + a1 XY Z +asY Z? = X3 4+ as X2 Z + ay X Z? + ag Z°.
On the affine piece Y # 0, we have the coordinates t = —X/Y,w = -Z/Y
under which E has affine equation w = f(t,w) where f(t,w) = t3 + atw +
ast?w + a3w2 + agtw? + a6w3.
We apply the preceding lemma to R = Z[aq,...,a6][[t]],] = (), F(X) = X —
f(t,X) € R[X],s = 3,a = 0, which is valid since F(0) = —f(¢,0) = -t =
0 (mod #3) and F'(0) = 1 — a1t — ast? € R*. This gives a unique w(t) €
Zlay, ..., ag)[[t] with w(t) = f(t,w(t)) and w(t) =0 (mod t3).

Remark. In fact, w(t) = t3(14+ Ayt + Agt?>+- - - ) where A} = ay, Ay = a?+ao, . ..
(look it up ...?7). Taking w = 1 in the proof of the preceding lemma provides
a convenient way to compute this, as it gives w,(t) — w(t) where wy(t) =
0, w’n-l-l(t) = f(t, wn(t))'

Lemma 8.2. Suppose R is an integral domain (with field of fractions K ) that’s
complete with respect to an ideal I < R. For ay,...,ag € R, we consider the
elliptic curve E : Y2Z + a1 XY Z + a3Y 72?2 = X3 + a0 X%Z + ays X 7% + agZ3.
Then E(I) = {(t,w(t)) € B(K) : t € I} = {(t,w) € E(K) : t,w € I} is a
subgroup of E(K).

Proof. The two expressions for E (I) are equivalent by Lemma

Taking (¢, w) = (0,0) shows that 0 € E(I). It suffices to show that P, P, €
E(I) = —P, — P, € E(I). Calculations strike again.

Suppose Py = (t1,w1), Po = (t2,w2) where wy = w(ty), ws = w(tz) and w(t) =
S, Ap—ot™t1 is as before. As per usual consider A = (w(t2) —w(t1))/(ta —t1)
if t1 # to and A = w'(t1) if ¢4 = t2. In any case, we have A = > " ) A, ot} +
t" "ty + .- +1%) € I. On the other hand, v = w; — M; € I. Substituting
w= M+ v into w = f(t,w) gives

MAv =3+ art(M 4 v) +agt> (At +v) + az(M 4+ 1) + agt(M 4v)? +ag(M+v)?

Let A, B be the coefficients of 3, respectively, then A = 1 + as) + as\? +
ag\3, B = a1\ + asv + asA? + 2a4 v + 3ag) ?>v. We have A € R*,B € I, so
t3:—B/A—t1—t2EIandwgz)\tg—i—z/EI. O

Corollary 8.3. (i) There exists v € Z[aq,...,ag][[t]] with 1(0) = 0 such that
o(t,w(t)) = (u(t),w(e(t))). (i) There exists F € Zlay,...,as][[t1,t2]] with
F(0,0) =0 and (tl,w(tl)) 5] (tg, w(tg)) = (F(tl,tg),w(F(tl,tQ))).

Proof. (i) Take R = Z[ay, .. ., ag)[[t], I = (t).
(11) R:Z[al,...,aﬁ][[tl,tg]LI:(t17t2). O

In fact, t(X) = - X —a1 X? —as X3 — (a3 +a3) X*+--- ,F(X,)Y)=X+Y —
a1 XY — as(X%Y + XY?) +--.. Also, the properties of group law immediately
shows that
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Proposition 8.4. (i) F(X,Y)=F(Y, X).
(i) F(X,0)=X,F(0,Y)=Y

(iii) F(X, F(Y, 2)) = F(F(X,Y), Z).

(iv) F(X, (X)) = 0.

Definition 8.2. Let R be aring. A (one-parameter commutative) formal group
over R is a power series F'(X,Y) € R[X,Y] satistying (i), (ii) and (iii) in the
preceding proposition.

One can show that for any formal group F, there is a unique t = =X +--- €
R[[X]] satistying (iv).

Example 8.2. (i) F(X,Y) = X +Y is a formal group, known as the additive
formal group G,.

i) F(X,)Y)=X4+Y+ XY =(14+X)(1+Y) —1is a formal group which is
called the multiplicative formal group Gom.

(iii) To an elliptic curve, we can associate a formal group F' as per previous
discussion. This is usually denoted as E.

8.2 Abstract Formal Groups

Definition 8.3. Let F,G be formal groups over a ring R given by power series
F,G. A morphism f : F — G is a power series f € R[[T]] such that f(0) =

with f(F(X,Y)) = G(f(X),f(Y)). We say F is isomorphic to G (written
F = @G) if there are morphisms f: F — G,g: G — F with f(g(X)) = g(f(X)).

Theorem 8.5. If char R = 0, then any formal group F over R (given by the
power series F) is isomorphic to G, over R® Q. More precisely,
(i) There is a unique power series log(T) € (R ® Q)[[T]] given in the form

log(T):T+CL2—2T2+%3T3+-~- L4, €R

such that log(F(X,Y)) =log X +logY.
(i) There is a unique power series exp(T) € (R® Q)[[T]] given in the form

by b3

exp(T) =T + T2+3'T3 b, €R

such that exp(log(T')) = log(exp(T)) =T.

Proof. (i) Write Fy = 0F/0X. For uniqueness, let p(T) = dlog/dT = 1+
asT + a3T? + - - -. Differentiating log(F(X,Y)) = log X +log Y with respect to
X gives p(F(X,Y))F1(X,Y) = p(X). Putting X = 0 gives p(Y)F1(0,Y) = 1,
so p(Y) = Fy(0,Y)~! and hence we can recover p (hence log) from F.
As for existence, we are of course going to start with p(T) = Fy(0,7)"! =
1 + aoT + a3T? + ---, say. Define log(T) = T + (a2/2)T? + (a3/3)T3 +
. Differentiating F(F(X,Y),Z) = F(X,F(Y,Z)) with respect to X shows
that F1(F(X,Y), Z2)F1(X,Y) = Fi(X,F(Y,Z)). Throwing in X = 0 gives
Fi(Y. Z)Fy(0,Y) = Fi(0,F(Y, 2)), so Fy(Y, Z)p(Y)~" = p(F(Y,Z))~" which
means that Fy (Y, Z)p(F(Y,Z)) = p(Y). We can then “integrate” (formally on
power series) to conclude that log(F (Y, Z)) = logY + h(Z) for some power se-
ries h. Commutativity of F' then forces h(Z) = log Z 4+ C for some constant C.
Checking the constant term in both sides shows that C' = 0, and we are done.
(ii) We shall show a stronger result, namely the next lemma. O
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Lemma 8.6. Let f(T) = aT + --- € R[[T]] be such that a € R*, then there
ezists a unique g(T) = a='T + --- € R[[T]] such that f(g(T)) = g(f(T)) =T.

Proof. Let’s construct a sequence g, € R[[T]] with the property that f(g,(T)) =
T (mod T") and g,,41(T) = gn(T) (mod T™1).

To start with, we set g;(7T) = a~!T. Now suppose n > 1 and g,_; is already
chosen. We have f(g,_1(T)) = T + bT™ (mod T"*!) for some b. If we put
9(T) = gu—1(T) + XT", then £(9u(T)) = (gn-1(T)) + AaT™ = T+ (b+ Aa)T™
(mod T"*1). Taking A = —ba~! then gives our desired g,,.

Sending n — oo gives g = a~'T+--- € R[[T]] such that f(g(T)) = T. Repeating
the procedure on g yields some h(T) = oT + --- € R[[T]] with g(h(T)) = T.
Then (T) = f(g(h(T))) = W(T). o

Let F be a formal group given by a power series F' € R[[X,Y]]. Suppose R
is complete with respect to an ideal I. For z,y € I, we notate t®ry = F(z,y).
We write F(I) = (I,®x) to denote the abelian group structure induced by ®£.

Example 8.3. G,(I) = (I,4),Gn(I) = (1 + I, %), and E(I) is the subgroup
of F(K) as in Lemma

For an integer n, we can define an endomorphism of a formal group F (with
power series F) via [1]T =T, [n|T = F([n—1]T,T) for n > 2, and [-1]T = «(T).

Corollary 8.7. Let F be a formal group over R and n € Z. Suppose n € R*,
then:

(i) [n] : F — F is an isomorphism of formal groups.

(i) If R is complete with respect to an ideal I, then F(I) — F(I),x — nx is
an isomorphism of groups.

In particular, (ii) means that F(I) has no n-torsion.

Proof. (i) [n]T =nT+--- € R[[T]] by induction, so we conclude by Lemma8.6]
(ii) follows directly. O

9 Elliptic Curves over Local Fields

9.1 Integral and Minimal Weierstrass Equations

Suppose K is a field which is complete with respect to a discrete valuation
v : K* — Z. The valuation ring (aka the ring of integers) is denoted as
Ok ={z € K* :v(z) > 0} U{0}. Its unit group is O = {x € K* : v(z) = 0}.
Turns out O \ O is a principal ideal (so Ok is a discrete valuation ring).
We denote a choice of the uniformiser by m = mx who has v(r) = 1. The
completeness of K then implies the 7" O g-adic completeness of O for all r > 1.
We denote the residue field as k = O /mOk. We'll be interested in the mixed
characteristic case, i.e. char K = 0,chark = p > 0. The chief example of this is
K =Q,.

Let E/K be an elliptic curve.

Definition 9.1. A Weierstrass equation of E with coefficients aq,...,a6 € K
is:

(i) Integral if aq,...,a6 € Ok.

(ii) Minimal if v(A) is minimal among all integral Weierstrass equations of E.
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Remark. 1. The change-of-variable x = u?2’,y = u3y’ rescales the coefficients
by a; = uka%. This shows the existence of integral Weierstrass equations.

2. If a1, ...,a¢ € Ok gives an integral Weierstrass equation, then A € O and
hence v(A) > 0. This shows the existence of minimal Weierstrass equations.

3. If chark # 2,3, there exists minimal Weierstrass equations of the form
y2 =23 +azx +b.

Lemma 9.1. Suppose E/K is defined by an integral Weierstrass equation. Let
Op # P = (z,y) € E(K), then either z,y € Ok or v(z) = —2s,v(y) = —3s for
some s > 1.

Proof. If v(z) > 0 but v(y) < 0, then the left hand side of the Weierstrass equa-
tion has negative valuation but the right hand side has nonnegative valuation,
contradiction.

Suppose now that v(z) < 0. Then the left hand side has valuation at least
min{2v(y), v(z) + v(y),v(y)} while the right hand side has valuation exactly
3v(z). We then immediately have v(y) < v(x) and, in turn, that 2v(y) =
3v(x). O

9.2 Subgroup Structures

Fix a minimal Weierstrass equation a1, ...,as for E /K which induces a formal
group F over Ok. Taking I = 7"Og in Lemma yields the subgroup

E(n"Ok) = {(z,y) € E(K) : —z/y,—1/y € 7" O } U {0}

- {(aj,y) € B(K):v (2) zr,v(;) zr}u{o}

(z,y) (K):v(x) = —2s,v(y) = —3s for some s > r} U {0}
(z,y) (K):v(z) < =2r,0(y) < =3r} U{0}

by the preceding lemma. We use the shorthand E,(K) = E(7"Og). This gives
the chain - -+ — E3(K) — Fy(K) — E1(K).

More generally, if F is a formal group over Ok, we have the chain --- —
]:(7'('30[() — ]:(7'&'20}{) — .F(WOK)

We'll now show that F(r"Ok) = (Og,+) for sufficiently large r and that
F(r"Ok)/F(r" T 0k ) = (k, +) for all r > 1.

={ ckE
={ €FE

Theorem 9.2. Let F be a formal group over Ok and e = v(p). If r > ¢e/(p —
1), then log : F(n"Ok) — Gu(n"Ok) is an isomorphism with inverse exp :
Ga(ﬂ'roK) — .7:(7TTOK).

Remark. As groups, we have Go(7"Ok) = (7" O, +) = (Og, +).

Proof. For x € "0k, we want to show that the power series log(x), exp(x)
converge to something in 7"Ok. We shall first show the convergence of

b b
exp(T) =T + 2—2,T2+3—3;T3+~-

It’s clear that vp(n!) < (n—1)/(p—1), so

v bu” >nrfen_1*(n71) r— < +r
n! - p—1 p—1
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which is always greater than r and goes to co as n — oo. This gives the
convergence of exp(z). The same method (but easier) works for log. O

Lemma 9.3. F(1"Ok)/F(r" 1 O0k) = (k,+) for all r > 1.

Proof. Let F be the power series associated with F. By the definition of formal
group, we can write F(X,Y) = X +Y + XY ¢(X,Y) for some power series g.
So if 2,y € Ok then F(r"z,7"y) = 7" (x +y) (mod 7"™1). Therefore the map
F(r"Ok) — (k,+),7"x — x mod 7 is a surjective group homomorphism, and
it has kernel F(7" 1 O). O

Corollary 9.4. If |k| < oo, then F(nOk) has a finite index subgroup isomor-
phic to (Ok,+).

Remark. The assumption |k| < oo, together with our standing assumptions
(mixed characteristics etc.), means that K would have to be a finite extension
of Q, for some p.

9.3 Reduction

Proposition 9.5. Suppose E/K is an elliptic curve, then the modulo m reduc-
tion of any two minimal Weierstrass equations for E define isomorphic curves
over k.

Proof. Under the change of variables with coefficients [u;r, s,t],u € K™, r,s,t €
K, we have Ay = u'?A,. So if [u;r,s,t] is a change of variables relating two
minimal Weierstrass equations, then u € Oj. Some more calculations (together
with the fact that Ok, as a discrete valuation ring, is integrally closed) reveal
that r,s,t € Ok as well. The reduced Weierstrass equations are then related by

the change of variables [u; 7, §,t] where « +— Z is the modulo 7 reduction map
OK — k. O

Definition 9.2. The reduction E /k of an elliptic curve E/K is the reduction
of a minimal Weierstrass equation of it.

Note that E /k doesn’t have to be an elliptic curve since it might have some
singularities.

Definition 9.3. We say E has good reduction if F is nonsingular. Otherwise
we say E has bad reduction.

We can check whether E has good reduction by reducing the discriminant

modulo 7, if we already have a minimal Weierstrass equation. What if we
just have an integral Weierstrass equation? If v(A) = 0, then the equation is
minimal and we indeed have good reduction. If 0 < v(A) < 12, then again the
equation has to be minimal but we must have bad reduction.
There is a well-defined map P*(K) — P2(k),(X : Y : Z) = (X : Y : Z)
(noting that by recaling with a proper power of 7 every point in P?(K) can be
represented by (X : Y : Z) with min{v(z),v(y),v(2)} = 0). This map restricts
to E(K) — E(k), P — P. In the affine patch, if P = (z,y) € E(K), then either
z,y € O in which case P = (&,), or v(z) = —2s,v(y) = —3s, in which case
P=(0:1:0). Thus Ey(K) = E(nOk) is essentially {P € E(K): P =0} (the
“kernel of reduction”).
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Note that if F has bad reduction, then Fhasa unique singularity. We introduce
the notation

= E if E has good reduction
" ) E\{S} if E has bad reduction with singularity S

The chord-and-tangent process always determines a group law on Ey in either
case. Furthermore, Ens is either G, or G,, in the case of bad reduction, with
isomorphism over either k or a quadratic extension of k. Indeed, if chark # 2,
then we can write E : y2 = f(z),deg f =3 and F is singular iff f has repeated
roots. The double roots case gives G,,, whereas the triple roots gives G,. The
proof of the former is on example sheet; As for the latter:

By a translation we may assume that f(z) = 23. FE,, has a parameterisation
Ga,— Ens,t (t72,¢t73). The point at infinity is thus identified as 0 € G,
and (z,y) as z/y. Suppose the line through Pj, P», P3 (whose parameters are
t = t1,ts,t3 respectively) does not pass through the origin, then it has equation
ax+by = 1 for some a,b. Then by substitution t? = at;+b and thus t1 +to+t3 =
0, which means that Fpns 2 G,.

Definition 9.4. Write Fy(K) = {P € E(K) : P € Epg(k)}.

Proposition 9.6. Ey(K) is a subgroup of E(K) and the modulo 7 reduction
map Eo(K) — FEus(k) is a surjective group homomorphism.

Proof. A line £ in P%- has equation aX +bY +cZ = 0 for some (a: b: c) € P%.
By multiplying through with an appropriate multiple of 7, we can choose a, b, ¢
such that min{v(a),v(b),v(c)} = 0. Reduction modulo 7 then yields a (unique)
line £:aX +bY +¢&Z =0 in P.

If P, Py, P; € E(K) has P& P,@®Ps = 0, i.e. they lie on a line ¢, then Py, Py, Ps
lie on £. So if Py, Py € Ey(K), then Py, Py € Eyy(k), thus Py € Epg(k). This
means that P3 € Eo(K) and P+ P+ P;=0.

As for surjectivity, let f(z,y) = v*> + a1zy + a3 — (23 + ag2® + asx + ag).
Let P = (&,9) € Eus(k)\ {0}. As P is not a singular point on E, either
fz(20,90) € OF or fy(20,90) € O

In the former case, we put g(t) = f(t,y0) € Ok|[t], then g(z¢) =0 (mod 7) and
g (x0) € O. Lemmathen gives b € O with g(b) =0 and b =z (mod ).
Then (b, 1) has reduction P.

The latter case is exactly the same.

N O

Recall that for any » > 1 we’ve put E.(K) = {(z,y) € E(K) : v(z)
—2r,v(y) < —=3r} U {0} which gives a chain --- — E3(K) < Ey(K) — F;
We've shown that F,(K) = (Og,+) for r >e/(p—1) and E,(K)/En1+1(K)
(k,+) for any n > 1. We can extend this chain to include --- — E;(K)

Ey(K) < E(K) where we have Fo(K)/E1(K) = Eys(k).

e

Lo

Theorem 9.7. If K is a finite extension of Q,, then E(K) contains a subgroup
of finite index isomorphic to (O, +).

Proof. Let’s show that [E(K) : Eo(K)] < oo, which implies the result. Since
|k| < 00, Ok /7" Ok is finite for any r > 1, which implies that Ok is compact.
P"(K) is the union of the sets {(ap : -+~ :a;—1 :1:a;41: -1 an):a; € Ok},
so this mean that P"(K) is compact with respect to the m-adic topology on K.
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As E(K) C P?(K) is a closed subset, it is a compact topological group. Eo(K)
is an open subgroup in E(K). Indeed, if E is singular at (Zo, Jo), then E(K)\
Ey(K) = {(z,y) € E(K) : v(x —z9) > 1,v(y — yo) > 1} which is closed in
E(K). But then every coset of Fo(K) has to be open, which means that it has
finite index by compactness of E(K). O

Remark. cix(E) = [E(K) : Eg(K)] is called the Tamagawa number of E/K. If
E has good reduction, then cx(E) = 1, but the converse is not true. It can
also be shown that either cx (E) = v(A) or c¢x(E) < 4 (where we work over a
minimal Weierstrass equation).
Let’s recall some facts about local fields.

Let K be a finite extension of Q, and L/K a finite extension. Suppose L has
residue field &’ and K has residue field k. Set f = [k’ : k], then [L : K] = ef
where e is the ramification index of L/K, i.e. the map Z — Z via multiplication
by e makes

K* 2,7
LXTZ

commute. If L/K is Galois, then there is a natural surjection Gal(L/K) —
Gal(k'/k) whose kernel has order e.

We say L/K is unramified if e = 1. For each m > 1, k has a unique extension
k., of degree m and K has a unique unramified extension K,, of degree m.
These extensions are Galois with cyclic Galois group. We write

KT — U K,, C K
m>1
to denote the “maximal unramified extension” of K.

Theorem 9.8. Suppose [K : Q] < 0o, E/K has good reduction and p{n. Let
P € E(K), then K([n]"*P)/K is unramified, where [n]"'P = {Q € E(K) :
TLQ = P} and K({P17 e 5P7}) = K(:C(Pl)7y(P1)7 s a‘T(PT)vy(PT))

Proof. For each m > 1, there is a short exact sequence
0 — E(K,,) — E(K,,) — E(ky,) —— 0

Taking union gives another exact sequence which fits into the commutative
diagram

0 —— By (K™) —— E(K™) E(k) 0
2 2 &
0 —— E(K™) —— E(K™) E(k) 0

The map Eq(K™) — E;(K™) is an isomorphism (Corollary , and E(k) —
E(k) is surjective (Theorem with its kernel isomorphic to (Z/nZ)? (Theo-
rem [6.5)).

By Snake Lemma E(K™)[n] & (Z/nZ)? and E(K™)/nE(K™) = 0. So if
P € E(K), then P = nQ for some Q € E(K™) and [n]'P ={Q&T : T €
E[n]} ¢ K™, so K([n]7'P) < K™ which means that K ([n]~!P)/K is unrami-
fied. O
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10 Elliptic Curves over Number Fields

Suppose K is a number field, i.e. a finite extension of Q, and E/K is an elliptic
curve. For a prime p of K, we write K, to denote the p-adic completion of K
with respect to p. Write k, = Ok /p = Ok, /T, Ok, to denote the residue field.

Definition 10.1. We say p is a prime of good reduction for E/K if E/K, has
good reduction.

Lemma 10.1. E/K has only finitely many primes of bad reduction.

Proof. Take a Weierstrass equation ay,...,as € Og. Then as F is nonsingular,
A # 0. We also have A € Ok as an integer polynomial in a1, ..., ag. Suppose
we have the factorisation (A) = p*---p2. If p ¢ S = {p1,...,p,}, then
vp(A) =0 and hence E/K, has good reduction. O

Remark. If K has class number 1 (but, alas, not in general), we can find a
Weierstrass equation aq, ..., ag € Ok which is minimal at all primes.

Lemma 10.2. E(K)os is finite.

Proof. Take any prime p, we saw F(K,) has a subgroup A of finite index with
A = (Ok,,+) which is torsion-free. So we have E(K)iors — E(Kp)tors —
E(K,)/A which is finite. O

This is very much an overkill proof. Let’s see another way to do it.

Lemma 10.3. Let p be a prime of good reduction withn ¢ p. Then the reduction
modulo p gives an injective group homomorphism E(K)[n] — E(ky)[n].

Proof. Proposition gives a surjective group homomorphism E(K,) — E (kp)
with kernel E4 (K,), which has no n-torsion by Corollary O

Example 10.1. Suppose F/Q is given by 4%+ = 23 —2? which has A = —11.
Then E has good reduction at all p # 11. We count

p |2 3 5 7 11 13
EF,) |5 5 5 10 - 10

The preceding lemma then shows that |E(Q)tors| | 5 X 2 for some a > 0 and
|E(Q)tors| | 5 x 3b for some b > 0, which gives |E(Q)tors| | 5. Let T = (0,0) €
E(Q), then after some calculation we find 57 = 0, so indeed |E(Q)tors| = 5.

Example 10.2. Suppose E/Q has E : y? +y = 23 + 22 which has A = —43.

Then we have

5 7 11 13
10 8 9 19

p |2
|E(F,)| | 5

3
6

So |E(Q)tors| | 5 x 2% for some a > 0 and |E(Q)ors| | 9 x 11° for some b > 0,
50 |E(Q)tors| = 1. Therefore (0,0) has infinite order, consequently F(Q) has
positive rank.
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Example 10.3. Consider the congruent number curves Ep/Q given by y? =
23 — D%z with D square-free. Then A = 26D6. We can spot some torsion
points, e.g. Ep in facts contains all of its 2-torsions 0, (0,0),(£D,0). Let
f(x) =23 — D%z. If pt 2D, then

Ep(F)l =1+ ((’?) +1>

z€F,

So if p =3 (mod 4), then

(L) - (2A2) — (2) (L) - (1)

p p p p p

Therefore |Ep(F,)| = p+ 1. Let m = |Ep(Q)tors|. We then have 4 | m | p + 1
for all sufficiently large primes p = 3 (mod 4) (p t+ 2Dm would be sufficient).
This then means that m = 4 by Dirichlet’s theorem on primes in arithmetic

progressions. Thus Ep(Q)ios = Ep[2] = (Z/2Z)?. Consequently, Ep(Q) has
positive rank iff D is a congruent number.

Lemma 10.4. Let E/Q be given by a Weierstrass equation ay,...,as € Z.
Suppose 0 £ T = (x,y) € E(Q)tors. Then 4x,8y € Z. Furthermore, x,y € Z if
either 2 | ap or 2T # 0.

Proof. The Weierstrass equation defines a formal group E over R = Z. For
r > 1, we have E(pTZp) = {(z,y) € E(Qp) : vp(x) < —2r,vp(y) < =3r} U{0}
with E(p"Z,) & (Z,,+) for 7 > 1/(p — 1). So E(4Zy) and E(pZ,) (for odd p)
are torsion-free. Since 0 # T € E(Q)qors, We have va(x) > —2,v2(y) > —3 and
vp(x) > 0,v,(y) > 0 for all odd primes p, which shows that 4,8y € Z.

Now suppose T € E(27Zy), i.e. va(z) = —2,v5(y) = —3, as E(2Zy)/FE(4Z) =
(Fy,+) and F(47Zs) is torsion-free, we get 2T = 0. Also, (z,y) =T = —T =
(z,—y — a1z — as), so 2y + a1x + az = 0 and therefore a; is odd. O

Example 10.4. On E : > + 2y = 2° + 4z + 1, (—1/4,1/8) € E(Q)[2] is a

2-torsion.

Theorem 10.5 (Lutz-Nagell). Suppose E/Q is given by y*> = f(x) = 23+ax+b
and0 # T = (z,y) € E(Q)tors- We know that x,y € Z (by the preceding lemma),
and we have either y =0 or y? | 4a® + 27b°.

Proof. If 2T = 0 then y = 0 and we are done. Otherwise 0 # 2T = (x2,y2) €
E(Q)tors- Then a9, 9o are integers too. But zo = (f'(2)/2y)? — 2z, so y | f'(z).
Since E is nonsingular, f, f' are coprime, so there are polynomials g, h € Q[X]
such that gf +h(f)? = 1. In fact (3X2+4a)f'(X)? —27(X3+aX —b)f(X) =
4a® + 27b3. Since y | f'(x) and y? = f(z) we conclude y? | (4a® + 27b?). O

Remark. Mazur showed that if E/Q is an elliptic curve, then E(Q)tors is iso-
morphic to either Z/nZ for some 1 <n < 12,n # 11 or Z/2Z x Z/2nZ for some
1 < n < 4. Moreover, all 15 possibilities occur.
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11 Kummer Theory

Suppose K is a field and char K t n. Assume p,, C K.

Lemma 11.1. Let A < KX /(K*)" be a finite subgroup and let L = K (VA
(where /A = {x € K : 2" € A}). Then L/K is Galois and Gal(L/K) =
Hom(A, fiy,).

Proof. L/K is Galois since p, € K and char K { n. Consider the Kummer
pairing (,) : Gal(L/K) X A = py, (0,z) — o(¥/x)/ ¥/x. This is well-defined: If
a,B € L have o™ = 8" = z, then «/f € K, so o(a/B) = a/B. The pairing is
bilinear: We have

UT(W)T(”iK = (0,Z)(T,T
/= (eana)

B

oY) _ ol3/5) ()
YTy Ve o 3y

The pairing is also nondegenerate: If (o,z) = 1 for any z € A, then o({/x) =
Yx for all z € A, so o fixes everything in L, i.e. o = idy. Conversely, if
(o,2) =1 for all o € Gal(L/K), then o(/z) = ¥/z for every o € Gal(L/K), so
Y/z € K, which means that z € (K*)".

The pairing gives injective group homomorphisms Gal(L/K) — Hom(A, uy,)
and A — Hom(Gal(L/K), 1,). The first injection shows that Gal(L/K) is
abelian and of exponent divide n (i.e. every element has order dividing n). Re-
call that is G is a finite abelian group of exponent dividing n, then Hom(G, p,,) =
G. So the injections give | Gal(L/K)| < |A] < | Gal(L/K)| which then implies
the isomorphism. O

Example 11.1. Gal(Q(v/2,v3,V5)/Q) = (Z/27)3.

Theorem 11.2. There is a bijection between finite subgroups A < K* /(K*)™
and finite abelian extensions LK of exponent dividing n via A — K(/A), L
(LX) NV K) /(K)™.

(o,2y) = = (0,z)(0,y)

Proof. Suppose A < K*/(K*)™ be a finite subgroup and let L = K(V/A).
Consider A" = ((L*)* n K*)/(K*)". Clearly A C A’, so we need only
to show that |A| = |A'| to deduce A = A’. Indeed, the inclusion gives
L=K(YA) c K(Y/A') C L, so K(Y/A) = K(Y/A’) and therefore |A| = |A/|
by Lemma |11.1

Conversely, let L/K be a finite abelian extension of exponent dividing n and let
A= ((L*)"NK*)/(K*)". Now K(¥/A) C L. So to show that they are equal
it suffices to show that they have the same degree over K.

Let G = Gal(L/K). The Kummer pairing gives an injection A — Hom(G, p,,).
We want to show its surjectivity which would give the result by Lemma [11.1
since | Hom(G, py,)| = |G| (noting that G has exponent dividing n).

Let x : G — py, be a group homomorphism. By linear independence of charac-
ters, we know that there is a nonzero a € L with y = > . x(7)"'7(a) # 0.
For 0 € G, we have

a(y) =Y or(a) = x(o~'r)'r(a) = x(o)y

oceG TEG
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So o(y™) = y™ which means that z = y™ € K* N (L*)", i.e. x(K*)" € A. Also
x(o) =0o(y)/y = o(/x)/ V/x, so A = Hom(G, p,) sends x(K*)™ to x. O

Proposition 11.3. Suppose K is a number field that contains its pu,,. Let S be a
finite set of primes of K. There are only finitely many finite abelian extensions
L/K of exponent dividing n such that L/K is unramified at all p ¢ S.

Proof. The preceding theorem shows that any finite abelian extensions L/K
of exponent dividing n must be of the form K (3/A) for some finite subgroup
A C K*/(K*)™ Suppose p is a prime of K, then pOy = BT - - P&~ where
B; are distinct primes of L. If x € K* represents an element of A, then
nop, (V) = vy, (x) = eqvy (@).

If p ¢ S, then all e; would be 1, which means that v,(z) = 0 (mod n). This
implies that A C K(S,n) where K(S,n) = {x € K*/(K*)" :Vp ¢ S,vp(x) =0
(mod n)}. We will get our result if we can show that K(S,n) is always finite.
Let’s give this result the glory of a separate lemma. O

Lemma 11.4. K(S,n) is finite.

Proof. Tt suffices to prove the lemma for S = @ as the map K (S,n) — (Z/nZ)!°|
given by x — (vp(z) mod n)yes has kernel K (@, n).

If x € K represents an element of K(&,n), then () = a™ for some fractional
ideal a. There is an exact sequence

0 —— 05/(05)" — K(2,nf S 381 0] —— 0

But Clk [n] is finite and O is finitely generated, so K (@&, n) has to be finite. O

12 Mordell-Weil Theorem

Lemma 12.1. Suppose E/K s an elliptic curve and L/K is a finite Galois
extension. The natural map E(K)/nE(K) — E(L)/nE(L) has finite kernel.

Proof. For each element in the kernel, we pick a coset representative P €
E(K) and @ € E(L) with n@Q = P. Note that if ¢ € Gal(L/K), then
n(cQ ©Q) =ocP 6 P =Po P =0, which means that cQ © Q € E[n]. Since
Gal(L/K) and E[n] are finite, there are only finitely many possibilities for the
map Gal(L/K) — E[n],oc — cQ © Q. But if P, P, € E(K) have P, = nQ);
for Q1,Q2 € E(L) and 0Q1 © Q1 = 0Q2 © Q2 for every o € Gal(L/K), then
Q1 6 Q2 € E(K), which means that P, © P, € nE(K). O

Theorem 12.2 (Weak Mordell-Weil). Suppose K is a number field and E/K
is an elliptic curve. For any n > 2, the quotient E(K)/nE(K) is finite.

Proof. By the preceding lemma, we can replace K by any finite Galois extension
of K, so WLOG u, C K and E[n] C E(K). We claim that for any P € E(K),
the extension K ([n]~'P)/K satisfies the hypothesis of Proposition with

S ={p:p|n}U{primes of bad reduction for E/K}

If this were true, then

U K('p)

PcE(K)
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is a finite union, hence generates a finite extension L of K. L/K is finite and
Galois; Moreover, E(K)/nE(K) — E(L)/nE(L) is the zero map. Using the
preceding lemma again shows the result.

So why is our claim true? As E[n] C E(K), for any P € E(K), Gal(K/K)
acts on [n]~!P. So Gal(K/K([n]~'P)) is a normal subgroup of Gal(K/K)
and hence K([n]71P)/K is Galois. Pick Q € [n]7!P and consider the map
Gal(K([n]"'P)/K) — E[n] = (Z/nZ)?,0 — 0Q © Q. It’s clear that this is
a group homomorphism. Suppose cQ = @Q, then o(Q +T) = Q + T for any
n-torsions 7', which means that o fixes K([n]~!P) pointwise, which forces it to
be the identity. Thus K ([n]~!P)/K is abelian and has exponent dividing n.
K([n]7'P)/K is unramified at all p ¢ S by Theorem O

Remark. If K =R,C or [K : Q] < o0, then |E(K)/nE(K)| < oo, yet E(K) is
uncountable hence cannot be finitely generated.

For a number field K and an elliptic curve E/K, there is a quadratic form
(“canonical height”) & : E(K) — Rsq with the property that for any B > 0 we
have {P € E(K) : h(P) < B} is finite. We'll cover the theory of heights in a
moment, but first let’s see the consequences.

Theorem 12.3 (Mordell-Weil). Suppose K is a number field and E/K an
elliptic curve, then E(K) is a finitely generated abelian group.

Proof. Fix an integer n > 2. By the preceding theorem, m = |E(K)/nE(K)| <
co. Pick coset representatives Pi,...,Pn. Let & = {P € E(K) : h(P) <
max{h(P;) : 1 <i < m}}. We claim that ¥ generates F(K). Indeed, if not,
then there is some P € E(K) \ (¥) of minimal height. Then P = P; + nQ
for some 1 < ¢ < m,Q € E(K) and we must have @ € E(K) \ (¥). We
have h(P) < h(Q) by minimality, so 4h(P) < 4h(Q) < n2h(Q) < h(nQ) =
h(P = P,) < h(P — P;) + h(P + P;) = 2h(P) + 2h(P;). So h(P) < h(P;), which
however means that P € 3., contradiction. O

13 Heights

For simplicity, we’ll take our number field to be K = Q, but it’s not hard (just
notationally chaotic) to extend to arbitrary number fields.

Definition 13.1. For P € P*(Q), we express it in projective coordinates (ag :
- ap) such that ag,...,a, € Z have ged(ag, ..., a,) = 1. The height of P is
H(P) = maxp<i<n |az|

Lemma 13.1. Let fi1, fo € Q[X1, X2] be coprime homogenous polynomials of
degree d. Let F : P! — P! (21,25) — (fi(21,22) : folw1,72)). Then there
are constants ci,ca > 0 such that cH(P)? < H(F(P)) < coH(P)? for all
P e PYQ).

Proof. WLOG f1, f2 have integer coefficients. Write P = (a : b) with a,b co-
prime integers. Then H(F(P)) < max{|fi(a,b),|f2(a,b)|} < co(max{a,b})?
where ¢y is the bigger one between the sums of absolute values of the respective
coefficients of f;.

As for the lower bound, we claim that there exists polynomials (g;;)1<i j<2 €
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Z[X1, X5] of degree d — 1 with some integer k € Z~( such that Z?:l gijf; =

kX fd_l. Indeed, this comes from running Euclid’s algorithm on the pairs
fl(Xv 1)1f2(X7 1) and fl(]-vX)7f2(1aX)
Write P = (ay : az) with ay, as coprime integers, then Zj gij(a1,a2) fi(ar,as) =

ka2¥™t. Thus ged(fi(ay, as), f2(a1,a2)) | ged(ka?*™!, ka3*™!) = k. Then

ra;?™| < m?X|fj(a1,a2)| > lgijlar,az)| < kH(F(P))yH(P)*™!

J
where ~; is the sum of the absolute values of the coefficients of g;1,¢g;2. So
la;|??=! < H(F(P))y;H(P)?! and therefore
H(P)*¥=! < max{y, v} H(F(P))H(P)"
which rearranges to give the result. O
For z € Q, we write H(z) = H((z : 1)).

Suppose E/Q is an elliptic curve E : y? = 2 + ax + b.
Definition 13.2. The height on the elliptic curve F is defined as
H(z) if P=(x,y) #0g

H:FE — R>q, P —
(@ = R0 {1 if P=0p

The logarithmic height is & = log H.

Lemma 13.2. Let E, E’ be elliptic curves over Q and ¢ : E — E’ an isogeny
defined over Q. Then there is ¢ > 0 such that |h(¢p(P)) — (deg ¢)h(P)| < ¢ for
all P € E(Q).

Proof. Let £ be as in Lemma and d = deg¢ = degf. By the preceding
lemma, there are cy,ca > 0 with ¢; H(P)¢ < H(¢(P)) < coH(P)? for all P €
E(Q), and taking logs gives |h(¢(P) — dh(P)| < ¢ = max{logca, —logc;}. O

Example 13.1. Take ¢ = [2] : E — E, then we conclude by the preceding
lemma that there is some ¢ > 0 with |h(2P) — 4h(P)| < c for all P € E(Q).

This example in particular gives the convergence of

Definition 13.3. The canonical height is

W(P) = Tim —h(2"P)

n—oo 41

Indeed, we have, for m > n,

1 1 1
4—mh(2mp) - 4nh(2"P)‘ < s h(2"*'P) — —h(2"P)
mil 1
= > prlh2@ P) —4h(2'P)
=1 c
§074T+1—34n—>0

as n — 00. So the limit defining h does always exist.
A special case of the calculation (i.e. taking n = 0) reveals that
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Lemma 13.3. |h(P) — h(P)| is bounded over P € E(Q).
Corollary 13.4. For any B > 0, |{P € E(Q) : h(P) < B}| is finite.

Proof. The same statement is clearly true if we replace h by h, so we conclude
by the preceding lemma. O

So the only thing left to show is that his a quadratic form.

Lemma 13.5. Suppose ¢ : E — E' is an isogeny over Q, then h(¢(P)) =
(deg @) (P).

Proof. Take ¢ > 0 with |h(¢(P)) — (deg ¢)h(P)| < ¢ for all P € E(Q). Replace
P by 2™ P, divide through by 4", and take n — oc. O

Corollary 13.6. h (unlike h) does not depend on the choice of Weierstrass
equation for E.

Corollary 13.7. h(nP) = n2h(P) for all P € E(Q).

Lemma 13.8. Let E/Q be an elliptic curve and fiz a Weiertrass equation y* =
23 4+ ax +b,a,b €Z for it. Then there is some C > 0 such that

H(P+Q)H(P—Q) < CH(P)’H(Q)?
for all P,Q € E(Q) with P,Q,P +Q # 0g.

Proof. Suppose P,Q, P + @, P — @ have z-coordinates x1,...,x4. Write z; =
r;/s; where r;,s; € Z are coprime. We then have (sgsy : r3ry + ry4s3 : r3ry) =
(Wo : Wq : Wa) where Wy, Wy, Wy are integer polynomials in rq, s1, 72, o with
degrees at most 2 both in 71, s1 and 72, s2, and Wy = (r1s2 — T‘281)2. Then

H(P+Q)H(P — Q) = max{|rs|, [s3|} max{|ra], [sa|}
< 2max{|s3s4l, |r3sa + rass|, |r3ral}
< 2max{|Wy|, (Wi, [W2|} < CH(P)*H(Q)?

for some constant C. O
Theorem 13.9. h: E(Q) — R>¢ is a quadratic form.

Proof. Taking logarithm in the preceding lemma gives (the cases when some of
P,Q,P £ Q is Og are either trivial or follows from the preceding discussion)

h(P+ Q)+ h(P—Q) <2h(P)+2h(Q) + ¢

for some constant c. Taking a limit gives h(P+Q)+h(P —Q) < 2h(P)+2h(Q).
Replacing P,@Q by P+ Q, P — @ gives the reverse inequality, so we have the
parallelogram law. O

Remark. How about the case where we work over a general number field that’s
not Q7 Well, most things pretty much follows in exactly the same fashion. The
only intricacy is to generalise our original definition of height on a projective
space.

Recall that the places of a number field K are the finite places given by |z|, =
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¢ () for some constant ¢ > 1, and the infinite places (arising from real and
complex embeddings) |z|, = |o(z)|? for some d > 0. Appropriate choices of ¢, d
gives rise to the so-called product formula [], [A], =1 for all A\ € K, where v
runs through all places.

Given P = (ag: a1 :---: a,) € P*(K), we can then define
H(P) = 1:[ <OIgz'a<Xn|aliv>
v place

which, as it turns out, works.

14 Dual Isogenies and Weil Pairing

Suppose K is a perfect field and E/K an elliptic curve.

Proposition 14.1. Let ® C E(K) be a finite subgroup that’s stable under the
Gal(K/K)-action. Then there is an elliptic curve E'/K and a separable isogeny
¢ : E — E' defined over K with kernel ® such that every isogeny ¢ : E — E"
with kernel containing ® uniquely factors through ¢.

E Y B

/7(
d)l 3
El

Proof. Omitted. O

Proposition 14.2. Let ¢ : E — EA' be an isogeny and deg ¢ = n, then there is
a unique isogeny ¢ : E' — E with ¢ o ¢ = [n].

Definition 14.1. ngS as thus is called the dual isogeny of ¢.

Proof. When ¢ is separable, this follows directly from the preceding proposition
since |ker ¢| =n = ker ¢ C ker[n].
The inseparable case is omitted. O

Remark. 1. If we write Fy ~ FEs to say that Fp, E5 are isogenous, then ~ is an
equivalence relation.

2. As deg[n] = n2, we have deg ¢ = n = deg ¢. Moreover, [n] = [n].

3. We have podpo¢p = ¢o [n|g = [n]gr o &, so (¢OQA57 [n]g) o ¢ = 0, which
means that ¢ o ¢ = [n]g as ¢ is nonconstant hence surjective on K-points. In

particular, ¢ = ¢.
Definition 14.2. We have a map sum : Div(E) — E,) pnp[P] = @pnpP.

Recall that we have an isomorphism E 2 Pic’(E), P ~ [[P] — [0g]]. This
sends sum D to [D] for any divisor D € Div’(E). Consequently,

Lemma 14.3. D € Div(E) is principal iff deg D =0 and sum D = 0.
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For an isogeny ¢ : E — E', we write E[¢] for ker ¢.
Let ¢ : E — E’ be an isogeny of degree n with dual ¢ : E' — E. Assume
char K tn (so ¢, ¢ are separable).
The Weil pairing es : E[¢] X E'[¢] — pn (on K-points) is defined as follows:
Let T € E'[¢], then nT = 0, so 3f € K(E')* such that div(f) = n[T] — n[0].

Pick Ty € E(K) such that ¢Ty = T, then

¢ =" 0= Y [PeTo]— Y [P]

PeE|[¢] PcE[¢)]

has sum nTy = ¢(¢(Th)) = G(T) = 0. So there is some g € K(E)* with
divg = ¢*[T] — ¢™[0].

Now div(¢* f) = ¢*(div(f)) = ¢*(n[T]—n[0]) = div(¢g™). That is, ¢* f = cg™ for
some ¢ € K*. By rescaling f we can assume WLOG that ¢ = 1, i.e. ¢*f = g™.
If S € E[¢], then ¢ o7g = ¢,75 0 ¢* = ¢*. Therefore div(rig) = 74(divg) =
div g, which means that 759 = (g for some ¢ € K*. In other words, ¢

g(X @ 85)/g(X) for all X € E(K) at which g has order 0. Now (" = f(qﬁ(Xé
S))/f(¢(X)) = 1since S € E[¢], so ¢ € uy,, and we can set e,(S,T) = (.

Proposition 14.4. ey is bilinear and nondegenerate.
Proof. Linearity in first argument is easy:

_ g(X oS P 52) g(X D 52)
O XA N6y

= ey(S1,T)e(52,T)

As for linearity in second argument, let 71,75 € E'[¢] have div(f;) = n[T}] —
n[0], ¢* f; = g®. Choose h € K(E)* with div(h) = [T}] + [Tz] — [T} ® T3] — [0]
and set f = fi1fa/h™. Then we have div f = n[T1 ® Tz] — n[0] and ¢*f =
(0* f1)(* f2)/(¢*h)™ = (g1g2/d*h)™. So we can set g = g1g2/¢*h. Thus
9X®S) _ 1(X®5)go(XBS) h(o(X))

9(X) g1(X)  g2X) h(d(X®D9))
=e4(5, T1)eg (5, Tz)

6¢(S, T & TQ) =

Non-degeneracy is a wittle harder. For T' € E’[¢], suppose e4(—,T) = 0, then
749 = g for all s € E[¢]. Now K(E)/¢*K(E') is a Galois extension with Galois
group E[¢] (S € E[¢] acts on E via 7%). So g € ¢*K(E'), i.e. g = ¢*h for some
h € K(E'"). Consequently ¢*f = g = ¢*(h™) which means that f = h", i..
divh = [T] — [0]. But sum([7] — [0]) # 0 unless T' = 0.

So E'[¢] — Hom(E[¢], uun), T + (S +— e4(S,T)) is injective, so this is an
isomorphism by counting, which forces ey to be nondegenerate. O

Remark. 1. If E,E’', ¢ are defined over K, then ey is Galois-equivariant, in the
sense that e,(0S,0T) = €4(S,T) for all 0 € Gal(K/K).

2. When ¢ = [n] : E = E (so ¢ = [n]), we have ey = ey : E[n] X En] = p,2.
The image is contained in w,, C p,2 since E[n] x E[n] has exponent n.

Corollary 14.5. If E[n] C E(K), then K D p,.

Proof. As e, is nondegenerate, there are S, T € F[n] such that ¢,, = ¢, (S, T) isa
primitive nt" root of unity. By Galois equivariance, we have 0(,, = e,,(05,0T) =
en(S,T) = ¢, for any o € Gal(K/K). Thus ¢, € K. O
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Example 14.1. There is no elliptic curve E/Q with E(Q)iors = (Z/37Z)? since
the preceding corollary would imply ps € Q which is false.

Remark. The Weil pairing is in fact alternating, i.e. e,(T,T) = 0 for all T €
E[n]. In particular, by expanding e, (S@®T,S@®T) we conclude that e, (S,T) =
en(T,S8)7 L.

15 Galois Cohomology

15.1 Group and Galois Cohomology

Let G be a group and A an abelian group that’s a G-module, i.e. equipped with
a homomorphism G — Aut(A). Equivalently, A is a module over the group ring
Z|G].

Definition 15.1. The 0" group cohomology is H*(G,A) = A = {a € A :
Vo € G,o(a) = a}.

The collection of the 15! cochains is C1(G, A) = {maps G — A}; The collection
of the 15¢ cocycles is Z*(G, A) = {(av)oec : Gor = 0(a;) + a, }; The collection
of the 1% coboundaries is BY(G, A) = {(ob — b),ca : b € A}.

Clearly B} (G, A) c ZY(G,A) c C*(G, A). We set the 1% group cohomology to
be HY(G,A) = Z'(G, A)/BY(G, A).

Remark. If G acts trivially on A, then H'(G, A) = {maps G — A}.

Theorem 15.1. A short exact sequence of G-modules

0 A—2sB-Ysc 0
gives rise to a long exact sequence of abelian groups

0 - o [
4

HY(G,A) —— HY(G,B) —— HYG,0)

(o W

Proof. Omitted, but we’re gonna cover what § is.

Suppose ¢ € CY, then there is some b € B with ¢(b) = ¢. For any o € G,
we know that ¥(cb —b) = oc — ¢ =0, so 0b—b € keryy = Im¢. Therefore
ob—b = ¢(a,) for some a, € A. We define §(c) = (ay)seq mod BY(G, A),
which is well-defined as one can check. O

Theorem 15.2. Let A be a G-module and H < G is a normal subgroup, then
there is an “inflation-restriction” exact sequence

0 —— HYG/H,A") 2L, H1(G,A) == H'(H,A) —— 0

Proof. Omitted. O

Let K be a perfect field. Gal(K/K) is a topological group whose topology
is generated by the basis of open sets given by subgroups of the form Gal(K /L)
where L is a finite extension of K. In the case G = Gal(K/K), we modify
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the definition of a G-module by insisting that Stab(a) is always open; And we
modify the definition of H' by insisting that all cochains G' — A considered are
continuous, where A is given the discrete topology. As usual one can check that
nothing really breaks.

Consequently,

HY(Gal(K/K), A) = hﬂ Hl(Gal(L/K),AGal(I_(/L))
L/K finite Galois

with the direct limit taken with respect to the inflation maps.

15.2 Hilbert’s Theorem 90; Kummer Theory

Theorem 15.3 (Hilbert’s Theorem 90). Suppose L/K is a finite Galois exten-
sion, then H'(Gal(L/K),L*) = 0.

Proof. Let G = Gal(L/K) and let (a,)sec € Z*(G,L*). By linear indepen-
dence of characters, there is some y € L such that z =3 __. a;lr(y) # 0. For
o € G, we have

o(x) = Z ola;)tor(y) = as Z ajlor(y) = asx

TEG TEG
So a, = o(x)/z which means that (a,),ecq € BY(G, L*), hence the result. [
Corollary 15.4. H'(Gal(K/K),K*) = 0.

Assume char K { n, then there is an exact sequence of Gal(K/K)-modules

0 L Kx 22l gx 0
So we get another exact sequence
Kx 220 gx s HY(Gal(K/K), jin) —— HY(Gal(K/K), K*)
But H'(Gal(K/K),K*) = 0 by the last corollary, so H'(Gal(K/K), i) =
K*/(K*)™ If p, C K then Homs (Gal(K/K), p,) = K*/(K*)™.
Suppose now that L/K is a finite Galois extension. The surjective homomor-
phism 7 : Gal(K/K) — Gal(L/K) induces an embedding
Hom(Gal(L/K), pin) = Homes (Gal(K/K), p,) = K™ J(K*)",x = xoT

whose image is a finite subgroup A C K> /(K*)™. Suppose Gal(L/K) is abelian
of exponent dividing n, then

[L: K] = | Gal(L/K)| = | Hom(Gal(L/K), )| = |A|

which can be compared with Theorem [11.2
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15.3 Mordell-Weil with Cohomology
We write H' (K, —) = H (Gal(K/K), —).
Lemma 15.5. Suppose K is a finite extension of Qp, then
ker(HY (K, pu,) — HY (K™, pp)) C{x € K*/(K*)" :v(z) =0 (mod n)}

Proof. By Theorem we have the identifications H' (K, u,) = K* /(K*)"
and HY (K™, u,) = (K*)*/((K*)*)". The discrete valuation v : KX — Z
extends to a discrete valuation v : (K™)* — Z. So if x € K* is such that
x = y" for some y € (K™)*, then v(z) = nv(y) =0 (mod n). O

Remark. One can also show that if p { n then this is actually an equality.
Let ¢ : E — E’' be an isogeny of elliptic curves over K. Then there is a short
exact sequence of Gal(K/K)-modules

¢

0 —— E[g] E E 0
which then gives rise to a long exact sequence of abelian groups

E(K) BN E'(K) SN HY(K,E[¢]) —— HY(K,E) LN HY(K,E")
Modifying this gives a short exact sequence

0 — E'(K)/¢pE(K) — HY(K,E[¢]) —— HYK,E)[¢.] —— 0

Now take K a number field. For each place v, we fix an emedding K c K,.
Then we have a natural inclusion Gal(K,/K,) C Gal(K/K). Taking product
over all places, we have a commutative diagram

0 —— E'(K)/oE(K) - HY(K,E[¢]) — HYK,E)[¢s] — 0

0 — [I, B'(K,) /¢ E(K,) < [], H (K., Elg]) — [1, H' (Ko, B)[¢.] — 0
Definition 15.2. The ¢-Selmer group is
SO(E/K) = ker (H YK, Blg) = [[ H' (K., E))
={a € H'(K,E[¢)]) : Vv,res,(a) € Im(6,)}
The Tate-Shafarevich group is
II(E/K) = ker (Hl(K, E) = [[H' (K., E))
We get a short exact sequence
0 — F'(K)/¢BE(K) —— SY(E/K) —— II(E/K)[¢.] — 0
Taking ¢ = [n] gives

0 —— B(K)/nE(K) —— S™(E/K) —— II(E/K)[n] —— 0
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Theorem 15.6. S (E/K) is finite.
Of course this implies Theorem [12.2

Proof. For a finite Galois extension L/K, we have the exact sequence

0 — H'Y(Gal(L/K), E(L)[n)) 225 HY(K, E[n]) *% H'(L, E[n]) — 0

J J

SM(E/K) — S™(E/L)

So we are free to replace our field by a finite Galois extension of it, in particular
we can assume that E[n] C E(K) (hence u, C K). Therefore E[n] = pu, X
pn as a Gal(K/K)-module. Hence H'(K, E[n]) = HY (K, p,) x HY(K, ) =
(K J(K*)™) x (K™ [(K*)").

Let S = {primes of bad reduction for £/K} U {v | noo}, which is a finite set of
primes. The subgroup of H'(K, A) unramified outside S is

H' (K, 4; 5) = ker <H1<K, A-1] Hl(ﬂiA))
vgS

Exact sequence time.

L B(K) M B(KL) s HV(K,, Eln]) —— ---

l / |

- —— B(K) =" B(K}Y) —— H(KY Bln)) — -+
Now [n] : E(K!) — E(KPT) is surjective for any v ¢ S (recall Theorem
[0.8), so BE(K™) — HY (K", E[n]) is actually the zero map and thus Imé, C
ker(H'(K,, E[n]) — H'(K2, E[n])). We package the rest of the proof in the

v )
following lemma. O

Lemma 15.7. Let K be a finite extension of Qp, then
X
ker(H (K, j1n,) — HY (K™, ) C {:c € ) cv(z) =0 (mod n)}
Therefore S (E/K) ¢ HY(K, E[n]; S) = HY(K, pin; S)? € K(S,n)?.
K (S, n) is finite by Lemma so we conclude the finiteness of S (E/K).

Remark. S™(E/K) is finite and effectively computable. On the other hand,
it’s conjectured that |III(E/K)| < oo, which would imply the effective com-
putability of the rank of E(K).

16 Descent by Cyclic Isogeny

16.1 Basic Idea
Let E, E’ be elliptic curves over a number field K and ¢ : E — E’ an isogeny

of degree n. Suppose F'[¢p] = Z/nZ and is generated by T € E'(K), then
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E[¢] = p, as a Galois module via S + e4(S,T). We get a short exact sequence

0 lin E-—"LF 0

which gives rise to a long exact sequence

s B(K) 2 B'(K) — HY(K, pn) ——

|

KX/(KX )n

Theorem 16.1. Let f € K(E') and g € K(E) be such that div(f) = n[T]—n[0]
and ¢*f = g™. Then a(P) = f(P) mod (K*)" for any P € F'(K)\ {0,T}.

Proof. Let Q € ¢~ P, then §(P) is represented by the cocycle o — o(Q)©Q €
E[¢] = w,. We have

40QeQeQ)  g0Q)  ow@Q) o /FP)
QAN ="t T 00 - 9@ - o

Therefore P is represented by the cocycle o — o(3/f(P))//f(P). But
KX/(KX)" = HYK,u,) via exactly z — (o0 — o(/x)/ /), Wthh gives
the result. O

16.2 Descent by 2-Isogeny

Let’s now see what happens when we set n = 2. Consider E : y? = (2% + azx +
b), A =b(a®? — 4ab) # 0 and E' = y? = x(2® + 'z +V'),d’ = —2a,V = a® — 4b.
Recall that we have a 2-isogeny ¢ : E — E',(z,y) — ((y/z)?,y(z* — b)/2?)
whose dual is ¢ : B/ — E,(z,y) — ((1/4)(y/x)2 (1/8)y(z? — b)/x?). Then
E[¢] ={0,T},T = (0,0) € E and E'[¢] = {0,T"},T" = (0,0) € E'.

Proposition 16.2. There is a group homomorphism E'(K) — K> /(K*)? via
z(KX)? ifx#0
(z,y) = ,( X) 2
V(K*)* ifx=0
with kernel ¢ E(K).

Proof. Apply the preceding theorem with f = z € K(F’) and g = y/z €
K(E). O

One can alternatively show this by direct calculation (example sheet).
So we have injective group homomorphisms
E(K) K> E'(K) K>

EOER) (K0T GE(ER) T (KX)?

Lemma 16.3. 2rankE(K) — 2rankE’(K) = |ImaE|| Il’Il(OéE')|/4
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Proof. Suppose we have homomorphisms f : A — B,g : B — C of abelian
groups. There is an exact sequence

0 —— ker(f) — ker(go f) AN ker g

coker(f) —;— coker(go f) — coker(g) —— 0

Applying this to g = q{), f = ¢ gives

ENK)/E(K) —— E(K)/2E(K) — E(K)/¢E'(K) — 0

which gives |E(K)/2E(K)|/|E(K)[2]| = |Imag||Im(ag)|/4.

Write E(K) = A x Z" with A finite by Theorem [12.3] Then E(K)/2E(K) =
(A/2A) % (Z/2Z)" and E(K)[2] = A[2]. We know that A[2] and A/2A have the
same order since A is finite. So we conclude |E(K)/2E(K)|/|E(K)[2]| = 2", as
desired. O

Lemma 16.4. Suppose a,b € Ok, then Inag C K(S,2) where S consists of
primes dividing b.

Proof. We want to show that if z,y € K have y? = z(2%+az+b) and v,(b) = 0,
then vy(z) =0 (mod 2).

If vy (x) < 0, then Lemma shows that v, (2) = —2r for some r > 1.

If vy(z) > 0 (the case vy(z) = 0 is vacuously true), then v, (2% + az + b) = 0,
thus vy (x) = vy (y?) = 2v,y(y) =0 (mod 2). O

Lemma 16.5. If biby = b, then b1 (K*)? € Imag iff w? = byu* + au?v? + byt
is soluble for u,v,w € K not all zero.

Proof. 1f by € (K*)? or by € (K*)?, then both conditions are clearly satisfied.
Assume henceforth that b1, b are not squares.

bi(K*)? € Im(ag) iff there is some (z,y) € E(K) such that * = b1t? for
some t € K*. Suppose this is true, then y> = b1t?((b1t?)? + abit? +b). We
divide through to get (y/(bit))? = bit* + at® + by which gives the solution
u=t,v=1w=y/(bt) to the equation.

Conversely, if we have a nontrivial solution (u,v,w), then uv # 0 and hence
(b1(u/v)?, byuw/v?) € E(K). O

Now take K = Q.

Example 16.1. Let’s go back to our friend £ : 4> = 2% — 2 (soa = 0,b = —1).
Then Imap = (1) € Q*/(Q*)%. We have E’ : y?> = 2% + 42 and Imap C
(—1,2) C Q% /(Q)".

Applying the preceding lemma to by = —1,b; = 2 and b; = —2 gives the
equations w? = —u* — v, w? = 2u* + 2v%, w? = —2u* — 2v%. The first and
third equations clearly have no nontrivial solution over @ (even over R). The
second one has solution (u,v,w) = (1,1,2). Thus Imag = (2) C Q*/(Q*)?,
giving rank £(Q) = 0. Consequently, 1 is not a congruent number.
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Example 16.2. Let’s look at the curves E : y? = 23 + px where p is a prime
and p = 5 (mod 8). For by = —1, we get the equation w? = —u* — pv* which
doesn’t have nontrivial solutions. Therefore Imag = (p) C Q*/(Q*)%.

We have E' : y? = 23 — 4pz and Imap C (—1,2,p) C Q*/(Q*)2. Note that
ap (T") = (—4p)(Q*)? = (—p)(Q*)%. So to check the rest it suffices to check
the cases by = 2,b; = —2,b; = p, giving equations w? = 2u* — 2pv*, w? =
—2ut + 2pvt, w? = put — 4.

Suppose w? = 2u* — 2pv* has a nontrivial solution (u,v,w) in Q. WLOG
u,v € Z (hence w € Z) and u, v are coprime. If p | u, then p | w,p | v which is a
contradiction. So w? = 2u* #Z 0 (mod p), meaning that 2 is a quadratic residue
modulo p, contrading p =5 (mod 8).

A similar argument shows that w? = —2u* 4+ 2pv* doesn’t have any nontrivial
solution either, as —2 too is a quadratic non-residue modulo p. We’ll continue
the argument after a remark about the general case.

If we want to use argue the unsolvability of some Diophantine equation, the
most frequently used tools in our repertoire would be localising to some finite
or infinite places and deduce a contradiction there. In general, for E : y? =
x(2® + ax + b) with the 2-isogeny ¢ : E — E’ : y?> = x(2? + d’z + 1), we'll be
interested in equations of the form w? = byu*+ a’u?v? 4 byv*. We have an exact
sequence

0 — E'(Q)/¢E(Q) — SY(E/Q) — LL(E/Q)[¢] — 0

o~

QX/(QX)Q

The image of ag/, which are those b;(Q*)? such that the second equation is
solvable over @, must be contained in S(®)(E/Q), which consists of those such
that the second equation is solvable over all Q, and over R.

We don'’t really need to do a lot of work to check all places. From example sheet,
you know that any genus 1 curve must have a point defined over a finite field.
Combining this with Lemma shows that if a,by, by € Z and p { 2b(a® — 4b)
then the first equation is always soluble over Q. This conclude the local result
for all but finitely many places.

Example 16.3. Back to our previous example. We now know that

0 if w? = —2u* 4 2pv?* is insoluble over Q
1 if w? = —2u* + 2pv? is soluble over Q

rank E(Q) = {

Now w? = —2u* + 2pv? is soluble over Qp as —1 is a quadratic residue modulo

p, so —1 € (25)2 by Lemma It’s soluble over Q2 as p —4 = 1 (mod 8),
which means that p — 4 € (Z5)?. It’s also soluble over R since \/p € R.

A conjecture of Selmer says that, in fact, the rank of F(Q) is 1 for all primes
p =5 (mod 8). Indeed, this is in accordance with small numerical examples

plu v w
5 |1 1 1
1311 1 3
2911 1 )
3715 3 151
53 |1 1 7
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The conjecture was proved by Cassels, conditioning on the finiteness of III.

Example 16.4 (Lind). Consider E : y? = 23 4+ 172. We have Imag = (17) C
Q*/(Q*)2%, E" : y?> = 23 — 682. Taking b; = 2 gives w? = 2u* — 34v*. Replace
w by 2w gives the equation C : 2w? = u* — 17v%.

We write C(K) = {(u,v,w) : u,v,w not all zero, 2w? = u* — 17v*} up to the
equivalence relation defining a (1,1, 2)-weighted projective space. C(Qz) # @
using the fact that 17 € (Q3)* (using Lemmal(8.1)); C(Qy7) # @ since 2 € (Q}5)%;
C(R) # @ since v/2 € R. In other words, C(Q,) is nonempty for all places v.
However, it turns out that C(Q) is empty. Suppose (u,v,w) € C(Q) where
WLOG u,v,w € Z and u,v are coprime, w > 0. Now if 17 | w then 17 | u
which means that 17 | v, contradicting coprimality assumption. So if p | w is an
odd prime, then p # 17 and 17 is a quadratic residue modulo p. By quadratic
reciprocity, p has to be a square modulo 17. 2 is also a square modulo 17. This
forces w to be a square modulo 17. But 2w? = u* (mod 17), so 2 is a fourth
power modulo 17, which it isn’t.

C here serves as a counterexample to the Hasse principle. It represents a non-
trivial element of III(E/Q).

16.3 The Birch and Swinnerton-Dyer (BSD) Conjecture

Let E/Q be an elliptic curve.

Definition 16.1. The L-function of E/Q is L(E,s) = [[, Ly(E,s) where
L,(E,s) = (1—ayp=*+p'~2*)~1 if F has good reduction modulo p, L,(E, s) =
(1 —p~*)~!if E has split multiplicative reduction, L,(E,s) = (1 +p~*)~! has
nonsplit multiplicative reduction, and L,(E, s) =1 if F has additive reduction.

Theorem gives the bound |a,| < 2,/p when E has good reduction modulo
p, which shows that L(E,s) converges for Res > 3/2.

Theorem 16.6 (Modularity Theorem). L(E,s) is the L-function of a modular
form of weight 2. In particular, it has an analytic continuation to all of C, and
a functional equation relating L(E,s) to L(E,2 — s).

Proposition 16.7 (Weak BSD Conjecture). ords—1 L(E, s) = rank E(Q).
Proposition 16.8 (Strong BSD Conjecture). Let r = ords—1 L(E, s), then

im L LB = Qp Reg E(QQUI(E/Q) ], cp
so1 (s —1)7 |E(Q)tors|?
There are a few terms we haven’t come across yet.
Definition 16.2. Suppose E(Q)/E(Q)tors = (Pi, ..., P), then the regulator
of B(Q) is Reg E(Q) = det([P;, P}]), [P, Q] = (P + Q) — h(P) — h(Q).
Definition 16.3.

/ dz

Qp = _

ER) 2y + a1z + a3

where a; are the coeflicients of a globally minimal Weierstrass equation.

This conjecture is still largely open to this point. Some partial results are
known.

Theorem 16.9 (Kolyvagin). If ord;—; L(E,s) € {0,1}, then the weak BSD is
true and UI(E/Q) is finite.
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