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0 Complex Analysis in Several Variables

Recall:

Definition 0.1. A smooth (n-dimensional) real manifold M is a Hausdorff,
second-countable topological space with a collection of charts, which are home-
omorphisms ¢, : U, — V, (where U, C M,V, C R" are open) such that
M =J, U, and ¢g o ¢! are smooth wherever defined.

In this course, we concern a modification where we replace R™ by C™ and
“smooth” by “complex analytic”. Inevitably, we need some multivariate com-
plex analysis.

Definition 0.2. For an open set U C C, a function f : U — C is holomorphic
if for every a € U, there is a power series expansion f(z) = 37 (cn(z — a)”
valid on a disk around a.

Equivalently, it is C' (viewed with the identification of C with R?) and
satisfies the Cauchy-Riemann equations 0f/0z = 0 on U, where

9 _1(9 9\ o _1(o 0
0z 2\0x 9dy)’9z 2\dx Oy
Just to remind you that if f is just smooth, we have f(z) = f(a)+0f/0z|,=a(z—
a) 4+ 0f/0z|.=a(z — a) + o(]z — a|) as z — a.
Recall also the Cauchy integral formula, which says that if f : U — C is smooth,
then )
()= )

21 | w—z

w—z|=r

whenever {jlw —z| <r} CU.
Now let’s look at the case with more variables.

Definition 0.3. For an open set U C C" and C! function f : U — C, f is
holomorphic if f;(z) = f(z1,...,%j-1,%, 2j4+1,- .-, 2n) is holomorphic in z for all
j=1,...,n and fixed z1,...,2;,...,2,, wherever it makes sense.

We say f is holomorphic on a set S C C™ if it is holomorphic on an open set
containing S.

Equivalently, 0f/0z; = 0 for all j (sometimes also written as df = 0) where
0/0z; = (1/2)(0/0x; + i0/0y;).

Definition 0.4. A polydisc in C™ is an open set of the form A = A; x---x A,
where A are open disks in C.

Polydiscs form a basis for the standard Euclidean topology on C".

Theorem 0.1 (Cauchy integral formula in several variables). Suppose f is
holomorphic on the closure of a polydisc A, then

1 f(w)
f(z) = / dw
( ) (271—)“ 0A;,j=1,....,n (wl 721)"‘(1071 *Zn)
Proof. Repeatedly integrate. O



Remark. We are not integrating over 0A, but a (proper) submanifold of it.

We still have power series expansions.

Theorem 0.2. f: U — C is holomorphic if and only if there is a power series
expansion

b tin ) )
f= S L )i (s = ag)ie

inleein! 920 0z

i1,eyin=0 z=a

valid on any polydisc in U centered at a € U.

More generally, f: U — V,V C C™ is holomorphic if each component of it
is holomorphic.

Definition 0.5. f is biholomorphic if it is bijective and f, f~! are both holo-
morphic.

Theorem 0.3. f is biholomorphic iff it is bijective and holomorphic.
Definition 0.6. The complex Jacobian of a holomorphic f = (f1,..., fm) at

w is
J(f)w = (323 )
z=w/ k,j

For every w, this defines a C-linear map C"* — C™. If this is surjective, we
say w is a regular point (for f). If u € C™ has f~!(u) consisting exclusively of
regular points, we say wu is a regular value for f.

Remark. Let’s go back to the case where n = m = 1. Suppose f = u + v.
In addition to its complex Jacobian which is just a value, we also have its real
Jacobian

_ (Ou/dx Ou/d
JR(f)(av/&v m/ai)

which is similar (as a matrix with complex entries) to

(550z o)

Suppose f is holomorphic, then this is just diag(df/0z,0f/0z).

What about in high dimensions? If f : U — C™ is holomorphic, then Jg(f) is
similar to the block-diagonal matrix with blocks J(f), J(f). When m = n, we
can take determinants and see that det Jg(f) = |det J(f)|?> > 0. In particular,
if J(f) is nonsingular, then det Jg(f) > 0.

Let’s just quote a few more theorems for later use.

Theorem 0.4 (Holomorphic inverse function theorem). Let U,V C C™ be open
and f : U = V holomorphic. Suppose z € U is reqular for f (equivalently, J(f)
is nonsingular), then (and only then) there exists neighbourhoods Uy 3 z,Vy 3
f(2) such that f|y, : Up — Vo is biholomorphic.

Theorem 0.5 (Holomorphic implicit function theorem). Let U C C™ open and
f: U — C" holomorphic with m > n. Suppose w € U has (0fx0%;|2=w)|j k<n
nonsingular and f(w) = 0. Then there are some open Uy C C™ ™™ and Uy C C™
such that w € Uy x Uy C U and that there is a unique g : Uy — Uy such that
F710) N (Uy x Uy) is the graph of g.



1 Complex Structures

Definition 1.1. A complex n-manifold (or n-fold) M is a Hausdorff, second
countable topological space equipped with an atlas of complex coordinate charts
{¢:i : U; = V;}icr, where {U, }ier is an open cover of M, V; are open in C", each

¢; is a homeomorphism, and each ¢; o ¢; ! is holomorphic wherever defined.

The components of ¢; are known as (complex/holomorphic) local coordi-
nates. Given a complex n-fold, it has the natural structure of a real 2n-fold Mgy
by the identification of C™ with R?”. This is known as the “underlying” real
manifold of M.

Definition 1.2. Let M, N be complex manifolds and {&;}icr, {t)a}aca their
respective cooordinate charts. A continuous map f : M — N is holomorphic if
each ¢, 0 F o gbi_l is holomorphic wherever defined.

f is an isomorphism if it has a two-sided holomorphic inverse. M, N are biholo-
morphic (or isomorphic) if there exists an isomorphism between them.

It follows from complex analysis that f is an isomorphism if and only if it is
a holomorphic bijection.

Proposition 1.1. If M is a compact connected complex manifold, then the only
holomorphic functions on M (i.e. holomorphic maps M — C) are constants.

Proof. Suppose f : M — C is holomorphic, then |f| is a continuous real-valued
function on a compact domain, which must attain a maximum, say at p €
M. For any chart ¢ : U — V C C around p, then f|y must be constant by
maximum modulus principle in several complex variables (example sheet). Since
M is compact, it is covered by finitely many charts. The path-connectedness
of M then leads to the conclusion (or you can also use identity principle if so
wished). O

Remark. The proposition is a generalisation of Liouville’s theorem (by applying
it to M = CP*, which we haven’t defined but will soon).

Example 1.1. 1. Open subsets of C™ are complex manifolds in the obvious
way.

2. Complex 1-folds are known as Riemann surfaces. They are classified by
the uniformisation theorem: Every Riemann surface is isomorphic to one of
CP,C,C/Z = C\ {0}, a complex torus C/A for a lattice A < C, or a quotient
of the form A /T where A is the open unit disk in C and T is a subgroup of the
group of Mdébius transformations acting on A properly discontinuously.

3. More generally, properly discontinuous actions give rise to quotient complex
manifolds (example sheet).

4. The complex projective space CP™ is constructed as follows: As a set, it is
the set of 1-dimensional complex linear subspaces of C**t1. We have a natural
surjection 7 : C**1\ {0} — CP™, which induces a quotient topology on CP™,
which as one easily sees is Hausdorff and second-countable. Every point of
CP™ can be referred to in terms of homogeneous coordinates [zg : -+ : 2] =
m(20,-..,2n). Note that [z9 : -+ : 2,] = [wo : -+ : wy,] iff there is some
A € C\ {0} such that Az; = w; for every .



Let Uy = {[z0 : -+ : zn) : 2; # 0} C CP™ which is open. Then we get charts

¢ Ui = C™ [20: -+ 2 2n] = 27 "(205- -+ 24y - - -, ), Which has
1 1 N
Gjod; (wi,...,wy) = E(wl,...,wi,l,l,wiﬂ,...,wj,...,u/n)
j

Therefore they give CP™ the structure of a complex n-fold.
5. We can make S? the underlying real manifold of a complex manifold by
diffeomorphically identifying it with CP! via stereographic projection.

Remark. In the study of real manifolds, we have Whitney’s embedding theorem
telling us we can embed every real manifold into RV for some N. However,
compact complex manifolds almost never embed into CV¥ for any N due to
Proposition [I.1]

A cool thing about projective spaces is that a lot of complex manifolds can be
embedded in some CPY, such as every compact Riemann surface. We say a
complex manifold is projective if it admits a holomorphic embedding into some
projective space.

Example 1.2. 1. A complex torus is a quotient C9/A for a lattice A < CY.
The complex structure on it is given by continuous local inverses of the quotient
map C9 — C9/A. Suppose (¢;, D;),(¢;,D;) are two such charts with D;, D;
polydiscs, then ¢; o ¢, 1(2) = 2z + \ij(2) for some \;; : D; N D; — A. But \;
must be continuous and A is discrete, so \;; is constant. Therefore ¢; o ¢; ' is
just translation by );; and therefore holomorphic.

C?" /A is diffeomorphic to (S1)?" as real manifolds, but there are uncountably
many non-biholomorphic complex n-torus for all n > 0. It is a hard fact that
complex n-tori are generally not projective for n > 1.

2. The Hopf surface H? = C%\ {0}/{z ~ 2z} is a complex surface. It is dif-
feomorphic to S x S3. We’ll show later that H? is not projective. In general,
one can similarly define a Hopf manifold H® = C" \ {0}/{z ~ 2z} of every
dimension n > 0. At some point you must’ve shown that H' is biholomorphic
to a complex torus.

3. Complex Grassmannians. Start from an n-dimensional complex vecter space
V. For k < n we define, on the level of sets, Gry(V) to be the collection of
k-dimensional linear subspaces of V. We’ll give it a complex structure, which
shall have Gry (V) = CP"~ 1.

Each W is given noncanonically (after choosing a basis) by a k x n matrix with
complex entries. We can diagonalise a non-singular k x k part, leaving k(n — k)
“free parameters” which gets us to embed Gri(V) into a projective space (the
“Pliicker embedding”). See example sheet for details.

It turns out that Grg (V') is compact. A sketch of the proof is as follows: Let
(Ckm)* C C*™ be the (open) set of linearly independent k-tuples in C*. We get
amap 7 : (C*™)* — Gr(k,n) = Grj,(C"). The topology on Gr(k,n) turns out
(or one can also define it like this, I suppose) to be the quotient topology via .
Let (Ck™)% C (C*™)* be the subset of orthonormal k-tuples, which is compact
and has image Gr(k,n) under 7.

4. A complex Lie group is a group with the structure of a complex mani-
fold such that the group operations are holomorphic. Examples of this include
GL(n,C),SL(n,C),SO(n,C). None of these is compact. Indeed, all compact
complex Lie groups are commutative (example sheet).



Note that U(n) is in general not a complex manifolds (indeed it doesn’t even
have even real dimension when n is odd).

2 The (Anti)Holomorphic (Co)Tangent Bundle

Suppose M is a complex n-fold. For p € M, write 2; = x; + iy; to denote
the local complex coordinates. The real tangent space of M at p is T,M =
Spang{90/0z;,0/0y;}i=1,...n-

Set J, € GL(T,M) C End T, M given by 8,, — 9,8y, — —0,,. So J} = —
We can complexify T,M ®@gr C = Spanc{0/0z;,0/0y;}j=1,.. n. The C-linear
extension J, € GL(T, M @ C) still has J2 = —1. The possible eigenvalues of
Jp are %i. Let T1 OM and T0 LM be the eigenspaces of i, —i respectively.

Definition 2.1. TZ}’OM is known as the holomorphic tangent space and TZEMM
the antiholomorphic tangent space.

The complex conjugation on T, M ®r C is given by Ae — Xe for any e €
T,M,, A € C. This is an R-linear automorphism of T,M ®r C. On the other
hand, J(Xe) = AJ(e), so J commutes with complex conjugation, and hence
complex conjugation interchanges the holomorphic and antiholomorphic tangent
spaces.

Proposition 2.1. (i) T,M ®r C = T)°M & T)'M, thus dim¢T)°M =
dim¢ Tg*lM =n.

(i1) J, and hence the decomposition in (i) are independent of the choice of co-
ordinates.

Proof. (i) After the change of basis 0/0z; = (1/2)(0/0x; — i0/0dy;),0/0%; =
(1/2)(0/0x; +1i0/0y;), we see that J(9/0z;) = i0/0z;, J(0/0Z;) = —i0/0%; for
all 7.

(ii) Recall that the real tangent spaces is equivalently the space of deriva-
tions acting on C°°(M,R). The complexified tangent spaces similarly acts on
C°°(M,C). And now T,°M consists of those vanishing on holomorphic func-
tions in C°°(M,C), and T"' M consist of those vanishing on antiholomorphic
functions (i.e. whose conjugate is holomorphic). Since the +i eigenspace decom-
position of J are canonically defined, J itself must also be canonically defined.
In fact, J is a C* section of End(T'M). O

We can describe the (anti)holomorphic tangent spaces more explicitly as
T3°M = {v—iJv:veT,M},T3'M = {v+iJv: v e T,M}, both of which
naturally receive (R-linear) isomorphisms from 7, M.

The Jacobians express the transformation law for 0/0x;,0/0y; as a change of
coordinates. More precisely,

Lemma 2.2. On overlap of complex coordinate neighbourhoods with coordinates
zj,w;, 5 =1,...,n, we have

0z 0z; 0
Z Owy, 87;] 8wk Z Oowy, 672]

Proposition 2.3. Every real manifold underlying a complexr manifold has a
canonical orientation.




Proof. det Jr(f) = |J(f)|?> > 0 wherever f is biholomophic. In particular, this
applies when f gives a change-of-coordinates. O

Consider [ ¢, T,°M = TH°M. This is a well-defined complex vector
bundle by a procedure similar to that of the tangent bundle of a real manifold.
It is a subbundle of TM ®g C.

Definition 2.2. T19M is the holomorphic vector bundle of M.
Sections of T1:°M form a subspace of the space of complex vector fields.

Definition 2.3. ¢ € I'(T1°M) is a holomorphic vector field if for any holomor-
phic f € C>(M,C), £f is again holomorphic.

Similarly we can define the antiholomorphic vector bundle T M. It’s easy
to see that for any open U C M and f : U — C, f is holomorphic iff £f = 0 for
any & € D(T%'M).

Remark. Recall the standard faithful representation GL(n,C) on R*", which
is given by the injective group homomorphism ¢ : GL(n,C) — GL(2n,R) via
replacing each complex entry a + b with a 2 x 2 block

a —b
G <)
#(GL(n, C)) consists of all matrices commuting with J, which is a block-diagonal
matrices with blocks
0 -1
()

Suppose [ expresses a holomorphic change-of-coordinates. Then the Cauchy-
Riemann equation for f is simply the relation Jr(f) € ¢(GL,(C)). Thus
a holomorphic atlas induces a reduction of the structure group of TM from
GL(2n,R) to GL(n,C), i.e. this makes TM a complex vector bundle isomor-
phic to T1°M. More explicitly, the isomorphism is given by sending v € TM
to v —iJv € THOM. Locally, ad/dxzy, + bd/yy is mapped to 2(a + b)9/z.

J € T'(End T M) is called the almost complex structure on a complex manifold
M. In general, an almost complex structure is such a section which squares to
—I.

Recall that if f : M — N is a smooth map between real manifolds, then there
is a notion of a differential, which is a linear map (df), : T,M — Ty, N for each
p € M. Consider the complex linear extension (df), : T, M ®@gC — T,y N@rC.

Proposition 2.4. For a smooth map f : M — N between complex manifolds,
the followings are equivalent:

(i) f is holomorphic.

(ii) (df)p : TyM @r C — Ty(,y N @r C interchanges the almost complex structure
of M and that of N, i.e. df o Jyy = Jy odf.

(iii) df (T*OM) c T*ON.

(iv) df(TO'M) c TO'N.

Proof. The statements are local, so we may assume WLOG that M, N are open
sets in complex vector spaces.
(i) = (ili): If f is holomorphic, then it satisfies Cauchy-Riemann which



happens iff (df), can always be expressed in some basis by Jr(f) consisting of
2 x 2 blocks of the form
a —b
G <)

Tpl’0 is spanned over C by ej which is the vector with 1 at 2k — 1-th entry and
—i at 2k-th entry. But then Jg(f)ex must still have type (1,0).
(il) = (i): Write each 2 x 2 block of df in the form

B, — (C2k—1,2z—2 CQk—l,Ql)
Kl =

C2k 211 C2k,21
The condition of (ii) is saying that each By commutes with (9 ') which is just
saying that Bj; has the form (‘; _ab) for some a,b. So f satisfies the Cauchy-
Riemann equations.

The other implications are clear. O

We can also complexify cotangent spaces by a similar procedure. On 77 M @g
C, (the dual of) J acts via dz; — —dy;,dy; — dz; for all j. We again change
coordinates to reach the basis dzy = dxy + ¢ dyg, dzr = dax — i dyg, which are
the i, —i eigenvectors, respectively. And we have the transformation law

owy, _ owy,

Similar to the tangent case, we get the holomorphic cotangent bundle (7 M )9
and antiholomorphic cotangent bundle (7*M)%! whose direct sum is T* M @gC.
Their fibres are spanned by the covectors dz; and dZ;, the duals to 0/0z; and
0/0z;, respectively. In particular, (dzx,0/0z) = 0 and (dzy,d/0%) = 0 for
all k1.

3 Dolbeault Cohomology

Proposition 3.1. We have a decomposition

T p.q

NT*MeC)= P N\T*MegC)
ptq=r
where NP4 (T*M @g C) = NP(T*M)H0 A NY(T*M)OL.
This is known as the type decomposition. Note that A\P*? = AT”.

Definition 3.1. The space of sections of \"(T*M ® C) are denoted Q" (M)®,
of A"(T*M) are denoted Q" (M), and of APY(T*M ® C) are denoted QP4(M).

In local coordinates, forms in QP:9(M) are

ZG‘IJ/ th /\/\dZZp /\d,%,/1 N /\dgdl
1,1’

where a; ; are smooth functions in the coordinate neighbourhood, and the sum
is over multi-indices I = 4y ---ip, " = 4y ---i;. Our good ol’ almost complex
structure J extends its action to QP(M) via J¢ = iP~%¢.

There are few particular subspaces: QPP(M) N Q% (M) = QP (M) are the real
(i.e. invariant under complex conjugation) (p, p)-forms.



Definition 3.2. Let n = dimc M. The canonical line bundle over M is K, =
N"UT*M @ C) = N"(T* M),

Its transition functions are of the form det(Owy/0z;); k=1, n. They are
holomorphic by construction.
The ordinary exterior derivative d : Q°(M)® — QY (M)® = QL0(M) @ Q%1(M)
decomposes as d = 949, where § = 7'%0d, d = 7% od. Here, 7P : Q* (M)(C —
OP4(M) is the projection to the (p,q)-component along other components in
the type decompositon. Locally, for a function f € C*°(M,C) we have

of 5 of ._
6fzza—2kdzk,3fzza—2kdzk
k k

More generally, for a € QP9(M), we write da = (7P 1%0d)a, da = (774 od)a.
For o € QP0(M), Do = 0 iff locally o has the form Y, frdz;, A--- Adz;, for
holomorphic f;’s. In this case, we call a a holomorphic p-form. Holomorphic
1-forms are called holomorphic differentials.

Lemma 3.2. On a complex manifold M :

(i) For any n € QP9(M), we have dn = dn + 1.

(i) % = 0 = 0% and 90 = —00.

(i4i) O(E An) = 06 A+ (=1)PHIE A Oy for any € € QP9(M).

Proof. (i) It suffices to show this in local coordinates. But we just have d(f dzy A
dZ]/) = (8f + 5f) dzy ANdzp.

(ii) d2 = 0.

(iii) WLOG 7 € Q¥4 (M). But in this case the statement just follows from
taking the (p+p' + 1,9+ ¢') and (p+p’, ¢+ ¢ + 1) components of d(§ An). O

Corollary 3.3. d(Q2P9(M)) C QPTLI(M) @ QP9TL(M).

Sometimes it’s convenient to replace the complex operators 0, 0 with real
operators d and d° = (0 + 9). We can get back home by the formulae

1 - 1C ’_1 _zAqc¢
8=§(d—|—zd ),6—2(d 1d®)

A straightforward check shows that (d°)? = 0 and dd® = —d°d = 2id0.

Recall that if we have a smooth map f : M — N, we have the pullback f* :
QYN) — QY(M) by (f*a, X) = (a, (df)X) for any vector field X on M.
Extending linearly, we get f* : Q*(N)® — QY(M)®. Suppose f is holomorphic
and a € QM(N) (this also works analogously for Q%1(N)). So Ja = ia.
Then (J f*0, X) = {f*a, JX) = {a, (df)JX) = (0, J(AF)X) = (ia, (d)X) =
(if*a, X). So Jf*a =if*a. Therefore f*a € Q0(M).

Similarly,

Proposition 3.4. The pullback by holomorphic maps preserve the type decom-
position. That is, for a € QP9 and f holomorphic, f*a € QP9.
Remark. The converse is also true (exercise).

~ Now, f*od =do f* for smooth f. If f happens to be holomorphic, then
(3Of*)77 — (Wp,qul OdOf*)n _ (Wp,qul of* Od)n _ (f* O7rp,q+1 Od)n _ (f* Oa)n.
Thus,



Proposition 3.5. do f* = f*00, 0o f* = f*0 0.
Definition 3.3. The Dolbeault cohomology of a complex manifold M is

ra(ag) = Ao
G

Corollary 3.6. If f : M — N is holomorphic, then f* descends to a complex
linear map on cohomology HP1(N) — HP9(M).

The formula (g o f)* = f* o g* is of course valid on both Q7 and HP9.
In particular, biholomorphic complex manifolds have isomorphism Dolbeault
cohomology.

Remark. 1. @, ,—, H??(M) need not in general be Hgg (M).
2. By contrast to HJg, H** are not topological invariants. They are invariants
of a holomorphic structure on M, though.

Lemma 3.7 (0-Poincaré Lemma in One Variable). For D = D(a,r) = {z €
C:|z—a|l<r} and g € C®°(D(a,r +9§)) for some § > 0, we have

fz) = - /D I®) 4w A dw

T 2mi Jpw -z
is a member of C>®(D) and 0f =g on D.
To prove this, we need to slightly extend Cauchy integral formula.

Lemma 3.8. Consider F' € C*(D(a,r +6)) and let z be such that |z —a| < r.
Then

Fz) = 1 F(w) dw + 1 OF ,  dwAdw

=5 P F-\w
270 J|pmg)=r W — 2 2mi J)2—a|<r OW w—z

Proof. Consider the 1-form n = (2mi(w — 2)) "' F(w)dw on D, = D(a,r) \
D(z,e). We have
1 OF dw A dw

20w w2

Lo L e
D, 9D a,r) 9D(z,€)

1 2w X
/ n=— F(z+ ee®)dg — F(z)
0D (z,€) 2m 0

dn =

Stokes’ theorem gives

as € | 0. Poles of order 1 are “integrable”: dwAdw = —2idaxAdy = —2ir drAdf,
hence the estimate

aFdw/\dw’_ OF 2dx A\ dy

oF
ow w—=z w

‘:Z‘adr/\dﬁ‘

T | ow r

And so we can safely send € to zero in the 2-dimensional integral, and the proof
is done. O

10



Proof of Lemma , We use a partition-of-unity argument. For zy € D, con-
sider Dy = D(20,2¢) C D. We can always write g = g1 +g2 where g1].—.,|>2. =
0, 92||z—z0|<e = 0. Then

1 ga(w) _

is well-defined for z near zy and is a proper integral. Differentiating under the
integral sign, we conclude 0f2/0z = 0.
g1 has compact support, so

fl(z):;ri/[)gl(w)dw/\dwzl/cgl(w)dw/\dw

w— z 211 w— z
1 1 0
= 7gl(u—|—z) du/\dﬂ:—f/igl(z—:re )dr/\d9
2mi Ji U T Jc el

which is well-defined and smooth in z. Hence f = f; + f2 has

1 . . 1 d dw
g /5‘91( +rele)eﬂed7’/\d9: %710/\ =

2: %) =7 | oz

2mi Jp 0w w—z

By the preceding lemma, we have

1 1 0g1 dw A dw
91(2) = / al] dw + o— e
270 Jjwy—q|=r W — 2 270 Jjw—aj<r OW W — 2
1 dg1 dw A dw

271'1' \w—a\<r 01?) w—z

for z near z0. So 0f1/0%|:=z, = g1(20) = g(20) and Of /0z|.—z, = 0f1/0Z|.=z,
as 0f2/0z = 0. O

Theorem 3.9 (0-Poincaré Lemma). Let D = D(ay,7r1) X - X D(an,r,) C C*
be a polydisc (allowing ry, = oo for any or all k). Then HP1(D) = 0 whenever
q=>1

Proof. Fix ¢ > 1. Start with a form ¢ € QP9(D) and suppose d¢ = 0. WLOG
p = 0, for if n has type (0,q) and dz; has type p,0, then 9(n A dz;) = dn A dz;
which is identically zero iff 9n = 0.

For a polydisc Dy with same centre and radii €, < r;, we shall show that
there is some ¢ € Q%971(Dy) such that dv = ¢|p,. To do this, we're gonna
successively integerate dz,,,dZ,,—1, and so on. Suppose only dzi,...,dZz; occur
in ¢. We have ¢ = dz; A ¢1 + ¢ where ¢1, o do not have dzj. Since d¢ = 0,
we have 0¢1/0% = 0 for all | > k, where ¢1 = > ; ¢rdz; for a multi-index
Ic{l,...,k—1}. Set

1 dwy A dw
gbj(,wk,)u

nr= -—— —
21 wp—ax|<er Wy — 2k

Then dny/0z; = ¢r. Also, dn;/0z; = 0 for alll > k as d¢1/0%Z;, = 0. This means
that n; is holomorphic in zg41,...,2,. And so ¢+ (=1)90(3 ), nr dZp qxy) is still
0-closed, but it does not involve any dz; for ¢ > k, whence induction.

So we know the existence of such ¢ € Q%9=1(Dg) with 9y = ¢|p,. To extend
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it to D, we consider D,,, = D(ak,el(cm)) such that D,, C D,,+1 and e,(Cm) = T
as m — oo for all k. Our procedure gives 1, € Q%971(D,,) with d¢,, = ¢|p,, .
Assume first that ¢ > 2. We’ll show that 1, can be chosen in a way that it
eventually stabilises on any compact subset of D.

After constructing v, with 9, = ¢|p, , we take any o € Q%41(D,,, ) such
that da = ¢p,,,,. Then d(a — ,) = 0 on D,,. So there is some 3 such that
(wm - O‘)lef1 = aﬁ Now let wm+1 = o+ 8ﬂ7 then a¢m+1 = ¢ Dt and
wm-i-l = wm on Dy, 1.

So ¥, eventually stabilises on any compact subset of D, therefore converges to
some 1 € Q0971(D) with 9y = ¢.

For ¢ = 1, we proceed with a slightly different argument. Given ¢, € C*°(D)
with 9¢,,, = ¢|p,, and choose o € C*(D) with da = ¢|p,,,,. Now ¢, — @
is a holomorphic function on D,,, so it has a power series expansion around
a = (ay,...,a,) converging uniformly on D,,_1. So we can choose a polynomial
B such that supp  [(¥m — @) — B] < 27™. Set now ¢y1 = a + . Then
Opmy1 = 0a = ¢|p,, w1+ NOW 9,41 — ¢y is @ holomorphic function on D,,, with
Supp,,_, Wm-u - w’m| <27

So (Yk)k=1,2,... is uniformly Cauchy on D,,_; for all m, therefore v, — ¢ for
some 1), uniformly on any compact subsets of D. Then 91 = ¢ on D. O

HP%(C") is infiniite-dimensional, but whenever M is a compact complex
manifold M, each HP9(M) is finite-dimensional. This is not obvious at all in
general. Although it’s fairly easy to show that H%°(M) = C is M is compact
and connected.

4 Almost Complex Manifolds

Definition 4.1. An almost complex manifold is a smooth manifold M equipped
with an almost complex structure J € I'(End TM) such that J2 = —1I.

Lemma 4.1. Let J € EndR™ be such that J? = —I, then:
(i) J € GL(m,R).
(i) m = 2n is even.
(iii) {A € GL(m,R) : AJA~Y = J} is a subgroup of GL(m,R) isomorphic to
GL(n,C).
Thus the map GL(2n,R)/ GL(n,C) — {J € EndR?*" : J2 = —I},[S] — SJpS~!
is a bijection parameterising almost complex structures on R?™, where Jy is the
block-diagonal matrix with blocks
0 -1
()

Proof. Don’t even tell me you need a proof of (i) and (ii). To show (iii), simply
observe that J cannot have real eigenvalues, so v, Jv are always linearly inde-
pendent for v # 0. And for any ey € Spang{v, Jv}, Jes is linearly independent
to v, Juv, es. Proceed as such gives a basis v, Jv, ea, Jes, ..., which reveals that
J ~ Jo. O

Remark. The lemma implies that the choice of J is equivalent to the choice of
a GL(n, C)-structure on TM.
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Back to the case of an almost complex manifold. Using the argument above,
we know that T, M always has a basis of the form ey, Jey,...,e,, Je, which of
course extend to a local frame field around p. Let e}, Jej,... e, e} be the
dual coframe field. € = Jej Aej A---AJey, Aej), recovers the orientation induced
on M by J.

Example 4.1. Suppose M is a complex manifold with local complex coordi-
nates z;, then

,L"VL
€= 2—nd21 Adzy A--- ANdzpy AdZ, =dozy Adyr A--- Aday, Ady,
Note that —J is another almost complex structure on M, which gives the same
orientation if n is even, and opposite orientation if n is odd.

Definition 4.2. The torsion (or the Nijenhuis tensor) of an almost complex
structure J is N € T'(Hom(A>TM,TM)) such that on local vector fields we
have

Ny (X, Y)=2(JX,JY]| - [X,)Y]-JX,JY] - JJX,Y))
If Ny =0, we say J is torsion-free (or integrable).

Remark. 1. Ny is C*°(M)-linear. This can be checked by calculation, for
example by using the formula [fX,Y] = f[X, Y]+ (Y /)X.
2. Locally, N;(8;,8;) = >, N} 0 where these (N};) depend on (J}) and (9.J})

Theorem 4.2 (Newlander-Nirenberg Theorem). J arises from an atlas of local
complex coordinates if and only if J is torsion-free.

Proof. We’ll show the easy part, which is the “only if” direction. Suppose
we have complex local coordinates, then 8/9zy,0/0Ya, JO/0xq, JO/Oy, must
all have constant coefficients (indeed, if J = Jy we simply have JO3/0x, =
0/0yq, JO/0yq = —0/0x,), so the Lie brackets just vanish. O

Remark. The “if” direction is hard, but slightly easier with an additional real
analyticity assumption.

Now, when we defined T1° and T%! on a complex manifold M, every one
of our references to the complex structure of M are made through J. So they
make sense for any almost complex manifold (after all J ~ Jy). The same is
true for AP4(T*M)C, 77, 9 and 0.

Proposition 4.3. Suppose (M,J) is an almost complex manifold. Then we
have d(QP4(M)) C QP~LaT2(M) 4 QPa+L (M) + QPTLA(M) + QP+2a=1(M).

Proof. Obviously dQ°%° c Q%! + Q10 dQh0 c Q%2 + QL + 020 and dQO! C
QO,Q + Ql,l +Q2’O,

Every (p,¢)-form has the form ), egi) A A el(,ilq,ey) € QO 1+ Q0. So the
result follows from the product rule for d. O

Theorem 4.4. For an almost complex manifold (M,J), the followings are
equivalent:

(i) For Z,W € T(T*°M), we have [Z, W] € T(T+O(M)).

(ii) For Z,W € T(T%"* M), we have [Z, W] € T(T%*(M)).

(iii) dQYO(M) C QYBY (M) + Q20(M) and dQ%H (M) c QO2(M) + QYY(M).
(iv) AQP-4(M) C QPTLA(M) + QP 9TY(M) for any p,q.

(v) Ny =0, i.e. J is integrable.
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Proof. (i) <= (ii): For Z € TYOM iff Z € T®' M and the Lie bracket is a real
linear operator.

(i), (ii) = (iii): We know that dw(Z,W) = Zw(W) — Ww(Z) — w([Z, W]).
Soifwe QY0 and Z,W € T%!, then dw has an (0, 2) component. SImilarly for
the (1,0) part.

(iii) = (i): FZ,W € T% w € Q%! then dw(Z, W) = 0 and so w([Z, W]) = 0.
Therefore [Z, W] € TH0.

(ili) = (iv): It’s the same argument as in the proof of the preceding propo-
sition, except using the stronger assumption in (iii).

(iv) = (iii): Clear.

(i) <= (v): We can write a general (1,0)-vector field in the form X —
iJX for some real vector field X. Consider Z = [X —¢JX,Y — iJY] =
—[JX, JY)+[X,Y]+iJ(J[ X, JY))+iJ(J[JX,Y]). It’s straightforward to check
that 2(Z +iJZ) = —N;(X,Y) — iJN;(X,Y). The right hand side vanishes iff
ZeTv. O

Remark. 1. Existence of J is essentially a problem in algebraic topology.

2. Integrability of J is a problem in nonlinear (first-order) differential equations,
which is harder.

3. On a real surface, every almost complex sturcture comes from a complex
structure. You’ll also show in example sheet that a complex structure on a sur-
face is equivalent to the choice of a conformal equivalence class of a Riemannian
metric.

5 Submanifolds and Subvarieties

Recall that Y C X is an embedded submanifold of a smooth manifold X if Y is a
manifold and the inclusion map ¢ : Y — X is smooth with injective derivatives
everywhere, and is a homeomorphism onto its image. Then (and only then)
locally around any y € Y, Y is the preimage of a regular value of some smooth
map.

Definition 5.1. Suppose X is a complex manifold and Y C X is an embedded
smooth submanifold with even real dimension dimg Y = 2k. We say Y is a (k-
dimensional) complex submanifold of X iff there is a set of complex coordinate
charts ¢; : U; — C™ such that Y C |J, U; and ¢;(U; NY) = ¢(U;) N (C* % 0,_p).

Remark. 1. If Y is a complex submanifold of X, then Y naturally has the
structure of a complex manifold, since {¢;}; restricts to give a holomorphic
atlas. We write codim¢ (Y, X) = dim¢ X — dim¢ Y.

2. For closed submanifolds, the condition Y C |J; U; can be replaced by X =
\U; Ui. In general, the latter condition is stronger (e.g. Y = C\ {0} C X =C).
3. We can rephrase the definition as Vy € Y, 3F : V,, — C"~* holomorphic, with
V,, open around y, such that rankc J(F), = k and F~1(0) =Y NV,,.

4. The inclusion ¢ : Y — X is a holomorphic map iff for all y € Y we have
Tyl’OY C TylvoX.

5. Complex projective manifolds are compact complex submanifolds of CPY.

Definition 5.2. Y C X is called a subvariety (or, more precisely, an analytic
subvariety) of a complex manifold X if Y is closed in X and for every p € Y,
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there is some open neighbourhood p € U, C Y such that U, NY = £71(0) for
some holomorphic f : U, — C™. p is a smooth (or nonsingular) point if there
is a choice of f with J(f), = m. It is a singular point otherwise.

The singular locus Y of Y is the set of all singular points on Y, and the smooth
locus Y™ is the set of smooth points of Y.

By the implicit function theorem, every connected component of Y* is a
complex submanifold of X. Y is irreducible if we cannot write Y = Y; UY5 such
that Y7, Y5 are subvarieties, neither of which equals to Y.

Definition 5.3. Suppose Y C X is a subvariety. Suppose Y is irreducible, then
we write codim(Y, X) to denote codim(Y™*, X). In general, codim(Y,X) = m
means that every component of Y* has codimension m.

If Y C X has codimension 1, we say Y is a(n analytic) hypersurface.

You heard subvariety. That calls for some commutative algebra.

Definition 5.4. For a complex manifold X, a germ at x € X is an equivalence
class of function elements, i.e. pairs (f,U) with f : U — C holomorphic,
such that © € U, and (f,U) ~ (g,V) if there is some open W C U NV with
flw = glw. We denote the set of all germs at = by Ox .

We sometimes write [f, z], [f], or simply f, to represent a germ at z, with
f + U — C holomorphic with 2 € U. We get a linear map Ox, — C via
evaluation [f,z] — f(z).
Ox, is a local ring with unique maximal ideal m, = {f € Ox, : f(z) = 0}.
This is because f is a unit in Oy , whenever f(z) is nonzero.
We write O,, = O¢n . For a complex n-fold X, we have Ox , = O, by using a
local chart.
We quote the following results without proof.

Theorem 5.1. O, is a unique factorisation domain.

Remark. In case you forgot about algebra completely, a ring R is a unique fac-
torisation domain if it has no zerodivisor and every element in R can be written
as a finite product of irreducible elements (i.e. elements which can not be writ-
ten as a product of two non-units), uniquely up to reordering and multiplying
with units.

Theorem 5.2 (Weak Nullstellensatz). Let f,g € O,, with f irreducible. Rep-
resent both of them by holomorphic functions on some open set U 3 0. If g
vanishes on f~1(0)NU, then f divides g in O,,.

Definition 5.5. Let U C C" be open. V C U is a thin subset iff V is locally
contained in the vanishing locus of a nonconstant holomorphic function.

Remark. Thin subsets are not necessarily subvarieties, as we don’t ask V' to be
closed in U.

Theorem 5.3. (a) If f € O,, is irreducible, then there is a thin subset V.C C™
and some open U around 0 such that f is irreducible in Ogn , for all z € U\V.
(b) If f,g € O, are coprime (i.e. they are both nonzero and every common
divisor of them is a unit). Then there are U,V as in (a) such that f,g are
coprime in Oc,, for allz € U\ V.
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Remark. Note that this is false if we don’t remove the thin subset V. Indeed,
y? — x23 is irreducible in O3 but not in Oc,(z,0,0) for any small z # 0.

Definition 5.6. Let Y C X be a hypersurface and suppose p € Y. Then there
is a square-free f = [(f,U,)] € Ox , such that Y NU, = f~1(0) N U,. Any such
f is known as a locally defining function of Y around p.

At p #Y, we take any unit f in Ox , and call it a locally defining function of
Y arond p.

Suppose f, g are locally defining functions for Y near pand f = f1--- f;,g =
g1+ gm With f;, g; € Ox , irreducible. Then by Theorem (and the unique-
ness part of Theorem we know that m = [ and f; = g; possibly after
rearrangement.

Theorem 5.4. Let Y C X be a hypersurface. Then:

(i) Y* is open and dense in'Y.

(i) Y* is connected if Y is irreducible.

(iii) Y® is contained in a subvariety of X of codimension at least 2.

6 Holomorphic Vector Bundles

Let X be a complex manifold.

Definition 6.1. A holomorphic vector bundle of rank k over X is a complex
manifold E together with a holomorphic submersion 7 : E — X such that for
all z € X, the fibre E, = 7—1(x) is a k-dimensional complex vector space and
every y € X has an open neighbourhood U and a biholomorphic map ®¢ such
that

U Y, U x Ck
U

commutes and ¢y|g, : E, — CF is a complex linear isomorphism for all z € U.

Remark. 1. F is known as the total space, and 7 the bundle projection, of the
vector bundle. Such U is called a trivialising neighbourhood of y, and ¢y a
local trivialisation.

2. One can think of a holomorphic vector bundle as a smooth vector bundle (of
rank 2k, fixing a smooth identification of R?* by C*) equipped with a system
of holomorphic local trivialisations covering X.

Let U,,Ugs be trivialising neighbourhoods (with trivialisations ¢, ¢g) with
nonempty intersection. Then ¢g 0 ¢, (x,v) = (z,%s4(z)v) for some “holomor-
phic transition functions” gq : Uy N Us — GL(k, C).

It also makes sense to speak of holomorphic local sections of FE.

Definition 6.2. For an open U C X, a section of E on U is a holomorphic
s : U — E such that 7 o s is the identity on U.

Locally, we can express such a section by a holomorphic function to CF.
For holomorphic vector bundles E, E, we may construct EGE, EQE, N E,EY,
and so on, analogously to the real case. They are all holomorphic vector bundles.
With them, one can make more constructions such as End £ = E® E*,det £ =

N E.
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Definition 6.3. Two holomorphic vector bundles I, E are isomorphic if there
exists a biholomorphic F' : E — E such that the diagram

_r . B

e

commutes, and F induces complex linear isomorphisms on fibres.

> — I

Remark. Just like in the real case, any holomorphic vector bundle is determined
up to isomorphism by its transition functions. Conversely, if one has a set of
holomorphic transition functions which are compatible (i.e. cocycle conditions
and what not), then they glue to a holomorphic vector bundle.

Definition 6.4. Suppose m : E — X is a holomorphic vector bundle and
f:Y — X is a holomorphic map, then the pullback of E along f is the vector
bundle f*m : f*E — Y such that there is a holomorphic map F making the
diagram

f*E L5 E

SN

YTX

commute, and for each holomorphic trivialisation of E over U C X, there is
a holomorphic trivialisation of f*E over f~}(U) on which F becomes (b,v) €
FHU) x CF = (f(b),v) € U x C*.

Remark. Suppose {U,}q is a covering set of trivialising neighbourhood for X
with transition functions g, Then f*F is trivialised over {f~!(U,)}o with
transition functions v¥gq o f.

Example 6.1. 1. THOX (T*X)10 AP(T*X)10) K x are all holomorphic vector
bundles, since their transition functions are compositions of complex Jacobians
for the local coordinates and some known holomorphic functions. Their holo-
morphic sections are called holomorphic vector fields, holomorphic 1-forms, and
SO on.

2. Let Y C X be a complex submanifold. Then the inclusion 7 : ¥ — X is
holomorphic and ¢* F is a holomorphic vector bundle over Y, which we’ll denote
by E‘y.

We shall mostly be interested in holomorphic line bundles for the rest of this
course.

Proposition 6.1. Isomorphism classes of holomorphic line bundles over X
form an abelian group under ®.

Proof. Let L, L be holomorphic line bundles with transition functions g, 1;/30(
(WLOG over the same trivialising neighbourhoods {Uq }« ), respectively. Then
L ® L has transition functions va59as = Yaptbas, hence L ® L = L ® L. The
identity is the trivial line bundle pr; : X x C — X, and inverses are given by
duals: Indeed, L* has transition functions (wga)*l = 1/)[;; O
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Definition 6.5. The group as in the proposition is known as the Picard group
Pic(X) of X.

Corollary 6.2. If h is a holomorphic map Y — X, then the pullback h* gives
a homomorphism Pic(X) — Pic(Y)

Example 6.2. The tautological line bundle O(—1) is a holomorphic line bun-
dle over CP™ (when n = 2, this is sometimes known as the Hopf bundle).
It is constructed as follows: Start with the projection = : C"*1\ {0} —
CP™,(20,---y2n) — [20 : -++ : z]. Then the preimage of a point is isomor-
phic to C\ {0}, so we want to construct £ = O(—1) such that C"*1\ {0} is E
removing (the image of) its zero section.

Let’s work out the “trivialisations” on 7 and see if we can extend the corre-
sponding “transition functions” so that we get some transition functions that
allow gluing.

Let U; = {z # 0} C CP™, then the “trivialisations” are ¢; *([z0 : -~ : 2], w) =
(w/z) (20, -, 2zn) and @;(Co, - - Gn) = ([CoGj : -+ 1 1+ G/, G) € U xC.
So ¢;i(2) = z;/z € GL(1,C) and satisfies the cocycle condition, hence glue to
a holomorphic line bundle.

O(1) = O(—1)* is known as the hyperplane bundle. We further define, for any
positive integer m, O(m) = O(1)®™ and O(—m) = O(—1)®™. By convention,
0O(0) = O = C = CP"™ x C is the trivial line bundle.

Thus we get a group homomorphism Z — Pic(CP™). We shall see that this is
an isomorphism during the rest of this course.

To study line bundles more easily, we introduce the notion of divisors.

7 Divisors

Definition 7.1. A meromorphic function f on X is a function defined away
from a nowhere dense subset of X that’s locally a quotient of holomorphic func-
tions. More precisely, there exists an open cover X = |J, U; and holomorphic
functions g;, h; : U; — C such that f|y, = g;/h; and g;h; = gjh; on U; N U;.

Remark. More precisely, a meromorphic function is an equivalence class of these,
where two such functions are equivalent iff they agree away from a nowhere dense
subset of X.

Remark. If dim X = 1, any meromorphic function on X can be extended to
a holomorphic map X — CP!'. There is NOT an analogy of this in higher
dimensions. Indeed, take X = C™,n > 1 and consider the meromorphic function
f(z) = zj/z for j # i (ie. g(2) = zj,h; = z;). Then g/h is undefined on
{#; = z; = 0} and f has no possible continuous extension there.

Definition 7.2. A divisor on X is a locally finite formal sum D = Zj a;Y; of
irreducible hypersurfaces Y; C X, with a; € Z. D is effective (written D > 0)
if a; > 0 for all j.

Remark. Here, “locally finite” means that for any p € X, there is some open
U > z such that U NY; = @ for all but finitely many j. In particular, if X is
compact, then this is a finite sum.

One can obviously add divisors.
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Definition 7.3. Div(X) is the abelian group of all divisors on X.

We’ll assume from now on that X is compact.

For a divisor D, the compactness of X means that there is a finite open cover
{Ua}a of X, and for all o we have a holomorphic function f, ; : Uy — C locally
cutting out Y;. We can then assign to D a collection of data {(U,, fa)}a where
fo = H§V=1 fi’ ; are viewed as the locally defining functions of D. If D > 0, each
fa is holomorphic on U,. In general, each f, is meromorphic.

Let Y C X be an irreducible hypersurface and p € Y*. Let f € Ox, be (the
germ of) a locally defining function of Y.

Definition 7.4. For g € Ox , nonzero, the order ordy,(g) of g at p is the
maximal a € Z such that f* | g in Ox .

This is well-defined by Theorem

Lemma 7.1. ordy,(g) is almost locally constant as a function of p, in the sense
that there is some open U 3 p and a thin set V' of codimension at least 2 in X
such that ordy p(g) = ordy,q(g) for allqe U\ V.

Proof. Theorem O

Definition 7.5. For an irreducible hypersurface Y € X and holomorphic func-
tion g, we set ordy (g) = ordy,p(g) for any p € Y* away from the thin set as in
the lemma.

This is well-defined by Theorem and the fact that Y is thin in Y and
codim(V, X) > 2. It’s easy to see that ordy (gh) = ordy(g) + ordy (h).

Definition 7.6. Suppose F # 0 is a meromorphic function. For an irreducible
hypersurface Y, pick an open set U with nonempty intersection with Y on which
F is locally given by g/h. Then we set ordy (F') = ordy (g) — ordy (h).

If ordy (F) = d > 0, we say F has a zero of order d along Y; If ordy (F') =
—d < 0, we say F' has a pole of order d along Y.

Definition 7.7. For a meromorphic function f # 0 on X, its divisor is defined

(f) = > ordy (f)Y

Y irred. hypersurface on X

Any divisor of this form is known as a principal divisor.

Remark. 1. One can check that (f) is indeed a divisor.

2. Recall that the compactness assumption on X means that every divisor is a
finite sum of hypersurfaces.

3. By Hartog’s lemma (example sheet), (f) > 0 iff f is holomorphic.

4. For f,g # 0, we have (fg) = (f) + (9), (f/9) = (f) — (9).

5. If dim X = 1, then Div(X) is the free abelian group on X. For dim X > 1,
it’s possible that Div(X) = 0. But nontrivial divisors always exist wehn X is
projective. Roughly, if X sits inside CPY for some N, then Y = X N H is a
divisor on X for a general hyperplane H in CPY. They are called hyperplane
sections.
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Definition 7.8. T'wo divisors D, E are linearly equivalent if D— F is a principal
divisor.

Suppose F' : Z — X is a holomorphic maps between compact connected
complex manifolds. Let D = > a;Y; be a divisor on X. Suppose F(Z) is
not contained in any Y; with a; # 0. Then we can formulate the pullback
F*D € Div(Z) as follows: Take a finite open cover {U, },, such that for all 7, «,
we can take fo; : Uy — C cutting out Y; locally. Recall that we can assign to
D the data {(Uq, fo)}ta where fo =TI f;JJ Then F*D shall be the divisor on
Z corresponding to the data {F~1(U,), fa © F}a.

Remark. If D =Y is a irreducible hypersurface, F* D needs not be irreducible,
and can even have multiplicities.

For a divisor D with associated data {(Ua, fo)}a, we can also define ¢, =
f8/fa : Ua NUg — C, which is holomorphic and misses zero. They satisfy the
cocycle condition ¥ag¥sy1ya = 1 on U, NUgNU,. So they give a set of gluing
data for a holomorphic line bundle [D] € Pic(X).

Definition 7.9. [D] is called the associated line bundle to D.

Definition 7.10. A section of a holomorphic line bundle . — X is holomorphic
if it is expressed by holomorphic functions on trivialising neighbourhoods.

If s, is the local form of a holomorphic section of L — X on U,, then we
have sg = 1gasqe on Uy, NUg for all a, 5.

Proposition 7.2. (i) [D] does not depend on the choice of fo.

(ii) Suppose F : Z — X is a holomorphic map, then F*[D] = [F*D].

(i1i) [D + D'] = [D] ® [D'], so we get a homomorphism Div(X) — Pic(X).

(i) D is principal iff [D] is trivial, so the homomorphism in (iii) factors through
an injective homomorphism Cl(X) — Pic(X).

Proof. (i) If fu = hq fo 18 another choice with h, necessarily holomorphic and
nonzero on U,, then 1/35,1 = Yga(hg/ha). So the two line bundles are related
by tensoring with the line bundle L defined by the transition data (hg/hq)ga-
But L has a nonzero holomorphic section h locally given by h,, so L is (holo-
morphically) trivial, i.e. the two line bundles are isomorphic.

(ii) (iii) Clear from the form of transition functions.

(iv) Suppose D = (f), then we can take f, = f|y.,. Then the transition func-
tions are just the identities.

Conversely, if [D] is trivial, then it has a nonzero holomorphic section s. Write
Sq @ Uy — C* for its local form. Then sg = ¥gaSq, S0 essentially sg/sq =
Yo = f8/fa- So we can patch together the local data f,/s. to get a global
meromorphic function f on X whose divisor is D. O

We want to understand the homomorphism as in part (iv) of the preceding
proposition. We need some extra work to establish this.

Definition 7.11. A meromorphic section of L € Pic(X) is a section (defined
away from a nowhere dense set) that’s locally given by meromorphic functions.

Proposition 7.3. Suppose s, s’ are two meromorphic sections with s’ not iden-
tically zero, then s = fs' for some meromorphic f. Conversely, if s is a mero-
morphic section and f is a meromorphic function, then fs is a meromorphic
section.
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Remark. In particular, if s’ is a meromorphic section that’s not identically zero,
then f +— fs’ is an isomorphism between the vector spaces of meromorphic
functions on X and meromorphic sections of L. This works on any open U C X.

Let s be a nonzero meromorphic section of L and U,, Ug trivialising neigh-
bourhoods of L. We write s, = s|u,,ss = slu,- Then so/sp = Yap is a
nonvanishing holomorphic function on U, N Ug. So for any irreducible hyper-
surface Y in X, we have ordy (s4) = ordy (sg).

Therefore ordy (s), and therefore (s) = >, ordy(s)Y € Div(X), are well-
defined. And of course (s) > 0 iff s is a holomorphic section.

Suppose L = [D] for some D € Div(X). Let {(Ua, fa)}a be the locally defining
functions of D. Then fz = ¥gafa by definition of [D]. The local data {fa.}a
gives rise to a section s of [D]. And (s) = D by definition, so we might as well
also write [(s)] = [D]. In general, if s is any nonzero meromorphic section of a
line bundle L, then L = [(s)]. If § is another nonzero section, then § = fs for
some meromorphic f and so (3) = (s) + (f).

Conversely, given L € Pic(X), this gives a bijection between the set of divisors
D with [D] = L and the set of nonzero meromorphic sections of L up to a
nonzero scalar. Therefore the image of the homomorphism in Proposition
is the set of holomorphic line bundles which admits a nonzero meromorphic
section.

Remark. For a divisor D, we can consider the vector space £(D) which collects
zero and meromorphic functions f such that D + (f) > 0. Then £(D) is
essentially just the space of holomorphic sections on [D]. It is a fact that if X
is compact then £(D) is finite-dimensional.

8 The First Chern Class

Consider a complex line bundle . — X over a smooth manifold X. Denote by
da : (L) - I(T*X ® L) the invariant derivative associated to a connection
A on L. Locally, das, = dsq + Ayse for A, € QY(U,)C the local forms of A,
transforming as Ag = A, + wﬁad(w/;;) (note that we are in the rank 1 case).
More generally, d4 can be regarded as a map Q% (L) — QTXH(L).

The curvature F(A) € Q% (End L) = Q2(X)® (noting End L = L @ L* is topo-
logically trivial) of a connection A is defined by the identity dadas = F'(A)s.
Locally, F(A)|y, = dA,.

Remark. This does NOT mean that F(A) is exact: The A,’s do not in general
glue to a 1-form on X since they have a different transformation law.

Recall that the difference a of two connections lives in Q'(X)®, and their
curvatures differ by da. Thus we can identify a class [F(A4)] € H*(X,C) =
H?.(X) @ C which depends only on L. This is almost the first Chern class,
except we need some extra steps.

Fix a fixed Hermitian inner product on L, which is just a Hermitian norm,
represented locally by h, : U, — R+ computing the norm of 1 € C on fibres.

Definition 8.1. A connection A is unitary if for all s, € T'(L), we have
d(s, 8) = (das, §) + (s,da8).

In a unitary local trivialisation (i.e. where the Hermitian inner product
becomes the standard norm), any unitary connection A is purely imaginary, i.e.
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iA, € QN U,).

Definition 8.2. For a unitary connection A on L, ¢1(L) = [{F'(4)/(27)] €
H?.(X) is called the first Chern class of L.

Example 8.1. ¢;(Cy) =0.
Proposition 8.1. ¢;(L ® L) = ¢y (L) + ¢1(L). In particular, ¢1(L*) = —ci(L).

Proof. Let s € I'(L), 3 € ['(L), then locally sq - 54 = (5 ® 8)|p.. Let A,/Lbe
connections on L, L respectively. Thend ;g ;(s®5) = (ds+As)®5+s®(d5+A3).
So locally d 4, 1(8a5a) = d(sa5a) +(Aa + A4)5054. Hence dyepi(dygi(s®3) =

(F(A) + F(A))(s ® §), hence the proposition. O

Remark. 1. For a general (not necessarily unitary) connection A, we know that
1F(A) is the sum of a closed real 1-form and an exact complex 1-form.

2. A unitary connection always exists, but is not unique in general. However,
there is a “best” unitary connection to choose.

Proposition 8.2 (Chern connection). Suppose L is a holomorphic line bundle
together with a Hermitian inner product. Then there is a unique unitary con-
nection A on L such that, on holomorphic local trivialisations U, C X, we have
A, € QV(U,).

Proof. We show uniqueness first. For this, let’s restrict to U = U, where we
use the shorthand A = A,. Also let h = h,, : U — R+ be the Hermitian norm.
The choice of a local trivialisation on U is the choice of a holomorphic section
e : U — C with e = 1. Now any other C'*>° section over U is given by s = Ae for
some smooth function A : U — C.

Let’s now impose the conditions. For A to be unitary, we have

d|s|? = (das, s) + (s,das) = ((dX+ AN)e, Ae) + (e, (dX + AN)e)
= hAd\ + AN dX + RAN(A + A)

But d|s|? = d(A\R) = RAdA+hAdA+ AN dh. So we must have A+ A = h~1dh,
so A1% = h=19h = dlog h. This gives uniqueness.

For existence, note that the formula dlog h, gives a local Chern connection on
U,. Now suppose Ug is another trivialisation. Then the transition functions
1ap, being holomorphic, has dyas = OYap. So hg = ’(/Jag’(/;a/jha. Thus

O atpa .
Ag =0loghg = 0loghy + —=— = A+ Ypa dyg,
wﬁa Bo
which is the transformation law we need. O

Corollary 8.3. The curvature of the Chern connection is
3 2 i c 2
F(A) = 090logle|” = §dd log |e]
where e is any local nonvanishing holomorphic section.

Note also that F'(A) need not be d-exact.
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Corollary 8.4. _
i

21

Now let’s see what happens when X is compact and connected. Suppose Y C

X is an analytic hypersurface, then Y too is compact. For any ¢ € Q?"~2(X)
with d¢ = 0, we can send [¢] € Hi *(X) to

[F(A)] =a(L) € HY(X)

pcR
Y*

where the orientation on Y* is given by the complex structure. This is a well-
defined linear functional. Moreover, by Poincaré duality, there is some 7y €
H3.(X) (the Poincaré dual of Y) such that

/ as:/anmzs

In general, for any D = )" a;Y; € Div(X), we can define np = >, a;ny, €
H 3R(X ). So, given a divisor D, we can on one hand obtain a cohomology class
7p, and on the other hand obtain a cohomology class which is the first Chern
class of the line bundle it defines.

Proposition 8.5. np = ¢1([D]).

Corollary 8.6. c1([D]) in fact lives in the image of the natural homomorphism
H*(X,Z) — H*(X,R) = H3;(X).

Remark. Sadly, this homomorphism is not injective, so our definition of ¢; con-
tains slighly less information than the topological definition of Chern classes.

To prove Proposition[8.5] we need to show that for any closed ¢ € Q2" ~2(X),

we have )
5 XF(A)/\ﬁb:;ai/Yi*(b

where A is a Chern connection on [D] for some Hermitian inner product on it,
and D =Y. a,;Y;.
We may reduce to the case where D =Y is just a hypersurface. As X is compact,
we can cover it by finitely many trivialising neighbourhoods X = |J, U, for
[D]. Let f, be the local defining functions for D =Y on U,, i.e. Y = (s) for a
meromorphic section s of [D] given by f,.
For € > 0, let X (¢) C X be the collection of p € X such that |s(p)| > € where
| - | is the chosen Hermitian norm. Then

/ F(AAdp=—lim [ (dd®log|s|?) Ao

X 2 e—0 X(e)

By Stokes’ Theorem, this can be written as

1
——lim (d°log|s[*) A ¢
2 e—0 X ()

with the obvious choice of orientation that makes Stokes’ Theorem work. Now

sl n(x\x(e)) = fafaha
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where h,, is the local expression for the Hermitian norm. Then
d°log|s|? = i(0 — 0)10g(fafaha) = i(0log fo — Dlog fo + (0 — O)hq)

The volume (“surface area”?) of 9X(¢) tends to 0 as € — 0.
We may assume the compact set U, is contained in a trivialising neighbourhood.
Vh, is bounded there. So

lim (d°logha) A =0
=0 Jax (e)nU,

Also, ¢ is a real differential form, so

/ (Olog fa) N ¢ = (Olog fa) A&
X ()NUq X (e)NUq
Combining everything, we conclude

~ L lim (dlog|s[?) A ¢ = lim —i Im (Dlog fa) A ¢
2 =0 Jox(e)nU. €0 X ()NUa

To simplify this integral further, we observe the following: We can extend f,(z)

to local coordinates z; = fo(2),...,2,. Also we can assume U, is a coordinate

polydisc for this. Then we reach

2 im (d°log|s|*) A ¢ = —iTm lim — N1(z1,.-.)
2 <0 Jax(onu. 0=/ Via A1

where ¢ = g?)Jr ¢1 where 45 collects all terms in ¢ containing dz;,dz;. By the
residue theorem, this is

—i27 ¢1(0722a-"azn)

21:()

Patching together the U,’s gives the desired conclusion.

9 Line Bundles on Projective Spaces

Example 9.1. Let X be a connected compact Riemann surface. Any D €
Div(X) is a finite formal sum of points on X. For any P € X, [P] € Hy(X,Z)
is a generator, and P — [P] extends to a homomorphism deg : Div(X) — Z,
which is explicitly given by > papP — > pap.

Now np € H*(X,Z) = Z is a generator. We can write np = [¢] where ¢ € Q%(X)

has
[
X

Suppose now that L is a holomorphic line bundle over X. Its degree, in this
instance, is defined as

dex L= (r(0),1X) =~ [ F(a)
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where A is some connection on L and [X] € Ho(X,Z) is the fundamental class
of X. Proposition tells us that if L = [D] then deg L = deg D.

Now deg : Div(X) — Z is a surjective homomorphism, so, for each value of
c1, there exists a holomorphic line bundle on X with nontrivial meromorphic
sections.

Let’s now specialise to the case where X = CP! and see what happens. Noncon-
stant holomorphic maps CP' — CP! are precisely the rational functions. And
every rational function as such has the same number of zeros and poles, counted
with multiplicity. Conversely, given collections of desired zeros and poles that
are equally many, we can construct a rational function with exactly those zeros
and poles. So two divisors on CP' are linearly equivalent precisely when they
have the same degree.

Recall the Hopf bundle 7 : C? \ {(0,0)} — CP! which extends to the tauto-
logical line bundle O(—1). Then [zg : z1] — (20/21, 1) induces a meromorphic
section of O(—1). Locally, s looks like s; =1 over Uy = {21 # 0} and sg = 1/2
over Uy = {29 # 0}. So s has no zeros and has a unique simple pole at [1 : 0].
Aaaaaand so deg O(—1) = degs = —1. In general, deg O(k) = k for all k € Z.
This allows us to classify line bundles on CP' in view of the next proposition.

Proposition 9.1. If a holomorphic line bundle L — CP* has ¢1(L) = 0, then
L is holomorphically trivial.

Proof. First of all, L is trivial as a smooth bundle: Since ¢;(L) = 0, F(A) is
exact for all connections A on L. We can then make a choice with F/(A) = 0.
This means that we always have dA, = 0 on a local trivialisation U,.

In the case of CP!, we can take the trivialising open cover to be Uy = {|z| <
R}, U; = {|z| > 1/R} for R > 1. By the classical Poincaré lemma, A, is exact
on Uy, i.e. Ay = da, on U,. Then A, + 9~ 1dy =0 for ¢ = e %,

WLOG Ay = A; = 0, so dipp; and hence 9 is constant on Uy N U;. So we can
extend ¢ to Uy and obtain a global trivialisation.

To show that L is holomorphically trivial, we need only to produce a holomor-
phic nonvanishing section. We already know that there is a diffeomorphism
L — CP! x C. Choose a Hermitian norm on the fibres of L and let A be the
Chern connection. So d4 = 94 +04. And we write d+ A = (0+ A")+ (0 +A").
A section s is holomorphic iff 945 = 0. For f : CP* — C, we test sections of
the form s = ef. For 0 = 045 = 0s + A”s, it is necessary and sufficient that
Of = —A”. We claim that H%!(CP') = 0, which means that we can always
solve this equation.

Take the open cover CP! = Uy U Uy where Uy = C,U; = CP!\ {0}. By Theo-
rern there are some f; : U; — C with df; = —A"|y;. So I(fi — fo) =0 on
C\ {0}, therefore we might write a Laurent series

fi—fo= Z cp2™

n=—oo

valid for z € C\ {0}. Then just put

= fo+ ano cpz™  on Uy
fi—=2 < 1z onlU

which is well-defined on CP! and 0f = —A”. O
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Corollary 9.2. Every line bundle on CP' has the form O(k) for some k € Z.
In particular, Pic CP! = Z.

Remark. 1. In fact PicCP™ 2 Z for all n. It is generated by O(1) which has a
holomorphic section whose divisor is a hyperplane. Also, via the isomorphism
H?(CP",Z) = Z we have ¢1(O(k)) = k.

2. In example sheet, you will have computed E = C/A has Picard group
Pic(E)=Z D E.

Definition 9.1. Let X be a complex n-manifold and ¥ C X a nonsingular
hypersurface. Then the normal bundle of Y is Ny, x = (T"°X)[y/T"0(Y). Its
dual Ny /X is called the conormal bundle.

On fibres over p, Ny takes value {a € (T X)*0 a|T;,oY =0}.
Now let f, be a locally defining function of Y over U, C X. Then (df.), €
(T;X)"0 for all p € Uy, and moreover dfy|r1.0ynu,) = 0. But (dfs), # 0 for
all p e Y NU,. So df, defines a local nonvanising holomorphic section, i.e. a
trivialisation, of Ny /x
Recall that ¥,p = fo/fs are transition functions of [Y]. What are transition
functions of Ny, 7 We have dfo = d(¥apfs) = (d¥ap)f3+vas dfs = ap dfs.
Hence for sections s of Ny, /X We have sgdfs = s, df, which is equivalent to
say Sq = 1/1(:6155.
This means that [Y]|ly ® Ny, y is holomorphically trivial.

Theorem 9.3 (Adjunction Formula, vol. 1). Ny x = [-Y]ly.

Since df,, is nonvanishing on Y, f, extends to a local complex coordinates
fasCa, ..., ¢, on a neighbourhood U,. Any holomorphic local section of Kx on
U, has the form hdf, AdCa A---Ad(,. Suppose Ug is another such neighbour-

hood with U, NUs # @, then we have fg = Gga(fa, (a), e (a))fa for some
Gpa(0,¢() = 1h54(C a>) #0. On U, NUzNY, we have g<ﬁ> FLp5(¢(®) for
some Fjgq,.

We conclude that Kx|y = N;/X ® Ky .

Theorem 9.4 (Adjunction Formula, vol. 2). Ky = (Kx ® [Y])|y

We can apply these most easily to projective manifolds, in particular hyper-
surfaces in CP™. To do this, we need to compute the canonical bundle on CP™.

Let [z0 : - -+ : z,] be the homogeneous coordinates on CP™ and U; = {z; # 0},
H; = {z = 0}. On Uy, we have complex coordinates w; = z;/zp. Now
w = wfl dwg A -+ A w;l dw, is a meromorphic section of Kcpr over Uy, and
ordy, w = —1 for each j =1,...,n.

How about its order on Hy? Choose any j > 0. Then on U; we have coordinates
Wy = 2x/7; for k # j, and the change-of-coordinates is w; = W; /Wy for i # 7,0
and w; = 1/.
So w; ! dw; = w; ' di; — g iy for i # §,0 and w;l dw; = —y " diy. There-
fore o

w = (=1)7y " ddig A+ Ay Ay A - Ayt didy,
So ordg, w = —1 too. Hence w has a simple pole along each H; (and is nonva-
nishing and holomorphic elsewhere).
Now all H; are linearly equivalent (indeed, for any homogeneous irreducible
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polynomial p(zg,...,z2,) of degree k, the hypersurface given by its vanishing
locus is linearly equivalent to kHj.). Hence Kgpn = O(—n — 1) noting that
O(=1) = [-Ho.

10 Blow-Ups

Let A C C" be a polydisc centred at the origin. We put A = {(z,w) €
A x Cpr1: ZiW; = Zjw;}.

A is made into a complex manifold as follows: For each standard chart h; :
U; CCP™ ' — C" ! weput h; : (AxU;)NA = C, (z,w) — (hj(w), ;).

Definition 10.1. The map o : A — A, (z,w) — z is known as the blow-up of
A at the origin.

Sometimes we just call A the blow-up.

Remark. 1. If n =1, then A and o is a biholomorphism. For general n, ¢ maps
A\ ¢71(0) biholomorphically onto A\ {0}. And ¢~'(0) is a submanifold of A
isomorphic to CP" 1.

2. If we let A = C™, then the second projection C* —» CP"Lis essentially the
tautological line bundle on CP"~!.

We can of course extend this notion of blow-up to any complex n-manifold
X. For x € X, we choose a chart ¢ : U — A around xz. Then we define
X = (X \ {#}) Ug-100 A (ie. identifying A\ o=(0) = U \ {z}). This is a
well-defined complex manifold equipped with a map o = o, : X — X.

Definition 10.2. o, : X — X is known as the blow-up of X at z. By con-
struction, it restricts to a biholomorphism X \ oy ! (z) = X \{z}. E = o () =
CP" ! is known as the exceptional divisor of this blow-up, which is an element
of Div(X).

Lemma 10.1. o, : X — X is independent of the choice of the chart ¢.

Proof. To give a chart is the same as to give a set of complex local coordinates.
Suppose (z;); are the coordinates associated to ¢ and (z; = f;(2)); an alter-
native set of coordinates. Consider wj = . (0f;/0z;)(0)w;. We claim that
F:(z,w) — (2/,w') defines a map A — A’ which is biholomorphic and makes
the diagram

!

>

’

o o

—

_F,
_f

[P —p g

!

>

commute. This implies the lemma.
If f is given by a linear A = (A%) € GL(n,C), then

i k gl k gl ’.
Ziw; = g A; Ajzkwl = g Aj Ajzlwk = z;w;
k,l k,l

So everything follows.
Knowing this, we can assume WLOG that (0f;/0f;)(0) = ;;. Consequently

w} = w; for all j. Note that

(W o hyY)(wy,. .., wp_1,2) = (w1, ..., wny_1, % + higher order terms)
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Thus F' has derivative I at x, so it is biholomorphic. O
Proposition 10.2. [E]|g = Ocpn-1(—1).
Proof. Look at transition functions. O

Proposition 10.3. Let o : X — X be the blow-up of X at x € X. Then
K; =0*Kx ®|[(n—1)E].

Proof. We’ll show this with the assumption that K x has nontrivial meromorphic
sections. So there is a nonzero meromorphic (n,0)-form w on X. Then o*w is
a meromorphic (n, 0)-form on X.

Since o is biholomorphic away from F, the zeros and poles of o*w away from F
are the zeros and poles of w, both counted with multiplicities. So we just need
to know what happens on F.

Near x € X, we write w = f(2)dz; A---Adz, with df = 0. In local coordinates,
O’|(A><Uj)mA sends (v1,...,vn—1,2) to (zv1,...,2,...,20,—1). Therefore

c'w=0"(f(z)dz1 A---Adz,) = (foo)d(zvr)) A--- Adz A--- Ad(z0,-1)
=2"Yfoo)dvy A---Adz A Aduy_y

We thus get an extra zero of order n—1 along EN((AxU;)NA) = {z=0}. O

Remark. If X was a complex surface, then we already know that
—1 =deg[E]|g = / a(f)=n=E-FE
E

where - is the topological intersection pairing. So E has self-intersection —1,
which means that we cannot deform it on X as a complex manifold.

Perhaps it’s time to talk about connected sums.
Suppose Mi, Ms are smooth m-manifolds. Fix p; € My,ps € My. Write ¢; :
U; C M; — R™ for local charts around p;, with ¢;(U;) D By = {x : ||z|| < 3}.
Consider ¢ : z +— x/||z||? for 1/2 < ||z|| < 2, say. This is an orientation-reversing
diffeomorphism on the spherical shell {1/2 < ||z|| < 2}.

Definition 10.3. The connected sum Mj;#Ms of My, My at p1,ps is (M; \
o1 ({2l <1/21) Uporogog, (M2 \ 63 ({l|2]] < 1/2}))

So basically we stretched out a tube around pq, p2, cut them open, and fitted
them together.
Remark. Mi# M- is orientable whenever My, My are.

Proposition 10.4. The blow-up X — X atx € X is diffeomorphic to X #CP"
at x € X and any p € CP™.

Here, CP™ is just CP™ equipped with the reverse orientation.

Proof. WLOG X = A is a ball {||z|| <2} and z = 0. We want to show that A
is diffeomorphic to CP" \ K for some small closed smooth coordinate ball K.
It’s convenient to identify CP™ = {[Zg: 21 : -+ : 2,]}. Let ¢: (1: 2) — C" and
K=0¢""({lzll £1/2}) = {[z0 : 2] : |2]| > (1/2)|20]}-

We put ¢ : CP"\ K — A, [% : 2] = ((20/]]2]|*)2,11(2)) where IT : C™\ {0} —
CP" ! is the quotient map. This is an orientation-revering diffeomorphism.
Finally, note that if |z9]|/2 < ||2]| < 2|20, then o o 9(1 : z) = £(z). So this is
indeed the connected sum. O
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11 Hermitian and Kahler Metric

Definition 11.1. A Hermitian metric on a complex manifold X is positive-
definite Hermitian inner product h on T'9X such that hy TZ}7OX X TI}’OX —
C is smooth in p. That is, for any smooth sections A4, B of T"YX, we have
h(A,B) € C>*(X,C).

In local coordinates, we write h =}, ; h;5(2) dz; dz; where the local defining
functions h;; = h(8/9z;,0/0z;) are smooth and h; = hy;.
By the way, a Riemannian metric g is J-invariant if g(JA, JB) = g(A, B) for
all A, B € TXE.

Proposition 11.1. There is a natural identification between Hermitian metrics
on a complexr manifold X and J-invariant Riemannian metrics on X* (i.e. X
but viewed as a real manifold).

Proof. Recall that we have a map v : T, X — T X sending e to e — iJe which
is an isomorphism of R-vector spaces. Then v(Je) = iy(e).

Suppose we are given a Hermitian metric h. Define g by g(u,v) = (1/2) Re h(u—
tJu,v — iJv). Since h is Hermitian, this is a Riemannian metric which is J-
invariant since h(iA,iB) = h(A, B).

Conversely, suppose ¢ is a J-invariant Riemannian metric. We can extend g to
T, X ®r C. Call the extension hy. So hg(Au, uv) = Afg(u, v) for any u,v € T, X
and A, pp € C. Then h = hg|p10x, moy is a Hermitian metric.

It’s easy to check that these two procedures are inverse to each other. O

In local coordinates z1, . .., 2, (and we write 0/9z; = (1/2)(0/0x;—i0/dy;)),
this correspondence is given by

o 0 o 0 o 0

what if we take the imaginary part of h?

Definition 11.2. The fundamental form of a Hermitian metric h is w(u,v) =
—(1/2) Imh(u — iJu,v — iJv).

Proposition 11.2. w is is a (1,1)-form. Furthermore, if g is the J-invariant
Riemannian metric corresponding to h, then w(u,v) = g(Ju,v). In particular,
any two of w,g,J determine the third.

Proof. w is a real 2-form since h is Hermitian. It has type (1, 1) iff w(Ju, Jv) =
w(u,v), which holds since, under the correspondence u > u—iJu, Ju is mapped
to i(u—iJu). Finally, —(1/2) Im h(u—iJu,v—iJv) = (1/2) Re h(i(u—iJv),v—
iJv) = (1/2) Re(Ju + iu,v — iJv) = g(Ju,v). O

Remark. In local coordinates,

g=2 Z ((Reh;;)(dw; dzj + dy; dy;) + (Im ;) (dw; dy; — da; dy;))

.3
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Indeed, we already know what’s up with the first term. As for the second term,
we observe that

o 0 g .0 o 0

Y (LA N (R
B axi’6$j =9 8yi78$j

Lemma 11.3. In local coordinates, w =i}, ; hi;dz; A dz;.

Proof. idz; Adz; = i(dz; Adx;+dy; Ady;)+ (de; Ady; +da; Ady;). By our calcu-
lation in the preceding remark, w(9/0x;,0/0x;) = —2Im h;; = w(9/dy;,0/dy;)
and w(9/0x;,0/0y;) = g(0/0y;, 0/dy;) = 2Re h;;. Therefore

> hgildz Adz) = hgi(dz Adz) + Y 2(Rehy;)i(dz; A dz)
1,9 % 1<J
= Z 2(Re h;;) da; A dy;
,J
—2) (Imhg)(da; Ade; + dy; A dy;)
1<J

= W D

Corollary 11.4. For any a € T'°X, we have —iw(a,a) = > hijaia; > 0 if
a#0.

Definition 11.3. A real (1, 1)-form o is positive if —ic(a,a) > 0 for any a €
T1%X nonzero. If this happens, we write o > 0.

For a complex line bundle L, we say c;(L) > 0 if ¢1(L) is represented by a
positive (1, 1)-form.

By what we have done, any positive (1, 1)-form w determines a Hermitian
metric h on X.

Definition 11.4. For a complex manifold X, we write ¢1(X) = —c¢1 (Kx).

Definition 11.5. If ¢;(X) > 0, we call X a Fano manifold. If ¢;(X) = 0, we
call X a Calabi-Yau manifold.

If f:Y — X is a holomorphic immersion, i.e. (df)¢ = Tyl*OY — Tfl("g)X is
injective, and ¢ is a Riemannian metric on X, then f*¢g is a well-defined Rie-
mannian metric on Y and f*g is J-invariant if g is.

In particular, a Hermitian metric is induced on any immersed complex subman-

ifold. Locally, we can find complex coordinates z1, ..., z, around f(y) € X such
that Y is locally given by Y = {2541 = --- = 2z, = 0} and f is locally given by
(z1,.-+,25) ¥ (21,--+,2k,0,...,0). From here it’s clear that the fundamental

form of f*h is simply f*w.

Definition 11.6. A Hermitian manifold (X, w) is called a Kéhler manifold if
dw = 0, in which case w is called a Kéhler form and h a Ké&hler metric.

Example 11.1. 0. On C", the standard Hermitian metric h = (1/2) 3_; dz; dz;
is Kéhler since w = (1/2) 3, dz; A dz; is closed.
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la. The standard metric on C™ gives a well-defined metric on any complex torus
C™/A where A < C™ is a lattice. And w descends to a Kéhler form on C™/A.
1b. Any never-zero 2-form on a Riemann surface that induces the same orien-
tation as a complex structure is a closed positive (1,1)-form. So any Hermitian
metric on a Riemann surface is automatically Kahler.

2. CP" has a Kihler metric. Consider the projection 7 : C"*1\ {0} — CP™.
Let V; = {z € C""! : z; = 1} be an affine hyperplane. Then 7(V;) = U; =
{Zj # 0} cCpm.

Locally, we can write done the form

i
w= %aalog [2]1? € QV1(V;)

Let’s show that these patch together globally.
Recall that the change-of-coordinates takes z € V; to fz € Vj, where f = z;/z;
is holomorphic and nonvanishing on V; \ {z; = 0}. Then

o= - _
—_— 1 2:7 1 2 1
%%%Wﬁ %%Wﬂﬂ+%ﬁm

Now __ _

19F __0of _,

Ir f

So w is compatible with these change-of-coordinates, whence we have a global
(1,1)-form on CP™, which is closed by its local description.

Now for any T" € U(n + 1) induces a biholomorphic automorphism of CP™
(which is just a projective transformation) with 7*w = w. It also preserves || - ||
on C"*1. The U(n + 1)-action on CP" is transitive, so these tell us that it
suffices to check the positivity of w at one point.

d0log(ff) =0

. n —
) Zj:l Zj de

i n
wly, = —8dlog [ 1+ 2z | = —o-==1
o 2 ; J<J 2r 1 +Z;L:1 2iZ;
i [ Xj=adz Adz (Z?ﬂ Zj dzj) A (Z?Zl zj d2j>
2w 1+ Z;‘L:1 Z2jZ;j (1 + Z?:l ijj)2
Yeah. .. Let’s look at the point [1 : 0 : ---: 0]. Then this simplifies to the ex-

pression (i/(2m)) > 7_; dz; A dZ; which is positive.

This Kéhler metric on CP" is called the Fubini-Study metric.

3. More generally, any positive (1, 1)-form representing ¢;(X) on a Fano mani-
fold X makes X a Ké&hler manifold.

4. Any complex submanifold of a Kéhler manifold is again Kéahler, as w pulls
back to a closed positive (1,1)-form. Consequently, any projective complex
manifold is Kahler.

Let (M,g) be an oriented Riemannian n-manifold. The volume form of
(M, g) is an n-form vol, € Q"(M) locally given by vol; = wy A --- A w, where
wj form a local orthonormal coframe field of 1-forms for g.

In local coordinates, if g = 3, ; gi; dz; dz;, then

volg = y/det((gsj)i;) dozy A--- Adxy,
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If M is compact, then we can define its volume to be

volM:/ voly (M)
M

Now let (X,h) be a Hermitian complex manifold, then we get a J-invariant
Riemannian metric g associated to it and a fundamental form w. Recall from
two seconds ago that w(—,-) = g(J—,-).

Near every z € X, we can (basically by the Gram-Schmidt process) find an
“adapted” local coframe field wy,e€q,...,wn, €, in T*X orthonormal with re-
spect to g and such that €, = —Jwg,wr = Jex. Then wy + i€y, ..., w, + i€,
is a (complex) local coframe field orthogonal with respect to h. They are i-
eigenvectors of .J, so they actually form a coframe field on T*9X.

Thus

h = ;zk:(wk +i€k) (24 (wk —iﬁk),g = zk:(wk R wg + € ®6k),u) = zk:wk N €

One might also write w =), wy ® € — € ® wy, for more clarity.
Anyways, collecting what we’ve done gives

Proposition 11.5. The volume form of a Hermitian manifold is vol, = w™ /nl.

If Y C X is a complex submanifold with dimension d, then recall that wl|y
is a fundamental form for the induced Hermitian metric on Y. So w?/d! is the
volume form on Y, hence

Corollary 11.6 (Wirtinger). Suppose Y is compact, then
1
volY = — / w?
d! Jy

Note that if w is closed, then the right hand side depends only on the topo-
logical type of Y, hence the left hand side has to as well. This is shocking — the
left hand side is a volume!

Also, [w] € H3x(X) is nonzero since

/ w" =nlvol(X) #0
p's

And in general [w*] # 0 for all &k = 1,...,n by Stokes’ Theorem. Thus
dim Hg{i\ > 0 for all such k.
If Y € X is a compact complex submanifold, then

oo

means [Y] # 0 in Hoq(X,Z), i.e. the cycle Y is nontrivial.

12 Hodge Theory

Suppose (M, g) is an oriented Riemannian manifold with dimension m. The
dual inner product on T*M extends to A" T*M by setting {w;, A+ Aw;, 11 <
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iy < -+ < i, < m} to be an orthonormal basis for A" T M, where w1, ...,wn,
is an orthonormal basis for T; M. In particular, vol, = wy A -+ A wy, has unit
norm.

Definition 12.1. The Hodge star operator x : A" T:M — A"""TiM is a
linear map satisfying the relation o A %8 = (o, )4 vol,.

The Hodge star is uniquely determined by *(w;, A---Aw;, ) = wjy A -Aw,, .,

where 41, ...,%,J1,--.,Jm—r 18 an even permutation of 1,...,m. In addition,

#2a = (=1)"m=")q for o € A". One can also check that  varies smoothly, and

so is gives a map * : Q" (M) — Q™" (M).

Now suppose (X, h) is a Hermitian complex n-fold. Write g for the correspond-
ing J-invariant Riemannian metric. Then dimg X = 2n and so * : Q"(X) —
Q02T (X). Write wy,€1,...,w, €, be an adapted local orthonormal coframe
field (recall that adapted means Jwy, = —ek, Jei, = wy for all k). (1,0)-forms
are spanned by {e + ieg }x, and (0, 1)-forms by (wy — iex)r. We have

||(wk1 +i€k1) VANEERIVAN (wkp +i€kp) A\ (wll —iell) VANRERAN (wlq —ielq)Hi = 2PT4

More precisely, this is the Hermitian extension of g to A" T* M & C, still denoted
by h. So this means that the Hermitian inner product extends to A" T*M for

p,g=n.
We can also extend the Hodge star to s : (A" T*X)€ — (A*" ™" T* X)C.

Lemma 12.1. a A *3 = (a, B), vol,,

Proof. This is certainly true if a, 8 are scalar multiples of real r-forms, since *
is a real operator and S = pS. The result follows by linearity. O

Corollary 12.2. The Hodge star restricts to * : QP9(X) — Q" 9" 7P(X).
Furthermore, ¥*|qp qx) = (—=1)PF9.

Definition 12.2. Write d* = — * d* : Q"(X) — Q" 1(X) with the convention
Q7 1(X) = {0}. The Laplacian is A = Ay = dd* +d*d : Q"(X) — Q" (X). Both
of these extend C-linearly to complex differential forms.

Example 12.1. When X = C™ and h is the standard Euclidean inner product,
then

"9 9
Algo = —4 —_—
|Q Z Oz, 0z,
k=1
Definition 12.3. 9* = — % 0%, 0" = — 0.

Thus 0 : P — Qp_Lq,é’i: apa — Qpi?_l and we have the identities
d*|gra = 0% + 0%, (0%)? = 0 = (0%)2,0%0* = —0*0".

Definition 12.4. The L2-inner product is

(&;mx.n = /X<€vn>hV019 = /XﬁA*ﬁ

This makes Q7 (X)C, Q2P4(X) into pre-Hilbert spaces (in general not complete).
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Proposition 12.3. 0*,0* are the formal adjoints of 0,0 with respect to the
L2-inner product. That is,

/<8a,ﬂ>hvolg:/<a,8*ﬂ>hvolg
b'e

X

/(5@,5>hvolg:/<a,5*ﬁ>hvolg
X X

for compactly supported forms a, 8 of compatible type.

Proof. Let’s prove the 9 version. The 0 version would be analogous.
Suppose a € QP171(X), 3 € QP9(X) are compactly supported. Then

/(5a,ﬁ>hvolg:/ 504/\*5:/ IaA*p) — (=1)PT1 Lo ND* B
X X X
:/ d(a/\*B)+(—1)p+q/ aNT=D
X X
:/ oz/\*(—*@*ﬁ):/(a,é*ﬁ)volg O
X

X

Corollary 12.4. (i)

/(da,ﬁ>volg:/(a,d*6) volg
X X

(i) Let (d°)* = — x d®x, then

/)((dca,@volg:/X(a, (d°)*B) vol,

Definition 12.5. Write Ay = 99" + 9*0 for the 0-Laplacian and Ay = 00* +
0*0 for the 0-Laplacian. They are endomorphisms of QP7(X).

Each A, Ap, Ay is formally self-adjoint. Although A = A4 does not in
general act on (p, q)-forms.

Definition 12.6. An r-form « is (d-)harmonic if Aa = 0, 9-harmonic if Apa =
0, and O-harmonic if Aga = 0. We denote by H"(X) the spaces of harmonic r-
forms, H29(X) for the space of 9-harmonic (p, ¢)-forms, and H'?(X) the space
of d-harmonic (p, ¢)-forms.

Proposition 12.5. Suppose X is a compact Hermitian manifold. Then:
(i) Aa =0 iff da =0 and d*a = 0.

(i) Apor =0 iff Oa = 0 and 0*a = 0.

(i) Aga =0 iff da = 0 and 0*a = 0.

Proof. For (iii), this follows from the calculation 0 = (Aza, o) xn = ||5*oz||§(7h+
100][% -
(i) and (ii) are similar. O

Remark. We have Aja = Aga.
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Theorem 12.6 (Hodge Decomposition vol. 1). Let (X,h) be a compact Her-
mitian manifold. Then:

(i) ’Hg’q(X) is finite-dimensional for all p,q, and there is an L?-orthogonal de-
composition QP1(X) = HEU(X) ® Ap(P9(X)) = HEI(X) @ 0971~ 1(X) &
o*QPat(X).

(ii) H"(X) is finite dimensional for all r, and there is an L*-orthogonal decom-
position Q" (X)¢ = H"(X)CoAQ"(X)C = H"(X)Cad—H(X)Cad* Q1 (X)C.

Proof. Omitted. O

Remark. 1. In fact, (ii) holds for any compact oriented Riemannian manifold.
2. The proof makes use of the theory of elliptic differential operators.

Suppose (X, h) is a compact Hermitian manifold. For a € HZ7(X), it is in
particular J-closed, hence defines a class [a] € HP9(X). This gives a C-linear
map HZ!(X) — HP(X).

Corollary 12.7. HZ(X) — HP(X) is an isomorphism.

Proof. Surjectivity: For a € QP9(X), we can decompose a = g —|—_5_oq + Oay
by the preceding theorem for some ag € H5?(X). So da = 0 iff 9*az = 0.
But the second condition implies that [|0*az|/% ;, = 0, and so [a] = [ag].

Injectivity: Suppose @ € H5?(X) has a = 9, then [|9y][xn = (0*a,7) = 0,
thus a = 0. O

Similarly, we get a C-linear isomorphism H"(X) — H’y (X)C.

Definition 12.7. The Hodge numbers of X are h?9(X) = dim¢ HP4(X) =
dim¢ Hg’q(X).

In particular, h?"°(X) is the dimension of the space of holomorphic p-forms
on X. If p=n =dimX, py(X) = h™?(X) is the dimension of the space of
holomorphic sections of Kx, also known as the geometric genus of X. When X
is a compact Riemann surface, p,(X) computes the topological genus of X.
For a (p,q)-form o, o € HZY(X) iff xa € HZ 7" 9(X). This gives an R-
linear isomorphism H2(X) = HZ™""7%(X). Furthermore, we have a pairing
HEU(X) x HE " (X) — C via

(a,ﬂ)l—>/ aNpeC.
X

This is a non-degenerate complex bilinear form. Indeed,

/a/\*&:||a||§(h>0
; ,

when « # 0. The existence of this pairing is known as the Kodaira-Serre dual-

~

ity, which may be alternatively written as the natural isomorphism ’Hg’q(X ) &
Hi P (X)), In particular, h?9(X) = h*~P"79(X).
If X is connected, then this tells us that 2™ = 1. The isomorphism 3" (X) —
C is simply given by
o / @
X
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On a general Hemitian manifold, there is no simple relation between H?>?, Hg’q
and Hjy,H". Life is better then the metric is Kahler.
Let w be a Kahler form on X.

Definition 12.8. The Lefchetz operator L sends o« € Q"(X) to a Aw €
Q+2(X). Tts pointwise adjoint A : Q"72(X) — Q"(X) has the property that
(Aa, B)g = (o, LB), (pointwise).

Lemma 12.8. A =« 'Lx. More explicitly, if a € Q"(X), then Ao = (—1)" *
Lx*a.

Proof. For a,f of suitable degrees, we have (L3, a)pvoly = (8 A w) A *&
BA*x"1 (wAxa) = (B, 1L x ) vol,.

o

Theorem 12.9 (Kéhler Identities). Suppose (X,w) is Kdhler, then:

(i) [A, 9] = —i0*,[A, 0] = i0*.

(ii) [0,L] = [0,L] = 0,[0*,A] = [0*,A] =0

(iii) [A,d] = —(d°)*, [L,d*] = d°.

(iv) [0*,L] =40, [0*,L] = —i0.

Proof. Clearly we really just need to prove [A,d] = —id* and [0,L] = 0. The
second relation follows immediately from dw = 0 since this means that d(a A
w) = (Oa) A w. The first relation has a long-ish proof, so let’s omit the details.
The gist is to first do it for C™ (with the standard Kéhler form) by messy
calculations, and extend it to the general case. This extension is possible since

the Kahler condition implies the existence of complex local coordinates with
h’ij = 61']', grad hl_} =0. O

Theorem 12.10. On a Kdhler manifold X, we have A = 2A5 = 2Ay. In
particular, A(QP4(X)) C QP9(X).

So the notion of a harmonic form on a Kahler manifold does not depend on
“which” harmonic form we chose. We will just write H?9(X) for HZ*(X) =
HYY(X).

Proof. We have i(00* + 0*9) = 9[A, 9] + [A, 9]0 = 0 by Theorem So
A= (0+0)0" +0%) + (0 +0%)(0+0)
=Ap+ 00"+ 00" + A5+ 00+ 00 = Np + Ay

It remains to show that Ap = Ay. By Theorem —iAg = I[N, 0] +([A, 9]0 =
—0[A, 0] — [A,0]0 = —iA,. 0O

Fix a compact Kéahler manifold X.

Theorem 12.11 (Hodge Decomposition vol. 2). Suppose X is a compact Kdhler

manifold, then Hip(X) @ C= @, ,_, H(X) and HP? = HoP(X).
Proof.

Hip(X)eC=H'(X)oC= @ (H'(X)®C)Nar(X)

ptg=r
= P H(X)= P HMUX)
ptq=r ptg=r
Also (H"(X)@C)nQra(X) = (H"(X) ® C) NQeP(X). O
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Corollary 12.12. Every nonzero holomorphic p-form on X is d-close but never
d-ezact.

Proof. {a € QP0: 0o =0} = Hg’O(X) = (HP(X)®C)NQP°(X). Any anything
in HP(X) ® C is d-closed but not d-exact. O

Corollary 12.13. The odd degree Betti numbers bag11(X) are even.
Proof. bogt1=3_,,, h"? and hP9 = hTP. O

Corollary 12.14. The Hopf manifold (example sheet) given by (C™\{0})/(z ~
2z) = §27n=1 x S has by =1 (for n > 1), hence cannot possibly be Kdhler.

Corollary 12.15 (90-Lemma). Suppose X is a compact Kdhler manifold and
a € QP1(X) has da = 0. Then the followings are equivalent:

(i) « = dB for some 8 € QPTI71(X).

(ii) o = OB for some B € QP~14(X).

(i4i) o = OB for some B € QP91 X).

(iv) o = QOB for some B € QP~LI~L(X).

Proof. (iv) is of course the strongest of the four statements. We also see that if
any of the four statements is true then o would be L2-orthogonal to HP*4(X).
So it suffices to show that if @ 1 HP9(X) has da = 0 (hence da = da = 0)
then « is in the image of 99. We also get a 1. H?P(X).

By Theorem a = 0f and a = 9 for some f.

We can write 8 = 9 + 0y1 + 0%y, with dy9 = 0 by Theorem So a =
00y, + 00 vy = —00v, — 0*0y2. But da = 0, so 00*0v, = 0. Therefore
0 = (90* 02, 0v2) x,n = |0 072||% 1, S0 @ = DI O

Remark. 1. This is still true for some non-compact Kéhler manifolds, such as
open polydiscs with the standard Euclidean metric (using the usual Poincaré
lemma and the 9-Poincaré lemma).

2. A holomorphic p-form on a compact Kéahler manifold is never d-exact, hence
never J-exact by the corollary (taking ¢ = 0).

3. There is an equivalent variant of this, known as the dd°-lemma.

4. If [¢€] = [§] € H3g(X) with &, € d-closed real (1,1)-forms. Then £ = ¢ + iddf
for some f € C*°(X,R), unique up to adding a constant.

13 Another View on Kahler Manifolds

Let (X, h) be a Hermitian manifold and g the corresponding J-invariant Rieman-
nian metric. There is a unique connection V on T'X (the Levi-Civita connection)
such that d(u,v)y = (Vu,v)4 + (u, Vv)4 and T(u,v) = Vv — Vyu — [u,v] = 0.
The induced connection on A*T*X is given by d(a(u,v)) = (Va)(u,v) +
a(Vu,v) + a(u, Vo) for all @ € Q3(X). One can show that do(u,v,w) =
(Vo) (v, w)— (Vya)(u,w)+ (Vya)(u,v). In particular, if Va = 0, then da = 0.
In fact, the composition of V : T(A*T*X) — T(A*T*X ® T*X) and the anti-
symmetrisation T(A>T*X @ T*X) — D(A\* T*X) is exactly d.

Now let v : TX — T19X be such that u is sent to (1/2)(u—iJu) (soy~! = 2Re).
Let d 4 be the unitary connection on 710X, i.e. d(u,v), = (dau, v)p+{u, dgv)p.
This induces a connection V4 on TX via V u = 2Reda(y(u)) for v € TX,
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which satisfies the first defining conditions for the Levi-Civita connection.

Observe that V 4J = JV 4 since y(Ju) = iy(u) and d4 commutes with (multi-
plication by) i.

Proposition 13.1. Suppose that V 4 is torsion-free and satisfies T'(u,v) = 0
(i.e. Vo =V). Then:

(i) d 4 is the Chern connection for T*°X .
(ii) h is a Kdhler metric on X.

Sketch of proof for (ii). We have

(Vw)(u,v) = d(w(u,v)) — w(Vu,v) — w(u, Vo)
=d(g(Ju,v)) — g(VJu,v) — g(Ju,Vv) =0

So Vw = 0, hence dw = 0. O
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