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0 Complex Analysis in Several Variables

Recall:

Definition 0.1. A smooth (n-dimensional) real manifold M is a Hausdorff,
second-countable topological space with a collection of charts, which are home-
omorphisms ϕα : Uα → Vα (where Uα ⊂ M,Vα ⊂ Rn are open) such that
M =

⋃
α Uα and ϕβ ◦ ϕ−1

α are smooth wherever defined.

In this course, we concern a modification where we replace Rn by Cn and
“smooth” by “complex analytic”. Inevitably, we need some multivariate com-
plex analysis.

Definition 0.2. For an open set U ⊂ C, a function f : U → C is holomorphic
if for every a ∈ U , there is a power series expansion f(z) =

∑∞
n=0 cn(z − a)n

valid on a disk around a.

Equivalently, it is C1 (viewed with the identification of C with R2) and
satisfies the Cauchy-Riemann equations ∂f/∂z̄ = 0 on U , where

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
,
∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
Just to remind you that if f is just smooth, we have f(z) = f(a)+∂f/∂z|z=a(z−
a) + ∂f/∂z̄|z=a(z − a) + o(|z − a|) as z → a.
Recall also the Cauchy integral formula, which says that if f : U → C is smooth,
then

f(z) =
1

2πi

∫
|w−z|=r

f(w)

w − z
dw

whenever {|w − z| ≤ r} ⊂ U .
Now let’s look at the case with more variables.

Definition 0.3. For an open set U ⊂ Cn and C1 function f : U → C, f is
holomorphic if fj(z) = f(z1, . . . , zj−1, z, zj+1, . . . , zn) is holomorphic in z for all
j = 1, . . . , n and fixed z1, . . . , ẑj , . . . , zn, wherever it makes sense.
We say f is holomorphic on a set S ⊂ Cn if it is holomorphic on an open set
containing S.

Equivalently, ∂f/∂z̄j = 0 for all j (sometimes also written as ∂̄f = 0) where
∂/∂z̄j = (1/2)(∂/∂xj + i∂/∂yj).

Definition 0.4. A polydisc in Cn is an open set of the form ∆ = ∆1×· · ·×∆n

where ∆j are open disks in C.

Polydiscs form a basis for the standard Euclidean topology on Cn.

Theorem 0.1 (Cauchy integral formula in several variables). Suppose f is
holomorphic on the closure of a polydisc ∆, then

f(z) =
1

(2π)n

∫
∂∆j ,j=1,...,n

f(w)

(w1 − z1) · · · (wn − zn)
dw

Proof. Repeatedly integrate.
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Remark. We are not integrating over ∂∆, but a (proper) submanifold of it.

We still have power series expansions.

Theorem 0.2. f : U → C is holomorphic if and only if there is a power series
expansion

f(z) =

∞∑
i1,...,in=0

1

i1! · · · in!
∂i1+···+inf

∂zi11 · · · ∂zinn

∣∣∣∣
z=a

(z − a1)
i1 · · · (z − an)

in

valid on any polydisc in U centered at a ∈ U .

More generally, f : U → V, V ⊂ Cm is holomorphic if each component of it
is holomorphic.

Definition 0.5. f is biholomorphic if it is bijective and f, f−1 are both holo-
morphic.

Theorem 0.3. f is biholomorphic iff it is bijective and holomorphic.

Definition 0.6. The complex Jacobian of a holomorphic f = (f1, . . . , fm) at
w is

J(f)w =

(
∂fk
∂zj

∣∣∣∣
z=w

)
k,j

For every w, this defines a C-linear map Cn → Cm. If this is surjective, we
say w is a regular point (for f). If u ∈ Cm has f−1(u) consisting exclusively of
regular points, we say u is a regular value for f .

Remark. Let’s go back to the case where n = m = 1. Suppose f = u + iv.
In addition to its complex Jacobian which is just a value, we also have its real
Jacobian

JR(f) =

(
∂u/∂x ∂u/∂y
∂v/∂x ∂v/∂y

)
which is similar (as a matrix with complex entries) to(

∂f/∂z ∂f/∂z̄
∂f̄/∂z ∂f̄/∂z̄

)
Suppose f is holomorphic, then this is just diag(∂f/∂z, ∂f/∂z).
What about in high dimensions? If f : U → Cm is holomorphic, then JR(f) is
similar to the block-diagonal matrix with blocks J(f), J(f). When m = n, we
can take determinants and see that det JR(f) = |det J(f)|2 ≥ 0. In particular,
if J(f) is nonsingular, then det JR(f) > 0.

Let’s just quote a few more theorems for later use.

Theorem 0.4 (Holomorphic inverse function theorem). Let U, V ⊂ Cn be open
and f : U → V holomorphic. Suppose z ∈ U is regular for f (equivalently, J(f)
is nonsingular), then (and only then) there exists neighbourhoods U0 ∋ z, V0 ∋
f(z) such that f |U0

: U0 → V0 is biholomorphic.

Theorem 0.5 (Holomorphic implicit function theorem). Let U ⊂ Cm open and
f : U → Cn holomorphic with m ≥ n. Suppose w ∈ U has (∂fk∂zj |z=w)|j,k≤n

nonsingular and f(w) = 0. Then there are some open U1 ⊂ Cm−n and U2 ⊂ Cn

such that w ∈ U1 × U2 ⊂ U and that there is a unique g : U1 → U2 such that
f−1(0) ∩ (U1 × U2) is the graph of g.
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1 Complex Structures

Definition 1.1. A complex n-manifold (or n-fold) M is a Hausdorff, second
countable topological space equipped with an atlas of complex coordinate charts
{ϕi : Ui → Vi}i∈I , where {Ui}i∈I is an open cover ofM , Vi are open in Cn, each
ϕi is a homeomorphism, and each ϕj ◦ ϕ−1

i is holomorphic wherever defined.

The components of ϕi are known as (complex/holomorphic) local coordi-
nates. Given a complex n-fold, it has the natural structure of a real 2n-fold MR
by the identification of Cn with R2n. This is known as the “underlying” real
manifold of M .

Definition 1.2. Let M,N be complex manifolds and {ϕi}i∈I , {ψα}α∈A their
respective cooordinate charts. A continuous map f :M → N is holomorphic if
each ψα ◦ F ◦ ϕ−1

i is holomorphic wherever defined.
f is an isomorphism if it has a two-sided holomorphic inverse. M,N are biholo-
morphic (or isomorphic) if there exists an isomorphism between them.

It follows from complex analysis that f is an isomorphism if and only if it is
a holomorphic bijection.

Proposition 1.1. If M is a compact connected complex manifold, then the only
holomorphic functions on M (i.e. holomorphic maps M → C) are constants.

Proof. Suppose f :M → C is holomorphic, then |f | is a continuous real-valued
function on a compact domain, which must attain a maximum, say at p ∈
M . For any chart ϕ : U → V ⊂ C around p, then f |U must be constant by
maximum modulus principle in several complex variables (example sheet). Since
M is compact, it is covered by finitely many charts. The path-connectedness
of M then leads to the conclusion (or you can also use identity principle if so
wished).

Remark. The proposition is a generalisation of Liouville’s theorem (by applying
it to M = CP 1, which we haven’t defined but will soon).

Example 1.1. 1. Open subsets of Cn are complex manifolds in the obvious
way.
2. Complex 1-folds are known as Riemann surfaces. They are classified by
the uniformisation theorem: Every Riemann surface is isomorphic to one of
CP 1,C,C/Z ∼= C \ {0}, a complex torus C/Λ for a lattice Λ ≤ C, or a quotient
of the form ∆/Γ where ∆ is the open unit disk in C and Γ is a subgroup of the
group of Möbius transformations acting on ∆ properly discontinuously.
3. More generally, properly discontinuous actions give rise to quotient complex
manifolds (example sheet).
4. The complex projective space CPn is constructed as follows: As a set, it is
the set of 1-dimensional complex linear subspaces of Cn+1. We have a natural
surjection π : Cn+1 \ {0} → CPn, which induces a quotient topology on CPn,
which as one easily sees is Hausdorff and second-countable. Every point of
CPn can be referred to in terms of homogeneous coordinates [z0 : · · · : zn] =
π(z0, . . . , zn). Note that [z0 : · · · : zn] = [w0 : · · · : wn] iff there is some
λ ∈ C \ {0} such that λzi = wi for every i.
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Let Ui = {[z0 : · · · : zn] : zi ̸= 0} ⊂ CPn which is open. Then we get charts
ϕi : Ui → Cn, [z0 : · · · : zn] 7→ z−1

i (z0, . . . , ẑi, . . . , zn), which has

ϕj ◦ ϕ−1
i (w1, . . . , wn) =

1

wj
(w1, . . . , wi−1, 1, wi+1, . . . , ŵj , . . . , wn)

Therefore they give CPn the structure of a complex n-fold.
5. We can make S2 the underlying real manifold of a complex manifold by
diffeomorphically identifying it with CP 1 via stereographic projection.

Remark. In the study of real manifolds, we have Whitney’s embedding theorem
telling us we can embed every real manifold into RN for some N . However,
compact complex manifolds almost never embed into CN for any N due to
Proposition 1.1.
A cool thing about projective spaces is that a lot of complex manifolds can be
embedded in some CPN , such as every compact Riemann surface. We say a
complex manifold is projective if it admits a holomorphic embedding into some
projective space.

Example 1.2. 1. A complex torus is a quotient Cg/Λ for a lattice Λ ≤ Cg.
The complex structure on it is given by continuous local inverses of the quotient
map Cg → Cg/Λ. Suppose (ϕi, Di), (ϕj , Dj) are two such charts with Di, Dj

polydiscs, then ϕj ◦ ϕ−1
i (z) = z + λij(z) for some λij : Di ∩Dj → Λ. But λij

must be continuous and Λ is discrete, so λij is constant. Therefore ϕj ◦ ϕ−1
i is

just translation by λij and therefore holomorphic.
C2n/Λ is diffeomorphic to (S1)2n as real manifolds, but there are uncountably
many non-biholomorphic complex n-torus for all n > 0. It is a hard fact that
complex n-tori are generally not projective for n > 1.
2. The Hopf surface H2 = C2 \ {0}/{z ∼ 2z} is a complex surface. It is dif-
feomorphic to S1 × S3. We’ll show later that H2 is not projective. In general,
one can similarly define a Hopf manifold Hn = Cn \ {0}/{z ∼ 2z} of every
dimension n > 0. At some point you must’ve shown that H1 is biholomorphic
to a complex torus.
3. Complex Grassmannians. Start from an n-dimensional complex vecter space
V . For k < n we define, on the level of sets, Grk(V ) to be the collection of
k-dimensional linear subspaces of V . We’ll give it a complex structure, which
shall have Gr1(V ) ∼= CPn−1.
Each W is given noncanonically (after choosing a basis) by a k×n matrix with
complex entries. We can diagonalise a non-singular k× k part, leaving k(n− k)
“free parameters” which gets us to embed Grk(V ) into a projective space (the
“Plücker embedding”). See example sheet for details.
It turns out that Grk(V ) is compact. A sketch of the proof is as follows: Let
(Ck,n)∗ ⊂ Ckn be the (open) set of linearly independent k-tuples in Cn. We get
a map π : (Ck,n)∗ → Gr(k, n) = Grk(Cn). The topology on Gr(k, n) turns out
(or one can also define it like this, I suppose) to be the quotient topology via π.
Let (Ck,n)∗◦ ⊂ (Ck,n)∗ be the subset of orthonormal k-tuples, which is compact
and has image Gr(k, n) under π.
4. A complex Lie group is a group with the structure of a complex mani-
fold such that the group operations are holomorphic. Examples of this include
GL(n,C),SL(n,C),SO(n,C). None of these is compact. Indeed, all compact
complex Lie groups are commutative (example sheet).
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Note that U(n) is in general not a complex manifolds (indeed it doesn’t even
have even real dimension when n is odd).

2 The (Anti)Holomorphic (Co)Tangent Bundle

Suppose M is a complex n-fold. For p ∈ M , write zj = xj + iyj to denote
the local complex coordinates. The real tangent space of M at p is TpM =
SpanR{∂/∂xj , ∂/∂yj}j=1,...,n.
Set Jp ∈ GL(TpM) ⊂ EndTpM given by ∂xj

7→ ∂yj
, ∂yj

7→ −∂xj
. So J2

p = −I.
We can complexify TpM ⊗R C = SpanC{∂/∂xj , ∂/∂yj}j=1,...,n. The C-linear
extension Jp ∈ GL(TpM ⊗R C) still has J2

p = −1. The possible eigenvalues of
Jp are ±i. Let T 1,0

p M and T 0,1
p M be the eigenspaces of i,−i respectively.

Definition 2.1. T 1,0
p M is known as the holomorphic tangent space and T 0,1

p M
the antiholomorphic tangent space.

The complex conjugation on TpM ⊗R C is given by λe 7→ λ̄e for any e ∈
TpM, , λ ∈ C. This is an R-linear automorphism of TpM ⊗R C. On the other
hand, J(λe) = λJ(e), so J commutes with complex conjugation, and hence
complex conjugation interchanges the holomorphic and antiholomorphic tangent
spaces.

Proposition 2.1. (i) TpM ⊗R C = T 1,0
p M ⊕ T 0,1

p M , thus dimC T
1,0
p M =

dimC T
0,1
p M = n.

(ii) Jp and hence the decomposition in (i) are independent of the choice of co-
ordinates.

Proof. (i) After the change of basis ∂/∂zj = (1/2)(∂/∂xj − i∂/∂yj), ∂/∂z̄j =
(1/2)(∂/∂xj+ i∂/∂yj), we see that J(∂/∂zj) = i∂/∂zj , J(∂/∂z̄j) = −i∂/∂z̄j for
all j.
(ii) Recall that the real tangent spaces is equivalently the space of deriva-
tions acting on C∞(M,R). The complexified tangent spaces similarly acts on
C∞(M,C). And now T 1,0

p M consists of those vanishing on holomorphic func-
tions in C∞(M,C), and T 0,1

p M consist of those vanishing on antiholomorphic
functions (i.e. whose conjugate is holomorphic). Since the ±i eigenspace decom-
position of J are canonically defined, J itself must also be canonically defined.
In fact, J is a C∞ section of End(TM).

We can describe the (anti)holomorphic tangent spaces more explicitly as
T 1,0
p M = {v − iJv : v ∈ TpM}, T 0,1

p M = {v + iJv : v ∈ TpM}, both of which
naturally receive (R-linear) isomorphisms from TpM .
The Jacobians express the transformation law for ∂/∂xj , ∂/∂yj as a change of
coordinates. More precisely,

Lemma 2.2. On overlap of complex coordinate neighbourhoods with coordinates
zj , wj , j = 1, . . . , n, we have

∂

∂wk
=

n∑
j=1

∂zj
∂wk

∂

∂zj
,
∂

∂w̄k
=

n∑
j=1

∂z̄j
∂w̄k

∂

∂z̄j

Proposition 2.3. Every real manifold underlying a complex manifold has a
canonical orientation.
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Proof. det JR(f) = |J(f)|2 > 0 wherever f is biholomophic. In particular, this
applies when f gives a change-of-coordinates.

Consider
∐

p∈M T 1,0
p M = T 1,0M . This is a well-defined complex vector

bundle by a procedure similar to that of the tangent bundle of a real manifold.
It is a subbundle of TM ⊗R C.

Definition 2.2. T 1,0M is the holomorphic vector bundle of M .

Sections of T 1,0M form a subspace of the space of complex vector fields.

Definition 2.3. ξ ∈ Γ(T 1,0M) is a holomorphic vector field if for any holomor-
phic f ∈ C∞(M,C), ξf is again holomorphic.

Similarly we can define the antiholomorphic vector bundle T 0,1M . It’s easy
to see that for any open U ⊂M and f : U → C, f is holomorphic iff ξf = 0 for
any ξ ∈ Γ(T 0,1M).

Remark. Recall the standard faithful representation GL(n,C) on R2n, which
is given by the injective group homomorphism ϕ : GL(n,C) → GL(2n,R) via
replacing each complex entry a+ ib with a 2× 2 block(

a −b
b a

)
ϕ(GL(n,C)) consists of all matrices commuting with J , which is a block-diagonal
matrices with blocks (

0 −1
1 0

)
Suppose f expresses a holomorphic change-of-coordinates. Then the Cauchy-
Riemann equation for f is simply the relation JR(f) ∈ ϕ(GLn(C)). Thus
a holomorphic atlas induces a reduction of the structure group of TM from
GL(2n,R) to GL(n,C), i.e. this makes TM a complex vector bundle isomor-
phic to T 1,0M . More explicitly, the isomorphism is given by sending v ∈ TM
to v − iJv ∈ T 1,0M . Locally, a∂/∂xk + b∂/∂yk is mapped to 2(a+ b)∂/∂zk.
J ∈ Γ(EndTM) is called the almost complex structure on a complex manifold
M . In general, an almost complex structure is such a section which squares to
−I.

Recall that if f :M → N is a smooth map between real manifolds, then there
is a notion of a differential, which is a linear map (df)p : TpM → Tf(p)N for each
p ∈M . Consider the complex linear extension (df)p : TpM⊗RC → Tf(p)N⊗RC.

Proposition 2.4. For a smooth map f : M → N between complex manifolds,
the followings are equivalent:
(i) f is holomorphic.
(ii) (df)p : TpM⊗RC → Tf(p)N⊗RC interchanges the almost complex structure
of M and that of N , i.e. df ◦ JM = JN ◦ df .
(iii) df(T 1,0M) ⊂ T 1,0N .
(iv) df(T 0,1M) ⊂ T 0,1N .

Proof. The statements are local, so we may assume WLOG thatM,N are open
sets in complex vector spaces.
(i) =⇒ (iii): If f is holomorphic, then it satisfies Cauchy-Riemann which
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happens iff (df)p can always be expressed in some basis by JR(f) consisting of
2× 2 blocks of the form (

a −b
b a

)
T 1,0
p is spanned over C by ek which is the vector with 1 at 2k − 1-th entry and

−i at 2k-th entry. But then JR(f)ek must still have type (1, 0).
(ii) =⇒ (i): Write each 2× 2 block of df in the form

Bkl =

(
c2k−1,2l−2 c2k−1,2l

c2k,2l−1 c2k,2l

)
The condition of (ii) is saying that each Bkl commutes with

(
0 −1
1 0

)
which is just

saying that Bkl has the form
(
a −b
b a

)
for some a, b. So f satisfies the Cauchy-

Riemann equations.
The other implications are clear.

We can also complexify cotangent spaces by a similar procedure. On T ∗
pM⊗R

C, (the dual of) J acts via dxj 7→ −dyj ,dyj 7→ dxj for all j. We again change
coordinates to reach the basis dzk = dxk + idyk,dz̄k = dxk − i dyk, which are
the i,−i eigenvectors, respectively. And we have the transformation law

dwk =
∑
i

∂wk

∂zj
dzj ,dw̄k =

∑
j

∂w̄k

∂z̄j
dz̄j

Similar to the tangent case, we get the holomorphic cotangent bundle (T ∗M)1,0

and antiholomorphic cotangent bundle (T ∗M)0,1 whose direct sum is T ∗M⊗RC.
Their fibres are spanned by the covectors dzj and dz̄j , the duals to ∂/∂zj and
∂/∂z̄j , respectively. In particular, ⟨dzk, ∂/∂zl⟩ = δkl and ⟨dzk, ∂/∂z̄l⟩ = 0 for
all k, l.

3 Dolbeault Cohomology

Proposition 3.1. We have a decomposition

r∧
(T ∗M ⊗R C) =

⊕
p+q=r

p,q∧
(T ∗M ⊗R C)

where
∧p,q

(T ∗M ⊗R C) =
∧p

(T ∗M)1,0 ∧
∧q

(T ∗M)0,1.

This is known as the type decomposition. Note that
∧p,q

=
∧q,p

.

Definition 3.1. The space of sections of
∧r

(T ∗M ⊗ C) are denoted Ωr(M)C,
of

∧r
(T ∗M) are denoted Ωr(M), and of

∧p,q
(T ∗M ⊗C) are denoted Ωp,q(M).

In local coordinates, forms in Ωp,q(M) are∑
I,I′

aI,I′ dzi1 ∧ · · · ∧ dzip ∧ dz̄i′1 ∧ · · · ∧ dz̄i′q

where aI,J are smooth functions in the coordinate neighbourhood, and the sum
is over multi-indices I = i1 · · · ip, I ′ = i′1 · · · i′q. Our good ol’ almost complex
structure J extends its action to Ωp,q(M) via Jϕ = ip−qϕ.
There are few particular subspaces: Ωp,p(M) ∩Ω2p(M) = Ωp,p

R (M) are the real
(i.e. invariant under complex conjugation) (p, p)-forms.
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Definition 3.2. Let n = dimCM . The canonical line bundle over M is KM =∧n,0
(T ∗M ⊗ C) =

∧n
(T ∗M)1,0.

Its transition functions are of the form det(∂wk/∂zj)j,k=1,...,n. They are
holomorphic by construction.
The ordinary exterior derivative d : Ω0(M)C → Ω1(M)C = Ω1,0(M)⊕ Ω0,1(M)
decomposes as d = ∂+∂̄, where ∂ = π1,0◦d, ∂̄ = π0,1◦d. Here, πp,q : Ω∗(M)C →
Ωp,q(M) is the projection to the (p, q)-component along other components in
the type decompositon. Locally, for a function f ∈ C∞(M,C) we have

∂f =
∑
k

∂f

∂zk
dzk, ∂̄f =

∑
k

∂f

∂z̄k
dz̄k

More generally, for α ∈ Ωp,q(M), we write ∂α = (πp+1,q◦d)α, ∂̄α = (πp,q+1◦d)α.
For α ∈ Ωp,0(M), ∂̄α = 0 iff locally α has the form

∑
I fI dzi1 ∧ · · · ∧ dzip for

holomorphic fI ’s. In this case, we call α a holomorphic p-form. Holomorphic
1-forms are called holomorphic differentials.

Lemma 3.2. On a complex manifold M :
(i) For any η ∈ Ωp,q(M), we have dη = ∂η + ∂̄η.
(ii) ∂2 = 0 = ∂̄2 and ∂∂̄ = −∂̄∂.
(iii) ∂̄(ξ ∧ η) = ∂̄ξ ∧ η + (−1)p+qξ ∧ ∂̄η for any ξ ∈ Ωp,q(M).

Proof. (i) It suffices to show this in local coordinates. But we just have d(f dzI∧
dz̄I′) = (∂f + ∂̄f) dzI ∧ dz̄I′ .
(ii) d2 = 0.
(iii) WLOG η ∈ Ωp′,q′(M). But in this case the statement just follows from
taking the (p+ p′ +1, q+ q′) and (p+ p′, q+ q′ +1) components of d(ξ ∧ η).

Corollary 3.3. d(Ωp,q(M)) ⊂ Ωp+1,q(M)⊕ Ωp,q+1(M).

Sometimes it’s convenient to replace the complex operators ∂, ∂̄ with real
operators d and dc = i(∂̄ + ∂). We can get back home by the formulae

∂ =
1

2
(d + idc), ∂̄ =

1

2
(d− idc)

A straightforward check shows that (dc)2 = 0 and ddc = −dcd = 2i∂∂̄.
Recall that if we have a smooth map f : M → N , we have the pullback f∗ :
Ω1(N) → Ω1(M) by ⟨f∗α,X⟩ = ⟨α, (df)X⟩ for any vector field X on M .
Extending linearly, we get f∗ : Ω1(N)C → Ω1(M)C. Suppose f is holomorphic
and α ∈ Ω1,0(N) (this also works analogously for Ω0,1(N)). So Jα = iα.
Then ⟨Jf∗α,X⟩ = ⟨f∗α, JX⟩ = ⟨α, (df)JX⟩ = ⟨α, J(df)X⟩ = ⟨iα, (df)X⟩ =
⟨if∗α,X⟩. So Jf∗α = if∗α. Therefore f∗α ∈ Ω1,0(M).
Similarly,

Proposition 3.4. The pullback by holomorphic maps preserve the type decom-
position. That is, for α ∈ Ωp,q and f holomorphic, f∗α ∈ Ωp,q.

Remark. The converse is also true (exercise).

Now, f∗ ◦ d = d ◦ f∗ for smooth f . If f happens to be holomorphic, then
(∂̄ ◦f∗)η = (πp,q+1 ◦d◦f∗)η = (πp,q+1 ◦f∗ ◦d)η = (f∗ ◦πp,q+1 ◦d)η = (f∗ ◦ ∂̄)η.
Thus,
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Proposition 3.5. ∂̄ ◦ f∗ = f∗ ◦ ∂̄, ∂ ◦ f∗ = f∗ ◦ ∂.

Definition 3.3. The Dolbeault cohomology of a complex manifold M is

Hp,q(M) =
ker ∂̄|Ωp,q(M)

∂̄(Ωp,q−1(M))

Corollary 3.6. If f : M → N is holomorphic, then f∗ descends to a complex
linear map on cohomology Hp,q(N) → Hp,q(M).

The formula (g ◦ f)∗ = f∗ ◦ g∗ is of course valid on both Ωp,q and Hp,q.
In particular, biholomorphic complex manifolds have isomorphism Dolbeault
cohomology.

Remark. 1.
⊕

p+q=rH
p,q(M) need not in general be Hr

dR(M).
2. By contrast to H∗

dR, H
∗,∗ are not topological invariants. They are invariants

of a holomorphic structure on M , though.

Lemma 3.7 (∂̄-Poincaré Lemma in One Variable). For D = D(a, r) = {z ∈
C : |z − a| < r} and g ∈ C∞(D(a, r + δ)) for some δ > 0, we have

f(z) =
1

2πi

∫
D

g(w)

w − z
dw ∧ dw̄

is a member of C∞(D) and ∂̄f = g on D.

To prove this, we need to slightly extend Cauchy integral formula.

Lemma 3.8. Consider F ∈ C∞(D(a, r+ δ)) and let z be such that |z− a| < r.
Then

F (z) =
1

2πi

∫
|z−a|=r

F (w)

w − z
dw +

1

2πi

∫
|z−a|<r

∂F

∂w̄
(w)

dw ∧ dw̄

w − z

Proof. Consider the 1-form η = (2πi(w − z))−1F (w) dw on Dϵ = D(a, r) \
D(z, ϵ). We have

dη = − 1

2πi

∂F

∂w̄

dw ∧ dw̄

w − z

Stokes’ theorem gives ∫
Dϵ

dη =

∫
∂D(a,r)

η −
∫
∂D(z,ϵ)

η

Now ∫
∂D(z,ϵ)

η =
1

2π

∫ 2π

0

F (z + ϵeiθ) dθ → F (z)

as ϵ ↓ 0. Poles of order 1 are “integrable”: dw∧dw̄ = −2i dx∧dy = −2ir dr∧dθ,
hence the estimate∣∣∣∣∂F∂w̄ dw ∧ dw̄

w − z

∣∣∣∣ = ∣∣∣∣∂F∂w̄ 2 dx ∧ dy

r

∣∣∣∣ = 2

∣∣∣∣∂F∂w̄ dr ∧ dθ

∣∣∣∣
And so we can safely send ϵ to zero in the 2-dimensional integral, and the proof
is done.
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Proof of Lemma 3.7. We use a partition-of-unity argument. For z0 ∈ D, con-
sider D0 = D(z0, 2ϵ) ⊂ D. We can always write g = g1+g2 where g1||z−z0|≥2ϵ =
0, g2||z−z0|≤ϵ = 0. Then

f2(z) =
1

2πi

∫
D

g2(w)

w − z
dw ∧ dw̄

is well-defined for z near z0 and is a proper integral. Differentiating under the
integral sign, we conclude ∂f2/∂z̄ = 0.
g1 has compact support, so

f1(z) =
1

2πi

∫
D

g1(w)

w − z
dw ∧ dw̄ =

1

2πi

∫
C

g1(w)

w − z
dw ∧ dw̄

=
1

2πi

∫
C

g1(u+ z)

u
du ∧ dū = − 1

π

∫
C

g1(z + reiθ)

eiθ
dr ∧ dθ

which is well-defined and smooth in z. Hence f = f1 + f2 has

∂f

∂z̄
(z) = − 1

π

∫
C

∂g1
∂z̄

(z + reiθ)e−iθ dr ∧ dθ =
1

2πi

∫
D

∂g1
∂w̄

dw ∧ dw̄

w − z

By the preceding lemma, we have

g1(z) =
1

2πi

∫
|w−a|=r

g1(w)

w − z
dw +

1

2πi

∫
|w−a|<r

∂g1
∂w̄

dw ∧ dw̄

w − z

=
1

2πi

∫
|w−a|<r

∂g1
∂w̄

dw ∧ dw̄

w − z

for z near z0. So ∂f1/∂z̄|z=z0 = g1(z0) = g(z0) and ∂f/∂z̄|z=z0 = ∂f1/∂z̄|z=z0

as ∂f2/∂z̄ = 0.

Theorem 3.9 (∂̄-Poincaré Lemma). Let D = D(a1, r1)× · · · ×D(an, rn) ⊂ Cn

be a polydisc (allowing rk = ∞ for any or all k). Then Hp,q(D) = 0 whenever
q ≥ 1.

Proof. Fix q ≥ 1. Start with a form ϕ ∈ Ωp,q(D) and suppose ∂̄ϕ = 0. WLOG
p = 0, for if η has type (0, q) and dzI has type p, 0, then ∂̄(η ∧ dzI) = ∂̄η ∧ dzI
which is identically zero iff ∂̄η = 0.
For a polydisc D0 with same centre and radii ϵk < rk, we shall show that
there is some ψ ∈ Ω0,q−1(D0) such that ∂̄ψ = ϕ|D0

. To do this, we’re gonna
successively integerate dz̄m,dz̄m−1, and so on. Suppose only dz̄1, . . . ,dz̄k occur
in ϕ. We have ϕ = dz̄k ∧ ϕ1 + ϕ2 where ϕ1, ϕ2 do not have dz̄k. Since ∂̄ϕ = 0,
we have ∂ϕ1/∂z̄l = 0 for all l > k, where ϕ1 =

∑
I ϕI dz̄I for a multi-index

I ⊂ {1, . . . , k − 1}. Set

ηI =
1

2πi

∫
|wk−ak|≤ϵk

ϕI(. . . , wk, . . .)
dwk ∧ dw̄k

w̄k − zk

Then ∂ηI/∂z̄k = ϕI . Also, ∂ηI/∂z̄l = 0 for all l > k as ∂ϕ1/∂z̄l = 0. This means
that ηI is holomorphic in zk+1, . . . , zn. And so ϕ+(−1)q∂̄(

∑
k ηI dz̄I\{k}) is still

∂̄-closed, but it does not involve any dz̄i for i ≥ k, whence induction.
So we know the existence of such ψ ∈ Ω0,q−1(D0) with ∂̄ψ = ϕ|D0

. To extend
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it to D, we consider Dm = D(ak, ϵ
(m)
k ) such that D̄m ⊂ Dm+1 and ϵ

(m)
k → rk

as m→ ∞ for all k. Our procedure gives ψm ∈ Ω0,q−1(Dm) with ∂̄ψm = ϕ|Dm
.

Assume first that q ≥ 2. We’ll show that ψm can be chosen in a way that it
eventually stabilises on any compact subset of D.
After constructing ψm with ∂̄ψm = ϕ|Dm , we take any α ∈ Ω0,q−1(Dm+1) such
that ∂̄α = ϕDm+1 . Then ∂̄(α − ψm) = 0 on Dm. So there is some β such that
(ψm − α)|Dm−1

= ∂̄β. Now let ψm+1 = α + ∂̄β, then ∂̄ψm+1 = ϕ|Dm+1
and

ψm+1 = ψm on Dm−1.
So ψm eventually stabilises on any compact subset of D, therefore converges to
some ψ ∈ Ω0,q−1(D) with ∂̄ψ = ϕ.
For q = 1, we proceed with a slightly different argument. Given ψm ∈ C∞(D)
with ∂̄ψm = ϕ|Dm

and choose α ∈ C∞(D) with ∂̄α = ϕ|Dm+1
. Now ψm − α

is a holomorphic function on Dm, so it has a power series expansion around
a = (a1, . . . , an) converging uniformly on Dm−1. So we can choose a polynomial
β such that supD̄n−1

|(ψm − α) − β| < 2−m. Set now ψm+1 = α + β. Then

∂̄ψm+1 = ∂̄α = ϕ|Dm+1
. Now ψm+1−ϕm is a holomorphic function on Dm with

supD̄m−1
|ψm+1 − ψm| < 2−m.

So (ψk)k=1,2,... is uniformly Cauchy on Dm−1 for all m, therefore ψk → ψ for
some ψ, uniformly on any compact subsets of D. Then ∂̄ψ = ϕ on D.

Hp,0(Cn) is infiniite-dimensional, but whenever M is a compact complex
manifold M , each Hp,q(M) is finite-dimensional. This is not obvious at all in
general. Although it’s fairly easy to show that H0,0(M) ∼= C is M is compact
and connected.

4 Almost Complex Manifolds

Definition 4.1. An almost complex manifold is a smooth manifoldM equipped
with an almost complex structure J ∈ Γ(EndTM) such that J2 = −I.

Lemma 4.1. Let J ∈ EndRm be such that J2 = −I, then:
(i) J ∈ GL(m,R).
(ii) m = 2n is even.
(iii) {A ∈ GL(m,R) : AJA−1 = J} is a subgroup of GL(m,R) isomorphic to
GL(n,C).
Thus the map GL(2n,R)/GL(n,C) → {J ∈ EndR2n : J2 = −I}, [S] 7→ SJ0S

−1

is a bijection parameterising almost complex structures on R2n, where J0 is the
block-diagonal matrix with blocks (

0 −1
1 0

)
Proof. Don’t even tell me you need a proof of (i) and (ii). To show (iii), simply
observe that J cannot have real eigenvalues, so v, Jv are always linearly inde-
pendent for v ̸= 0. And for any e2 ∈ SpanR{v, Jv}, Je2 is linearly independent
to v, Jv, e2. Proceed as such gives a basis v, Jv, e2, Je2, . . ., which reveals that
J ∼ J0.

Remark. The lemma implies that the choice of J is equivalent to the choice of
a GL(n,C)-structure on TM .
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Back to the case of an almost complex manifold. Using the argument above,
we know that TpM always has a basis of the form e1, Je1, . . . , en, Jen which of
course extend to a local frame field around p. Let e∗1, Je

∗
1, . . . , e

∗
n, Je

∗
n be the

dual coframe field. ϵ = Je∗1 ∧ e∗1 ∧ · · ·∧Je∗n∧ e∗n recovers the orientation induced
on M by J .

Example 4.1. Suppose M is a complex manifold with local complex coordi-
nates zj , then

ϵ =
in

2n
dz1 ∧ dz̄1 ∧ · · · ∧ dzn ∧ dz̄n = dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn

Note that −J is another almost complex structure on M , which gives the same
orientation if n is even, and opposite orientation if n is odd.

Definition 4.2. The torsion (or the Nijenhuis tensor) of an almost complex

structure J is NJ ∈ Γ(Hom(
∧2

TM, TM)) such that on local vector fields we
have

NJ(X,Y ) = 2([JX, JY ]− [X,Y ]− J [X, JY ]− J [JX, Y ])

If NJ = 0, we say J is torsion-free (or integrable).

Remark. 1. NJ is C∞(M)-linear. This can be checked by calculation, for
example by using the formula [fX, Y ] = f [X,Y ] + (Y f)X.
2. Locally, NJ(∂i, ∂j) =

∑
kN

k
ij∂k where these (Nk

ij) depend on (J i
j) and (∂kJ

i
j)

Theorem 4.2 (Newlander-Nirenberg Theorem). J arises from an atlas of local
complex coordinates if and only if J is torsion-free.

Proof. We’ll show the easy part, which is the “only if” direction. Suppose
we have complex local coordinates, then ∂/∂xα, ∂/∂yα, J∂/∂xα, J∂/∂yα must
all have constant coefficients (indeed, if J = J0 we simply have J∂/∂xα =
∂/∂yα, J∂/∂yα = −∂/∂xα), so the Lie brackets just vanish.

Remark. The “if” direction is hard, but slightly easier with an additional real
analyticity assumption.

Now, when we defined T 1,0 and T 0,1 on a complex manifold M , every one
of our references to the complex structure of M are made through J . So they
make sense for any almost complex manifold (after all J ∼ J0). The same is
true for

∧p,q
(T ∗M)C, πp,q, ∂ and ∂̄.

Proposition 4.3. Suppose (M,J) is an almost complex manifold. Then we
have d(Ωp,q(M)) ⊂ Ωp−1,q+2(M) + Ωp,q+1(M) + Ωp+1,q(M) + Ωp+2,q−1(M).

Proof. Obviously dΩ0,0 ⊂ Ω0,1 + Ω1,0, dΩ1,0 ⊂ Ω0,2 + Ω1,1 + Ω2,0 and dΩ0,1 ⊂
Ω0,2 +Ω1,1 +Ω2,0.
Every (p, q)-form has the form

∑
i ϵ

(i)
1 ∧ · · · ∧ ϵ

(i)
p+q, ϵ

(i)
j ∈ Ω0,1 + Ω1,0. So the

result follows from the product rule for d.

Theorem 4.4. For an almost complex manifold (M,J), the followings are
equivalent:
(i) For Z,W ∈ Γ(T 1,0M), we have [Z,W ] ∈ Γ(T 1,0(M)).
(ii) For Z,W ∈ Γ(T 0,1M), we have [Z,W ] ∈ Γ(T 0,1(M)).
(iii) dΩ1,0(M) ⊂ Ω1,1(M) + Ω2,0(M) and dΩ0,1(M) ⊂ Ω0,2(M) + Ω1,1(M).
(iv) dΩp,q(M) ⊂ Ωp+1,q(M) + Ωp,q+1(M) for any p, q.
(v) NJ = 0, i.e. J is integrable.
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Proof. (i) ⇐⇒ (ii): For Z ∈ T 1,0M iff Z̄ ∈ T 0,1M and the Lie bracket is a real
linear operator.
(i), (ii) =⇒ (iii): We know that dω(Z,W ) = Zω(W ) −Wω(Z) − ω([Z,W ]).
So if ω ∈ Ω1,0 and Z,W ∈ T 0,1, then dω has an (0, 2) component. SImilarly for
the (1, 0) part.
(iii) =⇒ (i): If Z,W ∈ T 1,0, ω ∈ Ω0,1, then dω(Z,W ) = 0 and so ω([Z,W ]) = 0.
Therefore [Z,W ] ∈ T 1,0.
(iii) =⇒ (iv): It’s the same argument as in the proof of the preceding propo-
sition, except using the stronger assumption in (iii).
(iv) =⇒ (iii): Clear.
(i) ⇐⇒ (v): We can write a general (1, 0)-vector field in the form X −
iJX for some real vector field X. Consider Z = [X − iJX, Y − iJY ] =
−[JX, JY ]+[X,Y ]+iJ(J [X,JY ])+iJ(J [JX, Y ]). It’s straightforward to check
that 2(Z + iJZ) = −NJ(X,Y )− iJNJ(X,Y ). The right hand side vanishes iff
Z ∈ T 1,0.

Remark. 1. Existence of J is essentially a problem in algebraic topology.
2. Integrability of J is a problem in nonlinear (first-order) differential equations,
which is harder.
3. On a real surface, every almost complex sturcture comes from a complex
structure. You’ll also show in example sheet that a complex structure on a sur-
face is equivalent to the choice of a conformal equivalence class of a Riemannian
metric.

5 Submanifolds and Subvarieties

Recall that Y ⊂ X is an embedded submanifold of a smooth manifold X if Y is a
manifold and the inclusion map ι : Y → X is smooth with injective derivatives
everywhere, and is a homeomorphism onto its image. Then (and only then)
locally around any y ∈ Y , Y is the preimage of a regular value of some smooth
map.

Definition 5.1. Suppose X is a complex manifold and Y ⊂ X is an embedded
smooth submanifold with even real dimension dimR Y = 2k. We say Y is a (k-
dimensional) complex submanifold of X iff there is a set of complex coordinate
charts ϕi : Ui → Cn such that Y ⊂

⋃
i Ui and ϕi(Ui∩Y ) = ϕ(Ui)∩ (Ck ×0n−k).

Remark. 1. If Y is a complex submanifold of X, then Y naturally has the
structure of a complex manifold, since {ϕi}i restricts to give a holomorphic
atlas. We write codimC(Y,X) = dimCX − dimC Y .
2. For closed submanifolds, the condition Y ⊂

⋃
i Ui can be replaced by X =⋃

i Ui. In general, the latter condition is stronger (e.g. Y = C \ {0} ⊂ X = C).
3. We can rephrase the definition as ∀y ∈ Y, ∃F : Vy → Cn−k holomorphic, with
Vy open around y, such that rankC J(F )y = k and F−1(0) = Y ∩ Vy.
4. The inclusion ι : Y → X is a holomorphic map iff for all y ∈ Y we have
T 1,0
y Y ⊂ T 1,0

y X.

5. Complex projective manifolds are compact complex submanifolds of CPN .

Definition 5.2. Y ⊂ X is called a subvariety (or, more precisely, an analytic
subvariety) of a complex manifold X if Y is closed in X and for every p ∈ Y ,
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there is some open neighbourhood p ∈ Up ⊂ Y such that Up ∩ Y = f−1(0) for
some holomorphic f : Up → Cm. p is a smooth (or nonsingular) point if there
is a choice of f with J(f)p = m. It is a singular point otherwise.
The singular locus Y s of Y is the set of all singular points on Y , and the smooth
locus Y ∗ is the set of smooth points of Y .

By the implicit function theorem, every connected component of Y ∗ is a
complex submanifold of X. Y is irreducible if we cannot write Y = Y1∪Y2 such
that Y1, Y2 are subvarieties, neither of which equals to Y .

Definition 5.3. Suppose Y ⊂ X is a subvariety. Suppose Y is irreducible, then
we write codim(Y,X) to denote codim(Y ∗, X). In general, codim(Y,X) = m
means that every component of Y ∗ has codimension m.
If Y ⊂ X has codimension 1, we say Y is a(n analytic) hypersurface.

You heard subvariety. That calls for some commutative algebra.

Definition 5.4. For a complex manifold X, a germ at x ∈ X is an equivalence
class of function elements, i.e. pairs (f, U) with f : U → C holomorphic,
such that x ∈ U , and (f, U) ∼ (g, V ) if there is some open W ⊂ U ∩ V with
f |W = g|W . We denote the set of all germs at x by OX,x.

We sometimes write [f, x], [f ], or simply f , to represent a germ at x, with
f : U → C holomorphic with x ∈ U . We get a linear map OX,x → C via
evaluation [f, x] 7→ f(x).
OX,x is a local ring with unique maximal ideal mx = {f ∈ OX,x : f(x) = 0}.
This is because f is a unit in OX,x whenever f(x) is nonzero.
We write On = OCn,0. For a complex n-fold X, we have OX,x

∼= On by using a
local chart.
We quote the following results without proof.

Theorem 5.1. On is a unique factorisation domain.

Remark. In case you forgot about algebra completely, a ring R is a unique fac-
torisation domain if it has no zerodivisor and every element in R can be written
as a finite product of irreducible elements (i.e. elements which can not be writ-
ten as a product of two non-units), uniquely up to reordering and multiplying
with units.

Theorem 5.2 (Weak Nullstellensatz). Let f, g ∈ On with f irreducible. Rep-
resent both of them by holomorphic functions on some open set U ∋ 0. If g
vanishes on f−1(0) ∩ U , then f divides g in On.

Definition 5.5. Let U ⊂ Cn be open. V ⊂ U is a thin subset iff V is locally
contained in the vanishing locus of a nonconstant holomorphic function.

Remark. Thin subsets are not necessarily subvarieties, as we don’t ask V to be
closed in U .

Theorem 5.3. (a) If f ∈ On is irreducible, then there is a thin subset V ⊂ Cn

and some open U around 0 such that f is irreducible in OCn,z for all z ∈ U \V .
(b) If f, g ∈ On are coprime (i.e. they are both nonzero and every common
divisor of them is a unit). Then there are U, V as in (a) such that f, g are
coprime in OC,z for all z ∈ U \ V .
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Remark. Note that this is false if we don’t remove the thin subset V . Indeed,
y2 − xz3 is irreducible in O3 but not in OC,(x,0,0) for any small x ̸= 0.

Definition 5.6. Let Y ⊂ X be a hypersurface and suppose p ∈ Y . Then there
is a square-free f = [(f, Up)] ∈ OX,p such that Y ∩Up = f−1(0)∩Up. Any such
f is known as a locally defining function of Y around p.
At p ̸= Y , we take any unit f in OX,p and call it a locally defining function of
Y arond p.

Suppose f, g are locally defining functions for Y near p and f = f1 · · · fl, g =
g1 · · · gm with fi, gj ∈ OX,p irreducible. Then by Theorem 5.2 (and the unique-
ness part of Theorem 5.1) we know that m = l and fi = gi possibly after
rearrangement.

Theorem 5.4. Let Y ⊂ X be a hypersurface. Then:
(i) Y ∗ is open and dense in Y .
(ii) Y ∗ is connected if Y is irreducible.
(iii) Y s is contained in a subvariety of X of codimension at least 2.

6 Holomorphic Vector Bundles

Let X be a complex manifold.

Definition 6.1. A holomorphic vector bundle of rank k over X is a complex
manifold E together with a holomorphic submersion π : E → X such that for
all x ∈ X, the fibre Ex = π−1(x) is a k-dimensional complex vector space and
every y ∈ X has an open neighbourhood U and a biholomorphic map ΦU such
that

π−1U U × Ck

U

π

ϕU

pr1

commutes and ϕU |Ex
: Ex → Ck is a complex linear isomorphism for all x ∈ U .

Remark. 1. E is known as the total space, and π the bundle projection, of the
vector bundle. Such U is called a trivialising neighbourhood of y, and ϕU a
local trivialisation.
2. One can think of a holomorphic vector bundle as a smooth vector bundle (of
rank 2k, fixing a smooth identification of R2k by Ck) equipped with a system
of holomorphic local trivialisations covering X.

Let Uα, Uβ be trivialising neighbourhoods (with trivialisations ϕα, ϕβ) with
nonempty intersection. Then ϕβ ◦ ϕ−1

α (x, v) = (x, ψβα(x)v) for some “holomor-
phic transition functions” ψβα : Uα ∩ Uβ → GL(k,C).
It also makes sense to speak of holomorphic local sections of E.

Definition 6.2. For an open U ⊂ X, a section of E on U is a holomorphic
s : U → E such that π ◦ s is the identity on U .

Locally, we can express such a section by a holomorphic function to Ck.
For holomorphic vector bundles E, Ẽ, we may construct E⊕Ẽ, E⊗Ẽ,

∧r
E,E∨,

and so on, analogously to the real case. They are all holomorphic vector bundles.
With them, one can make more constructions such as EndE = E⊗E∗,detE =∧k

E.
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Definition 6.3. Two holomorphic vector bundles E, Ě are isomorphic if there
exists a biholomorphic F : E → Ě such that the diagram

E Ě

X

F

commutes, and F induces complex linear isomorphisms on fibres.

Remark. Just like in the real case, any holomorphic vector bundle is determined
up to isomorphism by its transition functions. Conversely, if one has a set of
holomorphic transition functions which are compatible (i.e. cocycle conditions
and what not), then they glue to a holomorphic vector bundle.

Definition 6.4. Suppose π : E → X is a holomorphic vector bundle and
f : Y → X is a holomorphic map, then the pullback of E along f is the vector
bundle f∗π : f∗E → Y such that there is a holomorphic map F making the
diagram

f∗E E

Y X

f∗π

F

π

f

commute, and for each holomorphic trivialisation of E over U ⊂ X, there is
a holomorphic trivialisation of f∗E over f−1(U) on which F becomes (b, v) ∈
f−1(U)× Ck 7→ (f(b), v) ∈ U × Ck.

Remark. Suppose {Uα}α is a covering set of trivialising neighbourhood for X
with transition functions ψβα Then f∗E is trivialised over {f−1(Uα)}α with
transition functions ψβα ◦ f .

Example 6.1. 1. T 1,0X, (T ∗X)1,0,
∧p

(T ∗X)1,0,KX are all holomorphic vector
bundles, since their transition functions are compositions of complex Jacobians
for the local coordinates and some known holomorphic functions. Their holo-
morphic sections are called holomorphic vector fields, holomorphic 1-forms, and
so on.
2. Let Y ⊂ X be a complex submanifold. Then the inclusion i : Y → X is
holomorphic and i∗E is a holomorphic vector bundle over Y , which we’ll denote
by E|Y .

We shall mostly be interested in holomorphic line bundles for the rest of this
course.

Proposition 6.1. Isomorphism classes of holomorphic line bundles over X
form an abelian group under ⊗.

Proof. Let L, L̃ be holomorphic line bundles with transition functions ψβα, ψ̃βα

(WLOG over the same trivialising neighbourhoods {Uα}α), respectively. Then
L ⊗ L̃ has transition functions ψαβψ̃αβ = ψ̃αβψαβ , hence L ⊗ L̃ ∼= L̃ ⊗ L. The
identity is the trivial line bundle pr1 : X × C → X, and inverses are given by
duals: Indeed, L∗ has transition functions (ψ⊤

βα)
−1 = ψ−1

βα .
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Definition 6.5. The group as in the proposition is known as the Picard group
Pic(X) of X.

Corollary 6.2. If h is a holomorphic map Y → X, then the pullback h∗ gives
a homomorphism Pic(X) → Pic(Y )

Example 6.2. The tautological line bundle O(−1) is a holomorphic line bun-
dle over CPn (when n = 2, this is sometimes known as the Hopf bundle).
It is constructed as follows: Start with the projection π : Cn+1 \ {0} →
CPn, (z0, . . . , zn) → [z0 : · · · : zn]. Then the preimage of a point is isomor-
phic to C \ {0}, so we want to construct E = O(−1) such that Cn+1 \ {0} is E
removing (the image of) its zero section.
Let’s work out the “trivialisations” on π and see if we can extend the corre-
sponding “transition functions” so that we get some transition functions that
allow gluing.
Let Ui = {zi ̸= 0} ⊂ CPn, then the “trivialisations” are ϕ−1

i ([z0 : · · · : zn], w) =
(w/zi)(z0, . . . , zn) and ϕj(ζ0, . . . , ζn) = ([ζ0ζj : · · · : 1j : · · · : ζn/ζj ], ζj) ∈ Uj×C.
So ϕji(z) = zj/zi ∈ GL(1,C) and satisfies the cocycle condition, hence glue to
a holomorphic line bundle.
O(1) = O(−1)∗ is known as the hyperplane bundle. We further define, for any
positive integer m, O(m) = O(1)⊗m and O(−m) = O(−1)⊗m. By convention,
O(0) = O = C = CPn × C is the trivial line bundle.
Thus we get a group homomorphism Z → Pic(CPn). We shall see that this is
an isomorphism during the rest of this course.

To study line bundles more easily, we introduce the notion of divisors.

7 Divisors

Definition 7.1. A meromorphic function f on X is a function defined away
from a nowhere dense subset of X that’s locally a quotient of holomorphic func-
tions. More precisely, there exists an open cover X =

⋃
i Ui and holomorphic

functions gi, hi : Ui → C such that f |Ui
= gi/hi and gihj = gjhi on Ui ∩ Uj .

Remark. More precisely, a meromorphic function is an equivalence class of these,
where two such functions are equivalent iff they agree away from a nowhere dense
subset of X.

Remark. If dimX = 1, any meromorphic function on X can be extended to
a holomorphic map X → CP 1. There is NOT an analogy of this in higher
dimensions. Indeed, takeX = Cn, n > 1 and consider the meromorphic function
f(z) = zj/zi for j ̸= i (i.e. g(z) = zj , hi = zi). Then g/h is undefined on
{zj = zi = 0} and f has no possible continuous extension there.

Definition 7.2. A divisor on X is a locally finite formal sum D =
∑

j ajYj of
irreducible hypersurfaces Yj ⊂ X, with aj ∈ Z. D is effective (written D ≥ 0)
if aj ≥ 0 for all j.

Remark. Here, “locally finite” means that for any p ∈ X, there is some open
U ∋ x such that U ∩ Yj = ∅ for all but finitely many j. In particular, if X is
compact, then this is a finite sum.

One can obviously add divisors.
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Definition 7.3. Div(X) is the abelian group of all divisors on X.

We’ll assume from now on that X is compact.
For a divisor D, the compactness of X means that there is a finite open cover
{Uα}α of X, and for all α we have a holomorphic function fα,j : Uα → C locally
cutting out Yj . We can then assign to D a collection of data {(Uα, fα)}α where

fα =
∏N

j=1 f
aj

α,j are viewed as the locally defining functions of D. If D ≥ 0, each
fα is holomorphic on Uα. In general, each fα is meromorphic.
Let Y ⊂ X be an irreducible hypersurface and p ∈ Y ∗. Let f ∈ OX,p be (the
germ of) a locally defining function of Y .

Definition 7.4. For g ∈ OX,p nonzero, the order ordYp
(g) of g at p is the

maximal a ∈ Z such that fa | g in OX,p.

This is well-defined by Theorem 5.1.

Lemma 7.1. ordY,p(g) is almost locally constant as a function of p, in the sense
that there is some open U ∋ p and a thin set V of codimension at least 2 in X
such that ordY,p(g) = ordY,q(g) for all q ∈ U \ V .

Proof. Theorem 5.3.

Definition 7.5. For an irreducible hypersurface Y ⊂ X and holomorphic func-
tion g, we set ordY (g) = ordY,p(g) for any p ∈ Y ∗ away from the thin set as in
the lemma.

This is well-defined by Theorem 5.4 and the fact that Y s is thin in Y and
codim(V,X) ≥ 2. It’s easy to see that ordY (gh) = ordY (g) + ordY (h).

Definition 7.6. Suppose F ̸= 0 is a meromorphic function. For an irreducible
hypersurface Y , pick an open set U with nonempty intersection with Y on which
F is locally given by g/h. Then we set ordY (F ) = ordY (g)− ordY (h).

If ordY (F ) = d > 0, we say F has a zero of order d along Y ; If ordY (F ) =
−d < 0, we say F has a pole of order d along Y .

Definition 7.7. For a meromorphic function f ̸= 0 on X, its divisor is defined
as

(f) =
∑

Y irred. hypersurface on X

ordY (f)Y

Any divisor of this form is known as a principal divisor.

Remark. 1. One can check that (f) is indeed a divisor.
2. Recall that the compactness assumption on X means that every divisor is a
finite sum of hypersurfaces.
3. By Hartog’s lemma (example sheet), (f) ≥ 0 iff f is holomorphic.
4. For f, g ̸= 0, we have (fg) = (f) + (g), (f/g) = (f)− (g).
5. If dimX = 1, then Div(X) is the free abelian group on X. For dimX > 1,
it’s possible that Div(X) = 0. But nontrivial divisors always exist wehn X is
projective. Roughly, if X sits inside CPN for some N , then Y = X ∩ H is a
divisor on X for a general hyperplane H in CPN . They are called hyperplane
sections.
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Definition 7.8. Two divisors D,E are linearly equivalent if D−E is a principal
divisor.

Suppose F : Z → X is a holomorphic maps between compact connected
complex manifolds. Let D =

∑
i aiYi be a divisor on X. Suppose F (Z) is

not contained in any Yi with ai ̸= 0. Then we can formulate the pullback
F ∗D ∈ Div(Z) as follows: Take a finite open cover {Uα}α such that for all i, α,
we can take fα,i : Uα → C cutting out Yi locally. Recall that we can assign to
D the data {(Uα, fα)}α where fα =

∏
j f

aj

α,j . Then F
∗D shall be the divisor on

Z corresponding to the data {F−1(Uα), fα ◦ F}α.
Remark. If D = Y is a irreducible hypersurface, F ∗D needs not be irreducible,
and can even have multiplicities.

For a divisor D with associated data {(Uα, fα)}α, we can also define ψβα =
fβ/fα : Uα ∩ Uβ → C, which is holomorphic and misses zero. They satisfy the
cocycle condition ψαβψβγψγα = 1 on Uα ∩Uβ ∩Uγ . So they give a set of gluing
data for a holomorphic line bundle [D] ∈ Pic(X).

Definition 7.9. [D] is called the associated line bundle to D.

Definition 7.10. A section of a holomorphic line bundle L→ X is holomorphic
if it is expressed by holomorphic functions on trivialising neighbourhoods.

If sα is the local form of a holomorphic section of L → X on Uα, then we
have sβ = ψβαsα on Uα ∩ Uβ for all α, β.

Proposition 7.2. (i) [D] does not depend on the choice of fα.
(ii) Suppose F : Z → X is a holomorphic map, then F ∗[D] = [F ∗D].
(iii) [D +D′] = [D]⊗ [D′], so we get a homomorphism Div(X) → Pic(X).
(iv) D is principal iff [D] is trivial, so the homomorphism in (iii) factors through
an injective homomorphism Cl(X) → Pic(X).

Proof. (i) If f̃α = hαfα is another choice with hα necessarily holomorphic and
nonzero on Uα, then ψ̃βα = ψβα(hβ/hα). So the two line bundles are related
by tensoring with the line bundle L defined by the transition data (hβ/hα)βα.
But L has a nonzero holomorphic section h locally given by hα, so L is (holo-
morphically) trivial, i.e. the two line bundles are isomorphic.
(ii) (iii) Clear from the form of transition functions.
(iv) Suppose D = (f), then we can take fα = f |Uα . Then the transition func-
tions are just the identities.
Conversely, if [D] is trivial, then it has a nonzero holomorphic section s. Write
sα : Uα → C× for its local form. Then sβ = ψβαsα, so essentially sβ/sα =
ψβα = fβ/fα. So we can patch together the local data fα/sα to get a global
meromorphic function f on X whose divisor is D.

We want to understand the homomorphism as in part (iv) of the preceding
proposition. We need some extra work to establish this.

Definition 7.11. A meromorphic section of L ∈ Pic(X) is a section (defined
away from a nowhere dense set) that’s locally given by meromorphic functions.

Proposition 7.3. Suppose s, s′ are two meromorphic sections with s′ not iden-
tically zero, then s = fs′ for some meromorphic f . Conversely, if s is a mero-
morphic section and f is a meromorphic function, then fs is a meromorphic
section.
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Remark. In particular, if s′ is a meromorphic section that’s not identically zero,
then f 7→ fs′ is an isomorphism between the vector spaces of meromorphic
functions on X and meromorphic sections of L. This works on any open U ⊂ X.

Let s be a nonzero meromorphic section of L and Uα, Uβ trivialising neigh-
bourhoods of L. We write sα = s|Uα , sβ = s|Uβ

. Then sα/sβ = ψαβ is a
nonvanishing holomorphic function on Uα ∩ Uβ . So for any irreducible hyper-
surface Y in X, we have ordY (sα) = ordY (sβ).
Therefore ordY (s), and therefore (s) =

∑
Y ordY (s)Y ∈ Div(X), are well-

defined. And of course (s) ≥ 0 iff s is a holomorphic section.
Suppose L = [D] for some D ∈ Div(X). Let {(Uα, fα)}α be the locally defining
functions of D. Then fβ = ψβαfα by definition of [D]. The local data {fα}α
gives rise to a section s of [D]. And (s) = D by definition, so we might as well
also write [(s)] = [D]. In general, if s is any nonzero meromorphic section of a
line bundle L, then L = [(s)]. If s̃ is another nonzero section, then s̃ = fs for
some meromorphic f and so (s̃) = (s) + (f).
Conversely, given L ∈ Pic(X), this gives a bijection between the set of divisors
D with [D] = L and the set of nonzero meromorphic sections of L up to a
nonzero scalar. Therefore the image of the homomorphism in Proposition 7.2
is the set of holomorphic line bundles which admits a nonzero meromorphic
section.

Remark. For a divisor D, we can consider the vector space L(D) which collects
zero and meromorphic functions f such that D + (f) ≥ 0. Then L(D) is
essentially just the space of holomorphic sections on [D]. It is a fact that if X
is compact then L(D) is finite-dimensional.

8 The First Chern Class

Consider a complex line bundle L → X over a smooth manifold X. Denote by
dA : Γ(L) → Γ(T ∗X ⊗ L) the invariant derivative associated to a connection
A on L. Locally, dAsα = dsα + Aαsα for Aα ∈ Ω1(Uα)

C the local forms of A,
transforming as Aβ = Aα + ψβαd(ψ

−1
βα) (note that we are in the rank 1 case).

More generally, dA can be regarded as a map Ωr
X(L) → Ωr+1

X (L).
The curvature F (A) ∈ Ω2

X(EndL) = Ω2(X)C (noting EndL = L ⊕ L∗ is topo-
logically trivial) of a connection A is defined by the identity dAdAs = F (A)s.
Locally, F (A)|Uα = dAα.

Remark. This does NOT mean that F (A) is exact: The Aα’s do not in general
glue to a 1-form on X since they have a different transformation law.

Recall that the difference a of two connections lives in Ω1(X)C, and their
curvatures differ by da. Thus we can identify a class [F (A)] ∈ H2(X,C) ∼=
H2

dR(X) ⊗ C which depends only on L. This is almost the first Chern class,
except we need some extra steps.
Fix a fixed Hermitian inner product on L, which is just a Hermitian norm,
represented locally by hα : Uα → R>0 computing the norm of 1 ∈ C on fibres.

Definition 8.1. A connection A is unitary if for all s, ŝ ∈ Γ(L), we have
d⟨s, ŝ⟩ = ⟨dAs, ŝ⟩+ ⟨s,dAŝ⟩.

In a unitary local trivialisation (i.e. where the Hermitian inner product
becomes the standard norm), any unitary connection A is purely imaginary, i.e.
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iAα ∈ Ω1(Uα).

Definition 8.2. For a unitary connection A on L, c1(L) = [iF (A)/(2π)] ∈
H2

dR(X) is called the first Chern class of L.

Example 8.1. c1(CX) = 0.

Proposition 8.1. c1(L⊗ L̃) = c1(L) + c1(L̃). In particular, c1(L
∗) = −c1(L).

Proof. Let s ∈ Γ(L), s̃ ∈ Γ(L̃), then locally sα · s̃α = (s ⊗ s̃)|Uα
. Let A, Ã be

connections on L, L̃ respectively. Then dA⊗Ã(s⊗s̃) = (ds+As)⊗s̃+s⊗(ds̃+Ãs̃).

So locally dA⊗Ã(sαs̃α) = d(sαs̃α)+(Aα+Ãα)sαs̃α. Hence dA⊗Ã(dA⊗Ã(s⊗ s̃) =
(F (A) + F (Ã))(s⊗ s̃), hence the proposition.

Remark. 1. For a general (not necessarily unitary) connection A, we know that
iF (A) is the sum of a closed real 1-form and an exact complex 1-form.
2. A unitary connection always exists, but is not unique in general. However,
there is a “best” unitary connection to choose.

Proposition 8.2 (Chern connection). Suppose L is a holomorphic line bundle
together with a Hermitian inner product. Then there is a unique unitary con-
nection A on L such that, on holomorphic local trivialisations Uα ⊂ X, we have
Aα ∈ Ω1,0(Uα).

Proof. We show uniqueness first. For this, let’s restrict to U = Uα, where we
use the shorthand A = Aα. Also let h = hα : U → R>0 be the Hermitian norm.
The choice of a local trivialisation on U is the choice of a holomorphic section
e : U → C with e ≡ 1. Now any other C∞ section over U is given by s = λe for
some smooth function λ : U → C.
Let’s now impose the conditions. For A to be unitary, we have

d|s|2 = ⟨dAs, s⟩+ ⟨s,dAs⟩ = ⟨(dλ+Aλ)e, λe⟩+ ⟨λe, (dλ+Aλ)e⟩
= hλ̄ dλ+ hλdλ̄+ hλλ̄(A+ Ā)

But d|s|2 = d(λλ̄h) = hλdλ̄+hλ̄ dλ+λλ̄ dh. So we must have A+ Ā = h−1 dh,
so A1,0 = h−1 ∂h = ∂ log h. This gives uniqueness.
For existence, note that the formula ∂ log hα gives a local Chern connection on
Uα. Now suppose Uβ is another trivialisation. Then the transition functions
ψαβ , being holomorphic, has dψαβ = ∂ψαβ . So hβ = ψαβψ̄αβhα. Thus

Aβ = ∂ log hβ = ∂ log hα +
∂ψ−1

βα ψ̄βα

ψ−1
βα ψ̄βα

= A+ ψβα dψ−1
βα

which is the transformation law we need.

Corollary 8.3. The curvature of the Chern connection is

F (A) = ∂̄∂ log |e|2 =
i

2
ddc log |e|2

where e is any local nonvanishing holomorphic section.

Note also that F (A) need not be ∂̄-exact.
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Corollary 8.4.
i

2π
[F (A)] = c1(L) ∈ H1,1(X)

Now let’s see what happens whenX is compact and connected. Suppose Y ⊂
X is an analytic hypersurface, then Y too is compact. For any ϕ ∈ Ω2n−2(X)
with dϕ = 0, we can send [ϕ] ∈ H2n−2

dR (X) to∫
Y ∗
ϕ ∈ R

where the orientation on Y ∗ is given by the complex structure. This is a well-
defined linear functional. Moreover, by Poincaré duality, there is some ηY ∈
H2

dR(X) (the Poincaré dual of Y ) such that∫
Y ∗
ϕ =

∫
X

ηX ∧ ϕ

In general, for any D =
∑

i aiYi ∈ Div(X), we can define ηD =
∑

i aiηYi ∈
H2

dR(X). So, given a divisor D, we can on one hand obtain a cohomology class
ηD, and on the other hand obtain a cohomology class which is the first Chern
class of the line bundle it defines.

Proposition 8.5. ηD = c1([D]).

Corollary 8.6. c1([D]) in fact lives in the image of the natural homomorphism
H2(X,Z) → H2(X,R) = H2

dR(X).

Remark. Sadly, this homomorphism is not injective, so our definition of c1 con-
tains slighly less information than the topological definition of Chern classes.

To prove Proposition 8.5, we need to show that for any closed ϕ ∈ Ω2n−2(X),
we have

− 1

2πi

∫
X

F (A) ∧ ϕ =
∑
i

ai

∫
Y ∗
i

ϕ

where A is a Chern connection on [D] for some Hermitian inner product on it,
and D =

∑
i aiYi.

We may reduce to the case whereD = Y is just a hypersurface. AsX is compact,
we can cover it by finitely many trivialising neighbourhoods X =

⋃
α Uα for

[D]. Let fα be the local defining functions for D = Y on Uα, i.e. Y = (s) for a
meromorphic section s of [D] given by fα.
For ϵ > 0, let X(ϵ) ⊂ X be the collection of p ∈ X such that |s(p)| > ϵ where
| · | is the chosen Hermitian norm. Then∫

X

F (A) ∧ ϕ =
i

2
lim
ϵ→0

∫
X(ϵ)

(ddc log |s|2) ∧ ϕ

By Stokes’ Theorem, this can be written as

− i

2
lim
ϵ→0

∫
∂X(ϵ)

(dc log |s|2) ∧ ϕ

with the obvious choice of orientation that makes Stokes’ Theorem work. Now

|s|2|Uα∩(X\X(ϵ)) = fαf̄αhα
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where hα is the local expression for the Hermitian norm. Then

dc log |s|2 = i(∂̄ − ∂) log(fαf̄αhα) = i(∂̄ log f̄α − ∂ log fα + (∂̄ − ∂)hα)

The volume (“surface area”?) of ∂X(ϵ) tends to 0 as ϵ→ 0.
We may assume the compact set Ūα is contained in a trivialising neighbourhood.
∇hα is bounded there. So

lim
ϵ→0

∫
∂X(ϵ)∩Uα

(dc log hα) ∧ ϕ = 0

Also, ϕ is a real differential form, so∫
∂X(ϵ)∩Uα

(∂̄ log f̄α) ∧ ϕ =

∫
∂X(ϵ)∩Uα

(∂ log fα) ∧ ϕ

Combining everything, we conclude

− i

2
lim
ϵ→0

∫
∂X(ϵ)∩Uα

(dc log |s|2) ∧ ϕ = lim
ϵ→0

−i Im
∫
∂X(ϵ)∩Uα

(∂ log fα) ∧ ϕ

To simplify this integral further, we observe the following: We can extend fα(z)
to local coordinates z1 = fα(z), . . . , zn. Also we can assume Uα is a coordinate
polydisc for this. Then we reach

− i

2
lim
ϵ→0

∫
∂X(ϵ)∩Uα

(dc log |s|2) ∧ ϕ = −i Im lim
ϵ→0

∫
|z1|=ϵ/

√
hα

dz1
z1

∧ ϕ1(z1, . . .)

where ϕ = ϕ̃ + ϕ1 where ϕ̃ collects all terms in ϕ containing dz1,dz̄1. By the
residue theorem, this is

−i2π
∫
z1=0

ϕ1(0, z2, . . . , zn)

Patching together the Uα’s gives the desired conclusion.

9 Line Bundles on Projective Spaces

Example 9.1. Let X be a connected compact Riemann surface. Any D ∈
Div(X) is a finite formal sum of points on X. For any P ∈ X, [P ] ∈ H0(X,Z)
is a generator, and P 7→ [P ] extends to a homomorphism deg : Div(X) → Z,
which is explicitly given by

∑
P aPP 7→

∑
P aP .

Now ηP ∈ H2(X,Z) ∼= Z is a generator. We can write ηP = [ϕ] where ϕ ∈ Ω2(X)
has ∫

X

ϕ = 1

Suppose now that L is a holomorphic line bundle over X. Its degree, in this
instance, is defined as

degL = ⟨c1(L), [X]⟩ = − 1

2πi

∫
X

F (A)
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where A is some connection on L and [X] ∈ H2(X,Z) is the fundamental class
of X. Proposition 8.5 tells us that if L = [D] then degL = degD.
Now deg : Div(X) → Z is a surjective homomorphism, so, for each value of
c1, there exists a holomorphic line bundle on X with nontrivial meromorphic
sections.
Let’s now specialise to the case where X = CP 1 and see what happens. Noncon-
stant holomorphic maps CP 1 → CP 1 are precisely the rational functions. And
every rational function as such has the same number of zeros and poles, counted
with multiplicity. Conversely, given collections of desired zeros and poles that
are equally many, we can construct a rational function with exactly those zeros
and poles. So two divisors on CP 1 are linearly equivalent precisely when they
have the same degree.
Recall the Hopf bundle π : C2 \ {(0, 0)} → CP 1 which extends to the tauto-
logical line bundle O(−1). Then [z0 : z1] 7→ (z0/z1, 1) induces a meromorphic
section of O(−1). Locally, s looks like s1 ≡ 1 over U1 = {z1 ̸= 0} and s0 = 1/z
over U0 = {z0 ̸= 0}. So s has no zeros and has a unique simple pole at [1 : 0].
Aaaaaand so degO(−1) = deg s = −1. In general, degO(k) = k for all k ∈ Z.
This allows us to classify line bundles on CP1 in view of the next proposition.

Proposition 9.1. If a holomorphic line bundle L → CP 1 has c1(L) = 0, then
L is holomorphically trivial.

Proof. First of all, L is trivial as a smooth bundle: Since c1(L) = 0, F (A) is
exact for all connections A on L. We can then make a choice with F (A) = 0.
This means that we always have dAα = 0 on a local trivialisation Uα.
In the case of CP 1, we can take the trivialising open cover to be U0 = {|z| <
R}, U1 = {|z| > 1/R} for R > 1. By the classical Poincaré lemma, Aα is exact
on Uα, i.e. Aα = daα on Uα. Then Aα + ψ−1 dψ = 0 for ψ = e−aα .
WLOG A0 = A1 = 0, so dψ01 and hence ψ is constant on U0 ∩ U1. So we can
extend ψ to U0 and obtain a global trivialisation.
To show that L is holomorphically trivial, we need only to produce a holomor-
phic nonvanishing section. We already know that there is a diffeomorphism
L → CP 1 × C. Choose a Hermitian norm on the fibres of L and let A be the
Chern connection. So dA = ∂A+ ∂̄A. And we write d+A = (∂+A′)+(∂̄+A′′).
A section s is holomorphic iff ∂̄As = 0. For f : CP 1 → C, we test sections of
the form s = ef . For 0 = ∂̄As = ∂̄s + A′′s, it is necessary and sufficient that
∂̄f = −A′′. We claim that H0,1(CP 1) = 0, which means that we can always
solve this equation.
Take the open cover CP 1 = U0 ∪ U1 where U0 = C, U1 = CP 1 \ {0}. By Theo-
rem 3.9, there are some fj : Uj → C with ∂̄fj = −A′′|Uj . So ∂̄(f1 − f0) = 0 on
C \ {0}, therefore we might write a Laurent series

f1 − f0 =

∞∑
n=−∞

cnz
n

valid for z ∈ C \ {0}. Then just put

f =

{
f0 +

∑
n≥0 cnz

n on U0

f1 −
∑

n≤−1 cnz
n on U1

which is well-defined on CP 1 and ∂̄f = −A′′.
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Corollary 9.2. Every line bundle on CP 1 has the form O(k) for some k ∈ Z.
In particular, PicCP 1 ∼= Z.

Remark. 1. In fact PicCPn ∼= Z for all n. It is generated by O(1) which has a
holomorphic section whose divisor is a hyperplane. Also, via the isomorphism
H2(CPn,Z) = Z we have c1(O(k)) = k.
2. In example sheet, you will have computed E = C/Λ has Picard group
Pic(E) ∼= Z⊕ E.

Definition 9.1. Let X be a complex n-manifold and Y ⊂ X a nonsingular
hypersurface. Then the normal bundle of Y is NY/X = (T 1,0X)|Y /T 1,0(Y ). Its
dual N∗

Y/X is called the conormal bundle.

On fibres over p, N∗
Y/X takes value {α ∈ (T ∗

pX)1,0 : α|T 1,0
p Y = 0}.

Now let fα be a locally defining function of Y over Uα ⊂ X. Then (dfα)p ∈
(T ∗

pX)1,0 for all p ∈ Uα, and moreover dfα|T 1,0(Y ∩Uα) = 0. But (dfα)p ̸= 0 for
all p ∈ Y ∩ Uα. So dfα defines a local nonvanising holomorphic section, i.e. a
trivialisation, of N∗

Y/X .

Recall that ψαβ = fα/fβ are transition functions of [Y ]. What are transition
functions of N∗

Y/X? We have dfα = d(ψαβfβ) = (dψαβ)fβ+ψαβ dfβ = ψαβ dfβ .
Hence for sections s of N∗

Y/X , we have sβ dfβ = sα dfα which is equivalent to

say sα = ψ−1
αβsβ .

This means that [Y ]|Y ⊗N∗
Y/X is holomorphically trivial.

Theorem 9.3 (Adjunction Formula, vol. 1). N∗
Y/X = [−Y ]|Y .

Since dfα is nonvanishing on Y , fα extends to a local complex coordinates
fα, ζ2, . . . , ζn on a neighbourhood Uα. Any holomorphic local section of KX on
Uα has the form hdfα ∧ dζ2 ∧ · · · ∧dζn. Suppose Uβ is another such neighbour-

hood with Uα ∩ Uβ ̸= ∅, then we have fβ = Gβα(fα, ζ
(α)
2 , . . . , ζ

(α)
n )fα for some

Gβα(0, ζ
(α)) = ψβα(ζ

(α)) ̸= 0. On Uα ∩ Uβ ∩ Y , we have ζ(β) = Fαβ(ζ
(α)) for

some Fβα.
We conclude that KX |Y = N∗

Y/X ⊗KY .

Theorem 9.4 (Adjunction Formula, vol. 2). KY = (KX ⊗ [Y ])|Y .

We can apply these most easily to projective manifolds, in particular hyper-
surfaces in CPn. To do this, we need to compute the canonical bundle on CPn.
Let [z0 : · · · : zn] be the homogeneous coordinates on CPn and Ui = {zi ̸= 0},
Hi = {zi = 0}. On U0, we have complex coordinates wi = zi/z0. Now
ω = w−1

1 dw1 ∧ · · · ∧ w−1
n dwn is a meromorphic section of KCPn over U0, and

ordHj
ω = −1 for each j = 1, . . . , n.

How about its order on H0? Choose any j > 0. Then on Uj we have coordinates
w̃k = zk/zj for k ̸= j, and the change-of-coordinates is wi = w̃i/w̃0 for i ̸= j, 0
and wj = 1/w̃0.
So w−1

i dwi = w̃−1
i dw̃i−w̃−1

0 dw̃0 for i ̸= j, 0 and w−1
j dwj = −w̃−1

0 dw̃0. There-
fore

ω = (−1)jw̃−1
0 dw̃0 ∧ · · · ∧ ̂w̃−1

j dw̃j ∧ · · · ∧ w̃−1
n dw̃n

So ordH0
ω = −1 too. Hence ω has a simple pole along each Hi (and is nonva-

nishing and holomorphic elsewhere).
Now all Hi are linearly equivalent (indeed, for any homogeneous irreducible
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polynomial p(z0, . . . , zn) of degree k, the hypersurface given by its vanishing
locus is linearly equivalent to kH0.). Hence KCPn = O(−n − 1) noting that
O(−1) = [−H0].

10 Blow-Ups

Let ∆ ⊂ Cn be a polydisc centred at the origin. We put ∆̃ = {(z, w) ∈
∆× CPn−1 : ziwj = zjwi}.
∆̃ is made into a complex manifold as follows: For each standard chart hj :

Uj ⊂ CPn−1 → Cn−1, we put ĥj : (∆× Uj) ∩ ∆̃ → Cn, (z, w) 7→ (hj(w), zj).

Definition 10.1. The map σ : ∆̃ → ∆, (z, w) 7→ z is known as the blow-up of
∆ at the origin.

Sometimes we just call ∆̃ the blow-up.

Remark. 1. If n = 1, then ∆̃ and σ is a biholomorphism. For general n, σ maps
∆̃ \ σ−1(0) biholomorphically onto ∆ \ {0}. And σ−1(0) is a submanifold of ∆̃
isomorphic to CPn−1.
2. If we let ∆ = Cn, then the second projection C̃n → CPn−1 is essentially the
tautological line bundle on CPn−1.

We can of course extend this notion of blow-up to any complex n-manifold
X. For x ∈ X, we choose a chart ϕ : U → ∆ around x. Then we define
X̃ = (X \ {x}) ∪ϕ−1◦σ ∆̃ (i.e. identifying ∆̃ \ σ−1(0) ∼= U \ {x}). This is a

well-defined complex manifold equipped with a map σ = σx : X̃ → X.

Definition 10.2. σx : X̃ → X is known as the blow-up of X at x. By con-
struction, it restricts to a biholomorphism X̃ \σ−1

x (x) ∼= X \{x}. E = σ−1
x (x) ∼=

CPn−1 is known as the exceptional divisor of this blow-up, which is an element
of Div(X̃).

Lemma 10.1. σx : X̃ → X is independent of the choice of the chart ϕ.

Proof. To give a chart is the same as to give a set of complex local coordinates.
Suppose (zi)i are the coordinates associated to ϕ and (z′j = fj(z))j an alter-
native set of coordinates. Consider w′

j =
∑

j(∂fj/∂zi)(0)wi. We claim that

F : (z, w) 7→ (z′, w′) defines a map ∆̃ → ∆̃′ which is biholomorphic and makes
the diagram

∆̃ ∆̃′

∆ ∆′

F

σ σ′

f

commute. This implies the lemma.
If f is given by a linear A = (Ai

j) ∈ GL(n,C), then

z′iw
′
j =

∑
k,l

Ak
iA

l
jzkwl =

∑
k,l

Ak
iA

l
jzlwk = z′jw

′
i

So everything follows.
Knowing this, we can assume WLOG that (∂fj/∂fi)(0) = δij . Consequently
w′

j = wj for all j. Note that

(ĥ′i ◦ ĥ−1
i )(w1, . . . , wn−1, z) = (w1, . . . , wn−1, z + higher order terms)
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Thus F has derivative I at x, so it is biholomorphic.

Proposition 10.2. [E]|E = OCPn−1(−1).

Proof. Look at transition functions.

Proposition 10.3. Let σ : X̃ → X be the blow-up of X at x ∈ X. Then
KX̃ = σ∗KX ⊗ [(n− 1)E].

Proof. We’ll show this with the assumption thatKX has nontrivial meromorphic
sections. So there is a nonzero meromorphic (n, 0)-form ω on X. Then σ∗ω is
a meromorphic (n, 0)-form on X̃.
Since σ is biholomorphic away from E, the zeros and poles of σ∗ω away from E
are the zeros and poles of ω, both counted with multiplicities. So we just need
to know what happens on E.
Near x ∈ X, we write ω = f(z) dz1∧· · ·∧dzn with ∂̄f = 0. In local coordinates,
σ|(∆×Uj)∩∆̃ sends (v1, . . . , vn−1, z) to (zv1, . . . , z, . . . , zvn−1). Therefore

σ∗ω = σ∗(f(z) dz1 ∧ · · · ∧ dzn) = (f ◦ σ) d(zv1) ∧ · · · ∧ dz ∧ · · · ∧ d(zvn−1)

= zn−1(f ◦ σ) dv1 ∧ · · · ∧ dz ∧ · · · ∧ dvn−1

We thus get an extra zero of order n−1 along E∩((∆×U1)∩∆̃) = {z = 0}.

Remark. If X was a complex surface, then we already know that

−1 = deg[E]|E =

∫
E

c1(E) = n = E · E

where · is the topological intersection pairing. So E has self-intersection −1,
which means that we cannot deform it on X as a complex manifold.

Perhaps it’s time to talk about connected sums.
Suppose M1,M2 are smooth m-manifolds. Fix p1 ∈ M1, p2 ∈ M2. Write ϕi :
Ui ⊂Mi → Rm for local charts around pi, with ϕi(Ui) ⊃ B3 = {x : ∥x∥ < 3}.
Consider ξ : x 7→ x/∥x∥2 for 1/2 < ∥x∥ < 2, say. This is an orientation-reversing
diffeomorphism on the spherical shell {1/2 < ∥x∥ < 2}.
Definition 10.3. The connected sum M1#M2 of M1,M2 at p1, p2 is (M1 \
ϕ−1
1 ({∥x∥ < 1/2})) ∪ϕ−1

2 ◦ξ◦ϕ1
(M2 \ ϕ−1

2 ({∥x∥ < 1/2}))

So basically we stretched out a tube around p1, p2, cut them open, and fitted
them together.

Remark. M1#M2 is orientable whenever M1,M2 are.

Proposition 10.4. The blow-up X̃ → X at x ∈ X is diffeomorphic to X#CPn

at x ∈ X and any p ∈ CPn.

Here, CPn is just CPn equipped with the reverse orientation.

Proof. WLOG X = ∆ is a ball {∥x∥ ≤ 2} and x = 0. We want to show that ∆̃
is diffeomorphic to CPn \K for some small closed smooth coordinate ball K.
It’s convenient to identify CPn = {[z̄0 : z1 : · · · : zn]}. Let ϕ : (1 : z) 7→ Cn and
K = ϕ−1({∥z∥ ≤ 1/2}) = {[z̄0 : z] : ∥z∥ > (1/2)|z0|}.
We put ψ : CPn \K → ∆̃, [z̄0 : z] 7→ ((z0/∥z∥2)z,Π(z)) where Π : Cn \ {0} →
CPn−1 is the quotient map. This is an orientation-revering diffeomorphism.
Finally, note that if |z0|/2 < ∥z∥ < 2|z0|, then σ ◦ ψ(1 : z) = ξ(z). So this is
indeed the connected sum.
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11 Hermitian and Kähler Metric

Definition 11.1. A Hermitian metric on a complex manifold X is positive-
definite Hermitian inner product h on T 1,0X such that hp : T 1,0

p X × T 1,0
p X →

C is smooth in p. That is, for any smooth sections A,B of T 1,0X, we have
h(A,B) ∈ C∞(X,C).

In local coordinates, we write h =
∑

i,j hij̄(z) dzi dz̄j where the local defining

functions hij̄ = h(∂/∂zi, ∂/∂zj) are smooth and hij̄ = hjī.
By the way, a Riemannian metric g is J-invariant if g(JA, JB) = g(A,B) for
all A,B ∈ TXR.

Proposition 11.1. There is a natural identification between Hermitian metrics
on a complex manifold X and J-invariant Riemannian metrics on XR (i.e. X
but viewed as a real manifold).

Proof. Recall that we have a map γ : TxX → T 1,0
x X sending e to e− iJe which

is an isomorphism of R-vector spaces. Then γ(Je) = iγ(e).
Suppose we are given a Hermitian metric h. Define g by g(u, v) = (1/2)Reh(u−
iJu, v − iJv). Since h is Hermitian, this is a Riemannian metric which is J-
invariant since h(iA, iB) = h(A,B).
Conversely, suppose g is a J-invariant Riemannian metric. We can extend g to
TxX⊗RC. Call the extension hg. So hg(λu, µv) = λµ̄g(u, v) for any u, v ∈ TxX
and λ, µ ∈ C. Then h = hg|T 1,0

x X×T 1,0
x X is a Hermitian metric.

It’s easy to check that these two procedures are inverse to each other.

In local coordinates z1, . . . , zn (and we write ∂/∂zj = (1/2)(∂/∂xj−i∂/∂yj)),
this correspondence is given by

g

(
∂

∂xj
,
∂

∂xk

)
= g

(
∂

∂yj
,
∂

∂yk

)
= 2Reh

(
∂

∂zj
,
∂

∂zk

)
= 2Rehij̄

what if we take the imaginary part of h?

Definition 11.2. The fundamental form of a Hermitian metric h is ω(u, v) =
−(1/2) Imh(u− iJu, v − iJv).

Proposition 11.2. ω is is a (1, 1)-form. Furthermore, if g is the J-invariant
Riemannian metric corresponding to h, then ω(u, v) = g(Ju, v). In particular,
any two of ω, g, J determine the third.

Proof. ω is a real 2-form since h is Hermitian. It has type (1, 1) iff ω(Ju, Jv) =
ω(u, v), which holds since, under the correspondence u 7→ u−iJu, Ju is mapped
to i(u− iJu). Finally, −(1/2) Imh(u− iJu, v− iJv) = (1/2)Reh(i(u− iJv), v−
iJv) = (1/2)Re(Ju+ iu, v − iJv) = g(Ju, v).

Remark. In local coordinates,

g = 2
∑
i,j

(
(Rehij̄)(dxi dxj + dyi dyj) + (Imhij̄)(dxi dyj − dxj dyi)

)
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Indeed, we already know what’s up with the first term. As for the second term,
we observe that

g

(
∂

∂xi
,
∂

∂yj

)
= 2Reh

(
∂

∂zi
, i

∂

∂zj

)
= 2 Imh

(
∂

∂zi
,
∂

∂zj

)
= −ω

(
∂

∂xi
,
∂

∂xj

)
= −g

(
∂

∂yi
,
∂

∂xj

)
Lemma 11.3. In local coordinates, ω = i

∑
i,j hij̄ dzi ∧ dz̄j.

Proof. i dzi∧dz̄j = i(dxi∧dxj+dyi∧dyj)+(dxi∧dyj+dxj∧dyi). By our calcu-
lation in the preceding remark, ω(∂/∂xi, ∂/∂xj) = −2 Imhij̄ = ω(∂/∂yi, ∂/∂yj)
and ω(∂/∂xi, ∂/∂yj) = g(∂/∂yi, ∂/∂yj) = 2Rehij̄ . Therefore∑

i,j

hij̄i(dzi ∧ dz̄j) =
∑
i

hīii(dzi ∧ dz̄i) +
∑
i<j

2(Rehij̄)i(dzi ∧ dz̄j)

=
∑
i,j

2(Rehij̄) dxi ∧ dyj

− 2
∑
i<j

(Imhij̄)(dxi ∧ dxj + dyi ∧ dyj)

= ω

Corollary 11.4. For any a ∈ T 1,0X, we have −iω(a, ā) =
∑

i,j hij̄aiāj > 0 if
a ̸= 0.

Definition 11.3. A real (1, 1)-form σ is positive if −iσ(a, ā) > 0 for any a ∈
T 1,0X nonzero. If this happens, we write σ > 0.
For a complex line bundle L, we say c1(L) > 0 if c1(L) is represented by a
positive (1, 1)-form.

By what we have done, any positive (1, 1)-form ω determines a Hermitian
metric h on X.

Definition 11.4. For a complex manifold X, we write c1(X) = −c1(KX).

Definition 11.5. If c1(X) > 0, we call X a Fano manifold. If c1(X) = 0, we
call X a Calabi-Yau manifold.

If f : Y → X is a holomorphic immersion, i.e. (df)C = T 1,0
y Y → T 1,0

f(y)X is

injective, and g is a Riemannian metric on X, then f∗g is a well-defined Rie-
mannian metric on Y and f∗g is J-invariant if g is.
In particular, a Hermitian metric is induced on any immersed complex subman-
ifold. Locally, we can find complex coordinates z1, . . . , zn around f(y) ∈ X such
that Y is locally given by Y = {zk+1 = · · · = zn = 0} and f is locally given by
(z1, . . . , zk) 7→ (z1, . . . , zk, 0, . . . , 0). From here it’s clear that the fundamental
form of f∗h is simply f∗ω.

Definition 11.6. A Hermitian manifold (X,ω) is called a Kähler manifold if
dω = 0, in which case ω is called a Kähler form and h a Kähler metric.

Example 11.1. 0. On Cn, the standard Hermitian metric h = (1/2)
∑

j dzj dz̄j
is Kähler since ω = (1/2)

∑
j dzj ∧ dz̄j is closed.
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1a. The standard metric on Cn gives a well-defined metric on any complex torus
Cn/Λ where Λ ≤ Cn is a lattice. And ω descends to a Kähler form on Cn/Λ.
1b. Any never-zero 2-form on a Riemann surface that induces the same orien-
tation as a complex structure is a closed positive (1, 1)-form. So any Hermitian
metric on a Riemann surface is automatically Kähler.
2. CPn has a Kähler metric. Consider the projection π : Cn+1 \ {0} → CPn.
Let Vj = {z ∈ Cn+1 : zj = 1} be an affine hyperplane. Then π(Vj) = Uj =
{zj ̸= 0} ⊂ CPn.
Locally, we can write done the form

ω =
i

2π
∂∂̄ log ∥z∥2 ∈ Ω1,1(Vj)

Let’s show that these patch together globally.
Recall that the change-of-coordinates takes z ∈ Vj to fz ∈ Vk where f = zj/zk
is holomorphic and nonvanishing on Vj \ {zk = 0}. Then

i

2π
∂∂̄ log ∥fz∥2 =

i

2π
∂∂̄(log ∥z∥2 + log(ff̄))

Now

∂∂̄ log(ff̄) = ∂
f∂̄f̄

f f̄
= − ∂̄∂f̄

f̄
= 0

So ω is compatible with these change-of-coordinates, whence we have a global
(1, 1)-form on CPn, which is closed by its local description.
Now for any T ∈ U(n + 1) induces a biholomorphic automorphism of CPn

(which is just a projective transformation) with T ∗ω = ω. It also preserves ∥ · ∥
on Cn+1. The U(n + 1)-action on CPn is transitive, so these tell us that it
suffices to check the positivity of ω at one point.

ω|U0
=

i

2π
∂∂̄ log

1 +

n∑
j=1

zj z̄j

 =
i

2π
∂

∑n
j=1 zj dz̄j

1 +
∑n

j=1 zj z̄j

=
i

2π

∑n
j=1 dzj ∧ dz̄j

1 +
∑n

j=1 zj z̄j
−

(∑n
j=1 z̄j dzj

)
∧
(∑n

j=1 zj dz̄j

)
(1 +

∑n
j=1 zj z̄j)

2


Yeah. . . Let’s look at the point [1 : 0 : · · · : 0]. Then this simplifies to the ex-
pression (i/(2π))

∑n
j=1 dzj ∧ dz̄j which is positive.

This Kähler metric on CPn is called the Fubini-Study metric.
3. More generally, any positive (1, 1)-form representing c1(X) on a Fano mani-
fold X makes X a Kähler manifold.
4. Any complex submanifold of a Kähler manifold is again Kähler, as ω pulls
back to a closed positive (1, 1)-form. Consequently, any projective complex
manifold is Kähler.

Let (M, g) be an oriented Riemannian n-manifold. The volume form of
(M, g) is an n-form volg ∈ Ωn(M) locally given by volg = ω1 ∧ · · · ∧ ωn where
ωj form a local orthonormal coframe field of 1-forms for g.
In local coordinates, if g =

∑
i,j gij dxi dxj , then

volg =
√
det((gij)i,j) dx1 ∧ · · · ∧ dxn
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If M is compact, then we can define its volume to be

volM =

∫
M

volg(M)

Now let (X,h) be a Hermitian complex manifold, then we get a J-invariant
Riemannian metric g associated to it and a fundamental form ω. Recall from
two seconds ago that ω(−, ·) = g(J−, ·).
Near every x ∈ X, we can (basically by the Gram-Schmidt process) find an
“adapted” local coframe field ω1, ϵ1, . . . , ωn, ϵn in T ∗X orthonormal with re-
spect to g and such that ϵk = −Jωk, ωk = Jϵk. Then ω1 + iϵ1, . . . , ωn + iϵn
is a (complex) local coframe field orthogonal with respect to h. They are i-
eigenvectors of J , so they actually form a coframe field on T 1,0X.
Thus

h =
1

2

∑
k

(ωk + iϵk)⊗ (ωk − iϵk), g =
∑
k

(ωk ⊗ ωk + ϵk ⊗ ϵk), ω =
∑
k

ωk ∧ ϵk

One might also write ω =
∑

k ωk ⊗ ϵk − ϵk ⊗ ωk for more clarity.
Anyways, collecting what we’ve done gives

Proposition 11.5. The volume form of a Hermitian manifold is volg = ωn/n!.

If Y ⊂ X is a complex submanifold with dimension d, then recall that ω|Y
is a fundamental form for the induced Hermitian metric on Y . So ωd/d! is the
volume form on Y , hence

Corollary 11.6 (Wirtinger). Suppose Y is compact, then

volY =
1

d!

∫
Y

ωd

.

Note that if ω is closed, then the right hand side depends only on the topo-
logical type of Y , hence the left hand side has to as well. This is shocking – the
left hand side is a volume!
Also, [ω] ∈ H2

dR(X) is nonzero since∫
X

ωn = n! vol(X) ̸= 0

And in general [ωk] ̸= 0 for all k = 1, . . . , n by Stokes’ Theorem. Thus
dimH2k

dR > 0 for all such k.
If Y ⊂ X is a compact complex submanifold, then∫

Y

ωd ̸= 0

means [Y ] ̸= 0 in H2d(X,Z), i.e. the cycle Y is nontrivial.

12 Hodge Theory

Suppose (M, g) is an oriented Riemannian manifold with dimension m. The
dual inner product on T ∗M extends to

∧r
T ∗M by setting {ωi1 ∧ · · · ∧ωir : 1 ≤
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i1 < · · · < ir ≤ m} to be an orthonormal basis for
∧r

T ∗
xM , where ω1, . . . , ωm

is an orthonormal basis for T ∗
xM . In particular, volg = ω1 ∧ · · · ∧ ωm has unit

norm.

Definition 12.1. The Hodge star operator ∗ :
∧r

T ∗
xM →

∧n−r
T ∗
xM is a

linear map satisfying the relation α ∧ ∗β = ⟨α, β⟩g volg.

The Hodge star is uniquely determined by ∗(ωi1∧· · ·∧ωir ) = ωj1∧· · ·∧ωjn−r
,

where i1, . . . , ir, j1, . . . , jm−r is an even permutation of 1, . . . ,m. In addition,
∗2α = (−1)r(m−r)α for α ∈

∧r
. One can also check that ∗ varies smoothly, and

so is gives a map ∗ : Ωr(M) → Ωm−r(M).
Now suppose (X,h) is a Hermitian complex n-fold. Write g for the correspond-
ing J-invariant Riemannian metric. Then dimRX = 2n and so ∗ : Ωr(X) →
Ω2n−r(X). Write ω1, ϵ1, . . . , ω, ϵn be an adapted local orthonormal coframe
field (recall that adapted means Jωk = −ϵk, Jϵk = ωk for all k). (1, 0)-forms
are spanned by {ϵk + iϵk}k, and (0, 1)-forms by (ωk − iϵk)k. We have

∥(ωk1 + iϵk1) ∧ · · · ∧ (ωkp + iϵkp) ∧ (ωl1 − iϵl1) ∧ · · · ∧ (ωlq − iϵlq )∥2h = 2p+q

More precisely, this is the Hermitian extension of g to
∧r

T ∗M⊗C, still denoted
by h. So this means that the Hermitian inner product extends to

∧p,q
T ∗M for

p, q ≤ n.
We can also extend the Hodge star to ∗ : (

∧r
T ∗X)C → (

∧2n−r
T ∗X)C.

Lemma 12.1. α ∧ ∗β̄ = ⟨α, β⟩h volg,

Proof. This is certainly true if α, β are scalar multiples of real r-forms, since ∗
is a real operator and µ̄β̄ = µβ. The result follows by linearity.

Corollary 12.2. The Hodge star restricts to ∗ : Ωp,q(X) → Ωn−q,n−p(X).
Furthermore, ∗2|Ωp,q(X) = (−1)p+q.

Definition 12.2. Write d∗ = − ∗ d∗ : Ωr(X) → Ωr−1(X) with the convention
Ω−1(X) = {0}. The Laplacian is ∆ = ∆d = dd∗+d∗d : Ωr(X) → Ωr(X). Both
of these extend C-linearly to complex differential forms.

Example 12.1. When X = Cn and h is the standard Euclidean inner product,
then

∆|Ω0 = −4

n∑
k=1

∂

∂zk

∂

∂z̄k

Definition 12.3. ∂∗ = − ∗ ∂̄∗, ∂̄∗ = − ∗ ∂∗.

Thus ∂̄ : Ωp,q → Ωp−1,q, ∂̄∗ : Ωp,q → Ωp,q−1 and we have the identities
d∗|Ωp,q = ∂∗ + ∂̄∗, (∂∗)2 = 0 = (∂̄∗)2, ∂∗∂̄∗ = −∂̄∗∂∗.

Definition 12.4. The L2-inner product is

⟨ϵ, η⟩X,h =

∫
X

⟨ϵ, η⟩h volg =

∫
X

ξ ∧ ∗η̄

This makes Ωr(X)C,Ωp,q(X) into pre-Hilbert spaces (in general not complete).
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Proposition 12.3. ∂∗, ∂̄∗ are the formal adjoints of ∂, ∂̄ with respect to the
L2-inner product. That is,∫

X

⟨∂α, β⟩h volg =

∫
X

⟨α, ∂∗β⟩h volg∫
X

⟨∂̄α, β⟩h volg =

∫
X

⟨α, ∂̄∗β⟩h volg

for compactly supported forms α, β of compatible type.

Proof. Let’s prove the ∂̄ version. The ∂ version would be analogous.
Suppose α ∈ Ωp,q−1(X), β ∈ Ωp,q(X) are compactly supported. Then∫

X

⟨∂̄α, β⟩h volg =

∫
X

∂̄α ∧ ∗β̄ =

∫
X

∂̄(α ∧ ∗β̄)− (−1)p+q−1α ∧ ∂̄ ∗ β̄

=

∫
X

d(α ∧ ∗β̄) + (−1)p+q

∫
X

α ∧ ∂ ∗ β

=

∫
X

α ∧ ∗(− ∗ ∂ ∗ β) =
∫
X

⟨α, ∂̄∗β⟩ volg

Corollary 12.4. (i) ∫
X

⟨dα, β⟩ volg =

∫
X

⟨α,d∗β⟩ volg

(ii) Let (dc)∗ = − ∗ dc∗, then∫
X

⟨dcα, β⟩ volg =

∫
X

⟨α, (dc)∗β⟩ volg

Definition 12.5. Write ∆∂ = ∂∂∗ + ∂∗∂ for the ∂-Laplacian and ∆∂̄ = ∂̄∂̄∗ +
∂̄∗∂̄ for the ∂̄-Laplacian. They are endomorphisms of Ωp,q(X).

Each ∆,∆∂ ,∆∂̄ is formally self-adjoint. Although ∆ = ∆d does not in
general act on (p, q)-forms.

Definition 12.6. An r-form α is (d-)harmonic if ∆α = 0, ∂-harmonic if ∆∂α =
0, and ∂̄-harmonic if ∆∂̄α = 0. We denote by Hr(X) the spaces of harmonic r-
forms, Hp,q

∂ (X) for the space of ∂-harmonic (p, q)-forms, and Hp,q

∂̄
(X) the space

of ∂̄-harmonic (p, q)-forms.

Proposition 12.5. Suppose X is a compact Hermitian manifold. Then:
(i) ∆α = 0 iff dα = 0 and d∗α = 0.
(i) ∆∂α = 0 iff ∂α = 0 and ∂∗α = 0.
(i) ∆∂̄α = 0 iff ∂̄α = 0 and ∂̄∗α = 0.

Proof. For (iii), this follows from the calculation 0 = ⟨∆∂̄α, α⟩X,h = ∥∂̄∗α∥2X,h+

∥∂̄α∥2X,h.
(i) and (ii) are similar.

Remark. We have ∆∂̄α = ∆∂ᾱ.
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Theorem 12.6 (Hodge Decomposition vol. 1). Let (X,h) be a compact Her-
mitian manifold. Then:
(i) Hp,q

∂̄
(X) is finite-dimensional for all p, q, and there is an L2-orthogonal de-

composition Ωp,q(X) = Hp,q

∂̄
(X) ⊕ ∆∂̄(Ω

p,q(X)) = Hp,q

∂̄
(X) ⊕ ∂̄Ωp,q−1(X) ⊕

∂̄∗Ωp,q+1(X).
(ii) Hr(X) is finite dimensional for all r, and there is an L2-orthogonal decom-
position Ωr(X)C = Hr(X)C⊕∆Ωr(X)C = Hr(X)C⊕dΩr−1(X)C⊕d∗Ωr+1(X)C.

Proof. Omitted.

Remark. 1. In fact, (ii) holds for any compact oriented Riemannian manifold.
2. The proof makes use of the theory of elliptic differential operators.

Suppose (X,h) is a compact Hermitian manifold. For α ∈ Hp,q

∂̄
(X), it is in

particular ∂̄-closed, hence defines a class [α] ∈ Hp,q(X). This gives a C-linear
map Hp,q

∂̄
(X) → Hp,q(X).

Corollary 12.7. Hp,q

∂̄
(X) → Hp,q(X) is an isomorphism.

Proof. Surjectivity: For α ∈ Ωp,q(X), we can decompose α = α0 + ∂̄α1 + ∂̄α2

by the preceding theorem for some α0 ∈ Hp,q

∂̄
(X). So ∂̄α = 0 iff ∂̄∂̄∗α2 = 0.

But the second condition implies that ∥∂̄∗α2∥2X,h = 0, and so [α] = [α0].

Injectivity: Suppose α ∈ Hp,q

∂̄
(X) has α = ∂̄γ, then ∥∂̄γ∥X,h = ⟨∂̄∗α, γ⟩ = 0,

thus α = 0.

Similarly, we get a C-linear isomorphism Hr(X) → Hr
dR(X)C .

Definition 12.7. The Hodge numbers of X are hp,q(X) = dimCH
p,q(X) =

dimC Hp,q

∂̄
(X).

In particular, hp,0(X) is the dimension of the space of holomorphic p-forms
on X. If p = n = dimX, pg(X) = hn,0(X) is the dimension of the space of
holomorphic sections of KX , also known as the geometric genus of X. When X
is a compact Riemann surface, pg(X) computes the topological genus of X.
For a (p, q)-form α, α ∈ Hp,q

∂̄
(X) iff ∗ᾱ ∈ Hn−p,n−q

∂̄
(X). This gives an R-

linear isomorphism Hp,q

∂̄
(X) ∼= Hn−p,n−q

∂̄
(X). Furthermore, we have a pairing

Hp,q

∂̄
(X)×Hn−p,n−q

∂̄
(X) → C via

(α, β) 7→
∫
X

α ∧ β ∈ C.

This is a non-degenerate complex bilinear form. Indeed,∫
X

α ∧ ∗ᾱ = ∥α∥2X,h > 0

when α ̸= 0. The existence of this pairing is known as the Kodaira-Serre dual-
ity, which may be alternatively written as the natural isomorphism Hp,q

∂̄
(X) ∼=

Hn−p,n−q

∂̄
(X)∨. In particular, hp,q(X) = hn−p,n−q(X).

If X is connected, then this tells us that hn,n = 1. The isomorphism Hn,n

∂̄
(X) →

C is simply given by

α 7→
∫
X

α
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On a general Hemitian manifold, there is no simple relation between Hp,q,Hp,q

∂̄
and Hr

dR,Hr. Life is better then the metric is Kähler.
Let ω be a Kähler form on X.

Definition 12.8. The Lefchetz operator L sends α ∈ Ωr(X) to α ∧ ω ∈
Ωr+2(X). Its pointwise adjoint Λ : Ωr−2(X) → Ωr(X) has the property that
⟨Λα, β⟩g = ⟨α,Lβ⟩g (pointwise).

Lemma 12.8. Λ = ∗−1L∗. More explicitly, if α ∈ Ωr(X), then Λα = (−1)r ∗
L ∗ α.

Proof. For α, β of suitable degrees, we have ⟨Lβ, α⟩h volg = (β ∧ ω) ∧ ∗ᾱ =
β ∧ ∗ ∗−1 (ω ∧ ∗ᾱ) = ⟨β, ∗−1L ∗ α⟩ volg.

Theorem 12.9 (Kähler Identities). Suppose (X,ω) is Kähler, then:
(i) [Λ, ∂̄] = −i∂∗, [Λ, ∂] = i∂̄∗.
(ii) [∂̄,L] = [∂,L] = 0, [∂∗,Λ] = [∂̄∗,Λ] = 0.
(iii) [Λ,d] = −(dc)∗, [L,d∗] = dc.
(iv) [∂̄∗,L] = i∂, [∂∗,L] = −i∂̄.

Proof. Clearly we really just need to prove [Λ, ∂̄] = −i∂∗ and [∂,L] = 0. The
second relation follows immediately from ∂ω = 0 since this means that ∂(α ∧
ω) = (∂α) ∧ ω. The first relation has a long-ish proof, so let’s omit the details.
The gist is to first do it for Cn (with the standard Kähler form) by messy
calculations, and extend it to the general case. This extension is possible since
the Kähler condition implies the existence of complex local coordinates with
hij̄ = δij , gradhij̄ = 0.

Theorem 12.10. On a Kähler manifold X, we have ∆ = 2∆∂̄ = 2∆∂ . In
particular, ∆(Ωp,q(X)) ⊂ Ωp,q(X).

So the notion of a harmonic form on a Kähler manifold does not depend on
“which” harmonic form we chose. We will just write Hp,q(X) for Hp,q

∂̄
(X) =

Hp,q
∂ (X).

Proof. We have i(∂∂̄∗ + ∂̄∗∂) = ∂[Λ, ∂] + [Λ, ∂]∂ = 0 by Theorem 12.9. So

∆ = (∂ + ∂̄)(∂∗ + ∂̄∗) + (∂∗ + ∂̄∗)(∂ + ∂̄)

= ∆∂ + ∂∂̄∗ + ∂̄∂∗ +∆∂̄ + ∂̄∗∂ + ∂∗∂̄ = ∆∂ +∆∂̄

It remains to show that ∆∂ = ∆∂̄ . By Theorem 12.9, −i∆∂ = ∂[Λ, ∂̄]+[Λ, ∂̄]∂ =
−∂̄[Λ, ∂]− [Λ, ∂]∂̄ = −i∆∂̄ .

Fix a compact Kähler manifold X.

Theorem 12.11 (Hodge Decomposition vol. 2). Suppose X is a compact Kähler
manifold, then Hr

dR(X)⊗ C ∼=
⊕

p+q=rH
p,q(X) and Hp,q = Hq,p(X).

Proof.

Hr
dR(X)⊗ C ∼= Hr(X)⊗ C ∼=

⊕
p+q=r

(Hr(X)⊗ C) ∩ Ωp,q(X)

=
⊕

p+q=r

Hp,q

∂̄
(X) ∼=

⊕
p+q=r

Hp,q(X)

Also (Hr(X)⊗ C) ∩ Ωp,q(X) = (Hr(X)⊗ C) ∩ Ωq,p(X).
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Corollary 12.12. Every nonzero holomorphic p-form on X is d-close but never
d-exact.

Proof. {α ∈ Ωp,0 : ∂̄α = 0} = Hp,0

∂̄
(X) = (Hp(X)⊗C)∩Ωp,0(X). Any anything

in Hp(X)⊗ C is d-closed but not d-exact.

Corollary 12.13. The odd degree Betti numbers b2k+1(X) are even.

Proof. b2k+1 =
∑

p+q h
p,q and hp,q = hq,p.

Corollary 12.14. The Hopf manifold (example sheet) given by (Cn \{0})/(z ∼
2z) ∼= S2n−1 × S1 has b1 = 1 (for n > 1), hence cannot possibly be Kähler.

Corollary 12.15 (∂∂̄-Lemma). Suppose X is a compact Kähler manifold and
α ∈ Ωp,q(X) has dα = 0. Then the followings are equivalent:
(i) α = dβ for some β ∈ Ωp+q−1(X).
(ii) α = ∂β for some β ∈ Ωp−1,q(X).
(iii) α = ∂̄β for some β ∈ Ωp,q−1(X).
(iv) α = ∂∂̄β for some β ∈ Ωp−1,q−1(X).

Proof. (iv) is of course the strongest of the four statements. We also see that if
any of the four statements is true then α would be L2-orthogonal to Hp,q(X).
So it suffices to show that if α ⊥ Hp,q(X) has dα = 0 (hence ∂α = ∂̄α = 0)
then α is in the image of ∂∂̄. We also get ᾱ ⊥ Hq,p(X).
By Theorem 12.11, ᾱ = ∂̄β̄ and α = ∂β for some β.
We can write β = γ0 + ∂̄γ1 + ∂̄∗γ2 with ∂γ0 = 0 by Theorem 12.6. So α =
∂∂̄γ1 + ∂∂̄∗γ2 = −∂̄∂γ1 − ∂̄∗∂γ2. But ∂̄α = 0, so ∂̄∂̄∗∂γ2 = 0. Therefore
0 = ⟨∂̄∂̄∗∂γ2, ∂γ2⟩X,h = ∥∂̄∗∂γ2∥2X,h. So α = ∂∂̄γ1.

Remark. 1. This is still true for some non-compact Kähler manifolds, such as
open polydiscs with the standard Euclidean metric (using the usual Poincaré
lemma and the ∂̄-Poincaré lemma).
2. A holomorphic p-form on a compact Kähler manifold is never d-exact, hence
never ∂-exact by the corollary (taking q = 0).
3. There is an equivalent variant of this, known as the ddc-lemma.
4. If [ξ] = [ξ̃] ∈ H2

dR(X) with ξ, ξ̃ d-closed real (1, 1)-forms. Then ξ̃ = ξ + i∂∂̄f
for some f ∈ C∞(X,R), unique up to adding a constant.

13 Another View on Kähler Manifolds

Let (X,h) be a Hermitian manifold and g the corresponding J-invariant Rieman-
nian metric. There is a unique connection∇ on TX (the Levi-Civita connection)
such that d⟨u, v⟩g = ⟨∇u, v⟩g + ⟨u,∇v⟩g and T (u, v) = ∇uv −∇vu− [u, v] = 0.

The induced connection on
∧2

T ∗X is given by d(α(u, v)) = (∇α)(u, v) +
α(∇u, v) + α(u,∇v) for all α ∈ Ω2(X). One can show that dα(u, v, w) =
(∇uα)(v, w)−(∇vα)(u,w)+(∇wα)(u, v). In particular, if ∇α = 0, then dα = 0.

In fact, the composition of ∇ : Γ(
∧2

T ∗X) → Γ(
∧2

T ∗X ⊗ T ∗X) and the anti-

symmetrisation Γ(
∧2

T ∗X ⊗ T ∗X) → Γ(
∧3

T ∗X) is exactly d.
Now let γ : TX → T 1,0X be such that u is sent to (1/2)(u−iJu) (so γ−1 = 2Re).
Let dA be the unitary connection on T 1,0X, i.e. d⟨u, v⟩h = ⟨dAu, v⟩h+⟨u,dAv⟩h.
This induces a connection ∇A on TX via ∇Au = 2RedA(γ(u)) for u ∈ TX,
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which satisfies the first defining conditions for the Levi-Civita connection.
Observe that ∇AJ = J∇A since γ(Ju) = iγ(u) and dA commutes with (multi-
plication by) i.

Proposition 13.1. Suppose that ∇A is torsion-free and satisfies T (u, v) = 0
(i.e. ∇A = ∇). Then:
(i) dA is the Chern connection for T 1,0X.
(ii) h is a Kähler metric on X.

Sketch of proof for (ii). We have

(∇ω)(u, v) = d(ω(u, v))− ω(∇u, v)− ω(u,∇v)
= d(g(Ju, v))− g(∇Ju, v)− g(Ju,∇v) = 0

So ∇ω = 0, hence dω = 0.

38


	Complex Analysis in Several Variables
	Complex Structures
	The (Anti)Holomorphic (Co)Tangent Bundle
	Dolbeault Cohomology
	Almost Complex Manifolds
	Submanifolds and Subvarieties
	Holomorphic Vector Bundles
	Divisors
	The First Chern Class
	Line Bundles on Projective Spaces
	Blow-Ups
	Hermitian and Kähler Metric
	Hodge Theory
	Another View on Kähler Manifolds

