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0 Homotopies

When we say “space”, we’ll always mean a topological space; When we say
“map”, we’ll always mean a continuous map. We write Map(X,Y) to denote
the collection of maps between spaces X, Y.

Examples of spaces include I = [0,1],I" = [0,1]*,D" = {v € R" : |v| <
1},9" ! = {v € R" : |jv|| = 1}. We of course know that D™ = [* S"~1 C D"
and D"/S"~! = S§™ (via the action (r,¢) — (2r — 1,¢), with the former in
spherical and latter in cylindrical coordinates)).

Definition 0.1. For fy, f1 : X — Y, we say fy is homotopic to f; if there is
some continuous H : X x [ — Y with H(—,0) = fo, H(—,1) = f1. We write
fo ~u f1 or fo ~ f1 to denote this.

We often write f; = H(—,t) to represent the intuition that f; “deforms” to
f1 via H. It’s clear that homotopy is an equivalence relation on Map(X,Y).

Example 0.1. 1. The identity map 1g~ is homotopic to the constant map Orn
via fi(z) = ta.

2. Is the antipodal map A, : S™ — S™ homotopic to the identity 1gn? When
n = 1, they are via f;(2) = e*™z. But they are not when n = 2. We'll develop
the tools required to prove this.

Definition 0.2. [X,Y] = Map(X,Y)/ ~ is the set consisting of homotopy
classes of maps between X and Y.

Homotopy classes behave nicely, as seen from the following easy lemma.

Lemma 0.1. If fo, f1 : X = Y are homotopic, go,91 : Y — Z are homotopic,
then go o fo >~ g1 0 fi.

Example 0.2. If f : X — R", then f = lgnof ~ Ognof = 0. So #[X,R"] = 1.

Definition 0.3. A space Y is contractible if there is a fixed constant map ¢
such that 1y ~ ¢ where 1y is the identity map on Y.

The idea in the previous example then shows that
Proposition 0.2. Y is contractible iff #[X,Y] =1 for all X.

Definition 0.4. Spaces X and Y are homotopy equivalent, written X ~ Y if
thereare f: X - Y,g:Y — X such that fog~1y,go f ~1x.

Example 0.3. 1. R” ~ {0} via the obvious maps. Indeed, Y is contractible iff
it is homotopy equivalent to a one-point space.

2. R*\ {0} ~ S" 1 viap:R*\ {0} - S" L v vf||v] and i : S*71 —
R™\ {0}, v > v.



Some of the basic questions that algebraic topologists want to address are
whether two given spaces are homotopic, and what [X, Y] is. Not gonna to solve
either of those at this point. Let’s look at more definitions.

Definition 0.5. A pair of space is a pair (X, A) with X a space and A C X.
A map between pairs of spaces (X,4) — (Y,B) is amap f : X — Y such
that f(A) C B. Maps of pairs fo, f1 : (X, A) — (Y, B) are homotopic if their
underlying maps are homotopic via a map of pairs H : (X x I, Ax I) — (Y, B).

Like our previous definitions, these all behave well under composition. We
write [(X, A), (Y, B)] for homotopy equivalence classes of maps of pairs.

Definition 0.6. If X is a space and p € X, the n*" homotopy group 7, (X,p)
is the group with underlying set [(I™,01"),(X,p)] = [(D",S" 1), (X,p)] =
(57, %), (X, p)].

The group operation is defined as follows: For ¢,v¢ : (I",0I™) — (X,p),

we define [¢][¢)] = [¢ + ] where ¢ + ¢ is the map constructed by cutting
the hypercube I™ in half, scale both ¢, by half and mush them together
(beware the gluing lemma). m,(X,p) has an identity given by the constant
map at p and inverse given by composing it with r : I™ — I" (t1,...,t,) —
(t1,...,tn—1,1 —t,). Notably, for n > 2 the group 7, (X, p) must be abelian by
“spinning” the half-hypercubes.
A nice thing about these homotopy groups is that they are functorial. A map
f:(X,p) = (Y,q) induces f. : m,(X,p) = 7, (Y, q) via fi[¢] = [f o ¢]. This
operation is (contravariant) functorial in the sense that (f o g)x = fi 0 gs. If
fo, f1: (X, p) — (Y, q) are homotopic, then it’s clear that (fo)« = (f1)«-

Example 0.4. 71(S', %) = Z,m(S", %) = 0 when n > 2. But m,,(S", %) is
complicated in general, e.g. we have the table

m |1 2 3 4 5 6
™m(S?) |0 Z Z Z/2Z Z/2Z Z[12Z

1 Singular Homology

1.1 Chain Complexes

Definition 1.1. The n-simplex A™ is the topological space {(to,...,tn) €
R g, >0, =1},

So a 1-simplex is simply an interval, a 2-simplex is a triangle, a 3-simplex is
a tetrahedron, etc..
For I C {0,...,n}, we can associate with I a “face” fr = {t € A" : t; =
0ifi ¢ I} of the n-simplex. We'll write I = ig---iy if I = {io,i1,...,0k}
and ig < i; < .-+ < 1. To go with faces we have face maps, which are
homeomorphisms Fy : AI=1 — f; ¢ A" sending t to & where z; = 0 if 4 ¢ I
and z; =t; if i = ;.
Putting simplices aside for a minute, let’s think about chain complexes. Let R
be a commutative ring.

Definition 1.2. A chain complex (C,,d) over R consists of:
(i) R-modules C;,7 € Z.
(ii) R-linear maps d; : C; — C;_1 such that d; o d;11 = 0 for all 4.



We usually write C' = @, C; to denoteb the asscociated graded module and
d=@p,d; : C — C. So the condition Vi, d;od; 11 = 0 can be written as dod = 0,
or d® = 0.

We by definition have Imd; 1 C kerd; for all i.

Definition 1.3. For a chain complex (Cs,, d), its i-th homology is the R-module
H7(O.) = ker dl/lm di+1.

And we write H,(C,) = @, H;(C,).
The d, d;’s are called the differentials (or boundary maps) of the chain complex.
Elements of ker d are called closed and known as cycles and elements of Im d are

called exact and known as boundary. For dz = 0, we write [z] for its image in
H,.(C,).

Definition 1.4. The chain complex of the n-simplex (S¢(A™),d) is given by
Sg(A™) = (fr : I C {0,...,n},|I| = k) (the free Z-module generated by the
n-dimensional faces of A,,) for 0 < k < n and Si(A™) =0 for k < 0,k > n.
The boundary map is given by

d(fr) = Z ) fr iy

j=0

=

where I = ig - - - 1.

Example 1.1. For n = 2, we have d(fo12) = fi2 — foz + fo1 and it’s easily
checked that d®(foi12) = (f2 — f1) — (f2 — fo) + (1 — fo) = 0.

To check d? = 0 in general, it suffices to show d?(f7) = 0 for all I. Indeed,
fOfI:i0-~~ik

k

Ef)=d [ D=1 gy | =D ni<i fing i

=0 J#3’
and nj; = (1) (=1}~ 4+ (1) (=1)7 = 0.

Example 1.2. Again take n = 2. We have kerds = 0, so Ha(S,(A?)) = 0. It’s
also easy to check that kerd; = Imdy = (fo, f1, f2), 50 H1(Se(A2%)) = 0. We

have kerdy = (fo, f1, f2) and Imdy = {3, aifi : >;a; = 0}. So Hp(Se(A?)) =
7.

In fact, we have in general

Z ifi=0
0 otherwise

H;(Se(A")) = {

Definition 1.5. The reduced chain complex associated to A™ (Se(A™),d) is
the chain complex with Si(A™) = Si(A™) for k # —1 and S_1(A") = (fz)
and the same differential applies as before, only with I = & allowed (and with

Then it’s easy to show that H,(Se(A™)) = 0.



Definition 1.6. For a space X, its singular chain complex is (Ce(X), d) where
Cr(X) = (0 : A¥ — X) is the free Z-module generated by all continuous
o: AF - X.

So the elements of C(X) (“singular chains”) are formal sums ), a;,0; with
a; € Z and o; : AF — X continuous. The boundary map is given by

k

do =Y (100 F;, F; = Fio, _ap\()
7=0

extended by linearity. This is chosen such that the map ¢, : S.(AF) —
C.(X), fr = o o Fy satisfies d o ¢, = ¢, o d. In particular, 0 = ¢,(fo..n)
and 0 = d*c = d2(¢0(f0~-n>) = ¢o(d2(f0-~n)) = ¢,(0) = 0.

Definition 1.7. H;(X) = H;(Co(X)) is the i*" singular homology group of X.
This is obviously a topological invariant.

Example 1.3. If X = {«} is a one-point space, then Cj({*}) = {0} where
ok : AF = {*} is the unique map and do, = oj_1 if k is even and positive
and 0 if k is odd. So kerd = (09,01,03,05,...),Imd = (01,03,05,...), S0
H,.(X) = ([og]) 2 Z. That is,

ifi=0
otherwise

H({5}) = {f

Definition 1.8. The reduced singular chain is defined the same way as before:
We set C(X) = Cr(X) for k # —1 and C_1(X) = (0g), and the differentials
are the only things which make sense.

Example 1.4. We have H;({*}) = 0 for all i.

Example 1.5. A% 2 {x}, so Map(AY, X) are just constants.

Al = [ = [0,1], so Map(Al, X) are the set of paths v : [0,1] — X, with
dy = 051y — 00)- When X = Sty :[0,1] = St — e2™ is a cycle in C7(X).
For 74 : t v ™ we have dyy = 0_1 — 01, 80 7. — 7_ is again a cycle in
C1(X). We claim that [y] = [y; —~_]. Indeed, let’s consider 7 : A% — S!
via 7(p) = *™®®) where ¢ : A2 — A = [0,1] is the affine linear map with
forr 0, fi—=1,fo—=1/2. Thendr =70Fy;—7ToF;+70F; =~v_ —~yy+7.
So indeed [v] = [y4+ — v-].

Proposition 1.1. If X is path-connected, then Ho(X) = (op) = Z for any
pe X.

Proof. C_1(X) =0, so kerdy = Cy(X) = (o, : p € X), whereas Imd; = (dy :
v:I— X)=(op, —op :p,p joined by a path) = (6, — o,y : p,p’ € X), hence
the result. O

Definition 1.9. Suppose (C,,d) is a chain complex of R-modules. A subcom-
plex of (C,,d) consists of submodules A; < C; such that d(A;) C A;—1. This
gives another chain complex (A,, d) with the restriction of the differentials.



For a subcomplex A, of Co, we have a chain complex Co/A, consisting of
modules C;/A; with differentials being the factors of the original differential
through the quotients. This is called the quotient complex.

Example 1.6. If A C X, the C,(A) is a subcomplex of C(X).

Definition 1.10. If (X, A) is a pair of spaces, Co(X,A) = Co(X)/Ce(A) is
called the singular chain complex of the pair.

Definition 1.11. If (C, o,ds),« € A are chain complexes, the direct sum of
them is the chain complex (@, Ce o, P, da), which one can check is indeed a
chain complex.

It’s easy to see that H, (P, Ce.a) = B, Hi(Ce,a)-

Proposition 1.2. If X,,«a € A are the path components of X, then

H.(X) = @) H.(X.)

acA

Proof. Since AF is connected, Map(A*, X) = [], Map(A*, X,,). As this de-
composition respects d, the chain complex of X splits into the direct sum
Co(X) =P, Ce(X,), which gives the result. O

1.2 Functoriality

Definition 1.12. A (locally small) category is the data of a collection of objects,
as well as a set of morphisms Hom(A, B) for every pair of objects A, B (we
write f : A — B for f € Hom(A, B)), equipped with the composition rule
o: Hom(B,C) x Hom(A, B) — Hom(A, C), (f,g) — f o g such that:

1. (fog)oh=fo(goh).

2. For each object A, there is an morphism 14 € Hom(A4, A) such that for every
f:A— B,wehave foly =1pgo f=f.

Example 1.7. We have the category of R-modules whose morphisms are R-
linear maps, the category of topological spaces whose morphisms are continuous
maps, the category of pairs of spaces whose morphisms are maps of pairs.

Definition 1.13. For categories C1,Co, a functor F' : C; — C5 assigns an object
FA in Cs given any object A in C, and assigns a morphism F'f : FA — FB
in Cy given any morphism f : A — B in (1}, in such a way that Fl, =
lpa, F(fog)= (Ff)o(Fg).

Definition 1.14. For chain complexes (C,,d), (C,,d’) are chain complexes of
R-modules. A chain map fo : (Co,d) — (C,,d’) is the data of R-linear maps
fi : C; = C! such that d} o f; = fi_1 od;. That is, the diagram

d;
C; Ci—1
fiJ{ J{fi—l
C; d 7{71

commutes.



Lemma 1.3. 1. If (C,,d) is a chain complez, the identity 1¢ is of course a
chain map.

2. If f, g are chain maps such that the codomain of g is the domain of f, then
fogis also a chain map.

We consequently have a category of chain complexes whose morphisms are
chain maps. Observe that if f, : (Ce,d) — (CL,d’) is a chain map, then de =0
implies d'f(z) = f(dz) = 0, so f(kerd) C kerd'. Also f(dz) = d'f(z), so
f(Imd) C Imd'. Therefore fo induces a map f. : H.(Co) — H.(C}) via
fe(lz]) = [f ().

Lemma 1.4. (1¢). = 1g,(c,), (g0 f)« = g« 0 fs.
Proof. Just check. O

So taking for each i, H; defines a functor from the category of chain com-
plexes of R-modules to the category of R-modules, and H, defines a functor
from the same starting category to the category of graded R-modules.

Definition 1.15. If f : X — Y is a contiuous map, the chain map associated
to it is fo : Co(X) = Co(Y) via 0 — foo.

Lemma 1.5. f, is indeed a chain map.
Proof. How many times do I have to write “check”? O
Lemma 1.6. (1x)e = 1, (x) and (f 0 g)e = fo 0 ge-

And therefore there is a functor from the category of topological spaces

to the category of chain complexes of Z-modules which sends X — Co(X).
Compositions of functors is of course again a functor, so we eventually get a
functor X — H;(X) from the category of topological spaces to the category of
Z-modules.
Suppose [ : (X,A) — (Y,B) is a map of pairs, fe : Ce(X) — Co(Y) has
fe(Ce(A)) C Co(B), thus descends to a map fo : Co(X,A) — Co(Y, B), func-
torial as usual. Taking homology givess us our favourite homology functors
(X, A) = H;i(X, A).

1.3 Homotopy Invariance

Definition 1.16. Suppose gg,g; : C — C’ are chain maps of R-modules. We
say go is chain homotopic to g; (written gg ~ g1) if there are R-linear maps
hi : C; = Cj_; (“chain homotopy”) such that d'h + hd = g1 — go.

Lemma 1.7. Chain homotopy is an equivalence relation.
Proof. Apparently not enough number of times. O

Definition 1.17. Chain complexes C, C’ are chain homotopy equivalent, writ-
ten C' ~ C’, if there exists chain maps f : C — C’,g : C' — C. such that

fg~1lc,gf ~1c.

Proposition 1.8. If gg, g1 : C — C’ are chain maps with gy ~ g1, then (go)« =
(91)«-



Proof. Suppose h is the chain homotopy. If z € C has dz = 0, then (go).[z] —
(91)«[2] = [91(z) = go(x)] = [dh(x) + hd(z)] = [dhz] = 0. O

Corollary 1.9. If C ~ C’, then H,(C) = H.(C").

Why do we care about such a weird definition that is chain homotopy?
Suppose fo,f1: X = Y, fo~ fiviaH: X x[0,1] =Y. If 0 : A¥ = X and
90 = fox, g1 = f1«, then h(o) which is “H (o x [0, 1])” should satisfy dh + hd =
go — g1. Let’s try to make sense of it rigorously.

Recall that if o : A¥ — X, there is a chain map Se(A*) — Co(X), f1 = 00 FT.
Consider tg,t1 : A™ — A™ x [0,1] via  — (x,0), 2 — (z,1) respectively, which
induces ¢,,, P, : Se(A™) = Co(A™ x [0,1]).

Definition 1.18. If X C R™ is convex and vy, ..., v; € X, we define a k-simplex
on X by [vg---vg] : AF — X, (t;) — Y, t;v; (the “linear simplex” determined
by v, ..., vk).

Then [v -~ vg] o Fy = [vo -0~ - vy, therefore the boundary map has the
nice formula d[vg - - } 2= 1) '[vo vg]. For f; € A™ is a vertex, we
wrltez—fZXOEA” [0, }z:f,xlEA” [0, 1].

Definition 1.19. The universal chain homotopy is the map U, : S¢(A™) —
Co(A™ x [0,1]) given by

k
./
Unfio~~-ik E : Z]Z]Z]+1 Zk]

7=0
Proposition 1.10. dU,, + U,d = ¢,, — ¢,,-
Proof. We have

(dUp + Und)(fr) = > myjrlio--ij--ijily - if]
J<y’
+Znﬂ cedgedl ]
J'<J

k—1
+ er[iO"'iji;+1 o
j=0
+alio - - ig] + blig - - - i}]
We have

On the other hand, a =
the result. O

So, y’know, let’s study Se(A™).
For a face I = ig---ix, we have a chain map ¢r : Se(AF) — S.(A") given
by gb](fjo...jl) = fi]’o"'in' Write (ﬁ} = ¢{0 S} : Se (Anil) — Se(A™). Let
ft’rz)p = fOn € Sn(An)’ then dfﬁ)p = Z ( ) ¢ ftop :



Lemma 1.11 (Naturality). Let Fy : A*x[0,1] — A" x [0, 1], (z,t) = (Fr(z),t).
Then the diagram

So(AF) —— 21 4 S, (A

" Jo-

Co(AF x [0,1)) TET»(L(A"x[le

commutes.
Proof. This follows from the fact that (Fr)e([jo---71]) = [i5, - - - 5] O

Suppose now that fo, fi : X — Y are homotopic via H : X x [0,1] — Y.
Given o : A™ — X, we define H, : A™ x I — Y, (x,t) — H(o(z),t). Observe
that H,op, = H, o Fy, so we are inspired to consider h : Co(X) — Co(Y) by
h(o) = (Ho)e(Un(fisp)) at o : A" — X.

Theorem 1.12. dh+hd = (fo)e — (f1)e- S0 (f0)e is chain homotopic to (f1)e-
Proof.

’MW)Zh(E:UO%):=§]—UNHm%%@h1(&5D
= S 1 (Ho ) o (F)Una (f551))
= Z(—l)j(Ha)-(Un(¢5( top ) = (Ho e (Und(f3s))
On the other hand, dh(o) = d((Ho)e(Un(fiop))) = (Ho)e(dUn(fiyp)), O
(dh + hd)(0) = (Ho)e((dUn + Und)(ficp)) = (Ho)e((dry — b1y (fiep))
= (1)e(0) = (fo)e(9)
as desired. O

Corollary 1.13. If fo, f1 : X = Y are homotopic, then (o)« = (f1)«-

Corollary 1.14. If f : X - Y and g : Y — X give a homotopy equivalence
between X and Y, then f.,g. are mutual inverses.

Corollary 1.15. If X is contractible, then

Z ifk=0

0 otherwise

Hk(X) = {

1.4 Subdivision

Sike, we are actually gonna talk about homological algebra first.



Definition 1.20. A sequence of R-modules

fi fi
Aipr =5 A; A

is exact at A; (or at ) if Im f; 41 = ker f;.
We say the sequence is exact if it is exact at all 4.

So an exact sequence is a chain complex with vanishing homology.

Example 1.8. 1. If
0 —— A ——0

isexact at Aiff A=0.
2. If

0 AL .B 0

is exact iff f is an isomorphism.
3. An sequence of the form

f

0 A B0 0

is exact (and called a short exact sequence) if f is injective, g is surjective and
B/f(A) = C via g.

Definition 1.21. Suppose A, B, C are chain complexes. A sequence

0—s AT B9 50c—50

is called a short exact sequence of chain complexes if f, g are chain maps and
the induced sequences

0 A, LB 20 0

are short exact sequences for all .

Example 1.9. If A C X, then there is a short exact sequence

00— Cu(A) —L Cu(X) —25 Cu(X, A) —— 0

The key thing about short exact sequences of complexes is the snake lemma.
Lemma 1.16 (Snake Lemma). If

0— s AT B9y 0c_— 49

is a short exact sequence of chain complexes, then there is a long exact sequence

L Hpy1(A) L Hn+1(BO) — Hn+1(CO)




Proof. The map 0 (the “connecting homomorphism”) is defined as follows:

Start with ¢ € C,, with dc = 0, since f, is surjective we can find some b € B,
such that g,(b) = ¢. Now g¢(db) = d(gb) = dc =0, so db € kerg;—1 = Im f;_1,
hence we have some a € A;_1 such that f;_1(a) = db. As f(da) = d(fa) =
d(db) = 0, we have da = 0, so we can identify J[c] = [a].

A tedious calculation reveals that ¢ is well-defined and does produce the claimed
long exact sequence. O

Corollary 1.17. If (X, A) is a pair of spaces, then we have a long exact sequence

+—— Hyp1(A) —— Hop1(X) —— Hpqa (X, A)

Hp(A) ——— Hp(X) ——— Hp(X,A) — -+

Example 1.10. The long exact sequence of the pair (X, {p}) for p € X looks
like
r—— 0 —— Hy(X) — Hy(X, {p})

Z — Ho(X) — Ho(X,{p}) — 0

which first of all means that H;(X) = H,;(X, {p}) for ¢ > 2. Note that f.([op]) =
[op] # 0 (where [op)] is the generator of Ho({p})), so fi : Ho({p}) = Ho(X) is
injective, and therefore Hy (X) = Hy (X, {p}) as well. Since Ho(X) = Z" (where
N is the number of path components of X), we have Ho(X) = Ho(X, {p}) &
Ho({p}) = Ho(X, {p}) & Z.

Indeed, H;(X) = H;(X,p). The chain complex C4(X,p) = Co(X)/Ca({p}) =
Ce(X)/Ce({r}) = Co(X, p) has homology H.(X,p) = H.(X,p). The vanishing
of H, combined with the snake lemma then gives H;(X) = H;(X,p) = H;(X,p).

Let’s now turn to subdivision. Suppose U = {U,,a € A} is an open covering
of X. We define C¥(X) = (0: A¥ - X : Ja € A,Imo C U,) C Cyx(X). This
gives rise to a subcomplex C¥(X) of Co(X).

Let 4 be the inclusion map.

11



Lemma 1.18 (Subdivision Lemma). i, : HY(X) = H,(CY¥ (X)) — H.(X) is
an tsomorphism.

Proof. “Too painful to write down”, as it were.

For a sketch, we consider the natural maps B, : Se(A"™) — Co(A™) and
hp @ Se(A™) — Co(A™) where B, is given by barycentric subdivision and h,, is
a chain homotopy between B,, and ¢iq,. -

We then use B, and h, to define a chain homotopy between a globalised
barycentric subdivision map B : Co(X) — Ce(X) and id¢, (x). For ¢ € Cp(X),
this subdivison process means that for big k we have B¥c € CY(X). O

This lemma allows us to compute homology very easily using the Mayer-
Vietoris sequence. Suppose Uy,U; C X are such that U = {Uy, Uz} form an
open cover of X. We have the inclusion maps

UlﬂUQ L>U1

.| [

U2 T) X
Proposition 1.19. There is a short exact sequence
0 —— Cuo(Uy NUz) —s Co(Uy) @ Co(Us) —2— CYU(X) —— 0

where i)

. 11 )e . . (s

i=({0) = Goe (i)
Proof. Tt’s clear that both (i), (i2)e are injective, so 4 is injective.
Since jj 041 = jp0ig, we have ji = 0. Suppose j(a,b) = 0 where a = ), a;0;,b =
Zj b7, Imo; C Ur,Im7; C Uy with a;,b; nonzero and (o;); pairwise distinct,
(75); pairwise distinct. Then we have 3, a;o; = >, b;7; in X, which can only
happen if, after rearrangement, a; = b; and o; = 7; (and hence has to land in
Uy NUs). Therefore (a,b) € Imi.
The surjectivity of j follows from the construction of C¥(X). O

Massaging the —1 entry, we similarly have an exact sequence
0 —— Co(UaNT2) —= Co(Uh) & Call) —— CY(X) —— 0
Corollary 1.20 (Mayer-Vietoris Sequence). There is a long exact sequence

S Ho (Ui N Us) == Hyy (U2) @ Hypr (Us) —25 Hypr (X

Similarly, we have such a sequence for reduced homology as well.

Proposition 1.21.

0 otherwise

f[i(S")%J{Z ifi=n
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Proof. Let’s prove by induction on n. For n =0, S = {£1}, so

Hi<S°>=Hi<{1}>@Hi<{—1}>:{f@z =0 g, so>:{Z ifi =0

. ) .
otherwise 0 otherwise

In general, we consider Uy = S™ \ {(£1,0,---,0)} = (D")° by stereographic
projection. Their intersection is Uy NU_ = (0,1) x S*~! ~ §"~1 The Mayer-
Vietoris sequence for reduced homology yields the existence of

c—— Higy (S"7Y) —— 0 —— Hip(S™)

(8" ) —— 0 —— H(S") —— -
which gives the result inductively. O

We prefer to generate H™(S™) by [S™]. If we consider p : Uy NU_ —
S (z1,...,20p1) = (22,...,Tpy1). Then we have p.d[S,] = [S,_1].

Lemma 1.22. Suppose we have a commutative diagram of chain complezxes
A-tsp-—9,¢
lfA lfs lfc
A/ !/ C/

I’ q'

0 0

0

with exact rows, then we have a commutative diagram
. — Hy{(B) —— H;(C) —>— H;_1(A) — -
[ P
. —— Hy(B') — H;(C") —>— H;_1(A") — -
where the rows are the long exact sequences of homology.

Proof. Given [¢] € H;(C), pick a € A;_1,b € B; with b mapping to ¢ and a
mapping to db. Then §[c] = [a]. Let o' = fa(a),b = fp(b),c’ = fe(c). Then
GW) = 7' f5(b) = for(b) = foe = ¢ and fl(a) = ['fa(a) = fo(fa) =
fe(db) =db'. So é[c'] = [a]. The rest is easy. O

Example 1.11. Suppose f: X — Y with Y = U; UU; with U; C Y open. Let
Vi = f~1(U;), then X = V; UV,. Then f, gives the commutative diagram

0 —— Co(ViNVa) —— Co(V1) @ Cu(Va) —— C&VH(X) —— 0

J | |

0 —— Co(U1 NUs) —— Co(Uy) & Co(Un) —— ¥ (y) —— 0
which induces the diagram

| | |

D Hy(Uy) @ Hy(Uy) —— Hy(Y) —2— Hi (U NUy) — -

13



as in the lemma. The result for reduced homology is similar.

Proposition 1.23. Letr, : S™ — 8™, (Z1,.. ., Zny Tpt1) = (T1,- -, Tny —Tpt1)
be the antipodal map and decompose S™ = Uy UU_ as before. Then (r,)s :
H,(S™) — H,(S™) sends [S™] to —[S™].

Proof. For n = 0, we have (r().[S°] = [0_1 — 01] = —[SY] since r(£1) = F1.
In general, r,, induces the diagram

0 — Hy(8") —— H, (U NU_) — 0

| |

0 —— Hy(S") —— Hi(UynU-) — 0

The homotopy equivalence p : Uy NU_ — S™ L (z1,...,Zpy1) = (T2, ..., Tny1)
has por, =r,_10p, so we can in fact extend our diagram to

HZ(SR) % _Hifl(U+ ﬂU,) L) I?Ii,l(S"_l)

L L |t

Hy(S") —— Hy (U NU-) —5— Hia(S™71)

which implies (r,,).[S"] = —[S"] since (1,—1).[S" 7] = —[S"71]. O
Corollary 1.24. Ifv € S”, let r,, : S™ — S™ be the reflection across the plane
perpendicular to v, then (r,)«[S"] = —[S™].

Proof. As S™ is path connected, 7, is homotopic to re, ., = ry. O

1.5 Excisions and Collapsing a Pair

Definition 1.22. Suppose A C Z (with i : (4, A) — (Z, A) the inclusion). A
is a deformation retract of Z if there is a map p : (Z,A) — (A, A) such that
poi=1s 4 andiop~ 1z a).

Consequently, Z is homotopic to A.
Example 1.12. Y x 0 is a deformation retract of ¥ x (D™)°.

Definition 1.23. A pair (X, 4) is a good pair (Olympiads flashbacks) if there
is some U C X open, A C U and A is a deformation retract of U.

Example 1.13. 1. If X = S? and A is the union of the north and south poles,
then by taking the union of small disks around the poles, we see that (X, A) is
a good pair.

2. Take Y = T? = S x S and B = S' x 1 C Y, then B is a deformation
retract of the “band” around the “ring” that is B. So (Y, B) is a good pair.

More generally, if M is a manifold and N a submanifold of M, then (M, N)
is a good pair.

Example 1.14 (Non-example). (R, Q) is not a good pair.

14



Theorem 1.25. Suppose (X, A) is a good pair and 7 : (X, A) — (X/A, A/A).
Then 7, : H (X, A) — H.(X/A, AJA) =2 H(X/A) is an isomorphism.

Example 1.15. Suppose X = S? and A the union of the north and south
poles. Then Z = X/A looks like a pinched torus. Let’s compute H,(Z) =
H,(X,A) using the long exact sequence for (X, A). We know that Hy(A) = Z
and H;(A) = 0 for i # 0. We also know that Hy(X) = Z and H;(X) = 0 for
1 # 2. We therefore have the diagram

0 Hy(X) —— Hy(X, A)

and hence

7Z fori=1,2

0 otherwise

H.(Z) = Ho(X,A) = H.(X, A) = {

Example 1.16. Suppose ¥ = S! x St B = S! x {1}. Denote as iy, ip the
inclusion of S* = S x {1} = {1} x St into St x S1, and 7, 75 the projections.
Then 7y 01 = T 04y = 1g1, 50 (Mk)« © (i)« = lg,(s1), forcing (i)« to be
injective.

We have Y/B = Z where Z is as in the previous example. So we can compute
H,(T?) using H,(Y?2, B) = H.(Z). Accio

0 Hy(T?) —— Hy(T?, B)

Hy(B) —— Hy(T?) —— Hy(T?,B) —— 0

The injectivity of (i1). forces ¢ : H,(T?, B) — H,(B) to be the zero map. We
therefore have Hy(T?) = Z and an exact sequence

0 —— 2Z — H(T?) —— Z —— 0

which forces Hy(T?) = Z2.
Let’s do some more homological algebra (yay?).

Lemma 1.26 (Five Lemma). Suppose we have a commutative diagram of R-
modules

A B c D E
I+ I
A B c’ D B

with exact rows. If a, B, 6, € are isomorphisms, then ~y is also an isomorphism.

15



Proof. If you are confused by the colors, know it’s Sae’s fault. O

Suppose U = {U;};es is an open cover of X. If A C X, then U4 =
{U; N A}y is an open cover of A and CY4(A) C CY(X). Define CY (X, A) =
CYU(X)/CY4(A). Then the map i : CY¥(X) — Co(X) induces a map i :
CU(X,A) = Co(X, A).

Lemma 1.27. i, : HY(X, A) — H.(X, A) is an isomorphism.

Proof. There is a commutative diagram

0 —— CY1(A) —— CY¥(X) —— CY(X,A) —— 0

| | |

0 —— Co(A) —— Co(X) —— Co(X,A) —— 0
with exact rows. This gives the diagram

H{'"(A) —— HY{(X) —— H{(X,A) —— H{"(A) — HY,(X)

| | | ! !

with exact rows. We are then done by the preceding lemma. O

Theorem 1.28 (Excision). Suppose B C A C X and B C A° and let j : (X —
B,A—B) — (X, A) be the inclusion. Then j. : H. (X — B,A— B) — H,.(X, A)
is an isomorphism.

Proof. {A°, X — B} is an open cover of X. For an open cover U of X and
o:AF - X, we write 0 <U if Imo C U for some U C U. If U = {A°, X — B},
then we have CY¥(X) = (0 : 0 <U) = CY¥(X — B) ® Mp where Mp = (o :
Imo C A, Imo N B # &). Similarly C¥4(A) = C¥4 (A — B) ® M.

For chain complexes C' C C' and M, the natural map C/C" — (Ce&M)/(COM)
is always an isomorphism. So j, : C¥(X — B)/CY¥4(A — B) — CY(X)/CY4(A)
is an isomorphism. Consequently, j, is an isomorphism HY(X — B, A — B) —
HY(X,A).

There is a commutative square

HY(X — B,A— B) —2— HY(X, A)

Hi(X = B,A~B) —— H;(X - A)

Since the vertical maps are isomorphisms and we just proved that the top map
too is an isomorphism, we conclude that the bottom map is an isomorphism. [

Proposition 1.29 (Long Exact Sequence of a Triplet). Suppose Z CY C X,
then there is a long exact sequence

s H (Y. 2) Y H(x,2) S myXY) s Ho (Y, Z) —— -

where j1: (Y, Z) —» (X, Z) and jo : (X,Z) — (X,Y) are inclusions.
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Proof. This is the result of the short exact sequence
0 —— Co(Y,Z) —— Co(X,Z) —— Co(X,Y) —— 0
noting Ce(Y, Z) = Co(Y)/Ce(Z), etc.. O

Recall that A C U is a deformation retract of U if there exists p : U — A
such that poi =ids and 70 p ~ id(y, 4) as maps of pairs, where i : A — U is
the inclusion.

Lemma 1.30. If A is a deformation retract of U and U C X, then j. :
H.(X,A) - H.(X,U) is an isomorphism, where j : (X,A) — (X,U) is the
inclusion.

Proof. The long exact sequence for (U, A) reads
Hi(A) — H;(U) —— Hy(U,A) —— H;_1(A) —= H;_1(U)
14 are isomorphisms, since ¢ induces a homotopy equivalence, therefore H, (U, A)
vanishes. Then the long exact sequence for A C U C X
H(U,A) —— Hj(X,A) —2~ H(X,U) —— H,_,(U, A)
shows that j, is an isomorphism. O

Theorem 1.31. Suppose (X, A) is a good pair (i.e. there is some open U C A
such that (U, A) is a deformation retract and A C U), 7 : (X, A) = (X/A, A/A)
is the quotient map, then w, : H (X, A) — H.(X/A, A/A) is an isomorphism.

Proof. There is a commutative diagram

Hi(X -AU—-A) —2 5 H(X,U) = Hi(X, A)

l(m)* lm)* lm)*

Hi(X/A— AJA,UJA— AJA) —— Hi(X/A,UJA) «— Hi(X/A, A/A)

J« are isomorphisms by Theorem|[1.28] and 7, are isomorphisms by the preceding
lemma. (7). is an isomorphism since it’s induced by a homeomorphism. So
(m2)« and (73), are isomorphisms. O
Definition 1.24. A space X is an n-manifold if it is metrizable and every
z € X has an open neighbourhood homeomorphic to R".

Example 1.17. S, T" = (S1)" are n-manifolds.

Proposition 1.32. If X is an n-manifold and x € X, then

Z ifi=n

0 otherwise

Hy(X, X —{z}) = {

Proof. Choose U, C X open neighbourhood of  homeomorphic to R". WLOG
the homeomorphism sends = to 0 € R". We have D™ C R" 2 U, C X, so by
Theorem [1.28) we have H, (X, X — {z}) = H,(D",D" — {0}) = H,(D",S"1).
Recall that H,.(D™) = 0 and the long exact sequence for (D™, S"~1) shows that
Hy(D", 8" 1) = H; {(S"') = Z when i = n and 0 otherwise. O

Corollary 1.33. If M, N are m- and n-manifolds respectively and M = N,
then m = n.
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2 Cellular Homology

2.1 Degree of Maps

Recall H,(S™) = Z for n > 0 is generated by the fundamental class [S™]. So for
f:8™ = S™ f.S"] = k[S™] for some k € Z.

Definition 2.1. k is called the degree deg f of f.
The following properties are immediate:

Proposition 2.1. (i) deglgn = 1.

(i) If fo, f1: S™ — S™ are homotopic, then deg fo = deg f1.

(iii) For f,g: S™ — S™, we have deg(f o g) = (deg f)(degg).

(w) If f : S™ — S™ is a homeomorphism, then deg f = +£1. We say it is
orientation-preserving if deg f = 1, orientation-reversing if deg f = —1.

(v) If 7, : S™ — S™ is the reflection across v, then degr, = —1.

(vi) If A : S™ — S™ is the antipodal map, then A =71, o---or. _,, sodegA =
(—=1)"*+L. In particular, A is not homotopic to 1gn for even n.

For p € X, we sometimes write X —p = X — {p} = X \ {p} if there is no
confusion.
If p e S™, S™\ {p} = (D")° is contractible, so m, : H,(S™) = H,(S™,S™ —p)
is an isomorphism for n > 1. Define [S™, S™ — p] by 7. [S"] = [S™, S™ — p] (the
fundamental class of the pair (S™,S™ — p)). If I C S™ is open and contains p,
we let B = 5"\ U. Then B is closed, so by Theorem Jx  Ho (U, U — p) —
H,(S8™,S™ — p) = Z is an isomorphism. Define [U,U — p| by j.[U,U — p] =
[Sn= St — p]'
Observe that if p € U’ C U, we have a commutative diagram

[U,U—p]—[S",5" —p]

H,(U,U - p) H,(S",S™ —p)
| M[S?S“p]
Hn(Ul7 U/ - p)

Suppose f : 8™ — S™ and f~(p) = {q1,-..,q:} is finite. As S™ is Hausdorff,
there are pairwise disjoint opens U; > g;. Let f; : (U;, Ui — q;) — (S™, 8™ — p)
be the inclusion, so f.[U;, U; — ¢;] = k;[S™, S™ — p].

Definition 2.2. k; is called the local degree of f at g;.
Lemma 2.2. k; does not depend on the choice of U;.

Proof. Suppose ¢; € U/ C U;, then the commutative diagram

(UuUz i (Sn Sn_Ql)
(U/ U/ - ‘h

shows that deg,, fi = deg,, f;. In general, if U;, U both contains g;, then U; NU;
is open, contains ¢;, and contained in both U; and U/, so we conclude by the
case above. O
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Let V = C S™ which is open. By Theorem the map j, :
(V V—f ( )) H, (Sn,Sn — f~(p)). On the other hand, H,(V,V —
“p) =D, H(U;,U; — q;) 2 Z" with a basis given by [U;, U; — ¢;].

Lemma 2.3. The map H,(S™) = H,(S™, 5™ — f~Y(p)) 2 D, H.(U;, U; — q;)
is giwen by [S™] — >, [Ui, Ui — qi).

Proof. There’s a commutative diagram

Hy(S™,8" = f7Hp)) —— Ha(S", 5" — q5)

[ |

Hn(‘/a V- fﬁl(p)) — Hn(VvV - QJ)

Note that H,, (V,V —q;) = H,(U;,U; —q;). The vertical maps (i.e. the j*’s) are
isomorphisms, so the diagram still commutes if we reverse those arrows. Let’s
have more fun with commutative diagrams

D, H.(U;,U; — q;)

We have «[S™] = [U;,U; — g;], so mj o B[S™] = [U;,U; — ¢;], hence B[S"] =
>3, U; — ¢ O

Theorem 2.4. Suppose f : S™ — S™ and f~1(p) = {qi,...,q-} as above. Then
deg f =3, deg,, f

Proof. Guess what?

Ho(S") —— L 1,57

| |

H, (5", 5" — f~L(p)) —L H,(S", 5" — p)

|

®; H.(U;,U; — q5)

Let o : H,(S™) — H,(S™, 5™ — p) be the composition going through H,(S™)
and 7 the composition going through @; H,(U;,U; — ¢;). Then o[S"] =
(deg f)[S™, S™ — p] whereas y[S"] = ), deg,. fi[S™,S™ — p|, which is what we
wanted. O
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Example 2.1. For f: S' — S 2+ 2" then f~1(1) = {1,w,...,w" 1} where
w = €2™/™ Then there is a homeomorphism ¢y, : S* — S, z — w¥z homotopic
to the identity, which shows that deg,: f = deg; f = 1, therefore deg f = n.

Let’s have some informal discussions. If f : S™ — X is a map, then f,[S"]
is something in H,, (X)), which is well-defined up to homotopy. This can be used
to define a homomorphism @ : 7, (X, x) — H,(X), f — f[S™], known as the
Hurewitz homomorphism. In general, this map is quite far from an isomorphism.

Example 2.2. Hy(T?) = Z, but any f : S? — T? factors through f:8m =
R% 7 : R? — T2, 50 f[S"] = 7. f[S?] = 7. (0) = 0 since H?(R?) = 0.

~

If M is a closed compact connected n-manifold, we’ll show that H, (M) =
Z = ([M]) such that H,(M) — H,(M,M — %) 2= Z takes [M] to a generator.
Soif f: M — X is a map, we can extract from it an element f.[M] € H,(X).
If W is a compact (n + 1)-manifold with OW = [, My, then the inclusion
i:OW — W, then i, (>, [Mi]) = 0. So f.(>_ ix[My]) = 0, which is however
still not a satisfactory model for H,,, but at least a bit better.

2.2 The Cellular Chain Complex

Definition 2.3. Suppose B C Y is a subspace and f : B — X, then we write
XUyY = (XUY)/ ~ where ~ is the smallest equivalence relation such that
b~ f(b) for all b € B. This is the space obtained by gluing ¥ to X along f.

If (Y,B) = (D*, S*=1), we say X Uy D¥ is the space obtained by attaching a
k-cell to X.

Definition 2.4. A finite cell complex of dimension n is a space X equipped with
closed subsets @ = X_1 € Xg C X; C --- C X, such that, for each k, X} is
obtained by attaching finitely many k-cells to Xy _1, i.e. Xy = X1 Up ]_[a Dk
for some F : [[, 9%~ — Xj_1.

X}, is known as the k-skeleton of X.

Remark. If we drop the finiteness condition (so we have an infinite chain @ =
X 1 C XoC Xy C--), then we get the definition of a CW-complex. X =
U X& can be re-topologised by setting U C X open iff U N X}, open in X}, for
all k.

Example 2.3. 1. If X is a graph with v vertices and e edges, then X is a finite
cell complex with v 0-cells and e 1-cells.

2. If X is a finite cell complex with 1 0-cell and 1 k-cell, then X = DF/Gk—1 =~
Sk,

3. If X is a simplicial complex, then its underlying space |X| is a finite chain
complex with 1 k-cell for each k-dimensional face of X.

4. T? can be viewed as a finite cell complex with 1 0-cell, 2 1-cells and 1 2-cell
since we can obtain it by gluing the sides of a square.

Definition 2.5. If (X;,z;) are pointed spaces, their vee product is
\ (Xi,2:) = (H&) / (H{Cﬁi}>
iel il il

When it doesn’t cause ambiguity, we often drop the z;’s and simply write \/, X;
(or, when we have finitely many spaces X1,..., X, X1 V---V X,.).
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Example 2.4. If X is a finite cell complex with 1 O-cell and r k-cells, then
D E=AVANLS

Definition 2.6. An n-dimensional complex projective space CP" is the topo-
logical space (C"*! —0)/C* where C* acts by scalar multiplication.

A point in CP" can be specified by a homogeneous coordinates [zg : - - - : z,]
where (2q, ..., 2,) # 0 is specified up to multiplication by a nonzero scalar. In
light of the isomorphism C* 2 R (xS, we know that (C"*1—0) /Ry = S27+1,
So CP" = §2"+1/S1 where S! again acts by multiplication. This shows that
CP" is compact Hausdorff.

Definition 2.7. The Hopf map p,, : S?"*t! — CP" is the projection S?"+! —
§en /gt 2 O

Proposition 2.5. CP" = CP" ' U, _, D> where p,_1 : S**~1 — CP"! is
the Hopf map.

Proof. Consider iy : CP"™* — CP"[z] — [z : 0] and iy : D* = {z € C" :
|z2| <1} = CP",z — [z : /1 —|2]?]. So i1|g2n—1 = pr—1 and i1,i2 glue to give
i:CP"" 'y, , D> — CP".

Now ¢ is a bijection: Indeed, its (set-theoretic) inverse is given by [zg : - :
zn] = (20, -, 2n-1) if 2z, # 0, where the representative z is chosen so that it
has unit length, and [z : -~ : 2,1 :0] = [20 -+ : 2,_1] € CP"7 1, O

Consequently, we inductively find that CP" is a finite cell complex with
exactly one cell of dimension 2i for each 0 < i < n.

Example 2.5. CP' 2 52 is the Riemann sphere.

Similarly, the real projective space RP" = (R"*! — 0)/R* = S"/(Z/2Z)
(where Z/27Z acts as the antipodal map) has RP™ = RP"~' U, | D", so it is a
finite cell complex with exactly one cell of dimension ¢ for each 0 < i < n.

Proposition 2.6.

Hy(CP™) = {Z ifi = 0',2,...,271
0 otherwise

Proof. We'll prove this by induction. The base case is clear.

In general, consider the long exact sequence of the pair (CP",CP""'). The

quotient CP"/CP" ! is a finite cell complex with one 0-cell (image of CP™ 1)

and one 2n-cell (image of D?"), hence homeomorphic to S?". Therefore we have

H;(CP",CP" 1) = H,;(S*"), which is Z if i = 2n and 0 otherwise. Let’s now

look at the long exact sequence of (CP™, CP" ).

H;1(CP",CP""Y) & H;(CP") » H;(CP") » H;(CP",CP" ') 3 H,_,(CP")
If = generates Ho, (CP", (CIP’”fl) >~ 7, then 0z € Hgn_l((CIP’"fl) = 0 by induc-

tion. So § = 0 and the sequence splits to give H,(CP") = H,(CP" )& H, (52",
which (inductively) is what we wanted. O
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Observe that in the long exact sequence of the pair (D*, S*~1), the map
Hy(D*, S*=1) = {1 (S*71) is an isomorphism. We write [D*, S*~1] to denote
the preimage of [S*~!] under this isomorphism.

Suppose X is a finite cell complex, Ay, the set of k-cells of X and f, : ¥~ —
X1 gives the gluing maps

Xi = X1 UUaeAk fu ( H Dk>

aEAy

Consider

Up_1=Xi_1 UHaeAk far ( H DF — 0)

a€Ay
As S*1 is a deformation retract of D* — 0, X;_, is a deformation retract of
Uj—1 and therefore (X, Xi—1) is a good pair with X /X1 = VaeAk Sk, So
Hy (X, Xp—1) & Hk(\/aeAk SkY = (eq : a € Ag) where e, = (in)«[DF, SF71].

Consider Pp - VaeAk Sk — \/ozEA;c Sk/\/a;éﬂ Sk = Sk7 then (pﬁ)*(ea) = [Sk]
when a = 8 and zero otherwise. Let 0 : Hyp(Xg, Xp—1) = Hr—1(Xg—1, Xr—2)
be the boundary map for the triple (Xg, Xx—1, Xg—2).

Lemma 2.7. dk = (’R’k_l)* o 5k where 5]@ : Hk—l(Xk;Xk—l) — Hk—l(Xk—l)
is the boundary map in the long exact sequence of the pair (X, Xp—1), and
Th—1: (Xp—1,9) = (Xp—1, Xp—2).

Proof. di[c] = [dc] can be thought of an element of Hy_1(Xy_1,x,_,) and dx[c]
an element of Hy_1(Xp_1). O
Corollary 2.8. dk o dk+1 =0.

Proof. dy o dpt1 = (Tk—1)x © 0 © ()« © Op11. The claim follows from the fact
that d o (7).« = 0 since they are consecutive in the long exact sequence of the
pair (Xk,Xk_l). O

Definition 2.8. If X is a finite cell complex, its cellular chain complex is
(C$MN(X), de™M) where CfN(X) = H;(X;, X;—1) and d§°" is as in the preceding
corollary.

Theorem 2.9. H(X) = HEN(CN (X)) ds isomorphic to H.(X).

Proof. C¢*M(X) = Hp(Xp, Xp—1) = (ea : @ € Ay), and d¢" : CEN(X) —
C¢ell (X)) can only have the form d§!!(e,) = > pea,_, Napep for some integers
Nag. We necessarily have nyg = deg(pg o fo). Indeed,

di(ea) = (Mr—1)x © 0 ((ia)«[D*, 8" 71]) = (mh-1). 0 (ia)«(6[ D", S*71])
= (Mr—1)x 0 (ia)[S" 7] = (fa)<[S"1]

So nap is the coefficient of (f.).[S*71] is the same as the coefficient of [S¥~!]

in (pg o fa)[S*~'] = deg(ps o fa)-
We delay the rest of the proof till further discussion. O
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Example 2.6. 1. CP" has one cell of dimension 2i for all 0 < i < n. C¢!(CP")
then looks like (from degree 2n) Z —0—7Z — 0 — --- — 0 — Z. So d**' =0,
which means that H,(CP") = H!(CP") is isomorphic to Z forn = 0,2, ...,2n
and 0 otherwise.

2. RP™ has one cell of dimension k for all 0 < k < n. C¢(RP™) then looks
like (from degree n) Z — Z — - - - — Z, where C{(RP™) = (ex,). Then dyex =
ngex—1 where ny_; is the degree of g : S¥~1 — RPF ! — RPkil/R[P’k*Q =
Sk=1 (the first arrow is what we called py, at some point). Note that p, = pro A
where A is the antipodal map. So deg 4, pr = deg,(px) deg A = (—1)* deg, pk-
Call deg,pr = a. Let U be a open neighbourhood of ¢ such that prlu is a
homeomorphism onto its image, so a = +1. Therefore

+2 if k is even

d =d +d =a+ (-fa=
eg g = deg, gr +degy, gr = a + (=1)"a {0 £k is odd

Consequently, if n is even then

7/27Z whenk=1,3,5....,n—1
Hy(RP") = HENRP™) = { 7 when k = 0
0 otherwise
and if n is odd then
7/27 when k=1,3,5,...,n—2
Hi(RP") = HEYRP™) = { 7 when k = 0,n
0 otherwise

Lemma 2.10. Suppose X is a finite cell complex with one 0-cell and all other
cells have dimension in [m, M]. Then Hi(X) =0 for k <m and k > M.

Proof. Induction on M —m. For the base case, X has one 0-cell and all its other
cells have dimension m = M. Then X =\/_ S, so H;(X) = 0 for i # m.

As for the induction step, suppose we have proved the assertion for M —m < k.
If X has cells of dimension in [m, m+ k|, then X, ,_1 has cells of dimension in
[m, m+k—1]. So the induction hypothesis applies to X, x—1, i.e. fIZ-(Xm+k,1)
vanishes unless i = m + k — 1.

Consider the long exact sequence for the good pair (X, X,,1r_1) (recall that
X/ Xmik-1 = Vaeca S™+k) which gives us H;(X, X,,41_1) vanishes unless
i =m+ k. Wield the long exact sequence again and you’re there. O

Lemma 2.11. If X is a finite cell complez, then (X, Xy) is a good pair.
Proof. Done this before at some point. O
Corollary 2.12. If X is a finite cell complex, then Hy(Xpy1) = Hp(X).
Proof. Look at the long exact sequence for (X, Xyy1):

Hy 1 (X, X)) —— Hp(Xpy1) —— Hp(X) —— Hp(X, Xpy1)

We know that H (X, Xpy1) = Hi(X/Xgy1) and X/ X1 has one 0-cell and all
other cells have dimension at leat k42, so Hy(X/Xk41) = Hp41(X/Xg41) =0
which gives the result. O
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Proof of Theorem[2.9 Consider the diagram

Hyp(Xk—1)

|

Hi(Xg) ———— Hp(Xps1) —— Hp(Xpp1, Xp)

] TR

s
Hi1 (Xig1, Xi) — Hy(Xp, Xp—1) — Hp 1(Xp—1, Xp_2)

Js

Hy_1(Xk—2) Hy_1(Xk-1)

where the coloured arrows indicate exact sequences. Note that Hy(Xk—1) =
Hy(Xp—1,Xk) = Hp—1(Xg—2) = 0. So 7, m—1 are injections and ¢ is a surjec-
tion. Consequently we have kerdy_1 = ker 6, = Im7, = Hy(Xy). Under this
isomorphism, Im dj,1 corresponds to Im dj 41, so HE(X) = ker dy/ Im dj,41 =2
Hi(Xk)/Im Op1 = Hy(Xg41) = Hi(X) by the preceding corollary. O

2.3 Homology with Coefficients

Definition 2.9. If M, N are R-modules, then M ®r N is the R-module gener-
ated by symbols m®n, m € M,n € N subject to the relations (m; +msg) @n =
m1@n+me@n, m®(n1+ns) = mRn;+meng, r(men) = (rm)@n = m(rn).

We sometimes just write ® in place of ® g when R is understood, or when
R=7.

Proposition 2.13. (i) M @g NN ®r M viem®n —nQm.

(ii) R@r M = M via r @ m — rm.

(iii) (M1 ® M) g M = (M1 g N) @ (M2 ®gr N). In particular, R™ @ R" =
R™™,

Example 2.7. 1. Forn > 1, we have Q®zZ/nZ = 0 since q®@k = (¢/n)®(nk) =
(g/n) ®0=0.
2. Z/aZ &7 Z/VZ = Z] gcd(a, b)Z.

Remark. For an R-module M, — ®p M essentially defines an endofunctor on
the category of R-modules, which sends N to N ® g M and sends an R-linear
map f: Ny — Nosendsto f®r1: N1 ®gr M — Ny ®@p M.

If (C,d) is a chain complex of R-modules, then (C ®p M,d®pg 1) is another
chain complex of R-modules.

Lemma 2.14. If f,g : C — C’ are chain homotopic via a chain homotopy h,
then f®1,9®1:CQ® M — C'® M are chain homotopic via h ® 1.

Proof. Check the definition. O

Definition 2.10. If G is a Z-module (i.e. an abelian group), then Co(X,G) =
Co(X) ®z G is the singular chain complex with coefficients in G. Its homology
is denoted as H.(X; G).
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Remark. If R’ is a ring which is also an R-module (e.g. R =Z,R' = Q,R,Z/nZ,
etc.), then we have the functor — ® R’ from the category of R-modules to the
category of R’-modules which sends an R-module N to N @ R’ (on which R’
acts on the second factor). This induces a functor from the category of chain
complexes of R-modules to the category of chain complexes of R’-modules.

Example 2.8. Take C' = C¢'(RP?) which looks like (starting from the third
grading) Z — Z — Z — Z, where the first and third arrows are zeros and
the second arrow is multiplication by 2. Then C' ® Q looks like Q — Q —
Q — Q, where again the first and third maps are zero and the second map is
multiplication by 2, which however is now an isomorphism. We can do this for
other Z-modules. Their homologies would be

| 3 2 1 0
H,(C) Z 0 Z/2z Z

H,(C®Q) Q 0 0 Q
H,(C®Z/2Z) | 2)2Z. 7)27 17/2Z 17)2Z

The last row shows that we do not necessarily have H,(C ® G) = H,.(C) ® G.

A good thing about being able to take coefficents in a ring other than Z is
that, then the ring is a field, the entries in the chian complex are vector spaces.
And vector spaces are nice.

Suppose C'is a chain complex of finite dimensional vector spaces over a field, all
but finitely of whose chain groups vanish. Let ¢ = dim Cy and hy, = dim Hy(C).

Definition 2.11. The Euler characteristic of the chain is x(C) = >, (—1)¥¢y.
Theorem 2.15. x(C) =", (—1)%hy.

Proof. Let zp, = dimkerdy, by, = dimImdy, then ¢, = zp + b by rank-nullity
and hk‘ = Zk _bk,—l- Then X(C) = Zk((_l)kzk+2k(_l)kbk) = Zk(—l)k(Zk —
i) = (1. O

Definition 2.12. An ordinary homology theory with coefficients in an abelian
group G is a functor H, from the category of pairs of spaces to the category of
graded Z-modules satisfying the Eilenberg-Steenrod axioms:

(i) (Homotopy invariance) If fo, f1 : (X,4) — (Y, B) are homotopic, then
(fo)s = (f1)s-

(ii) (Long exact sequence of a pair) There is a long exact sequence of the form
- —— Hp(A) —— Hp(X) —— Hp(X,A) —— Hp_1(A) —— ---

where we identify X = (X, ). Moreover, a map of pairs induce a map of their
corresponding long exact sequences.

(iii) (Excision) If B C A°, then the inclusion map induces an isomorphism
H. (X —-B,A—B)~ H,(X,A).

(iv) (Dimension) Hy({*}) = G if k = 0 and vanishes otherwise.

Theorem 2.16. If X is a finite cell complex and H, is any functor satisfying
the Eilenberg-Steenrod azioms, then H.(X) = H,.(CM(X) ® G). In particular,
H.(X;G) satsifies these axioms.
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Definition 2.13. If M is an R-module. A free resolution of M is a free chain
complex A, of R-modules such that:

(i) A =0 for k <0.

(ii) Ho(Ae) = M and H;(A,) =0 for i #£ 0.

Example 2.9. 1. Suppose R is a PID (e.g. Z), then 0 4 R - R — --- is a
free resolution of R/(a), where the second arrow is multiplication by a.

2. If R=C[X,Y], then R — R — R, where the first arrow is multiplication by
(Y,—X)T and second by (X,Y), is a free resolution of R/(X,Y).

Definition 2.14. If M, N are R-modules, Tor;(M,N) = H;(Ae ® N), where
A, is a free resolution of M.

So Tor;(M, N) measures the failure of the (generally false) equation H.(A®
N)=H,(As) ® N.

Remark. 1t’s a fact that any module M has a free resolution, unique up to chain
homotopy equivalent. So Tor;(M, N) is independent of the choice of A,.

Example 2.10. 1. Torg(M,N) = M ® N.

2. Take R = Z. Then for a > 0, Tor;(Z/aZ,Z) = Z/aZ when i = 0 and zero
otherwise. For a,b > 0, Tor;(Z/a,Z/b) = Z/ ged(a,b)Z when i = 0,1 and zero
otherwise. So Tor,(Z/2Z,7/27) accounts for the extra Z/27Z in H, (C(RP?)).

Definition 2.15. A chain complex C of R-modules is short injective if:
(i) C; =0 for i # k,k + 1 and Cy, Ci11 are free R-modules.
(ii) d : Cx41 — C} is injective.

So a short injective chain complex is a shifted free resolution of Hy(C).

Theorem 2.17. A free chain complex of R-modules, where R is a PID, is a
direct sum of of short injective chain complezes.

Lemma 2.18. If R is a PID, then any submodule of a free R-module s free.
Proof. Nah. O

Proof of Theorem[2.17. We have a short exact sequence

0 ker dj, Ch. Imd, —— 0

As Imdy C Ci_1, it is free by the preceding lemma, so the sequence splits, i.e.
Cr 2 kerdy, @ By, and dj, maps By, isomorphically onto Im dy,. Since d? = 0, we
have Imd, C kerdy_,. So C is the direct sum of By — kerdy_1, each of which
is short injective. O

Corollary 2.19. If two free chain complexes over a PID have the same homol-
ogy, then they are chain homotopy equivalent.

Corollary 2.20. If C is a chain complex over a field, then C is chain homotopy
equivalent to (He(C),0).

Corollary 2.21 (Universal Coefficient Theorem). If C is a free chain complex
over a PID, then Hy(C ® N) = Toro(H(C), N) @ Tory (Hi—1(C), N)

Proof. As C is a direct sum of short injective complexes, we can assume WLOG
that C itself is short injective. But this case is clear. O

So indeed H,(X;G) is determined by H,(X).
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3 Cohomology and Products

3.1 Cohomology

Definition 3.1. If M, N are R-modules, then we set Homg (M, N) to be the
R-module of R-linear maps M — N.

Remark. 1. When R is understood, we sometimes just write Hom in place of
Homp.

2. Suppose f : M7 — Ms is R-linear, then it induces an R-linear map f* :
Hom(Ms, N) — Hom(Mj, N) via o — « o f. This respects composition, so
Hompg(—, N) is a contravariant endofunctor in the category of R-modules.

If (C,d) is a chain complex of R-modules and N an R-module, then we can
construct a complex (Hom(C, N),d*) where the k-th entry is Hom(C, N)* =
Hom(Cy, N) and d* : Hom(Ck—1, N) — Hom(C%, N) is the induced map. We
still have (d*)? = 0, although the labelling goes the other way around compared
to a chain complex. We say Hom(C, N) is a cochain complex, which is just a
chain complex with the labelling reversed (i.e. with the differential raising the
degree by 1). It’s usual for us to put the labelling of a cochain complex as a
superscript.

This gives a contravariant functor Hom(—, N) from the category of chain com-
plexes of R-modules to the category of cochain complexes of R-modules, for a
chain map f : C — C’ induces a chain map f* : Hom(C’, N) — Hom(C, N)
componentwise.

If (C*,d*) is a cochain complex, then its k-th cohomology is defined by the
quotient H*(C) = ker d*/Tm d*~!.

Definition 3.2. If X is a space, its singular cochain complex with coefficients
in G is C*(X;G) = Hom(C,(X), G).

a € C*(X; Q) is called a (k-)cochain. It is uniquely specified by a(o) for all
o : A¥ — X. The dual differential d* then has (d*a)(0) = a(dio), from where
we have d¥*t1 o d, = 0.

Definition 3.3. The k-th singular cohomology of X is
ker d*+1
Im d*

For f : X — Y we certainly get f* : C*(Y;G) — C*(X;@G) defined via
fe(a)(0) = a(fe(c)) = a(f o o). This is a cochain map since we have

df*(a)(o) = f*(a)(do) = f'(a)(Z(—l)jUO £j)
= a(Z(—l)jf oo o Fj) = f*d(a)(o)
So f* is a chain map, hence induces f*: H*(Y;G) - H*(X;G).

Remark. The definition clearly generalises to the cochain complex and coho-
mology of pairs of spaces.

HF(X) = H*C*(X;G)) =

Each H” is then a contravariant functor from the category of pairs of spaces
to the category of Z-modules. This is the procedure of taking the singular chain
complex, applying Hom(—, G) to get a cochain complex, and taking cohomology.

27



Definition 3.4. Suppose C,C’ are cochain complexes and f,g : C — C’ are
cochain maps. We say f,g are cochain homotopic if f — g = dh + hd for some
h:CF — (Ck-1.

The next two lemmas are clear.
Lemma 3.1. If f ~ g, then f* = g*.

Lemma 3.2. If f,g: C — C’ are chain maps and [ ~ g via h, then their duals
Y, g¥ : Hom(C’; N) — Hom(C; N) are cochain homotopic via h".

Most things from homology has an analogue in cohomology. We’ll state and
sketch some of them, but they are really just the same (or, as is in most of the
time, implied by the results on homology). By the way, we sometimes omit G
because why not.

Proposition 3.3. 1. If fo, f1: (X, A) = (Y, B) are homotopic, then fi = f;.
2. We have a short exact sequence of cochain complezes

0 — C*(X,A) — C*(X) —— C*(A) —— 0
which induces a long exact sequence

coo —2% s HR(X,A) ——— H*(X) —— HF(A)

Hk'H(X,A) ; Hk-l-l(X) ;Hk+1(A) 5 s oL

3. (Excision) If B C A C X and B C A°, then the inclusion (X,A) —
(X — B, A — B) is an isomorphism.
4. HO({+};G) = G and H*({*};G) =0 for k # 0.

Remark. The proof of excision uses the fact that the chain groups are free.

Theorem 3.4. Any functor from the category of finite cell complezxes satisfying
the proposition above is given by HX,,(X; G) = H*(Hom(C2,(X); G)).

cell

Theorem 3.5. H*(X;G) = H|(X;G) when X is a finite cell complex.

Proof. Ce(X), (X)) are homotopy equivalent free chain complexes over the
PID Z, so their duals are also homotopy equivalent. O

Example 3.1. We know that C¢®'(RP?) is given by (starting with the third
grading) Z — Z — Z — Z with the first and third maps zero and the second
map multiplication by 2. So C¢,), is Z < Z < Z < Z where the same description

cel

of the arrows applies. So HE  (RP*;Z) = Z for k = 0,3, Z/27Z for k = 2 and
vanishes otherwise.

Definition 3.5. If M, N are R-modules, then Ext’(M, N) = H*(Hom(A,, N)),
where A, is a free resolution of M.

Again this does not depend on the choice of A,.

Example 3.2. For n > 1, Ext'(Z/nZ,Z) = Z/nZ and Ext’(Z/nZ,Z) = 0.
Ext'(Z/nZ,Z/nZ) = Z/nZ for i = 0,1 and vanishes otherwise. So we have the
shifting of the torsion part of the homology.
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Theorem 3.6. Suppose X is a finite cell complex. Then we have the splitting
H*(X;G) = Ext’(Hy(X),G) @ Ext' (Hy_1(X),G).

Proof. Split C¢*(X) into direct sums of short injective complexes. O

Example 3.3. If X is a finite cell complex, then Hy(X) = Z% @& T, for some
finite group Tj. by is called the k-th Betti number of X. Then H*(X;Z) =
7 @ Th_1.

Suppose C' is a chain complex of R-modules and N is an R-module, then
there is a bilinear pairing (,) : Hom(Cx; N) x C, — N, {a, ¢) = a(c).

Lemma 3.7. This descends to a bilinear pairing H*(Hom(C, N)) x Hy(C) —
N.

Proof. We have, for da = dc = 0, that (o + df,c+ db) = (o + dB)(c + db) =
a(c) +0+0+0 = afc). O
3.2 Cup Product

Let R be a commutative ring.

Definition 3.6. Suppose a € C*(X;R),3 € C'(X; R). Their cup product is
a— € CHYX;R) given by a — B(0) = afo o Fy..;,)B3(c o Fy...kt))

Lemma 3.8. — makes C*(X; R) = @, C*(X; R) into a (usually noncommu-
tative) graded ring with identity given by 1 € C°(X; R).

Proof. Literal definition of trivial. O

Lemma 3.9. If a € C¥(X;R) and 8 € C'(X;R), then we have the Leibniz
rule: d(a — B) = (da) — B+ (=1)ka — (dB).

Proof. Introducing

d(a— B)(0) = a— p(do) = (a — B) Z(—l)jo o F§'
k+l+1 ,
= Z (—1)]a(00F3 OFQ,..k)ﬂ(O'OFj- o Fp.(iet1))

=D (1Y (00 Fy 5. 1)B(0 © Fayy (ki)
7=0

+ Y (o0 Four)Bo 0 Fy s jprsny)
=k

= (da) — (o) + (—1)*a — (dB)
Phew. m

Corollary 3.10. — descends to a pairing H*(X; R)x H(X; R) — H**'(X; R).
This makes H*(X; R) a ring with identity 1 = [1].
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Proof. If da = 0,df = 0, then d(a — B) = (da) — B+ (=1)Fa — (dB) = 0.
Moreover, we have (a+dvy) — (8+dd) = a — B+(dy) — B+a — (d§)+(dvy) —
() =a = §+d(y — B) +d(a+dv) — &.

We also have (d1)(7) = 1(o-1) — 07@0)) =1 —1=0 for any 7 € C1(X). O

Proposition 3.11. For f : X —» Y, f*: H*(Y;R) — H*(X;R) is a ring
homomorphism.

Proof. Here we go again.

fHla—B)(o)=(a—PB)(foo)=a(foooFy.x)B(foooFy. k1)
= f*(a)(oo Fo..x) [*(B) (0 0 Fr.eyry) = f*(a) — f*(B)(0)

And we just descend this to cohomology. O

We have a chain map r : C(X) — Co(X) defined as follows: Let p, : A™ —
A" be the linear map e; + e,_;. Let €(j) = j(j + 1)/2, then det p; = (—1)<).
Define 7; : C;(X) — C;(X) by rj(0) = (=1)*Wa 0 p;.

Theorem 3.12. 7 is a chain map homotopic to the identity.

Corollary 3.13. H*(X; R) is graded-commutative, in the sense that a — b =
(=1)lellbly — @, where |c| = k if c € H*(X; R).

Proof. Dualising r gives r : C*(X; R) — C*(X;R) homotopy to the identity.
Then [r(a)] = [o] and (=1)(H0r(a — g) = (=1)<U*D (1)U (5) — r(a),
[ — 8] = [r(a — B)] = (1)U (—1)<leD (1)< UPV(B)] — [r ()]

= (=1)!*I5] — [a]

which is what we wanted. ]

Proof of Theorem [3.13 Let’s first show that 7 is a chain map. We have p, oF; =
Fr— 0 pn—1. Write n = ||, then

dr(o) = (,Ue(n) Z(,l)jo— 0 P © Fj = (,1)e(n) Z(,l)jg o Ff—\j 0 Pn—1
J J
= (_1)n(_1)e(n) Z(_l)nfjg o Fn/_\J 0 pp_1 = r(do)
J

as desired. The relative version is analogous.

One can either find a chain homotopy explicitly, or doing something like follows:
Co(X) is free, so it suffices to show that 7, = 1y (x). For any f: X =Y, we
have f, or(c) = (=1)U°Dfogo plo| =7 © fo. Therefore the diagram

0 —— Co(A) —— Co(X) —— Co(X,A) —— 0

I I I

0 —— Co(A) —— Co(X) —— Co(X,A) —— 0

commutes.
Let R,(X,A) be the statement that (r.), = 1g,(x,4). Observe that if f, :
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H,(X,A) — H,(Y,B) is injective, then R,(Y,B) = R,(X,A). And if
fv: Ho(X, A) = H,(Y, B) is surjective, then R, (X, A) = R, (Y, B).

Now, Ry(X) always holds, since if o € Hy(X) then r(o) = 0¢. We then recall
the square

H,(D", " 1) —2 & H, (5" 1)

H, (D", 8"71) —— H,_1(S")

which commutes by the above discussion. On the other hand, we have iso-
morphisms H, (D", S"~') = H,(D"/S"~!,8"~1/S"~1) = [, (S™), so we have
R,(D",S""') = R,(S™). By induction, R, (D", S"~1), R*(S™) are true for
all n. Consequently, R, (][] D",]]S™!) is true for any finite disjoint union.
We now claim that if X is a finite cell complex then R, (X) is true for all n.
We'll show that Vn, R, (X) holds for all & by induction. For k = 0, we have
Ry(Xo) holds and R, (Xp) is immediate for n > 0. Suppose R, (Xx—_1) holds for
all n, we consider the long exact sequence of the pair (Xj, X;_1):

0— Hk(Xk) — Hk(Xk,Xk—l) e Hk—l(Xk—l) — Hk—l(Xk) — 0

since Hi(Xp—1) = 0 = Hg(Xk, X—1). Moreover, H;(Xx_1) — H;(Xk) is an
isomorphism for all 1 < k — 1.

Consider the map F : H,([[ D*, S¥~') — H,.(Xx, Xx_1) induced by the attach-
ing map. We know that R, (X}, X;_1) holds for all n implies that Ry (X}) holds,
and we know by induction that R,,(Xx_1) holds for all n, therefore R;(X}) holds
for all ¢ < k.

For arbitrary X and « € H,(X), there is a finite cell complex Y and f: Y — X
with fi(y) = « for some y € H,(Y') (example sheet). Then r.(y) = r.(f«(x)) =
fe(r(@)) = fu(x) = v. O

Recall that C*(X,A) C C*(A) is given by {a € C*(X) : Imo C A =
ac = 0}. Soif a € CF(X, A),B € C!(X), then given that Imo C A we must
have Imo o Fy...,, C A. Consequently, we have

(0~ B)(o) = a(oo Fy..r)B(0 0 Fy...(k1)) =0 B(o 0 Fi...(k41y) = 0

Soa— feC*X,A).

This descends into a map —: H*(X, A) x H*(X) — H*(X, A). More generally,
using subdivision we can get — to become a map H*(X,A) x H*(X,B) —
H*(X,AUB).

Example 3.4. 1. If X is path-connected, then H(X) = Hom(Hy(X),Z) = Z
since H_1(X) = 0. Indeed, H°(X) is generated by the class of 1, since if
op € Co(X), then (1,[op]) = 1, which means that 1 must be primitive.

2. H.(S™) is free over Z, so H*(S™) = Hom(H,(S™),Z). Let a be a generator
for H*(S™). Wehavel — 1=1,a—~1=1—a=aanda — a € H*(S") =0,
so a — a = 0. Therefore H*(S™) = Z[a]/(a?) where |a| = n.

3. If X is path-connected and p € X, the inclusion map induces an isomor-
phism Hy(p) — Ho(X), so H°(X) — H%(p) is an isomorphism as well since
everything’s free. So H*(X,p) = ker(H*(X) — H*(p)) = P,-, H'(X). Note
that the map is a ring homomorphism, not just a group homomorphism.
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4. H*(X UY) &2 H*(X) x H*(Y) as rings. Indeed, from Co(X UY) =
Co(X) ® Co(Y) we have

C*(XUY)=Hom(Ce(X)® C*(Y),Z)
= Hom(Ce(X),Z) x Hom(Ce(Y),Z) = C*(X) x C*(Y)

For an explicit identification, every a € C*(X UY) is essentially of the form
a(o) = a1(o) if Imo C X and a(o) = az(o) if Imoc C Y for some oy €
C*(X),az € C*(Y).

This satisfies d(aq, a2) = (dag, dag), so it descends to an isomorphism on coho-
mology. On the other hand, we have (a1, as2) — (81, f2) = (a1 — aga, 1 — [2)
simply by writing out definitions.

5. Let’s compute H*((X,p) V (Y,q)) for X,Y path-connected. H*(X,p) =
@D,-o H(X) is an ideal of H*(X). Let 7 : (X UY,pliq) = (X,p) V (Y.q) =
(X VY, p) be the quotient map. By collapsing a pair, 7* induces an isomorphism
H*(XVY,p) 2 H*(XUY,pUq) = H*(X,p)®H*(Y,q) Cc H*(X)® H*(Y). So

HI(XVY) = {H (X)® H(Y) forz'> 0

(=7 fori=0
The multiplication is given by (aj,as) — (b1,b2) = (a1 — by,as — bs). For
example, H*(S? v §%2 Vv S§%) = (1,a,d’,b), where a = ([S?],0,0) € H?(S?) @
H?(S?) @ H*(S%),d’ = (0,[5?],0) and b = (0,0,[S%]) € H*(S?) & H*(S?) @
H*(S*). We have a — a’ = 0 and similarly for others, so there is no interesting
cup products.

3.3 Exterior Products

Consider a pair (X, A) and a space Y. We have a map of pairs m1 : (X x Y, A X
Y)=> (X xA)andamapm: X XY =Y.

Definition 3.7. For a € H*(X, A),b € H'(Y), then their exterior product is
axb=ri(a) —m3(b) € HF{(X xY,AxY).

Remark. 1. H*(X,A) x H*(Y) - H*(X xY,AxY),(a,b) — a x b is bilinear,
so it extends toamap ¢ : H* (X, A)Q@H*(Y) - H*(X XY, AxY),a®b— axb.
2. By graded-commutativity,

(a1 X bl) ~ (ag X bg) = (—1)“’1”0’2'(@1 ~ ag) X (bl ~ bg)

Theorem 3.14. If H*(Y; R) is free over R, then the map ® : H*(X, A; R) ®
H*(Y;R) - H*(X xY,A X Y;R) is an isomorphism.

We can use this to compute H*(X x Y; R) from H*(X;R) and H*(Y; R)
given the freeness of the latter. The theorem also gives us the ring structure on
H*(X xY; R) basically for free.

Example 3.5. Consider T? = S x S!. The theorem applies since H*(S!) is
free over Z, so we get H*(T?;7Z) to be exactly what we know it is, except we
now know that H2(T?;Z) = ([SY] x [S]), HY(T% Z) = ([S] x 1,1 x [S1]).

Write ¢ = [S1] x [S1],a = [S'] x 1,b = 1 x [S]. Then we have a? = ([S1] x 1) —
([S1] x 1) = —([S1]?> x 1) = 0 and similarly b = 0,a — b =¢,b — a = —c. So
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H*(T?) = N (ai1,az) (wehre one can take iy = a,as = b) satisfying a;a; =
—Q Q.

More generally, H*(T") = H*(S") ® --- @ H*(S*) 2 A" (a1, .., an).

Example 3.6. Consider S? x S2. H*(S5?) is free, so H*(5% x §?) = H*(S%) ®
H*(S?). Write

([5?] x [S?)) = (c) if i =4
HY(S? x §%) = { ([8%] x 1,1 x [S2]) = (a,b) ifi=2
(Ix1)=(1) ifi=0

Then a? = b*> = 0,a — b = b — a = c and hence (a + b)? = 2c. This is a
different phenomenon as before: For any o € H'(T?) we have o? = 0 since
a—a=—o—a.

Corollary 3.15. S? x S? is not homotopy equivalent to S?> v S? v S*, even
though they have the same homology groups.

Let’s now prove Theorem for finite cell complexes.

Fix Y. Consider contravariant functions &, h from the category of pairs of spaces
to graded Z-modules. h(X,A) = H*(X x Y, Ax Y) and f: (X, A) — (X', A)
induces f* = (f xidy)*. h(X,A) = H*(X,A) ® H*(Y) and f : (X,4) —
(X', A induces f* = f* ®idy.

It’s easy to check that both of them satisfy all the Eilenberg-Steenrod axioms
except the dimension axiom (where we use the freeness of H*(Y) to get the
long exact sequence of a pair for h). Stuff like that are known as generalised
cohomology theories. Let’s show that this subset of axioms is already sufficient
to show that h and h agree on (pairs of) finite cell complexes.

Lemma 3.16. ® commutes with the induced maps and boundary maps in the
long exact sequences of pairs.

Proof. Suppose f : X1 — Xo. Take f*(®(a®b)) = F*(axb) where F = fxidy :

X1 XY — Xo x Y. This in turn equals F*(7}(a) — 7w3(b)) = F*(r5(a)) —
Fr(m3(b)) = (m 0 F)*(a) — (my 0 F)"(b) = 7T1f (@) — w3(b) = f*(a) x b =
O(f*(a®b)). For boundary maps, see example sheet. O

To finish the proof of Theorem we do the following: Let P(X, A) be
the statement that ® : h(X, A) — h(X, A) is an isomorphism.
Step 1: P({*}), P(S°) hold. Indeed, h({*}) = H*({*}) @ H*(Y) 2 Z @ H*(Y)
and h({*}) = H*({*} xY) = H*(Y). Under these identifications, ® brings 1®b
tol xb=n}(1) — b=1—b=0>, which is an isomorphism.
As for S°, this follows from the fact that H*(X UY) = H*(X) x H*(Y).
Step 2: If X is homotopy equivalent to Xa (say via f), then P(X;) and P(X3)
are equivalent. To see this, note that the lemma gives a commutative square

*

h(X2) = (X))

@ |

h(X>) B h(X1)
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But we already know that f*, f* are isomorphisms, so ®; is an isomorphism iff
(1)2 is.

Step 3: If two of P(X),P(A), P(X,A) hold, so does the third. This simply
follows from the long exact sequences of pairs, the preceding lemma and five
lemma.

Step 4: If (X, A) is a good pair, then P(X,A) is equivalent to P(X/A): By
collapsing a pair, P(X, A) holds iff P(X/A, A/A) holds. But P(A/A) = P({x})
always holds by Step 1, so P(X/A, A/A) holds iff P(X/A) holds.

Step 5: P(S™) and P(D",S""!) hold. This is done by induction on n. The
base case is treated in Step 1. As D™ is homotopy equivalent to {*}, P(D™)
holds by Step 2. So Step 3 implies that P(S"~!) implies P(D"™, S"~!), which
in turn implies P(S™) by Step 4.

Step 6: P(X) implies P(XUyD™). This is just because XUy D™ /X is homotopic
to S™, so P(X Uy D™, X) holds.

Step 7: Induction using Step 6 allows one to conclude P(X) for any finite cell
complex X.

Example 3.7. Let X5 be a surface of genus 2. Let’s compute H*(X3). Let A
be a circle disconnecting 5. Consider 7 : Yo — 22/A ~ T2\ T2, Recall that
Hy(X9) =2 Z,Hy(T? V T?) = Ho(T?) ® Ho(T?) =2 Z & Z. Here 7, sends 1 to
(1,1). On H!, &, is an isomorphism of Z*.

Since H.(X2), H.(T?V T?) are free over Z, H*(X3) = Hom(H, (), Z) and same
for T2 v T?, and 7* is dual to .

So 7* : H3(T? VvV T?) — H*®(X3) acts via (1,1). Let’s write H?(T?) & H*(T?) =
{c1) @ (co) and H?(X3) = (c). For H' (on which 7* is an isomorphism), let’s
similarly write H'(T?) @ H'(T?) = (a}, b)) @ (ah, by) and a; = 7w*aj,b; = 7*b}.
So Hl(zg) = <a1,a2,b1,b2>.

Then a; — b; = 7*(aj) — 7*(b;) = 7*(aj — b;) = 7*(dijci) = dije. Similarly
aivaj:bivbjzo.

The same argument shows that H*(X,) = (a;, b;) ,_, with a; — b; = dijc,a; —
aj = b; — b; = 0 where c generates H?(3,)

4 Vector Bundles

4.1 Definition and Examples

Definition 4.1. An n-dimensional real vector bundle (E, B, ) consists of two
spaces F (the total space) and B (the base) as well as a map 7 : F — B with
the following extra data:

(i) 7=1(b) has the structure of a real n-dimensional vector space for each b € B.
(ii) There is an open cover {Uy }aeca of B and homeomorphisms f, : U, —
U, x R™ such that:

(a) The diagram

commutes.
(b) 2 0 fo : m1(b) — R™ is an isomorphism of vector spaces for all v € U,.
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fa are called local trivialisations. By replacing every occurence of R with C,
we get the definition of a complex vector bundle. When no ambiguity can be
cause, we may refer to (E, B,7) by (F, B) or just E.

Definition 4.2. A morphism f: (E, B,w) — (E’, B', ) of vector bundles is a
commuting square

E -2, g

Wl l’“

B—— B
fB

such that fpl—1p) : 7 1(b) — (7)"*(fp(b)) is linear for each b € B. And of
course an isomorphism of vector bundles is a morphism with a two-sided inverse.
E is a subbundle of E’ if there is an injective morphism (E, B) — (E’, B'), i.e.
each fg|r-1() is injective.

Definition 4.3. A section of 7 : E — B is a continuous map s : B — F such
that m o s =idp. A section s is nonvanishing if s(b) # 0, = 0,13 for all b.

The zero section s : B — E,b+— 04 is a section of E — B, and is called
the zero section. Note that sg is continuous since we can check continuity on a
local trivialisation (i.e. that f, o s is continuous).

Example 4.1. 1. E = B xR" is an n-dimensional vector bundle over B where
m : E — B is the first projection. The trivialisation is simply given by the
identity £ — B x R™. This is known as the n-dimensional trivial bundle over
B, and is sometimes denoted as R™ = R" ;. A bundle F' — B is trivial if there
is an isomorphism F' = R" 5. Equivalently, F' is trivial iff there are sections
s; : B — F such that s1(b),...,s,(b) is a basis for 7=1(b) for all b € B.

2. Take M = (0,1) x R/ ~ where ~ is the smallest equivalence relation such
that (0,z) ~ (1,—xz). We have a map m : M — S' =[0,1]/(0 ~ 1), which is a
1-dimensional vector bundle, known as the Mobius bundle.

Since M is homeomorphic to the Mobius band, it is not isomorphic to Rg:. We
can also see this using sections: A section s : S' — M gives f : [0,1] — R with
f(0) = —f(1). In particular, f must vanish somewhere, so s is not nonvanish-
ing.

3. On B = RP", we have the tautological bundle Tgpn = {([z],v) € RP" xR"*! :
v € (2)} with 7 given by the first projection. Moreover, 771([2]) = (z) & R.
And on the standard open cover U; = {[z] € RP" : z; # 0}, we get local trivial-
isations f; : 71U; — U; x R via ([2],v) = ([2], vs).

One can check that Tgp: is isomorphic to the Mobius bundle under the identifi-
cation RP! 2 S'. We can similarly define Tcpe which is a dimension 1 complex
vector bundle over CP".

4. TS™ = {(z,v) € 8" x R**1 : v .z = 0} with the first projection is known as
the tangent bundle to S™. Indeed we have 771(z) = 2+ 2 R" andon U; = {z €
S™ i x; # 0} we have local trivialisation f; : 77 'U; — U; x R™, (z,v) = (z, m;v).
TS! has a nonvanishing section s(z,y) = ((z,9), (—y,2)), so TS = Rg:. But
TS?™ has no nonvanishing section (example sheet a long time ago), so T'S?" is
not trivial for any n > 1.

Definition 4.4. If 7 : E — B is an n-dimensional real vector bundle and
g : B — B is continuous, then the pullback bundle is the vector bundle over
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B’ with total space g*(E) = {(b/,b,v) € B' x Bx E : g(b/) = w(v) = b} and
7y : g*E — B’ is given by the first projection. We have 7rg_1(b’) =7 Y(g(V)).
If fo : 71U, = U, x R™ is a local trivialisation for E, we set V,, = ¢~ 'U, and
declare the local trivialisation f/, : 7, 'V — Vo xR™, (', b,v) = (V, 72 (fa(v))).

Lemma 4.1. (go f)*E = f*(¢*F).

Definition 4.5. Suppose A C B. The restriction F|4 of a vector bundle £ — B
to A is its pullback under the inclusion.

Definition 4.6. If s : B — FE is a section, then its pullback is the section
g*s: B = g*E b — (V, f(b),s(f(b))) of g*E, which is nonvanishing if s is.

Example 4.2. Tgpn|gpr = Tgpr has no nonvanishing section, so Tgpr cannot
have any nonvanishing section either. Hence it too is nontrivial.

Definition 4.7. If 7 : £ — Band n’ : E/ — B’ are vector bundles of dimensions
m,m’, then their product is 7 x 7’ : E x E/ — B x B’ which is a vector bundle
of dimension m + m’.

Of course we have (7 x ') 71(b,0') = 7= 1(b) x 7= 1(¥'), and if f, : 7~ U, —
Ua x R™ and fj : (7')7'Up — Up x R™ are trivialisations, we get fo x f} :
(m x 7) "N Ua x Up) = Ua x Up X R+ which is a trivialisation.
Definition 4.8. The direct sum (or Whitney sum) of £ — B,E’ — B is
A*(E x E') where A : B — B x B is the diagonal b — (b,b).

4.2 Partitions of Unity
Recall that for ¢ : B — R, its support is supp ¢ = {b € B : ¢(b) # 0}.

Definition 4.9. Suppose U = {U,, : a € A} is an open cover of B. A partition
of unity subordinate to U is a family of functions ¢; : B — R for i € Z>( such
that:

(i) 0 < 6u(b) < 1.

(ii) {7 : ¢:(b) # 0} is finite for all b € B.

(iil) supp ¢; C Uy, for some a; € A.

(iv) Forall b € B, Y ., ¢:(b) = 1.

We say B admits partitions of unity if, for any open cover U of B, there is a
partition of unity subordinate to U.

Remark. If B is compact or metrizable, then it admits partitions of unity. More
generally, B admits partitions of unity if it’s paracompact and Hausdorff.

Theorem 4.2. Suppose B admits partitions of unity and pi : E — B x [0,1] is
a vector bundle, then E|py 0y = Elpx{1}-

Lemma 4.3. If E|B><[o,1/2] and Egy[1/2,1) are trivial, then E is trivial.
Proof. Clear. O

Lemma 4.4. Fach b € B has an open neighbourhood Uy such that Ey, x[0,1) s
trivial.
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Proof. For each (b,t) € Bx|0, 1], we can find an open neighbourhood Uy of b and
Iy of t € I =[0,1] such that E|y,xy, is trivial. {I; : ¢ € I} is an open cover of I
and I is compact, so we can find I;,,...,T;, which cover I. Then there exists
0=s0<s8 <+ <8, =1such that [s;,s;4+1] C I}, for some k. In this case,
E|Utk X[si,5:+1] 18 trivial. Take U, = MNi—o U, is an open subset of B containing
b. Then Ey, «[0,1] is trivial by the preceding lemma (and induction). O

Proof of Theorem[{.3 Let U, be as in the preceding lemma and pick a partition
of unity {¢;}:2, subordinate to {U, : b € B}. Suppose Supp ¢; C Up,. Write
i (b) = Ziy 4i(0).
Let gx : B— B x I,b — (b, (b)) and define E, = g;E = {(b, (b, ¥x(b)),v) :
7(v) = (b, (b))} Let f; : m= Y (Uyx I) — Up x I x R™ be a trivialisation. Define
Br : Ex—1 — Ei by

(ba gk(b)7 U) for b ¢ Ubk

ﬂk((bagk(b)av)) = {(b, fl;1<b’ gk(b>7vl)> for b € Ubk

where fi(v) = (b,gx—1(b),v"). Then ---0 B30 s 0 3 is the desired isomorphism
Elpx{oy = EBx1}- O

Corollary 4.5. Suppose m : E — B is a vector bundle and go,q1 : B' — B
are homotopic via h : B' x I — B. Suppose B’ admits partitions of unity, then

9o (E) = h*(E)|pxq0y = h*(E)|px{1} = 91 (E).

Corollary 4.6. If B is contractible and admits partitions of unity, then every
vector bundle 7w : E — B is trivial.

We are not done with partitions of unity yet. Let’s define Riemannian and
Hermitian metric with them.

Definition 4.10. Suppose 7 : E — B is a real (resp. complex) vector bundle.

A Riemannian (resp. Hermitian) metric on E is a continuous map g : EGF — R

(resp. E@® E — C) such that g[, -1 ) is an inner product (resp. Hermitian
EQE

inner product) on 755 p(b) = 71 (b) @ 7 1(b).
Example 4.3. On Tgpz = {([z],v) € RP" x R"™! : v € (2)} has a natural

Riemannian metric given by g(([z],v1), ([z],v2)) = (v1, v2)gn+1. Similarly Tepn
has a natural Hermitian metric.

Definition 4.11. Suppose 7w : E — B is a vector bundle with Riemannian
metric g. The unit sphere and unit disk bundles of E are

Sg(E)y={ve E:{(v,v)=1},Dy(E)={ve E: (v,v) <1}

7 restricts to Sy(F) — B,D4(E) — B whose fibres are isomorphic to
Sn—1 D", respectively.

Proposition 4.7. If g, ¢’ are Riemannian metrics on E, then we have commu-
tative diagrams

o

g’ E)

Sy(E) Sy (
i

Dy(E) — Dy (E)
J{ /
B
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Proof. Exercise. O
So we can drop g from our notation and just write S(E) and D(E).

Example 4.4. S(Tger) = {([2],v) : [[v[|gn=1 = 1,v € (2)} = 5™ and S(Trpn) =
S™ — RP" is just the natural projection (viewing RP" as a quotient of S™).
Similarly, S(7cpr) = S?"~1 and S(Tcpr) = S?"~1 — CP” is nothing but the
Hopf map.

If 7 : E — B is trivial, say it is trivialised by f : F — B x R”, then F
has a Riemannian metric given by g(v1, v2) = (m2(f(v1)), m2(f(v2))). Therefore
S(BxR") = BxS"!. In particular, Tgp~, Tcpr are nontrivial since RP™ x S0 2
S™ CP" x St g §n—1,

Proposition 4.8. If B admits partitions of unity and @ : E — B is a real
vector bundle, then E has a Riemannian metric.

Proof. B has an open cover U = {U, : a € A} such that E|y, is trivial. In
the previous example we’ve seen that E|y, has a Riemannian metric. Pick a
partition of unity subordinate to U and take g = . #;gn, Where supp¢; C
Uy, - O

4.3 Thom Isomorphism

Suppose 7 : E — B is an n-dimensional vector bundle. For b € B, let E} =
7-1(b) be the fibre of E over b. Write i, : E, — E to be the inclusion. Let
so : B — E be the zero section. Define E¥ : E\ ImsO,Eg = Ep \ {0}
Then H*(Ej, Eg) ~ H*(R™,R™\ {0}) which is Z at the n-th grading and zero
elsewhere. This is free, so

H(Ey, B R) — or i .n

0 otherwise
Definition 4.12. v € H"(E, E*; R) is an R-Thom class (or R-orientation) for
E if iju generates H"(Eb,Eg; R) for all b € B.

From now on we’ll always assume the coefficients of cohomology are in R.

Example 4.5. If £ = B x R” is trivial, then H*(E, E*) = H*(B x R", B x
(R™\ {0})) ¢ H*(B) ® H*(R™,R™ \ {0}) since H*(R",R" \ {0}) is free. We
therefore have an isomorphism H*~"(B) — H"(E,E*),a  a x u whwere u
generates H*(R",R™ \ {0}). Note also that H(B) =[], ¢, () H(B:), so we
can specify r € H°(B) by a tuple r = (r1,...,ry) for r; € HY(B;).

If b € B;, we have ij (r x u) = r;u € H"(R",R™\ {0}). So 7 x v is a Thom class
iff 7; generates H°(B;) for all i. If R = Z/27Z, there is a unique Thom class.
And if R = Z, there are 2™ ) Thom classes.

Suppose we have a continuous f : B’ — B, there is a morphism

E—Lt5 FE

B’TB
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where F is of course (V,b,v) — v. Since F(Im s) = Im so, it is a map of pairs
(f*E, f*EF) — (B, EF).

Lemma 4.9. Ifu is an R-Thom class for E, then F*u is an R-Thom class for
f*E.

Proof. There is a commuting square

rE—rY 5 F

ib/T Pf(b’)

*E / E /
(f )bj:m)b F(b)
So j is an isomorphism and i}, u generates H"(Efw), E} ), so iy (Fu)

generates H"((f*E)br,(f*E)g,). O

Lemma 4.10. Suppose B = By U By,u € H"(E,E*"). Let iy : By — B be the
inclusion. If ifu,i5u are Thom classes for E|p,, E|p,, then u is a Thom class
for E.

Proof. Exercise. O

Theorem 4.11 (Thom isomorphism). If 7 : E — B is an n-dimensional real
vector bundle, then:

(a) E has a unique Z/2Z-Thom class.

(b) If E has an R-Thom class u, then the map ® : H(B; R) — H't"(E, E*; R)
given by a — 7 (a) — w is an isomorphism.

Proof when B is compact. Step 1: The theorem holds when £ = B x R" is
trivial. We’ve already seen this in a previous example.

Step 2: Suppose Vi,Vo C B are open. Let F; = E|p,,En = Ev,nv,, By =
Elv,uv,- We claim that if the theorem holds for Ey, F5 and En, then it holds
for E.

For (a), we look at the Mayer-Vietoris sequence (noting H"(En, E%) = 0)

’L': 7;*77;* T gk g%
0 —— H™(Eo, BN go(py, BN @ HM(By, B2 ~2¢ gn(E,,, EY)

with coefficients in Z/2Z. Let u; € H"(Ei,Ef) be the unique Z/2Z-Thom
classes. By Lemma J¥u; is a Z/2Z-Thom class for En. By uniqueness,
Jiur = jsus = un is the unique Z/2Z-Thom class for En. So (u1,us) € kerj =
Imi, which means that (ui,us) = i(uy) for some u, € H"(Ey, EY). Then
if(uy) = wy, so by the preceding lemma wy is a Z/2Z-Thom class for E.
It is moreover unique since if u, € H™(Ey, EY) is a Z/2Z-Thom class, then
i(u),) = (u1,u2) by uniqueness and Lemma S0 u, = uy as ¢ is injective.
For (b), recall the commutative diagram of Mayer-Vietoris sequences

H*VUV,) —— H*(V) @ H*(Va) ———— H*(ViN VL)
LI)U l‘l)l@q)z me
H*(Ey, EL) —— H*(Ey, EY) ® H*(E,, E}) —— H*(En, EY)

By hypothesis &1, 5, @~ are all isomorphisms, so @, is an isomorphism by five
lemma.
Step 3: Cover B by local trivialisations and profit. O
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4.4 Gysin Sequence

Suppose 7 : E — B has an R-Thom class u. Note that Ef = E \ Imsg ~
S(E),v — vA/g(v,v). Consider the long exact sequence of the pair (E, E¥)
given by

Hi(E,EY L H(E) —— HI(E') — H"*\(E, BY)

s s | o]

Hi="(B) —%— H'(B) —— H'(S(E)) —— Hi="*1(B)

R

where j : (E,@) — (E, E*) is the inclusion of pairs. So s} is an isomorphism,
and indeed its inverse is given by 7* (since they give homotopy equivalences).
Then a(a) = 55(j"(®(a))) = s5i"(7"a — u) = s5(7a — j*u) = (s57"a) —
(s§*u) = a— shj*u.

Definition 4.13. If 7 : E — B is an R-oriented n-dimensional real vector
bundle with Thom class u, then its Euler class is e(E) = s§j*u € H"(B).

Theorem 4.12 (Gysin sequence). There is a long exact sequence of the form
H="(B) —*= H(B) —— H(S(E)) — H'™"(B)

where a(a) = a — e(E).

Proposition 4.13. Suppose E is as before.

(i) For f : B' = B, f*E is oriented and e(f*E) = f*(e(E)).
(i) If E is trivial and n > 0 then e(E) = 0.

(ZZZ) G(El D EQ) = e(El) — e(Eg).

() If E has a nonvanishing section, then e(E) = 0.

Proof. (i) Consider the diagram

(B,o) —2— (E,2) —— (E, EY)

fT / fET fET

-/

(B',2) 2 (f*E, ) —— (f*E, [*EY)

By an earlier lemma, fju is an orientation on f*E, so e(f*E) = (sp)*(5)* fru =
fosti*u = f*(e(E)).

(ii) This is true if B = {x} since H"({*}) = 0. In general, F is trivial iff
E = f*E, where E, is the trivial rank n bundle on {x}. So e(E) = f*(e(E,)) =
%0 = 0.

(iii) Example sheet.

(iv) If s is a nonvanishing section then E = (s) @ (s)*, then e(E) = e((s)) —
e((s)1) = 0 — e({s)t) = 0 since (s) is trivial. O

Theorem 4.14. H*(RP";Z/27Z) = 7./2Z[z]/(x™ ™) where x can be taken as
e(Tren) € HY(RP";Z/27.).
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Proof. We suppress the notation for the Z/27Z coefficient because we are (I am)
lazy.
S(Tgpr) = S™. The Gysin sequence becomes

HE-L(RP") —°— H¥RP") —— H¥(S") —— H*(RP")

This immediately tells us that « = — — x is an isomorphism for 1 < k < n. So
by induction (z*) generates H*(RP™; Z/2Z) = 7,/27Z for 0 < k < n, which gives
us what we want. O

Similarly, the real vector bundle that underlies Tcpr is Z-orientable (example
sheet). Almost the same argument (using the fact that S(7¢cpr) = S?"~1) shows
that

Theorem 4.15. H*(CP";Z) = Z[z]/(x™ ") where x can be taken as e(Tcpn) €
H2(CP™; Z).
Corollary 4.16. m3(S5?) # 0.

Proof. Suppose otherwise, then CP? ~ §2 v §* since CP? = 52 U, D* where
h: 83 — S? is the Hopf map. But anything in H?(S?V S%) squares to zero! [

Remark. 1. Every vector bundle is Z/2Z-orientable. It turns out that for p # 2,
E is Z/pZ-orientable iff it is Z-orientable. We often say a vector bundle is
orientable if it is Z-orientable.

2. M = Tgp: is not Z-orientable because H*(M, M*) = H*(D(M),S(M))
H*(M,0M) where M is the usual closed Mobius band. But H?(M,0M)
Z/2Z % H'(S'), so Thom isomorphism fails for Z-coefficients.

3. There is in general a homomorphism ¢ : m (B) — Z/2Z by saying ¢([v]) =
(for v : S' — B) iff v* E is orientable (example sheet). Consequently, if 71 (B
{1} then any vector bundle over B is orientable.

1R

Il o

5 Manifolds

5.1 Fundamental Class and Orientability

Definition 5.1. An n-manifold M is a second-countable Hausdorff topological
space with an open cover {U,}aeca such that there are homeomorphisms ¢,, :
U, — R™.

The transition functions ¥a3 = ¢q © qﬁ;l 2 03(Ua NUB) = ¢o(Uy NUg) are
homeomorphisms.

Definition 5.2. M is smooth if the transition functions can be chosen to be
diffeomorphisms.

Any smooth manifold M has a tangent bundle 7 : TM — M which is an
n-dimensional vector bundle.
For A C M compact, we write (M | A) = (M,M — A). For B C A compact,
we have the inclusion of pairs ¢ : (M | A) — (M | B). Given w € H.(M | A),
we write w|p = t.w. If z € Uy = R"™, excision gives H;(M | z) 2 H;(U, | x) =
H;(R", ¢o(x)) = H;(R™,R™ — ¢(x)) which is Z when ¢ = n and 0 elsewhere. So

R ifi=n

H;(M | z;R) =
(M| z; R) {0 otherwise
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Definition 5.3. An R-fundamental class for (M | A) is w € H,(M | A;R)
such that w|, generates H, (M|,) for all z € M — A.

This can be viewed as an analogue to Thom classes.

Theorem 5.1. For A C M compact, (M | A) has a unique Z/2Z-fundamental
class.

The proof is similar to the proof of Theorem We are most interested in
the case where M is itself compact. In this occasion, a fundamental class for
(M | M) is denoted by [M] € H, (M).

Definition 5.4. M is orientable if it has a Z-fundamental class.
Proposition 5.2. M is orientable iff T M is orientable.

Definition 5.5. N C M is a k-dimensional submanifold of an n-dimensional
submanifold M if for every x € N, there is a chart ¢, : U, — R™ such that
¢:(Us N N) =RF x {0} C R". If N C M is a smooth submanifold (i.e. if ¢,
can be taken to be part of the smooth structure), then TN C TM|y.

Definition 5.6. v/ = TN+ C TM|y is the normal bundle of N in M.
So TM‘N = VM/NEBTN.

Theorem 5.3 (Tubular Neighbourhood Theorem). If N C M is a smooth
closed submanifold, then there is an open V. C M (the “tubular neighbourhood
of N”) containing N with (V, N) = (var/n, s0(N)).

Lemma 5.4. If E = E, & Es is orientable, then Ey is orientable iff Ey is.
Proof. Follows from something on example sheet. O

Proof of Proposition[5.3 Any v :S' — M is an embedding give rise to a tubu-
lar neighbourhood V() of its. Then M is orientable iff V' (v) is orientable for
all v iff v/, is orientable for all v iff TM|, is orientable for all v iff TM is
orientable. O

Corollary 5.5. If M is orientable and N < M is a smooth closed submanifold,
then N is orientable iff var/n is orientable.

5.2 Poincaré Duality

We now work with coefficients in a field F (and we’ll also just omit mentioning
it from now on). So HF is just the dual of Hj in this case. Let ¢ be the
isomorphism Homg(H*(M),F) — Hy(F), then (a, ¢(a)) = a(a).

Definition 5.7. For a € H*(X), the cap product — —~ a : Hy(X) — H;(X)
is the dual of a — — : H{(X) — H*(X).

In other words, (b, —~ a) = (a — b, x).
Suppose M is an F-oriented n-manifold with fundamental class [M] € H, (M).

Definition 5.8. The intersection pairing (,) : H*(M) x H" %*(M) — F is the
bilinear pairing given by (a,b) = (a — b, [M]).
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We have (b,a) = (—1)*"=*)(a,b). For a € H*(M), (a,—) is an element of
the dual of H"~*(M), hence an element of H,,_(m).
Definition 5.9. The (algebraic) Poincaré dual of a is PD(a) = ¢((a,—)) =
[M] ~ a.

So (b,PD(a)) = (a,b) = (a — b,[M]).
Theorem 5.6. If M is a connected n-manifold, then the map H,(M) —
H,(M | z) 2 F is injective. So if [M] is (F-)oriented, then H,(M) = F
which means that H"(M) = TF = ([M]*), where ((M]*,[M]) = 1.

Assume i : N — M is a smooth oriented connected closed submanifold of
dimension k. Let V' be a tubular neighbourhood of N and v = v/ the normal
bundle, then we have the diagram

(M, @) —— (M| N) «—— (V|N) = (v,v%)
(M | x)

Since N is connected, H*(N) = ([N]*) = F. Consequently, Theorem gives
H"(v,v%) = (u — 7*[N]*) = F where u is an orientation for I/M/N Thus
H,(v,v*) ~F.

By Theorem i, gives an isomorpism H,, (V,V#) = (M | N) = F. On
the other hand, (j,). too gives an isomorphism H,(M) = H,(M | z) 2 F, so
Jx t Hy(M) — H, (M | N) too is an isomorphism.

So i;1j.[M] generates H,(v,v¥) =T, so k = (u — 7 [N]*,i; 1j.[M]) € F*.

Definition 5.10. The class uy/n = kL
induced by [N] and [M].

So (un/n — T [NJ*,i 1. [M]) = 1.

u is known as the orientation on vz, n

Definition 5.11. pd(N) = j*((i*) tupyn) € H" F(M) is the geometric
Poincaré dual of N.
Proposition 5.7. For a € H*(M), (pd([N]) — a,[M]) = (a,i.[N]).
That is, PD(pd(NV)) = i.[N].
Lemma 5.8. Leti:V — M be the inclusion, then i*(a) = (a, i.[N])7*[N]*.

*

Proof. m:V — N is a homotopy equivalence and H" (V') is generated by 7*[N]*.
So it suffices to check that (i*a,[N]) = ({a,i.[N])7*[N]*,[N]) which let’s just
left as an exercise. O

Proof of Proposition[5.7. 1f b € H{(M | N),j*(b — a) = (j*b) — a, so by the
preceding lemma,
(pd(N) — a,[M]) = (i (un/n) = a, 4 [M]) = (unryn — i*a, i7" j.[M])
= (unryy = {a, 1[N [N]*, i1 [M]) = (a, i [N]) O
Eventually we’ll want to show that PD is an isomorphism. This will be done

by considering pd(A) € H™*(M x M) where A : M — M x M is the diagonal
map.
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5.3 Homology of Products

We’re working over the field, so most prayers are answered. In particular,

H.(X xY) = Homp(H*(X x Y),F) = Homg(H*(X) ® H*(Y),F)
=~ Homp(H*(X),F) ® Homg (H*(Y),F) = H,(X) ® H.(Y)

Denote by a x 8 € H,.(X x Y) the element corresponding to a ® € H,(X) ®
H.(Y) under this isomorphism. This can be alternatively characterised by the
identity (a x b,a x ) = (a, a){b, 5).

Recall that (b, z —~ a) = (a — b, 2).

Lemma 5.9. (21 X 25) — (a1 x ag) = (—1)lel(=1l=11D (21 ~ a1) x (25 ~ a3).
Proof. Applying (b X by, —) equates two sides of the equality. ]

Lemma 5.10. Suppose X is connected and p € X (so H°(X) is generated by
[p]) and a € H*(X),a € Hi(X). Then a ~ a = (a,a)[p].

Proof. (1,a ~a) = {(a—1,a) = {(a,a) and (1,[p]) = 1. O

Lemma 5.11. Let A : X — X x X be the diagonal and a,b € H*(X), then
A*(axb) =a—b.

Proof. A*(a xb) = A*(ni(a) — w5 (b)) = A*ni(a) — A*nm5(b) =a — b. O

Orient M x M by [M x M] = [M] x [M] and let & = pd(A) € H*(M x M).
Let pe M.

Proposition 5.12. (4, [M] x [p]) = (-1)"

Proof.
(@ — (1 x [M]"), [M] x [M]) = (=1)"((1 x [M]*) — a, [M] x [M])
= (=1)™(a, ([M] x [M]) ~ (1 x [M]")
= (=)™, ([M] ~ 1) x ([M] ~ [M]"))
= (=1)"(a, [M] x [p])
On the other hand, & = pd(A), so
(@ — (1 [M]7), [M] x [M]) = (1 x [M]", [A]) = (m3[M]*, A.[M])

Lemma 5.13. @ — (a x b) = (—1)!llg — (b x a).

Proof. Let V be a tubular neighbourhood for A C M x M. Denote the inclusions
by



Let 7 : V' — A be the projection, with V' viewed as the normal bundle of A.
Then 7, ja are homotopy inverses. We then have

u— (i) (axb) =u— 7 ()" (a x b) =u — 7*A*(a x b)
=u— 7*(a —b) = (=D)Ply — 7%(b — a)
= (—1)lllly — (@) (b x a)
Applying j*(i*)~! to both sides gives the result. O

Proposition 5.14. (@i, PD(a) xy) = (—1)*™~1¢D(a, ) for any a € H*(M),y €
Hi(M).

Proof. By the preceding lemma,

(@,PD(a) x y) = (@, ([M] ~ a) x (y ~ 1) = (-1)"(q, ([M} xy) ~ (ax1))
= ((ax1) —a,[M]xy) = (1 xa)—a[M]xy)
= (@, ([M] x y) ~ (1 x a)) = (=1)"*(@, ([M] ~ 1) x (y ~ a))
= (=1)"*Na, [M] x [p)){a,y) = (=1)""V(a,y) O

Theorem 5.15. PD is an isomorphism.

Proof. For 0 # a € H*(M), choose y € Hy(M) with (a,y) # 0. Then the
preceding proposition shows that PD(a) X y # 0, in particular PD(a) # 0.
Consequently PD is injective. But we also hvae dim H*(M) = dim H,.(M), so
it must be an isomorphism. O

Corollary 5.16. (,) is nondegenerate.

Suppose {a;}; is a basis for H*(M). Let {b;}; be the dual basis with respect
to (;). Then (b;,PD(a;)) = (a;,b;) = &, so PD(a;) = b where {b;}; is the
dual basis of {b;}; with respect to (,). Similarly, (aZ,PD(b )) = (bj,a;) =
(_1)|ai||bj|§ij7 so PD(b;) = (—1)laillbsl g,

Corollary 5.17. @ =)_.(—1)'a; x b,.
Proof.

(=1)lesln=lail (7 PD(b;) x PD(a;))
= (_1)\ai\(n*\ail)+7l\ai\<bi7PD(aj)>
(1)l (a;,b;) = (—1)lls,; 0

(@,a; x b3)

5.4 Intersection Pairing on Homology

Definition 5.12. Suppose Ni, No — M are smooth submanifolds. We say
N7 M Ny (“Ny is transverse to No”) if TNy |,+T Na|, = TM]|, for allz € NyNN,.

Proposition 5.18. Suppose N1 th No, then:
(i) N1 N Ny is a smooth submanifold of dimension dim Ny + dim Ny — dim M.
(i) (T(N1 N N2))|y = TNi|e N TN,

(iii) Var/(NyANs) = VM/Ny © VN, -
(i’l}) pd(Nl N Ng) = pd(Nl) — pd(NQ)
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Definition 5.13. For smooth submanifolds Ny, No of M, their intersection
pairing is [N1] - [N2] = (pd(N1), pd(N2)) = (pd(Ny) — pd(Na), [M]).

When N; i N, we have [N1] - [N3] = (pd(Ny N Na), [M]), which equals the
number of points in Ny N N3, counted with intersection sign, if dim(NyNNg) = 0,
and zero otherwise.

Let j : Ny < M be the inclusion and ¢ = j|n,An, : N1 N Ny < No.

Proposition 5.19. j*(pd(N2)) = pdy, (N1 N Na).
Proof. vn, j(N,ANz) = U VM/Ng» SO UN, /(N ANy) = J UM/N, - U

Proposition 5.20. Suppose m : E — M is an oriented vector bundle and
s: M — E is a section and s M so, then e(E) = pd,, (s N sg) = pd,, (s71(0)).

Proof. i;'up = pdg(so) = pdg(s) since s ~ sg. So e(E) = si(iytug) =
s6(pdg(s)) = pdps(so N s). 0

Corollary 5.21. {(e(TM),[M]) = x(M).

Proof. In M x M, we have A* vy an = TM, so (e(TM),[M]) = [A] - [A] =
(@, @) = x(M). O
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