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1 Statements of Class Field Theory

1.1 Flashbacks to Number Fields

For a number field K, we write O for its ring of integers. Let L/K be a finite
extension of number fields.

Take any prime ideal p of Ok, then pOy, is an ideal of O, therefore factorises
pOr = P -+ P,? for distinet primes P; of Or. We say a prime P of Oy, lies
above p if P | pOr. Equivalently, p = P N Ok (which in this case happens iff
pCP).

Definition 1.1. e; = ey, |, is called the ramification index of %; over p. We
say p ramifies if some eq, is strictly greater than 1.

For any prime P < O, we write kg = Or /P to denote its residue field. If
B lies above p, we obtain an extension of residue fields kg /ky.

Definition 1.2. The degree fy, = [kyp : kp] is called the inertial degree of P
over p.

€g

Theorem 1.1. Ifp < Ok is a prime with the factorisation pOy, = P - P47,
then

g
[L: K] = Zemi\meilp
=1

In the case where L/K is Galois, things are a lot nicer.

Theorem 1.2. Suppose in addition that L/K is Galois, then:

(i) Gal(L/K) acts transitively on primes of Or, lying above p, i.e. suppose P, P’
both lie above p, then there is some o € Gal(L/K) such that o3 = P'.

(ii) All primes above p have the same ramification index and inertial degree. In
particular, [L : K] = efg, where e is the common ramification index and f the
common inertial degree.

Definition 1.3. Suppose P lies above p. The decomposition group of P over
p is Dypjp, = {0 € Gal(L/K) : o’ = B}. The inertial group of ‘B over p is
Iy, = {0 € Gal(L/K) : Va € Op,0a = a (mod B)}.

Note that we have Iy, C Dyp.
The extension of residue fields kg /k, is an extension of finite fields, therefore

is Galois and its Galois group is cyclic with canonical generator given by the
Frobenius. Each o € Dy, naturally descends to an element & € Gal(ky /ky).

Proposition 1.3. (i) Dy, — Gal(kyp/ky), 0+ G is surjective with kernel Ig),.
(1) #1|p = eplp, # Dopjp = epjp fopip-



1.2 The Artin Symbol

Lemma 1.4. Let L/K be Galois and p C Ok a prime unramified in Of.
Suppose P < Oy, lies above p, then there exists a unique element o € Gal(L/K)
such that for all o € Oy, we have oa = oN®) (mod PB) where N(p) = #k,.

Proof. Note that such a o must reside in Dyg,. Since p is unramified, the map
o — ¢ must be an isomorphism by the preceding proposition. So we are able,
forced, to choose o to be the automorphism corresponding to the Frobenius. [

Definition 1.4. Such a ¢ is known as the Artin symbol, denoted by (L/K,B).

Corollary 1.5. Suppose we are in the setting of the preceding lemma, then:
(i) For any o € Gal(L/K), we have (L/K,o) = o(L/K,B)o 1.

(ii) (L/K,B) has order fy,.

(iii) p splits completely in L if and only if (L/K,B) = 1.

Proof. (i) Exercise.

(ii) This follows from the isomorphism Dy, = Gal(ky /kp).

(iii) p splits completely in L iff e = f = 1. But e = 1 and (ii) tells us that
(L/K,P)=1 <<= [f=1 O

Definition 1.5. We say L/K is abelian if it is Galois with abelian Galois group.

If L/K is an abelian extension of number fields, then (L/K, ) depends only
on the underlying prime p. This follows from part (i) of the preceding corollary.
In this case, we write (L/K,p) to denote (L/K,B).

Example 1.1. Suppose K = Q and L = Q(v/d) where d # 0, 1 is a square-free
integer. Recall that L/K has discriminant D = d or 4d (depending on the
residue of d modulo 4). Recall also that p = (p) ramifies in L iff p | D.
Identify Gal(L/K) with {£1}. If (p) is unramified, then (L/K,(p)) = (D/p),
where (—/—) is the Kronecker symbol.

1.3 The Artin Map
Recall the following:

Definition 1.6. A fractional ideal a of K is an Og-submodule of K such
that there is some nonzero z € O such that za < Og. Equivalently, it is
somethihng of the form al for some o € K, I < Ok.

The set of fractional ideals form a group under ideal multiplication, which
we’ll denote by I'x. We write Px < I to be the subgroup of principal fractional
ideals, i.e. something of the form aOk,a € K. ClK) = Ix/Pk is the ideal
class group of K.

Remark. For any a € I, we have a unique prime factorisation a = p{* - -- pgr

where e; € Z and p; are distinct primes of Ok.

We will extend the Artin symbol to any fractional ideals using unique fac-
torisation.

Definition 1.7. Suppose L/K is abelian and unramified, in the sense that
every prime of O is unramified, then we define the Artin map to be the ho-
momorphism (L/K,—) : Ix — Gal(L/K) by setting (L/K,a) = [[,(L/K,p;)*
where a =[], p5".



If L/ K is ramified, we can still define the Artin symbol for unramified primes,
but not for all primes. So we need to do a little bit more work in order for it to
work.

Definition 1.8. For a number field K, a modulus of K is a formal product
m= Hp p"™*,n, > 0, where the product is taken over all primes p of K (finite
and infinite), such that:

1. ny = 0 for all but finitely many p.

2. ny = 0 if p is a complex infinite prime.

3. ny < 1if p is a real infinite prime.

When n, =0 for all p, we write m = 1.

Example 1.2. If K is a purely imaginary field (e.g. an imaginary quadratic
field), then a modulus is just an ideal of Ok.

Definition 1.9. Let m be a modulus, then we define I (m) to be the group of
all fractional ideals relatively prime to (the finite part of) m.

Example 1.3. 1. When m = 1, we have Ix(m) = Ix.
2. If K = Q and m = (m) for some integer m, then Igp(m) = {(a/b)Z :
ged(a,m) = ged(b,m) = 1}.

Let L/K be abelian and suppose m is a modulus of K which is divisible
by all ramified primes of K, then for each prime p € Ix(m), we can define the
Artin symbol (L/K,p) € Gal(L/K).

Definition 1.10. The Artin map for L/K and m is the homomorphism @, :
I (m) — Gal(L/K) defined by extending the Artin symbol multiplicatively.

Example 1.4. Let m be a positive integer, (,,, a primitive m-th root of unity.
Let K = Q,L = Q(¢,). We know that Gal(L/K) = (Z/mZ)* by identifying
o € Gal(L/K) with a € (Z/mZ)* where o(, = (%. Moreover, if a prime
ramifies in L then it divides m.

Now consider the modulus m = (m) - co. Then m is divisible by all ramified
primes, hence we can define @, : Ig(m) — Gal(L/K). Let (a/b)Z € Ig(m),
then indeed @, ((a/b)Z) = [a][b] ™! € (Z/mZ)*. In particular, the Artin map is
surjective.

1.4 Generalised Ideal Class Group
Suppose m is a modulus of a number field K.

Definition 1.11. Let Px(m) be the subgroup of I (m) consisting of all prin-
cipal fractional ideals () where a € K is such that:

1. vp(a — 1) > vp(m) for any finite p | m.

2. oa > 0 for every real infinite prime (given by the embedding o) dividing m.

Example 1.5. 1. For m =1, Pg(m) = Pk.

2. Let K = Q, m = (m). Anideal oZ is generated by o or —av. Soif (a) € Pg(m)
then we must have either v,(av —1) > v,(m) for all p | m or v,(—a—1) > v,(M)
for all p | m. This means that Pg(m) = {(a/b)Z € Ig(m) : ¢ = b (mod m)}.

3. Again take K = Q but now consider the modulus m’ = (m)-oo just to torture
you. So now Pop(w’) = {(a/b)Z € Ip(m) : a =b (mod m),a/b > 0}.



Remark. 1. For K = Q, ker ®(,,,).0c = Po((m) - 00).
2. Pg(m) is sometimes called the a ray or a ray group.

Proposition 1.6. [Ix(m): Pg(m)] < co.
Proof. Omitted and a special case is on example sheet. O

Definition 1.12. A subgroup H < Ix(m) is a congruence subgroup for m if
Pr(m) < H < Ig(m).

Definition 1.13. For a congruence subgroup H for m. The quotient Ij(m)/H
is a generalised ideal class group.
If H = P;(m), we call this quotient the ray class group.

Example 1.6. When m = 1, the ray class group is just the ideal class group.

Proposition 1.7. Write Py, < Ix(m) to denote the subgroup of principal frac-
tional ideals in Ix(m). Then we have an exact sequence

1 —— Pyn/Pg(m) —— Ix(m)/Pg(m) — Cl(K) — 1

Remark. This shows that hg | hx(m) where hx = # Cl(K) is the class number
of K and hx(m) = #(Ix(m)/ Pk (m)).

To prove this, recall that for any ideal I < Ok, every ideal class in Cl(K)
can be represented by an ideal coprime to I.

Sketch of proof. Let a € Ix(m). Consideer h : Ix(m) — CI(K) via h(a) = [a].
This is a group homomorphism with kernel Py, surjective by the fact we just
recalled. Hence the exact sequence

1—— Py —— Ig(m) — CI(K) —— 1

But ker i O Px(m), so we get the exact sequence as claimed. O

Example 1.7. Let K = Q and m an integer. Then Ig((m))/Pg((m)) =
(Z/mZ)* /{£1} and Ig(m)/Pg(m) = (Z/mZ)* where m = (m) - co.

We’ve seen the surjection @y, : Ig(m) — Gal(Q((r,)/Q). Since ker @y, = Py(m),
&y, descends to an isomorphism Ig(m)/Pgy(m) = Gal(Q(¢m)/Q).

Class field theory is the idea of generalising this phenomenon, by establish-
ing a general isomorphism between certain generalised class groups and Galois
groups of abelian extensions via the Artin map.

Proposition 1.8. Let M/L/K be a tower of abelian extensions. Suppose a
modulus m contains all primes of Ok that ramify in M, then the diagram

I (m) 258 Gal(M/K)

b L

Gal(L/K)

Remark. Recall that an infinite prime ramifies if it is a real infinite prime and
it is the restriction of a complex infinite prime in the bigger field.



1.5 The Conductor

Lemma 1.9. Let L/K be an abelian extension and a m be a modulus containing
all ramified primes of K, and n is another modulus with m | n. If Pg(m) C
ker @, then Px(n) C ker ®,,.

Proof. Since m | n, we have Py (n) C Px(m) and ®, = @7, (m). So ker &, =
ker(@mhK(n)).

If (o) € Pg(n) C Pr(m) C ker @y, then since Px(n) C Ix(n), we have (a) €
ker(®y) N Ik (n) = ker @y,. O

This means that if ker @y, is a congruence subgroup for m, so is ker @, for
any n divisible by m. So there is a “best” modulus.

Theorem 1.10 (The Conductor Theorem). Let L/K be an abelian extension,
then there is a modulus f(L/K) such that:

(i) A prime of K (finite or infinite) ramifies in L if and only if it divides f(L/K).
(ii) If m is a modulus divisible by all primes of K that ramifies in L, then ker @y,
is a congruence subgroup for m if and only if f(L/K) | m.

It’s clear that f(L/K) is uniquely determined.
Definition 1.14. §f(L/K) is the conductor of L/K.

Example 1.8. 1. Let K = Q and L = Q(v/d) where d # 0,1 is square-free.
Then
|D| ifd>0

HE/K) = {D|~oo if d < 0

where D is the discriminant of L over K.
2. Let K = Q still and L = Q(¢,). Then

1 ifm<2
f(L/K) =4 (m/2)-00 ifwvy(n)=1
(m) - 00 otherwise

Remark. The conductor is not always the simple product of ramified primes.
We sometimes need a higher multiplicity for some of them. In example sheet,
you'll find a cubic extension ramified only at 3, but where neither m = (3) nor
m = (3) - 00 has ker @7 /g » a congruence subgroup (so f(L/Q) divides neither
of them).

1.6 Artin Reciprocity

For each abelian extension L/K, Gal(L/K) turns out to be a generalised ideal
class group.

Theorem 1.11 (Artin Reciprocity). Let L/K be abelian and let m be a modulus
divisible by f(L/K). Then the Artin map Py : Ix(m) — Gal(L/K) is surjec-
tive. Its kernel is a congruence subgroup, so we have an isomorphism between
a generalised class group and Gal(L/K) induced by Dy,.

We'll later show Theorem [1.11] using density theorems. Let’s first try to
understand this kernel.



Definition 1.15. The norm map of L/K is Nk : I, — Ik defined by

Hmfl = H(ml N OK)f‘I‘i\‘BmoKei_

In particular, for any B lying above p, we have Ny, B = pfei,

Definition 1.16. Let L/K be an abelian extension of which m is a modulus
divisible by f(L/K). The norm group (or Takagi group) associated to m is
the congruence subgroup 77,k (m) = N /i (Ir(m))Px(m). where Ir(m) < I,
consists of fractional ideals in L coprime to mOyp,.

Theorem 1.12 (Artin Reciprocity, Continued). ker @y, = 17, /x(m).
Artin reciprocity gives us information about decomposition of primes.

Theorem 1.13 (Decomposition Theorem). Let L/K be abelian of degree n and
suppose p < Ok is unramified in L. Let m be a modulus divisible by §(L/K) but
not by p. Write H = ker ®,.

Suppose f is the smallest positive integer such that pf € H. Then p decomposes
in L into a product P --- P4 of g = n/f distinct primes, all of inertia degree
f over p.

Proof. Suppose p decomposes as By ---*P4. Their common inertia degree is
the order of (L/K,p) in Gal(L/K), hence (via the isomorphism Ix(m)/H =
Gal(L/K)) the order of p mod H in Ix(m)/H, which is f. On the other hand,
n = fg by Theorem O

1.7 The Existence Theorem
Every generalised ideal class group is the Galois group of some abelian extension.

Theorem 1.14 (Existence Theorem). Let m be a modulus of K and H any
congruence subgroup for m. Then there is a unique abelian extension L/K
with the property that all its ramified (finite or infinite) primes divide m, H =
Nk (IL(m)) Py (m), and Ix(m)/H = Gal(L/K) via $,.

Definition 1.17. Let m be any modulus and H the congruence subgroup
Pr(m). Then the ray class field is the unique abelian extension Ky /K such
that Pg(m) = ker @ /xm given by the preceding theorem. In particular,

Example 1.9. Let m be a positive integer not congruent to 2 modulo 4. For
K = Q, we have K(;).00 = Q((m) and Ky = Q(Cm + ¢01)-

Corollary 1.15. Let L/K and M/K be abelian extensions, then L C M if and
only if there is a modulus m divisible by all primes of K ramified in either L or
M such that Pr(m) < ker ® /g m < ker O, /g .

Sketch of proof. Suppose first that L C M. Then by Theorem there exists
moduli my, Mo such that PK(ml) < ker (I)L/K,ml and PK(mg) < ker (bM/K,mT
Lemma shows that we can find some m dividing both m;, my such that
Pr(m) < ker @,k m and Px(m) < ker @y /g m. But @7/ m = 1es0® 31/ 1 s
hence the result.



Conversely, suppose we have the inclusion Px(m) <ker ®ps/x m < ker @1,/ m,
then under @7/ x m : Ix(m) — Gal(M/K), the subgroup ker @ /x n < I (m)
maps to a subgroup H < Gal(M/K). H corresponds to an intermediate field
KcLcM.

The first part of the proof applied to L C M shows that ker (I)E/Km =@ K m,

so L = L by the uniqueness part of O

Remark. This implies that every abelian extension is contained in a ray class
field. Indeed, if L/K is abelian and §f(L/K) | m, then H = ker @y /5 is a
congruence subgroup H > Px(m). So by the preceding corollary, L C Ky,.

Theorem 1.16 (Classification Theorem). Let K be a number field. Then there
is an order-reversing bijection between the system of abelian extensions of K
and the system of generalised ideal class groups of K.

Theorem 1.17 (Kronecker-Weber). Let L/Q be an abelian extension, then
there is some positive integer m such that L C Q((m)-

Proof. By Theorem [1.11} there is a modulus m such that ker @7,/ n O Pp(m).
Lemma we may assume that m = (m) - co for some m € Z. But then
Po(m) = ker ®g(c,.)/0,m» 50 we are done by Corollary O

1.8 Hilbert Class Field

Let K be a number field. Setting m = 1 in Theorem [I.14] gives us an unramified
abelian extension and has Galois group isomorphic to the ideal class group of
K.

Definition 1.18. This unramified abelian extension is known as the Hilbert
class group of K.

Example 1.10. The Hilbert class field of Q is itself.

Theorem 1.18. The Hilbert class field of K is the mazimal unramified abelian
extension of K.

Remark. In view of Theorem [1.10} when we say L/K is unramified we mean
f(L/K) =1 (i.e. taking into account the infinite primes).

Proof. Write F' for the Hilbert class field of K. Suppose M/K is another un-
ramified abelian extension. Then f(M/K) = 1 and Pk (1) < ker®p;/x 1. So
Pr (1) = Pk = ker ®p /i1 C ®pr/k1 and we are done by Corollary O

Theorem applied to unramified abelian extensions now reads:

Corollary 1.19. Suppose M /K corresponds to H < CI(K), then the Artin map
gives an isomorphism CI(K)/H — Gal(M/K).

Example 1.11. Let K = Q(y/—5), then we’ll show that its Hilbert class field F
is Q(v/—5,1). It’s not hard to compute hx = 2, so we must have # Gal(F/K) =
2, i.e. F is an(y) unramified quadratic extension of Q(y/—5).

The only prime that ramifies in Q(¢)/Q is 2 and the only prime that ramifies
in Q(v/5)/Q is 5. Therefore the only primes that can ramify in Q(v/—5,4)/Q,
the composite of Q(i) and Q(v/5), are 2 and 5. But 2,5 both already ramify in
Q(+v/=5), and also Q(v/—5) has no real infinite prime. So Q(v/—5,7)/Q(v/—5)

must be unramified.



Let’s characterise the primes which split in the Hilbert class field.

Corollary 1.20. Let F' be the Hilbert class field of K. A prime ideal p < Ok
splits completely in F if and only if p is principal.

Proof. We know p splits completely in F iff (L/K,p) = 1 (note that p must
be unramified in F' since F' is unramified). But the Artin map induces an
isomorphism Cl(K) = Gal(F/K). O

Theorem 1.21 (Principal Ideal Theorem). In the Hilbert class field, every ideal
of K becomes principal.

Example 1.12. Let K = Q(v/—5) which has Hilbert class field F = Q(v/5,1).
Then CI(K) = {[Oxk],[(2,14++v—5)]}. And in fact (2,14 +/—5)Op is principal,
and is generated by 1 + i.

1.9 Reciprocity Theorems

Let K be a number field containing a primitive n-th root of unity (. Let p < Ok
be a prime ideal in Og. Then for & € O prime to p, we have aV®P)~1 = 1

(mod p).
Suppose that p is prime to n. Then n | N(p) — 1, so z = aN®)=D/7 ig 4
solution to the congruence 2 =1 (mod p), i.e. aN®)=D/n =1 ¢ ¢2 . ¢!

(mod p). Since the n-th roots of unity are distinct modulo p, a(N®)=1/n ig
congruent to a unique n-th root of unity modulo p. We write (a/p),, for this
root of unity.

More generally, if a = p; - - pg is an ideal of Ok which « is prime to, then we

set
n
(2.-11()
a’n J=1 pj n
Thus if m is a modulus of K such that every prime containing na divides m,

then (a/—)y becomes a homomorphism g (m) — py,, where p, = p,(K) is the
group of n-th roots of unity in K.

Definition 1.19. (—/—),, is known as the n-th power Legendre symbol.

Remark. This extends the Legendre symbol in the study of quadratic residues.

Recall that if K has a primitive n-th root of unity, then for any o € K,
L = K(3/a) is Galois over K and for any o € Gal(L/K) we have o /a = £ {/a
for some & € p,(K). We therefore get an injective homomorphism Gal(L/K) —
fin (K).

Theorem 1.22 (Weak Reciprocity). Let K be a number field containing a
primitive n-th root of unity and suppose L = K({/a) for some nonzero a €
Ok . Assume m is a modulus divisible by all primes containing na and suppose
ker @,/ m is a congruence subgroup for m, then there is a commutative diagram

T (m) 258 Gal(L/K)

oo, |
[in



Furthermore, if G is the image of Gal(L/K) in py, then (o/—)y induces a
surjective homomorphism (a/ =)y : Ix(m)/Pr(m) = wy,.

Proof. We have (L/K,p)({/a) = (a/p)n /o pretty much by definition. This
gives the commutativity of the diagram. The last part follows from Theorem

1D O

Remark. There is something called the “strong reciprocity”, which gives the
Legendre symbol in terms of the n-th power Hilbert symbol, which we are not
gonna define.

Theorem 1.23 (Quadratic Reciprocity). Let p,q be distinct odd primes, then

<§> (%) _ (1)-Da-1/4

Proof. This is equivalent to say (p*/q) = (¢/p) where p* = (—1)P~1/2p, Recall
that Gal(Q(¢,)/Q) is a generalised ideal class group for m = (p) - co. So the
same holds for any subfield of Q((p).

Since Gal(Q(¢,)/Q) is cyclic of order p — 1, there is a unique subfield Q C K C
Q(¢p) quadratic over Q, and by what we’ve said Gal(K/Q) is a generalised ideal
class group to (p) - co.

Indeed, K = Q(y/p*). (p) is the only finite prime of Q ramified in K. So
ker @ i /g, (p)-o0 18 @ congruence subgroup for (p)-oo. Bythe preceding theorem, we
have a surjection Ig((p) - 00)/Po((p) - 00) — {£1} induced by (p*/—). Consider
the map (Z/pZ)* — Ig((p) - 00)/Po((p) - 00),[a] + [aZ] which induces an
isomorphism. We therefore get a surjective homomorphism (p*/—) : (Z/pZ)*
{£1}. But (—/p) also gives a surjective homomorphism (Z/pZ)* — {£1} and
(Z/pZ)* is cyclic, so they must be the same, i.e. (p*/q) = (¢/p). O

2 (-Functions and L-Series

I don’t have to tell you that many arithemtic information are contained in the
behaviour of all kinds of {-functions and L-functions.

2.1 Dirichlet Series

Definition 2.1. A Dirichlet series is a series of the form f(s) =) a,n™* for
an,s € C.

We often write s = o + it,o0,t € R.
Suppose {an}n>1 is any sequence of complex numbers. We'll write A(N) =

25:1 an and A(M,N) = ZQLM Q-

Theorem 2.1. If a Dirichlet series f(s) =), a,n~*® converges for some s =
S0 = 09 + itg, then it converges for any s = o + it such that o > og, uniformly
on any compact subset of {o > op}.

Proof. We’ll prove that the series converges uniformly on every region of the
form {|arg(s — so)| < 7/2 — e < w/2} for € > 0. Since

s (07 a
n
f(S) = Z nso ns s0 Z ns—so’ - nso

n>1 n=1




We may assume WLOG that sg = 0.

Now our assumption means that A(N) converges as N — oo, and for each € > 0
we have some Ny such that |[A(M,N)| < e for all N > M > Ny. Now for each
N > M > Ny, we have

N a N
TTZ = > (A(M,n) — A(M,n—1))n"*
n=M n=M
N-1
=AM, N)N~*+ Y AM,n)(n™* = (n+1)"")
n=M

Now we have the estimate

/n+1 dz
s

" s+l
But |s|/o is bounded in the region {—7/2 < args < 7/2}. Say |s|/o < C for s
in this region, then we get the estimate

; ; e sl .
= (1) = <l [ SR Se - ™)

N N-1
aTL —S —S —S
Y =AML NN+ Y AM, 0|0 — (04 1)~
n
n=M n=M
<eNT7+CeM™° < (C+1)N, %€
for —m/2 < args < w/2. O

Definition 2.2. The smallest oy € R such that a Dirichlet series f converges
in the region {o > o0¢} is called the abscissa of convergence for f.

Remark. 1. We see from the preceding theorem that f would converge in the
region {o > og} but diverges in the region {o < og}. 2. If the f converges for
s1 = 01 + it1, then we must have an estimate a,, = O(n°'), and f converges
absolutely and uniformly on compact subsets of {c > o1 + 1+ ¢} for any § > 0.

Theorem 2.2. Suppose there exists a number C and o1 > 0 such that |[A(N)| <
CN° for all N. Then the abscissa of convergence for f is at most o1.

Proof. Exercise. O

2.2 Riemann (-Function

The Dirichlet series associated with a,, = 1 is known as the Riemann {-function

¢(s) =3, n*. Theorem [2.2 shows that ((s) converges for o > 1.

We'll show that ¢(s) has a meromorphic continuation to {o > 0} with a pole at

s = 1. Once we know this, we must have Res;—1 ((s) = 1 since for any o > 1,
* o

c(a)§1+/ U=1+L7<(0)2/1

1 X o—1

x° oc—1

So s = 1 is a simple pole with residue 1.

To formulate the continuation, we use the following trick: Consider (a(s) =
Yos ()T = (1 — 2'7%)((s). Theorem shows that (2(s) converges
for o > 0. But we are done: ((s) = (2(s)/(1 —2'7°) extends ¢ to {o > 0} with
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only possible poles at s = 1 + 27wik/log?2 for k € Z.

We similarly define (3(s) = >, ~,(1/(3n+1)*+1/(3n+2)*—2/(3n+3)°) which
converges in {o > 0} and has ((s) = (3(s)/(1—3'7*). This shows that the poles
of ( on {o > 0} are at s = 1+ 2wik/log3 for k € Z, so essentially the only pole
isat s =1.

Proposition 2.3. For o > 1, we have ((s) =[], ,rim.(1 —p~%)7L

Recall that an infinite product [],, a,, of nonzero complex numbers is said to

converge if the sequence ZnN:1 an has a nonzero limit as N — oo. Equivalently,
the series ), loga, converges. The product converges absolutely if this series
does.

Proof. Write E(s) =] 1—p=*)~L Then

p prime(

log E(s) = Z Z

p prime n=1

npns

which converges absolutely if o > 1+ for some § > 0, as |[p"*| = p"® > pn(1+9),
On the other hand, we have (1—p~*)" ' =1+p*+p 2+ soif p1,...,pr
are primes at most N then

I = Y oy -2a
—p—s e perys ns
p<N prime 1 p ’ e1,...,er=0 (pl pr )9 n ne

Wh/ere E; sums over all n such that p | n for some p < N prime. In particular,
Zn summed over all n < N, so

1 1 ‘1
[ = eyt

p<N prime n<N n>N
Therefore
1 1 1
11 1—p— —E <) el > ni+o
p<N prime n>N,pfn n>N
which goes to 0 as N — oo. O

Definition 2.3. The gamma function is the absolutely convergent integral

I'(s :/ e Yy'—
(#) 0 Y

defined for o > 0.

Proposition 2.4. (i) I'(s) is analytic and admits a meromorphic continuation
to C.

(ii) T'(s) is nowhere zero, and only has simple poles at s = —n forn =0,1,...,
with residues (—1)™/n!.

(iii) T'(s) satisfies the functional equations T'(s + 1) = sI'(s), T'(s)I'(1 — s) =
7/ sin(ms) and T'(s)['(s + 1/2) = 21725/7(2s).

(i) T'(n) =n! forn e N, I'(1/2) = /x.
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Yeah we are not gonna prove this. Consult literally any book on analytic
number theory.
Now for o > 1,

1 > d
W_SF(S) — = / e—ﬂnzyysiy
ns 0 Yy

So
o 2, .d
7 °T'(s)((2s) :/ Zef"” yysgy
0

n=1
Definition 2.4. The completed ¢-function is Z(s) = 7~°/?T'(s/2)¢(s).
Our calculation before then yields:

Proposition 2.5. We have

25) =3 || 6tin) - 1Y

where 0(z) =3, <, ™% s the Jacobi 0-series.
So let’s try to understand 6.
Proposition 2.6. The series 0(z) is analytic on h = {z € Z : Imz > 0}

and satisfies 0(—1/2z) = /z/i0(z) where \/z/i = exp((1/2)log(z/i)) with the
principal branch of log taken.
Definition 2.5. Let f: R} — C be continuous. The Mellin transform of f is

°° sdy
M8 = [ () = 1oy L
0
provided that f(co) = lim, o f(z) exists and is finite, and that the integral
exists.

Theorem 2.7 (Mellin Principle). Let f,g: Ry — C be continuous and f(y) =
ag + O(e=¥") g(y) = by + O(e=%¥") as y — oo, for some ag,by and cy >
0, > 0. If f(1/y) = Cy*g(y) for some k >0 and C € C*, then:

(i) M(f,s) and M(g,s) converge absolutely and uniformly on any compact sub-
set of {o > k}. Therefore they are holomorphic on {s € C: o > k} and admit
holomorphic continuation to C\ {0, k}.

(i) M(f,s) and M(g,s) have simple poles at s = 0,k where Ress—o M (f,s) =
—ag, Ress—o M (g, s) = by, Ress—i M(f,s) = Cby, Ress—o M(g,s) = C Lao.
(iii) We have M(f,s) = CM(f,k—s).

Ain’t gonna prove this either.

Theorem 2.8. Z(s) adimts an analytic continuation to C\ {0,1}, has simple
poles at s = 0,1 with residues —1,1 respectively, and satisfies the functional
equation Z(s) = Z(1 — s).

Proof. Z(2s) = M(f,s) where f(y) = (1/2)0(iy).

We have
O(iy) =1+ 2e" ™ <1 +> e—’f("z—l)y>

n=2

and therefore f(y) = 1/2 + O(e™™). Also f(1/y) = y'/?f(y) by Proposition
so we conclude using the preceding theorem. O
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Corollary 2.9. ((s) admits an analytic continuation to C\ {1}, has a simple
pole at s = 1 with residue 1, and satisfies the functional equation (1 —s) =
2(2m)7*T'(s) cos(ms/2)((s).

Proof. Recall that Z(s) = 7—%/2T'(s/2)((s), so our desired continuation would
be ¢(s) =T'(s/2)"*n*/?Z(s). Both Z(s) and T'(s/2) has a simple zero at s = 0,
so (¢ is holomorphic at s = 0. At s = 1, Z(s) has a simple pole with residue
1, so the same is true for ((s) since I'(1/2) = /7. ( is holomorphic elsewhere
since I' is nonvanishing.

Now Z(s) = Z(1 — s), so (1 —s) = wt/27°T(s/2)T'((1 — 5)/2)"*¢(s). But we
know that I'(s/2)['((1 + s)/2) = 2175/7[(s) and T'((1 — s)/2)['((1 + s8)/2) =
7/ cos(ms/2). So we have the result. O

What about the zeros of (7 We know that ( is nonvanishing at ¢ > 1 due
to Proposition [2.3] For ¢ < 0,  vanishes at —2,—4, —6, ... by the functional
equation. They are known as the “trivial zeros”. All the other zeros must line
in the “critical strip” {0 < o < 1}, they are called the “nontrivial zeros”.

Proposition 2.10 (Riemann Hypothesis). The nontrivial zeros of ¢ all have
real part 1/2.

Proof. Suppose ((s) =0 with 0 < o < 1. It’s known that o # 0, 1....
Wait, you didn’t really expect a proof, did you? O

2.3 Dedekind (-Function

Definition 2.6. Let K be a number field. Its (Dedekind) (-function is the
series (i (s) = >, N(a)~*, where the sum is taken over ideals 0 # a < Og and

N(a) = #(Ox /a).

Proposition 2.11. The series (x(s) converges absolutely and uniformly in
{0 > 1406} for any § > 0, and we have an Euler product

1
CK(S) - pgoll(_{?m-me 1 — N(p),s

Proof. Similar to the case of (, but now using the multiplicativity of N and
unique factorisation. O

We'll see that (i too has an analytic continuation to C\ {1} and satisfies the
functional equation relating its values at s and 1 —s. We’ll do this by splitting
up (x using ideal classes.

Definition 2.7. For an ideal class ¢ € Cl(K), the partial (-function is defined
as ((€,s) = (k(€,8) = > sew.aco, N(@) 7%

Then Ck (s) = [[gecix) C(C: 5).

Definition 2.8. Let Zo(s) = |dg|*/?1 " Tk (s/2) where n = [K : Q] and T'x
is a version of the I'-function. The completed partial (-function is Z(%,s) =

Zoo(8)C(E ' 5).
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Theorem 2.12. The completed partial (-function admits an analytic continu-
ation to C\ {0,1} and satisifes the functional equation Z(€,s) = Z(€',1 — s)
where €€ = [0 is the class of the different ideal.

Further more, it has simple poles at s = 0,1 with residues —2"R/w,2"R/w re-
spectively, where r is the number of infinite primes, w the number of roots of
unity, and R the regulator, respectively of K.

Remark. We will not prove this. But the idea is basically Theorem

Definition 2.9. Let Zk(s) = Zoo(5)Ck(8) = Xgecix) £(€,s) is the com-
pleted (-function of K.

Corollary 2.13. Zk(s) admits an analytic continuation to C\ {0,1}, satisfies
the functional equation Zx(s) = Zx(1 — s), has simple poles at s = 0,1 with
residues —2"hR/w and —2"hR/w where h = hx = # Cl(K).

For a number field K, let 71 be the number of real places and ro the number
of complex places of it. After analysing Z.,(s), one might find

Corollary 2.14. (x has an analytic continuation to C\ {1} and has a simple

pole at s = 1 with residue
_2m(2m)

= 7w\dK|1/2 hR

K

Furthermore, (i (1—s) = A(s)(k (s) for some factor A(s) which we’re not gonna
define.

Remark. The formula for £ is known as the analytic class number formula.

2.4 Dirichlet Characters

We'll work towards finding explicit formulae for the class numbers for some

quadratic fields. Let K = Q(v/d) where d # 0,1 is square-free. If a prime p of
Q splits, then pOg = pyps for p; # pa and N(p;) = p; If it is inert, then pOg
is a prime with norm p?; If it ramifies, then pOx = p? for N(p) = p. So

wo=T (-2 T (-5) 1 (L)

p split p inert p ramified

But each of these products contain a factor of (1 —p~%)~!. More precisely,

o) = ¢ ] (1-22)

p prime

where
1 if p splits
Xx(p) =4 —1 if pis inert
0 if p ramifies
This is an example of a Dirichlet character. And we’ll see that the second factor

in this decomposition turns out to be the Euler product of a certain Dirichlet
series L(s,x).
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Definition 2.10. Let m be a natural number. A Dirichlet character modulo
m is a homomorphism x : (Z/mZ)* — C*.

Example 2.1. Let x be as before, then it (or rather, its restriction) agrees with
a Dirichlet character modulo dg.

Definition 2.11. A Dirichlet character xy modulo m is primitive if it does
not factor as (Z/mZ)* — (Z/m'Z)* — C* for some other Dirichlet character
(Z/m'Z)* — C* where m' | m.

Definition 2.12. If x is a primitive Dirichlet character modulo m, then this m
is called the conductor of y.

Equivalently: Suppose x is a Dirichlet character modulo mg. Then the
conductor m of x is the greatest common divisor of all m’ | mg such that y
factors through a Dirichlet character modulo m/.

We can, and always, extend a Dirichlet character x to a (multiplicative) function
Z — C by setting x(n) = x(n mod m) if ged(n,m) = 1, and x(n) = 0 otherwise.

Example 2.2. x as before is such an extension.

Definition 2.13. Write ¢ for the trivial character (or the principal character)
modulo m, which is xo(n) = lgca(m,n)=1. For m = 1, we just write 1 for xo.

Example 2.3. Take m = 4. Then there are Dirichlet characters modulo 4 given
by xo and

1 ifn=1 (mod4

i) = { moc )

-1 ifn=3 (mod4)

Remark. Suppose we have two Dirichlet characters i, x2 modulo m. We can
take their product (x1x2)(n) = x1(n)x2(n), which is still a Dirichlet character
modulo m. This turns the collection of all Dirichlet characters modulo m into
an abelian group with identity xo, which we shall denote as (Z/mZ)*.

In general, for any finite abelian group A, a character of it is a group homo-
morphism A — C*. We denote the abelian group of all characters of A by A,
which is known as the character group (or dual group) of A.

Proposition 2.15. If A is any finite abelian group, then A~ A.
Remark. The isomorphism is not canonical, in general.

Proof. Induction on #A. When A is cyclic (say with order m and generator
y), x(y)™ = x(y™) = x(1) =1, so x(y) € pm(C). Conversely, the data of a
character of A is essentially the same as the data of a choice x(y) € pm(C). So
indeed A = {y > € : ¢ € pim(C)} = ppn (C) = A.

Suppose A is not cyclic. Then we can write A = A; x Az where A;, Ay are
nontrivial. We have homomorphisms 4 — A; x A2, x — (x]4,,x|4,) and
A x Ay — A, (x1,x2) — ((m,n) = x1(m)x2(n)), which are mutual inverses.
Hence A = ;1\1 X A\g, so we are done by induction hypothesis. O

Recall that (Z/mZ)* has order ¢(m) where ¢ is the Euler totient function.
So there are exactly ¢(m) Dirichlet characters modulo m. Indeed, x(4) = 2 so
our previous example listed all the Dirichlet characters modulo 4.
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Corollary 2.16. If A is a finite abelian group, then A = Xcanom’cally vig
m (x o x(m):

Proof. This is an injective map between finite groups of equal size. O

Proposition 2.17 (Orthogonality of Characters). Let x1, x2 € A and a,b e A.
Then:

(i)
> xi(a)xa(a) =

= Al ifxa=x3t

{o if x1# X3
(i)

> x(a)x(b) =

xEZ

0 ifa#b71
|A] ifa=0b""1

Proof. (ii) follows from (i) by the preceding corollary. For (i), we observe that
whenever y € A is not equal to xo, we can take b € A such that x(b) # 1. Then

> x(@) = x(ab) = x(b) Y x(a)

a€A acA a€A

And so ), 4 x(a) = 0. Taking x = x1x2 gives the result. O

2.5 Dirichlet L-Series

Definition 2.14. Let x be a Dirichlet character modulo m, extended as a func-
tion Z — C. The Dirichlet L-series associated to x is L(x,s) = >, x(n)n=°.

Proposition 2.18. L(x, s) is absolutely convergent on {o > 1}. Moreover, we
have an Euler product

L(x,s) = H (1 _ X(P))_l

p prime pS
Proof. Exercise. O
Note that we have
X\~
Lix.s) =] (1- 22

S
ptm b

In particular, L(xo,s) = ¢(5) [L,},,(1 —p°).
We can relate these Dirichlet L-series to Dedekind (-functions. Let’s see how
this works in cyclotomic fields first.

Proposition 2.19. Let K = Q((n), then

-1

= (T - 757 T oo

plm XE(Z/mZ) %
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Proof. Let p be a (rational) prime and write its decomposition as pOg =
(p1---p,r)¢ for p; distinet. Let f = f, |, be the common inertia degree.
Then (x(s) contains the factor

(- wg) = (- 55)

oip N(p)® ple

On the other hand, the product of these Dirichlet L-series contains the factor
[T, - x(p)p~%)~!. This is 1 if p | m. For p { m, note that f is the order of
pin (Z/mZ)* and e = 1. Since efr = #(Z/mZ)* = ¢(m), r = ¢(m)/ [ is the
index of the subgroup G, generated by p in (Z/mZ)*.

We have an isomorphism é; — s, x — x(f) and an exact sequence

1 — G/G, G Iy 0

So we have r = #G//Ep = [G : G} elements in the preimage of x(p). Therefore

H0-52) =T0-5) =0 5) =0 wg)

153 plp
The result follows from taking the product of both sides over all primes. O
Consequently,
1\t 1
G = (T 5) V(I =) ) [ I 2oes ) e
N(p) p
p|m plm X#X0

Since both ¢ and (x have simple poles at s = 1,
Proposition 2.20. For every nontrivial Dirichlet character x has L(x,1) # 0.

Theorem 2.21 (Dirichlet). For any a € (Z/mZ)*, the arithmetic progression
of a modulo m contains infinitely many prime numbers.

Proof. Let x be a Dirichlet character modulo m. Then on {o > 1} we have

log L(x,s) = — Z log(1 — x = Z ZX

p prime p prime n=1

X

79)(

p prime

For some g, (s) holomorphic on {o > 1/2}. Let’s multiply this by x(a™!) and
sum over all characters modulo m. Then we get, for some g holomorphic on

{o>1/2},
ZX Ylog L(x, s) = g(s —|—Z Z xa )

X p prime
DD RUSTIED S
b=1 x p=b (mod m) p
=g(s)+ D $lm)




Now let s > 1 be real. As s — 1, log(x,s) stays bounded for x # xo since
L(x,1) # 0. But

log L(x0, s) = log ((s) + H log <1 - 2%)

plm

which goes to infinity as s — 1. By our previous computation, this can only

happen if we have
. ¢(m) _
LD DR

p=a (mod m)

which forces the sum to be infinite. O

2.6 Analytic Class Number Formula, (sort-of) Explained

Now for any number field K and any s € {o > 1}, we can write (x(s) =
Y n>1Jnn”° where j(n) is the number of integral ideals a < Og with N(a) = n.
We may write

S Jn - h K
Cre(s) = haen((s) + ) 75
n=1
The series }_, ~,(jn — hxr)n™° converges for o =1 (in fact on {o > 1— [K :
Q] '}). Then hxr = p where p = lim,_,1 (x(s)/¢(s). So let’s study this limit
by factoring (x more generally.
Suppose K/Q is abelian. Then K C Q((,) for some m. We'll always iden-

tify Gal(Q(¢m)/Q) with (Z/mZ)*. Let G = Gal(K/Q) which is a quotient of

(Z/mZ)*. Taking duals, we can consider G as a subgroup of (Z/mZ)*.
Adapting the proof of Proposition shows that, for p{m,

I1(-22) - (- ) ~THG - 5)

xX€G

where f,r are what you think they are.
So for o > 1, we have

Moo 110 TG )

x€G pim ptm plp

We therefore have a similar factorisation

@@—HON@J_HLw@
plm xe@

_ H@_Ntm)l I(-) ) (I etes) ) o

Consequently,

Theorem 2.22. We have

=I5 () 7| I s

plm XEG,x#xX0
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Okay, now let’s try to compute L(x, 1).
Definition 2.15. Let ¢ be a primitive m-th root of unity. Then for & > 0, then
k-th Gauss sum is 74 (X) = >_qe(z/mz) x(a)¢k.
Theorem 2.23. Let x be a nontrivial Dirichlet character modulo m, then

-1

Te(x) log(1 — %)

1

3

1

=
Il

Proof. For o0 > 1, we have

=Y s Y

n>1 a€(Z/mZL)x n>1l,n=a (mod m)
m—1 m—
1 (1 1 g nk
- i (a=n)k | _
> x(a)2n5<m§€“ > mE X) D
a€(Z/mZ)* n>1 k=0 k=0 n>1

Note that 70(X) = >_,e(z/mz)x X(a) = 0. The Dirichlet series >, -, ¢nkps
converges to an analytic function on the half-plane o > 0, therefore is continuous
at s = 1. Its value at s = 1 is —log(1 — (%), so the result follows. O

Lemma 2.24. Let x be a primitive character modulo m, then |11(x)|?> = m and
k)T if ged(k,m) =1
lx) = X(B)r(x) - f ged(k,m)
0 otherwise
Proof. Omitted. O
Definition 2.16. We say y is even if x(—1) = 1, and odd if x(—1) = —1.

Lemma 2.25. For 0 < k < m, we have log(1 — ¢*) = log 2 + log sin(kr/m) +
(k/m —1/2)mi.
Proof. Also omitted. Deal with it. O

Ok now let’s compute.

1

%Zm Nog(1 - ¢+ = -2 S STIog(1 - ¢ )
k=1 k€ (Z/mZ)*

- fw > XHlos(1 - ¢
/mZ)*
7X(71r)nﬁ(X) Z x(k) <logsm km + %)

_ —71(xX)m Zke(Z/mZ) x(k)logsin(km/m) for even yx
miT (X)m ™2 Y e e@/mzyx X(k)k for odd x

Note that for odd x we have
m
> x(kk= = > x(k)
ke(Z/miZ)* x(2) - kE(Z/mZ)* k<m/2

with x(2) = 0 if m is even. Therefore



Theorem 2.26. Let x be a primitive character modulo m > 3, then

o —1/2 )Zke(Z/mZ)X»k<m/2 x(k) log sin(kﬂ-/m)‘ for even x

L) = vet@/mz)
7T|2_X(2)| m ‘ZkE(Z/mZ)X,k<m/2 X(k)‘ fO?” OddX

Let K = Q(vd) with d # 0,1 square-free. Let m = |dg|, then K C
Q(¢m). We now know that p = L(x, 1) where x is the unique nontrivial Dirichlet
character modulo m corresponding to a character of Gal(K/Q). For p f m, we
have

1 if p splits
x(p) =

—1 if p inert
This is a primitive character modulo m, which is even if d > 0 and odd if d < 0.
Theorem 2.27. In the quadratic case sketched above, we have for d > 0,

1
K™ loge

k
x (k) log sin =
ke(Z/mZ)* k<m/2 m

where € is the fundamental unit; and for d <0 and d # —1, -3,

> x(k)

ke(Z/mZ)* k<m/2

1

)

Example 2.4. Let d = —2, then hx = (1/2)|x(1) + x(3)| = 1.

3 Density

3.1 Dirichlet Density
Let K be a number field.

Definition 3.1. Let S be a set of prime ideals. The Dirichlet density of S is

— lim ZpeSN(p)is
d(5) = lim, >, N~

provided that it exists.

This provides a way to measure the ratio of the set of primes in S to the set
of all primes.

Lemma 3.1. (i) d(P) =1 where P is the set of all primes of K.

(i) If S C T and d(S),d(T') both exist, then d(S) < d(T).

(ii2) If d(S) exists, then 0 < d(S) < 1.

(iv) If S, T are disjoint and d(S),d(T) both exist, then d(SUT) = d(S)+d(T).
(v) If S is finite, then d(S) = 0.

(vi) If d(S) exists and S, T differ by finitely many elements, then d(T) = d(S).

Proof. Exercise. O
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For o > 1, we have seen that (x(s) = Hp(l—N(p)’S)’l. Taking logarithms,
we get

logCK ZZ nN 719 :Z
p

p n=1

= 1
R 2 NG

n=2
The second term is analytic at s = 1.

Definition 3.2. Let f, g be functions defined for o > 1. We write f(s) ~ g(s)
if f(s) — g(s) has a finite limit as s — 17.

So log (ke (s) ~ >, N(p)~*. Since (k(s) has a simple pole at s = 1, we can
write >, N(p)~° ~ log(1/(s — 1)). This allows us to write
N —S8
d(S) = lim M
s—1+ log(1/(s — 1))

Definition 3.3. A prime p of K has degree 1 if its residue class degree is 1.
Equivalently, N(p) is prime.

Lemma 3.2. Let S be the set of degree 1 primes, then d(S) =
In particular, S is infinite.

Proof.

1
logCK(S)NZN(p)S Z (p +Z

P pes p§£S

For p ¢ S, N(p) = pf > p? where (p) = pNZ. There are at most [K : Q] primes
of K lying above any prime of Q, so

> oy SO

p¢S P

which is bounded as s — 17T. O

3.2 Frobenius Density Theorem

We will prove the Frobenius density theorem and use it to prove Theorem [1.11
Suppose L/K is a Galois extension. Write G = Gal(L/K).

Definition 3.4. Let 0 € G an element of order n. The division of ¢ is the set
of all elements of G which are conjugate to ¢ for some m coprime to n.

Lemma 3.3. Let o € G and write H = (o). The number t =t, of elements in
the division of o is t = ¢(n)[G : Ng(H)].

Recall that for any finite group G and any g € G, the number of elements
in the conjugacy class of g equals [G : Cz(g)].
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Proof. For ged(m,n) = 1, we have Cg(o) = Cg(c™). So o™ has [G : Cg(g)]
conjugates. As m ranges over all integers between 1 and n relatively prime to
n, we count ¢(n)[G : Cg(o)] conjugates. They are not all distinct: In fact,
an element is counted ¢ times if it is conjugate to g distinct powers ¢, m €
(Z/nZ)*. But the number of distinct powers of o conjugate to o is exactly the
number of distinct automorphisms of H induced by conjugation by elements of
G. This is just [Ng(H) : Cg(0)]. So we conclude the proof. O

Theorem 3.4 (Frobenius Density Theorem). Fiz o € G. Let S = S, be the set
of primes in K such that there is a prime B of L lying above it with (L/K,)
living in the division of o. Then d(S,) = t,/#G =t,/[L : K].

Before proving this, let’s first use it to establish Theorem [1.11] We can in
fact do something slightly more general.

Theorem 3.5. Suppose L/K is abelian and m is a modulus of K divisible by
every ramified prime of K. Then @y : Ix(m) — Gal(L/K) is surjective.

Proof. Let o € Gal(L/K). Since Gal(L/K) is abelian, the division of o is simply
the set of generators for (o).

By the preceding theorem, one can find infinitely many primes 8 in L such that
(L/K,B) generates (o). Choose one of them such that its underlying prime in
K is not contained in m. Then ®,,() = ¢’ is a generator of (o), so o is also in
the image of ®,. O

Lemma 3.6. Let S be any set of primes in K whose density exists, then d(S) =
d(S N {degree 1 primes}).

Proof. We have 3¢ gogree 1 V() ™% ~ 0 by the proof of Lemma O

Proof of Theorem[3.J} Induction on the order n of o. Suppose first that n = 1.
Then S, is the set of primes that split completely in L. Let S be the set
of primes in L lying above some prime in S,. Each prime p in S has exactly
[L : K] = #G primes in Sy, above it, and any such prime has norm p. So we
have

S Npg®) ™= > Nijo(WNeyx(B) ™ = (#G) Y Ngsolp)™'

PeSL PeSL pPES,

Let St be the set of primes of L with degree 1 over Q. Then Si C Sy, and so
d(Sr) = 1. So we arrive at (#G) X, cs. Ngg(p)~t ~ —log(s—1) and therefore
d(Sy) = (#G)~".

For general n, we do the following: For each divisor d of n, we write ¢4 for the
number of elements in the division of o¢. Write S; = S, 4, in particular S; = S,,.
By the induction hypothesis, d(Sy) = tq/#G for all d > 1.

Write E = L¥. The primes p of K with at least one degree 1 prime in E lying
above it are exactly those lying under a prime B of L with (L/K, ) conjugate
to some power of o, i.e. those living in Sy for some divisor d | n.

Next let Sg be the primes of F having inertia degree 1 over K. For each p € Sy,
let n(p) be the number of primes in Sg lying above p. So p € Sy is the norm of
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exactly n(p) distinct primes in Sg. Since Sg contains all degree 1 primes of F
over Q, we have d(Sg) =1. So

—log(s — 1) Z Ni/o(Ne/k(BE)) Z Z ne)

PBreSE d|n p€Sa p)

Galois theory tells us that, for any prime p € Sy, n(p) is the number of distinct
cosets Hry such that Hrijo¢ = Hr;, or equivalently, TiO'dTZ-_l € H. But H is
cyclic, so in fact 7; € Ng((c?)). Hence n(p) = [Ng({c?)) : H].

By the induction hypothesis, we obtain

0 N~ e Y Wl )

G
pES; d|n,d#1 #

But tq = ¢(n/d)[G : Ng({c?))], so this is in fact

-1+ Z %(b(%) log(s — 1) = 7—&- Zqﬁ log(s — 1)

d|n,d#1 e|n
¢(n)
=21 -1
o log(s —1)
Therefore
—¢(n)
N(p —————log(s —1 lo s—1
> Vo) ) e D = #G g(s — 1)
peEST
which is what we wanted. O

Corollary 3.7. Suppose G = Gal(L/K) is cyclic of order n, and let d | n.
Write Sy for the set of prime ideals in Ok having exactly d primes lying above
it in Or. Then Sq has Dirichlet density ¢(n/d)/n. In particular, there are
infinitely many primes in K which are inert in L.

Proof. We are allowed to ignore the primes which ramify in L since there are
only finitely many of them. A prime p of O has d factors in L if and only if
o = (L/K,p) has order n/d. The number of element in G with order n/d is
¢(n/d) since G is cyclic. By Theorem[3.4] d(Sq) = ¢(n/d)/#G = ¢(n/d)/n. O

Theorem 3.8. Let K be a number field with a modulus m. Let H be a congru-
ence subgroup for m. Let S be the set of prime ideals in H. If S has a Dirichlet
density, then this density is at most 1/[Ix(m) : H].

Remark. We are not going to prove this due to time constraints, but the tech-
nique is basically to look at characters of the group Ix(m)/H.

Theorem 3.9 (First Fundamental Inequality of Class Field Theory). Let L/K
be a Galois extension of number fields and suppose m is a modulus of K. Let
L = I;,(m) be the subgroup of I1, generated by all primes B of L with PN Ok €
Ik (m). Then

Ik (m) : Npjw (I (m)) Pk (m)] < [L: K]
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Proof. Let H = Ny, /i (I (m)) Pk (m). With finitely many exceptions, the primes
of K split completely in L are in Ny, x(Ix(m)). The density of this set is
1/[L : K] by Theorem So we are done by the preceding theorem. O

Remark. The other direction is known as the second fundamental inequality.

3.3 Chebotarev Density Theorem
We can refine Theorem to get something stronger.

Theorem 3.10 (Chebotarev). Let L/K be Galois and G = Gal(L/K). Fix
o € G and suppose o has ¢ many conjugates in G. Then the set of primes p of
K unramified in L with (L/K,p) = o has density ¢/|L : K].

Remark. We don’t need L/K to be abelian. In the non-abelian case, we write
(L/K,p) to denote the conjugacy class of (L/K,B) for any P | p.

Corollary 3.11. Let L/K be abelian and suppose m is a modulus of K divisible
by all primes of K that ramify in L. For o € G, the set S of primes ptm such
that (L/K,p) = o has density d(S) = 1/[L : K|. In particular, S is infinite.

Remark. One can also use this to show Theorem [[.11]

Proposition 3.12. For any Galois extension L/K, there are infinitely many
primes of K that split completely in L.

Proof. Apply Theorem to 1 € G. The primes p < Ok such that (L/K,p) =
1 has density 1/[L : K]. And (L/K,p) =1 iff p splits completely in L. O

In fact, the primes that split completely in L characterises the extension
L/K completely.

Definition 3.5. Suppose S,T are two sets, we write SCT if S C T U X for
some finite set ¥. We write S=T if SCT and T C S.

Given any finite extension L/ K, we denote by S,k the set of primes p < O
that split completely in L.

Theorem 3.13. Suppose L, M are finite extensions of K, then:

(i) If M is Galois over K, then L C M iff Sy C Sy )k -

(i) If L is Galois over K, then L C M iff SM/KCSL/K, where SM/K 18 the
set of primes in K unramified in M such that fy), =1 for some B | pOps.

Proof. We first show (ii). The “only if” part is left as exercise. For the “if”
part, let N be a Galois extension of K containing both L and M. To show
L C M, it suffices to prove that Gal(N/M) C Gal(N/L).

For 0 € Gal(N/M), let’s show that |y, is the identity. By Theorem we
can find a prime p of K unramified in N such that (N/K,B) = o for some
B < Op lying above p.

We claim p € SM/K. Indeed, let P = PN Oyps. Then for any a € Oy we have
a=o(a)=aN® (mod Pyy), where the first congruence is due to o being the
identity on M. Consequently, Opr /B = Ok /p. Hence foy, |, = 1.

By Theorem one of these choices for p lives in S/ x. Hence 1 = (L/K,p) =
(N/K,‘I;)L =0|L-
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Let’s now show (i). Let L’ be the Galois closure of L over K, then L C M iff
L' C M. Also, a prime splits completely in L if and only if it splits completely
in L'. As M is Galois over K, Sy;/x = Sy/k, so we are done by (ii). O

Corollary 3.14. Let L and M be Galois extensions of K. Then:
(ii) L = M iff Sk =Sk -

Theorem 3.15. Let L/K be abelian and let m be a modulus divisible by fr K
then ker @y, C T,/ (M) = NL/K(IL(m))PK(m)'

Proof. Since fr,x | m, we know that Pg(m) C ker®y, C Ix(m). For any
a € Ix(m), the corresponding (L/K,a) only depends on the class of a modulo
Py (m). By Theorem for any o € Gal(Ky/K) there are infinitely many
primes p in O such that (K, /K,p) = 0. So we can always choose p such that
it does not divide m.

Since Ik (m)/Pg(m) = Gal(Kn/K), every a € Ix(m) is equivalent to a prime p
modulo Pk (m).

Suppose p is a prime of O residing in ker ®,,,. Then (L/K,p) = 1, in particular
p splits completely with inertia degrees 1.

For any fB ‘ p, we have NL/K% =p,s0pc NL/K(IL(m)) C TL/K(m) L]

4 Ideles and Adeles

4.1 Restricted Product Topology

Before you ask, idele is an abbreviation of “ideal element” and adele an abbre-
viation of “additive idele”.

Let K be a number field. Recall that any absolute value on K is equivalent
to either | - |, for some (finite) prime p < Ok, or | - |, for some embedding
K — R,C (“infinite primes”).

Let p be a prime of K, finite or infinite. Let K, be the completion of K at p
(i.e. with respect to | - |,). This is either a p-adic field for some prime p, R, or
C.

For a non-Archimedean valued field F, the valuation ring of F'is Op = {x € F':
|#| < 1}. This is an open subring of F' whose units are Oy = {z € F' : |z| = 1},
and mp = Op \ O is the unique maximal ideal of Op.

The idea of ideles is to study a number field K using local fields associated to it.
It is certainly useful, then, to embed K in these K, simultaneously. But Hp K,
is not exactly nice topologically (it’s not locally compact, for example). So we
need to adjust it somehow, by introducing the restricted product topology.

Definition 4.1. Let {X;};cr be a family of topological spaces indexed by some
i € I. Let {U;}ier of open sets U; C X;. The restricted product of {X;};cr
with respect to {U,}ier is

[T, U3) = {(2:) : 2 € Ui for all but finitely many i € I} C [ X;

with a basis for its topology given by [], Vi for V; C X; open for all i € I and
V; = U; for all but finitely many ¢ € I.
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This is in general not the same as the subspace topology this inherits from
the product topology. It has more open sets that that.
When U; = X, the restricted product is just the product.

Proposition 4.1. Let {X;}ier be a family of locally compact topological spaces
and U; C X; is a family of open subsets, all but finitely many of which are
compact. Then [[(X;,U;) is locally compact.

Proof. Allegedly this is not a topology course. O

4.2 The Ring of Adeles and the Group of Ideles

Definition 4.2. An adele of K is a family o = () of elements with o, € K,
where p runs through all primes of K, finite or infinite, and o, is integral in K
for all but finitely many p.

The ring of adeles A of K is the topological ring

Ag = {(ap) € HKp ap € Ok, for all but finitely many p} = H(vaoKp)
S 11

where, if p is infinite, we set O, = K.

This is a subset of Hp K, but not a topological subspace since we are putting
on A the restricted product topology.
Notationally, for o € A, we write o, for its projection to K. A is made into
a ring by componentwise addition and multiplication.

Example 4.1. Let K = Q. Then

Ag=R x ¢ (ap) € H Qyp : o € Zy, for almost all p

p prime

= U RXHprHZp

S finite set of primes peS p¢S
as rings.
Proposition 4.2. Ak is locally compact and Hausdorff.

Proof. We know it’s locally compact from Proposition It is Hausdorff since
Hp K, is Hausdorff and Ag has even more open sets than the subspace topology.
O

Definition 4.3. Let S be a finite set of primes in S. The ring of S-adeles is

AK,S:HK}JXHOKFCAK
peS p¢S

So Ag is the union of all Ak g.

The canonical embeddings K — K, induces a canonical embedding K — Ag
(since every element of K lives in O, for all but finitely many p). Its image is
known as the subring of principal adéles.

We want to set the group of ideles in K to be the unit group Ax C Ag. As a
subspace of Ak, this is not a topological group, so we put a different topology on
it by giving it the restricted product topology by identifying it as [J(K,, Op).
Now it is a topological group.
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Definition 4.4. The group Ix of ideles is the topological group H(K,,X7(’)§)
under componentwise multiplication.

Proposition 4.3. I is locally compact and Hausdorff.
Proof. Mutatis mutandis. O

We similarly have an embedding K> — I . Elements of its image are called
principal ideles.

Definition 4.5. For any finite set S of primes, the group of S-ideles is the
subgroup
HK,S: 1_[](13< X HOIX(F‘ Clg
peS pésS

So I is the union of all Ik g.

4.3 The Idele Class Group
Let K be a number field.

Definition 4.6. The idele class group Ck of K is the quotient I /K>, where
K> is viewed as the subgroup of Ix consisting of principal idéles.

We have a surjective homomorphism Iy — Ix sending each idele « to

(a) — H p”p(ap)

p finite prime

This is continuous for the discrete topology on Ik, and its kernel Ix s where
Seo is the set of infinite primes in K.

Note that Ix g K™ is the preimage of Px under this map, so we obtain a
surjective homomomrphism Cx — CI(K) with kernel Ix g K* and

Proposition 4.4. Ix/(Ix s K*) = Cl(K).

Sadly (or not), Ck is usually infinite. However, since C1(K) is finite, we can
enlarge S to a set S which contains enough primes to obtain I = Iy g K *.

Proposition 4.5. For a sufficiently large (finite) set S of primes in K, we have
I =1k sK*.

Proof. Let ay,...,a; be integral ideals representing the classes of I /Pk. Let
P1,...,Pn be all their prime factors. Then just take S to be any set of primes
containing all the infinite primes and all these p;.

To see such an S works, consider the isomorphism Ix /Ix s, = Ix. For a € Ik,
the corresponding ideal (a) belong to a; Pk for some i, i.e. (a) = a;(a) for some
principal ideal (a). Then the idele o/ = aa™! is mapped to the ideal a;.

Since the primes occuring in a; are in S, we have vy(aj,) = 0 for all p ¢ S,
ie. o €lgs. Soa el gK*. O

Proposition 4.6. K* is a discrete subgroup of I .

Recall the product formula: For any o € K*, we have [, |af, = 1.
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Proof. 1t suffices to show that the identity 1 € K* C Ix has a neighbourhood
containing no other elements of K*. We take the neighbourhood to be U =
{a €Ik : |ap|p, = 1 for finite p, |op, — 1], < 1 for infinite p}.

Suppose x € U\ {1} is a principal idele, then 1 = ][, [z —1|, <[], guite [z—1[ <
[ 1, fnite max{|ay|p, 1} = 1, contradiction. O

Corollary 4.7. K* C Ik is a closed subgroup, and the quotient topology on
Cxk is Hausdorff and locally compact.

Definition 4.7. The idéle norm of « € Ik is the real number |a| = N(a) =
HP |ap|p. This defines a homomorphism I — Ry. We write 1% for its kernel,
which contains K* by the product formula. So we get a map N : Cx — Ry.
Write CY; for its kernel.

Proposition 4.8. C% is compact.

Proof. Omitted (meh). O

As we do with all the statement we don’t prove, we are gonna dig so deep
into its applications and make you wonder why the hell didn’t we prove it.
Anyways,

Definition 4.8. Let S be a finite set of primes. The ring of S-integers is the
subring Og s ={r € K:Vp ¢ S,z € Ok, }.

Now suppose S contains all infinite primes.

Corollary 4.9. The group O ¢ of S-units is a finitely generated abelian group
of rank #S — 1.

When S = S, we recover the usual Dirichlet unit theorem.

Sketch of proof. Consider the map As : Ix = [[,cg R, o= (log|ag|p)pes Using
the product formula, one can show that As(Ox 5) C H = {(ap)pes : Dpes p =

0}. Due to the compactness of C%, ker A\g N O g is finite and As(Of g) is a
lattice on the hyperplane H. O

For each p, consider the homomorphism n, : K;° — Ix with

1 ifq#p

(mp (@))g = {x el

Write ny, for the same map but now with target Ck.
Proposition 4.10. Cx = C% x R,.

Proof. Tt suffices to show that the group extension

1 9. Crx Y5 Ry 0

has a splitting, i.e. a section Ry — Cx of N.

Choose an infinite prime p and consider the embedding 7, : Ky — Ck. As p is
infinite, K} contains a copy of Ry.

If p is real, then the restriction of n, to Ry just works. If p is complex, then
N (fip(z)) = 22 for any = € Ry, so z — 7, (/) is a splitting. O
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Corollary 4.11. Cl(K) is finite.

Proof. We have a surjective map Ix — Ix which, as one can show, is also
surjective as a map I% — Ir. This is continuous for the discrete topology on
Ig.

As K* gets mapped into Pk, C1(K) is the continuous image of C%, which is
compact. Hence it is finite since it is also discrete. O

4.4 Ideles and Moduli

For a finite prime p, the units over p are le(p. For an infinite prime p, let’s
be reminded that its group of units is just le(p = K, since we have decreed
Ok, = K.
Write

OIX(F p finite, 7, =0

14 pme p finite, 7, > 0

Uy’ = {R* =K preal,r, =0
Ry C Ky preal,rp =1
C* = K, p complex

We often abbreviate Ug =U,.

For a, € K, , we write ay = 1 (mod p™) if oy € U,”. This is the ordinary
congruence condition if p is finite and r, > 0. If p is finite but r, = 0, this means
that ap, € O . If p is real and r, = 1, then this is the positivity condition
ap > 0. For other values of p, this imposes no restrictions.

For any modulus m = [], p™ of K and idele a € Ik, we write « =1 (mod m)
if ap =1 (mod p™) for all p.

Definition 4.9. Ix(m) ={a €Ix :a =1 (mod m)}.
Then Ix(m) =[], Uy* C Ik (as sets). If m = 1, then Ix(1) =g s .

Definition 4.10. Ck(m) = Ix(m)K*/K* C Ck is the congruence subgroup
modulo m of Ck. Ck/Ck(m) is called the ray class group modulo m.

We will show that in fact Cx/Ck(m) & Ix(m)/Pr(m). When m = 1, this
is clear: CK/OK(I) = (]IK/KX)/(H}QSOOKX/KX) = HK/HK,SOOKX = Cl(K)

Proposition 4.12. The closed subgroups of finite index of Ck are precisely
those containing Ci (m) for some modulus m.

Proof. Note first that Cx (m) is open in C since it is the image of I (m) under
the quotient map, and Ix(m) = Hp U,:" is open in Ix. Now, we claim that
Ck (m) also has finite index. This would imply that Ckx (m) is a closed subgroup
of finite index, since Ck is a topological group. It also follows that any subgroup
containing C'kx (m) is closed of finite index, since any such subgroup is a union
of cosets of Ck(m).

Let’s show the claim. Note first that Ix(m) C Ix s . We have seen that
[Ck : 1k g K*/K*] =[Ck : Cx(1)] = # Cl(K) is finite. So it suffices to show
the finiteness of [Ix s K*/K* : Cx(m)] = [Iks K* : Ix(m)K*]. This of
course is at most

Ixs. :Iem)]= [T Wo:U1 T (5505

p finite p infinite
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which is finite.

Now suppose N C Cf is any closed subgroup with finite index. Then N is
also open. Thus the preimage J of IV in [ is open and therefore it contains a
subgroup of the form W = [, s Wy x [[,¢5 Uy where S'is a finite set of primes
containing all infinite primes, and W, is an open neighbourhood of 1 € pr.

If p € S is finite, W, can be chosen to be U,” for some r, since {Uy }r form a
fundamental system of neighbourhoods of 1 € K. If p € S is infinite, then the
open set W, generates K, or Ry if p is real. Hence the subgroup of J generated
by W has the form I (m) for some m, therefore N contains I (m)K>/K*. O

4.5 Ideéles meet Field Extensions

We study the behaviour of ideles (and idele classes) when we pass through a
finite extension L/K oif number fields.

If p is a prime of K and B is a prime of L lying above it, we write B | p.
We can embed I into Iy, by identifying each o € Iy with o/ = (aj;) where
oz{n = ap € K, C Ly whenever B | p. From now on, we regard I as a subgroup
of Iy,. Note that a = (ag) € I, belongs to I if and only if:

(i) ap € K, whenever ‘B | p.

(ii) For any 91,2 lying above the same prime p, we have agp, = ag,.

Now suppose L/K is Galois with Gal(L/K) = G. Then I is a G-module.
Indeed, any o € G induces a canonical isomorphism o : L,-193 — Lgs, so G
acts on [ via (ca)y = o(a,-195). Let If = {a € I, : oa = a} be its group of
invariants.

Proposition 4.13. 1¢ = I.

Proof. For o € G, the induced map o : Ly — L is in fact a Kp-isomorphism,
where p lies under B. So any « € Ik is fixed by the G-action.

Conversely, suppose « € I, is a G-invariant. Then ca,-193 = asp for all prime B
of L and all 0 € G. Recall that the decomposition group Dy can be identified
with Gal(Ly/K,). For any o € Dy, we have 07" = P by definition. As
asg = oasg for o € D)y, we see that agp € K.

Knowing this, suppose o € G is any element, then asp = a5—13. But (G Y P
is the set of all primes above p, so we conclude a € I. O

Now back to the case where L/K is just any finite extension.
Proposition 4.14. If L/K is a finite extension, then L* N1 = K*.

In other words, any idele of K which becomes principal in L is itself principal.
This behaviour is of course different from ideals.

Proof. The inclusion K* C L* NIk is immediate. Let Q be the Galois closure
of L/K. Then Ix C I C Ig. Take any a € Q* NIk, then G = Gal(Q/K) fixes
a,and so o € K*. So L* NIg Cc Q* Nl C K*. O

Consequently, we obtain an injection Cx = I /K* < I /L* = C. We
view Ck from now on as a subgroup of Cr. Then [a] € O, lies in Ck if and
only if it contains some « € Ig.

Now if L/K is a Galois extension, then Cp, is a G-module by setting g[a] = [ga].

Proposition 4.15. C¢ = Ck.
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Proof. Something something Galois cohomology. O

Next, we define a norm homomorphism I, — Ik (for any finite L/K) using
local norm maps.

Definition 4.11. For B | p, Ly is a (finite-dimensional) K,-vector space. For
any x € L, its norm is Ny, sk, = det(mult,) where mult, : Ly — L is the
Kp-linear map induced by multiplication by z.

Definition 4.12. For any idele of L, its norm Ny g () € I is defined by
Nisk(a)p = Ilqp Noy/x, (op).

Proposition 4.16. (i) For any finite extensions M/L/K, Ny x = Np/k ©
NM/L'

(ii) For o € I, Np g (cr) = oKl

(iii) The norm of a principal idéle x € L™ is its usual norm Np, i (z).

Proof. Immediate. O

4.6 Statements of Class Field Theory via Ideles

Theorem 4.17 (Artin Reciprocity Law). For any Galois extension L/K, we
have a canonical isomorphism rr, Gal(L/K)2> — Ck/Np/xkCr. The inverse
map to rp,x yields a surjective homomorphism (—, L/K) : Cx — Gal(L/K)*
(whose kernel is Np;xCL) is known as the (global) norm-residue symbol.

We can also of course view this as a homomorphism Iz — Gal(L/K)?".

Remark. This statement is now compatible with what you must have seen in
local class field theory.

Theorem 4.18 (Existence Theorem). Let K be a number field. Then the map
L— Ny = N1 kCL is a one-to-one correspondence between finite abelian ex-
tensions L/K and closed subgroups of finite index in Cx. Moreover, L1 C Lo
iff No, D Ni,, and we have the identities Ny, = Np, " Ni,, Nioinp, =
N, NNi,, and Gal(L/K) 2 Ck /NL.

L is known as the class field of Np,.

The key part of this is that the norm groups are precisely closed subgroups
of finite index in Ck, which are the same as subgroups containings Cx (m) for
some modulus m of K.

Definition 4.13. The class field K (m) for the congruence subgroup Cx (m) is
known as the ray class field of m.

So in particular Gal(K(m)/K) = Cg/Ck(m). Note that if m | m’ then
K(m) C K(m').

Corollary 4.19. FEvery abelian extension LK is contained in a ray class field.

Definition 4.14. We say a subgroup N < Ck is a norm group if N = Np, =
Np,kCr, for some Galois extension L/K.

Each norm group is in fact the norm group of an abelian extension.
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Theorem 4.20. Let L/K be Galois and let L*® be the mazimal abelian exten-
sion of K contained in L. Then Ny, = Npab.

Proof. The inclusion K C L* C L gives the inclusion Nj.» O Np. By Theo-
rem we have Cx /N7 = Gal(L/K)*® = Gal(L**/K) = Cg /Npa». Since
everything’s finite, we conclude N7, = Npab. O

Corollary 4.21. For any Galois L/K, [Ck : Ni] divides [L : K| with equality
iff L/K is abelian.

Proposition 4.22. The norm groups N, are precisely the closed subgroups of
Ck with finite indez.

Sketch of proof. By Theorem N7 has finite index in Cx. We also have
Cik 2 0% xTk,C, 2 C? xT', where Ry 2 T'x =I';, C CL by Proposition
@ and its proof. Then N = N /xCp = NL/KCg X NpkTk = NL/KCg X
TS = Ny 9 x T

Since Ny, : Cp — Ck is continuous, NL/KCQ is compact hence closed. On
the other hand, I'g is also closed in Cg, so N, is closed.

The other direction is omitted. O]

Remark. One can reduce Theorem [.1§] to this proposition, since each closed
subgroup of finite index is now the norm group of an abelian extension by

Theorem (.20

The idele class group can be used to decompose prime ideals in abelian
extensions.

Theorem 4.23 (Decomposition Law). Let L/K be an abelian extension of
degree n and p an unramified prime of K. Let m € K, be a uniformiser. Let
np(m) € Ck be the idéle class represented by the idéle ny(w) = (1,...,1,m,1,...)
and let f be the smallest number such that i, (7)Y € Np. Then the prime ideals
p factors in L into r =n/ [ distinct prime ideals of degree f.

This is limited to unramified primes, but we can also use the norm group to
detect whether a (general) prime ramifies as follows:

Theorem 4.24. Let L/K be an abelian extension of degree n and p a prime of
K, then:

(i) p is unramified in L iff Uy C Np.

(ii) p splits completely in L iff K,' C Np.

4.7 Comparison with the Ideal-Theoretic Version

Let’s finally show Ix(m)/Pg(m) = Ck/Ck(m). Recall the approximation the-
orem:

Theorem 4.25. Let K be a number field and | - |1,...,| - |n pairwise non-
equivalent norms on K. Let Bq,..., B, be any nonzero element of K. Then for
any € > 0, there exists a € K such that o — B;|; < € for each j =1,...,n.

Note that if p is a real infinite prime (with embedding o), then | — 8], < €
means that o(a/3) > 0 (for small enough e).
If p is finite, then |o — B], < € means that « = B (mod p™) for suitably large
M.
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Proposition 4.26. There is an isomorphism of groups (—),, : Cx/Ck(m) —

Before we prove this, recall that we have a map (—) : Ix — Ig,a —
L1, finite pU» (@) Note also the isomorphism Cg /Cx(m) = Ix(m)/(Ix (m)K>).

Proof. Write m =[], p™.

For each idele class [a] € Ix(m)/(Ix(m)K*), let’s show that o can be chosen
in 1™ = {a €lg:Vptm,a, =1}

By Theorem [4.25] there exists € K* such that apz = 1 (mod p™). So
ax = o' where a;, = 1 for p | m and a;, = ap for p f m, and where 8, = o,z
for p | m and 8, =1 for p { m.

So o/ € '™ and f € Ig(m).

We then have

Cr/Cx(m) 2 g /(I (m)K*) 2 T (m) K /(Ix (m)K*)
= T /(Tx (m) K ) NTM)

The homomorphism I™ — T (m)/Pg(m) sending o to («) (mod P (m)) is
surjective and has kernel (I (m)K*) NI so we are done. O

Proposition 4.27. Let L/K be an abelian extension. Then the restriction of
(=)m to Ny xCr/Ck(m) gives an isomorphism (=), : Np/xCr/Cx(m) —
Npyx(IL(m))Pg(m)/ P (m).

Proof. Let H<Lm> ={a el : VP | m,ap = 1}. By the proof of the preceding
proposiiton, Iy, = H<Lm>HL (m)L* and therefore

Np/kCr  Npjglp K> (Npglp(m))lg (m) K>

CK(m) o HK(m)KX - HK(m)KX

Now the isomorphism (—) associate to the class of a € Hg@ the class of the

ideal (o). The elements of N 1/kCL/CKk(m) are the classes represented by the

) in ]I?(w. In particular, they are mapped precisely onto the

norm ideles Ny, K]I(Lm
classes of the norm ideals Ny, /g (m) in Ix(m). Hence (—),, gives the desired

isomorphism. O

(=), gives a surjective homomorphism (—)m : Cx — Ix(m)/Pg(m) with
kernel Ck (m). It’s perhaps enlightening to describe this: Let p be a prime of K
and m € K, a uniformiser. Let ny(7w) = (1,...,1,7,1,...), then ([ny(m)])m =P
(mod Pg(m)) since (ny(m)) = p.

Theorem 4.28. Let L/K be an abelian extension and let m be a modulus of K
such that f(L/K) | m. Let Tp ik (m) = Np k(I (m))Px(m) be the Takagi group.
Then we have a commutative diagram

(77L/K)

o e

I —— T g(m) —— IK(m)/PK(m)(TKl)GaI(L/K) — 1

with exact rows, where the vertical arrows are surjective.
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Proof. We need only to show commutativity. Consider the diagram of isomor-
phisms:

Cx/Cr(m) &) GalL/K)

-] H

I (m)/Prc(m) (W)Gal(L/K)
Let p be a prime of K and let 7 € K, be a uniformiser. Then ([n,(7)]),, = p.
We will see later (when discussing local class field theory) that ([n, ()], L/K) =
(L/K,p). So this diagram commutes. The rest follows. O

4.8 Compatibility with Local Class Field Theory

The goal of local class field theory is, of course, to classify finite abelian exten-
sions of a local field K and their Galois groups.

Let K be a local field. We write K*°P for a fixed separable closure of K and
K?b the maximal abelian extension of K in K®P.

Theorem 4.29 (Local Artin Reciprocity). Let K be a (non-Archimedean)
local field. Then there is a unique continuous homomorphism Ok : K* —
Gal(K?P/K) with the property that, for each finite extension L/K in K", the
homomorphism 0r/x : K* — Gal(L/K) given by composing 0 with the sur-
jection Gal(K?"/K) — Gal(L/K) satisfies:

(i) For unramified L/ K, 01,k (7) = Froby i where 7 is a uniformiser of K.
(ii) In general, 01k is always surjective with kernel Ny jp(L*).

Here, (when L/K is unramified) Froby,x is the unique preimage of the
Frobenius of the residue field extension.

Definition 4.15. 0,k is also called the local Artin map, or local norm-residue
symbol. We sometimes write 0, = (—, L/K).

Remark. By contrast to the global theory, 6k deals with all (abelian) field
extensions at once, and the isomorphism we get is beween the Galois group and
quotients of K.

Definition 4.16. A norm group of a local field K is a subgroup of the form
Np/k(L*) < K* for some L/K finite abelian.

Corollary 4.30. The map L — Ny, (L*) is an inclusion-reversing bijection
between the set of finite abelian extensions L/K and norm groups of K. And
every norm group of K has finite index in K*.

In fact, norm groups are exactly the open subgroups of finite index in K*.

Theorem 4.31 (Existence Theorem). Let K be a local field and H any open
subgroup of K* of finite index. There is a unique estension L/K in K with
Np/g(L*)=H.

Next, let L/K be a Galois extension of number fields. Pick any prime p of
K. Then we can embed the local Galois group Gal(Lsy/K,) into Gal(L/K) for
any P above p.
We have a injection 7, : K;° — Ck sending any a, € K, to the class of the
idele (1,...,1,ap,1,...). The compatibility between the local and global class
field theories can then be stated as follows:
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Proposition 4.32. If L/K is an abelian extension and p is a prime of K lying
below a prime P of L. Then the diagram

K 2 Gal (LK)

"~ |

O T, GalL/K)

commutes.

Corollary 4.33. Let L/K be an abelian extension of number fields and o € I

Then
(avL/K) - H(apv Lm/KP)
p
for any choices of P | p. For a principal idéle a € K*, this reduces to the
“product formula” [],(a, Ly /Ky) = 1.

In particular, if p is unramified in L and 7 is an uniformiser of K, then
(np(m),L/K) = (7, Ly/K,) = Frobr, ,k, = (L/K,p), again for any ‘B | p.
This finishes the proof of Theorem 4.28
There also exists a notion of a local conductor f(Lg /K, ), which is not so mean-
ingful but their product equals the global conductor.
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