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1 Analytic and Meromorphic Functions

We have seen previously that there can be some multivalued functions in C
carries important meanings. Most important examples being log and %/-. What
do we really mean by these multivalued functions? When we evaluate them, we



always have to choose a branch cut, but it does not capture the relationship
between different branch cuts. We shall try to find a way to characterise these
functions in a proper way that realises their properties as they deserve.

1.1 Analytic Functions and their Zeros
Definition 1.1. A domain is an open, connected subset D C C.
Example 1.1. Open disks, annuli, punctured disks are domains.

Definition 1.2. Let D C C be a domain. A function f : D — C is holomorphic
or analytic if either it is C-differentiable everywhere on D or it has a local Taylor
series around every point in D.

We know the two criteria above are equivalent from discussions back in IB
Complex Analysis.

Proposition 1.1. Let f : D — C be an analytic functions on a domain. If
f(z0) =0, then either f is identically zero or nowhere zero on a punctured disk
centering at 2g.

Proof. Obvious and already discussed in Complex Analysis, but let’s do it again.
Consider the Taylor series of f in a neighbourhood U of zy. So for z € U we
have

F(2) =) anlz = 20)"

n=0
If f is not identically zero, then we can choose minimal m such that a,, # 0, so
f(z) = (2 — 20)™g(z) where

o0
9(z) = E am+n (2 — 20)" # 0
n=0
is nonzero at zg, hence is nowhere zero in a punctured disk around zy in U C D

by continuity. f is then nowhere zero in the same punctured disk. O

Corollary 1.2 (Identity Principle). Let f,g be analytic functions defined on a
domain D C C. If the subspace {z € D|f(z) = g(z)} is not discrete, then f =g
on D.

Proof. Immediate. O

1.2 Meromorphic Functions and Singularities

Definition 1.3. A function f defined on a punctured disk around z is said to
have a isolated singularity at zg.

Proposition 1.3. If an analytic function f has an isolated singularity at zg,
then f has a Laurent series

on a punctured disk around zg.



Proof. Complex Analysis. O

Definition 1.4. If a,, = 0 for n < 0, then zj is said to be a removable singularity

of f.
If a, =0 for n < —m < 0 and a_,, # 0, then we say zg is a pole of order m.
Otherwise, we say zg is an essential singularity.

Theorem 1.4. If f is bounded near zy, then zg has to be a removable singularity.
Proof. Complex Analysis. O

Theorem 1.5 (Casorati-Weierstrass). zg is an essential singularity iff f(U) is
dense in C for any punctured neighbourhood of zg.

Proof. Complex Analysis. O

Definition 1.5. If a holomorphic function f: D\ A — C for some domain D
and discrete A has poles at the points of A, then f is said to be meromorphic.

Example 1.2. The function f(z) = 1/(e’/* — 1) is meromorphic where one
takes D to be the open upper half-plane and A = {1/(2win) : n € N}. In
particular, the poles are all simple (i.e. of order 1).

Note that the function can be extended to the whole of C except at the discrete
set {1/(2min) : n € Z\ {0}} U {0}, which contains 0 as an essential singularity
and others as simple poles.

1.3 Analytic Continuation

Definition 1.6. A function element F' = (f,U) on a domain D consists of a
subdomain U C D and an analytic function f: U — C.

Lemma 1.6 (Direct Analytic Continuation). Let (f,U),(g,V) are function
elements such that UNV # @ and f =g on UNV, then f determines g.

Proof. Identity Principle. O
We write (f,U) ~ (g, V) for direct analytic continuation.

Definition 1.7. Analytic continuation is a sequence of iteration of direct an-
alytic continuations that get from one function element to another. We write
(f,U) = (g,V) in this case.

Remark. ~ is an equivalence relation.

Definition 1.8. A ~-equivalence class F of function elements on a domain D
is called a complete analytic function on D.

1.4 The Complex Logarithm

Let C, = C\ {0}. We want to invert the exponential function exp : C — C,,
but exp is not injective on C. We used to see log as a multivalued function to
deal with this problem, but in fact, we can see it as a complete analytic function
on C,.

Indeed, for (o, 8) C R with |a — 8| < 27, we can define

Ula,p) = {reie\r >0,a <0< B}, fap(2) =logr+i0,r = |z],0 € (a, §)



Then Fio.5) = (f(a,8): Ula,p)) is a collection of function elements. Let I(n) =
((n—1)m/2,(n+ 1)n/2) for n € Z.

Proposition 1.7. Fj,) ~ Fiem iff Im —n| < 1.

Proof. Just do a case analysis based on m —n mod 4. O

Corollary 1.8. Fy(,) = Fi(,) for any m,n € Z.

Proof. Immediate. O
So this characterises a complete analytic function that is the complex loga-

rithm.

Remark. We know that f7(o)(1) = 0 but fr(4)(1) = 2, so analytic continuation
in this way is not unique. But we have “pasted” them together to make it a
complete analytic function.

Definition 1.9. Let v : [0,1] — D be a path. We say (f,U) =, (g,V) if
there is some 0 =ty < t1 < --- < t, = 1 and function elements (f = fo,U =

Uo), (f1,U1)s---,(9 = fn+1,V = Upy1) such that (fi,Ui) ~ (fit1,Uiy1) for
i=0,...,n and y(¢;) € U; NU;;1. This is called analytic continuation along a

path.

Analytic continuation along a path has the desired uniqueness property. This
fact is known as the Classical Monodromy Theorem.

2 Natural Boundary; A Gluing Construction;
Roots

2.1 Natural Boundary

Sometimes it is not really possible to do analytic continuation.
Write D = D(0,1) and T = 9D = S*. Consider a power series f(z) = > a,z"
with radius of convergence 1.

Definition 2.1. We say 2o € T is regular (for f) if there is a neighbourhood U
of zp such that there exists a function element (g,U) with f|y~p = glvnp. We
say a point is singular if it is not regular.

It follows directly that the set of regular points is open in T, so the set of
singular points has to be closed. There are something to beware of, as illustrated
in the example below.

Example 2.1. Consider f(z) = 12 = >,502". We know that the set of
singular point is just {1}. However, the power series evaluated at —1 does not
converge. So a regular point needs not guarantee that the power series converge

there.
Example 2.2. Consider the power series
z
g(Z) - Z n(n o 1)
n>2

Then the series converges at z = 1, but 1 is not regular for g as it is singular
for f=g".



The moral of these examples is whether or not a point is regular does not
relate directly to whether or not the power series converges there.

Proposition 2.1. If a power series f(z) = 3, <o an2™ has radius of conver-
gence 1, then some point of T is singular.

Proof. T is compact. O

Definition 2.2. We say T is the natural boundary of f if every point of T is
singular.

Remark. This definition can be extended to other simple curves in C, in the
obvious way, although it’s not particularly beneficial to do so.

Example 2.3. Consider the series f(2) =3_ -, z™'. We shall show that T is

its natural boundary. It suffices to show any point in the form w = €27%/4 s
singular, where p,q € Z,q # 0. Indeed for any r € (0, 1),

qg—1
f(rw) — Z Tn!wn! + Z rn!
n=0

nzq

The first term is clearly bounded whereas the second term diverges since given
any M > 0 we have ZM+q r™ — M +1 as r — oo, which means

n=q

M+q

irn! > Z Tn! > M
n=gq n=q

for r sufficiently close to 1.
Therefore f(rw) — oo as r — 1, so w has to be singular.

2.2 A Gluing Construction

In previous parts, we saw that we can make log is a complete analytic function.
But we are not entirely satisfied, as it is just a bunch of function elements related
together, instead of a genuine function. We shall construct a space as a “bigger
domain” R at which we can realise log as a geniune function.

The idea is to consider the function elements we defined earlier and glue them

(()gether. 'V\/e deﬁne
nez

where 21 € Uy and 2z € Uj(y) have 21 ~ 29 iff 21 = 23 as elements of C and
J1om)(21) = fr(n)(22). We give R the quotient topology. One can imagine R as
an “infinite multi-storey carpark” that spirals up and down.

Remark. Since Fr(y,) =~ Fy,) for allm,n € Z, it follows that R is path-connected
by following the sequence of direct analytic continuations.

Then, with this construction, we can extend all the f7(,) on the Uy, to a
global function f: R — C by f([z]) = fr(n)(2) for z € Up(y).

Proposition 2.2. f is well-defined.



Proof. Follows directly from our definition of the equivalence relation ~. O

Similarly, the natural inclusions Uj,) < C, can be extended to a global
function 7 : R — C, with 7([z]) = z. One can also easily verify that 7 is well-
defined. There is a very nice relationship between f, 7 and the usual exponential
map. Indeed, expof = 7, which basically tells us f has basically everything we
want from log.

We can use these global functions together. Define ®([z]) = (7 ([#]), f([2])), then
® is injective by definition of ~. Therefore R is Hausdorff as C? is.

Remark. ® indeed identifies R with the graph {(w,z) € C? : w = exp(z)}. So
we can view R alteratively as “flipping” the graph of exp.

2.3 Complex Roots

Consider the k' power map p : z + zF. We can “invert” it by {/z =
exp(k~1log z). This multi-valued function can be analysed analogously to how
we analyse log. Take I(n) = ((n — 1)7/2,(n + 1)7/2) as usual and Uj(,) as
before equipped with the same fr,) : Ure,) — C we did for log. Then consider
grn)(2) = exp(k’lff(n)(z)) and the function elements G,y = (91(n), Ur(n))-
Now Gy only depends on n mod k, so WLOG we can think of n € Z/kZ.
Everything else is similar to what we did before, and we can get G,y ~ Gr(m)
iff n —m =0,4£1 (mod k). Furthermore, a similar gluing construction defines
a path-connected Hausdorff space R and maps

Ry i) C,
N
Cs
So g gives what we want from the k** root.

3 Riemann Surfaces; Analytic Maps

3.1 Covering Maps

In previous sections, we have seen the way of realising the complex logarithm
as an actual (single-valued) function by constructing f,7 : R — C satisfying
expof = .

R—MC

AN

Here, 7 is not exactly a homeomorphism, but it is the next best thing.

Definition 3.1. Let X, X be path-connected Hausdorff topological spaces. A
covering map 7 : X — X is a local homeomorphism. That is, each # € X has
an open neighbourhood U such that 7| is a homeomorphism onto its image.



Definition 3.2. A covering map 7 : X — X is regular if for each z € X there is
an open neighbourhood U of z and a discrete set A, such that 7=1(U) 2 U x A,
and the diagram

N U) —— U x A,

\ l(u,é)}—)u
U

In particular, 7|1y must has image U. A useful and non-confusing way
of taking U x A, is to think of it as a disjoint union of copies of U.

commutes.

Example 3.1. 1. The map 7 : R — C we defined when treating log is a regular
convering map as

7 (Ury) = H Urtm) 2 Urn) X Z

m=n_(mod 4)
2. For each open interval I C R, write
Vi=R+il={z+iy:2cR,yel}

As long as the length of I is at most 27, the exponential function restricts to a
homeomorphism V; — U; with the obvious inverse obtained by taking a branch
of log. So

exp ! (Usny) = H Viem) EUrmy X 2

m=n(mod 4)

which means exp : C — C, is a covering map.
3. (non-example) Consider 7 : D — C which is obviously a covering map and
z € T with a neighbourhood U > z, then 771 (U) = U ND. But then the image
of 7|ynp is never U, so 7 is not regular.
4. The map 7 : Ry — C, we constructed for ¥/ is also regular.

3.2 Abstract Riemann Surfaces

As we have seen previously, when we wanted to treat stuff like log and {/-
formally as functions, the most useful way is to obtain a bigger domain that has
some topological and analytical characteristics of C. We want to do complex
analysis on these “bigger domains” which seem to have better properties than
just C. This motivated the study of Riemann surfaces.

Definition 3.3. Let R be a topological space. A chart on R is a pair (¢,U)
where U is an open subset of R and ¢ : U — D is a homeomorphism to an open
subset of C. A set of charts A is an atlas on R if:

1.
U v=r

(p,U)eA
2. For (¢1,U1), (¢2,Us) € A with Uy NUy # &,

$1 06yt = (¢1lvaws) © (B2lv,aw,) ™!
is analytic on ¢o(U; N Us).



This composition ¢ o ¢35 1is called a transition function.

Remark. As (¢1 0 ¢2_1)_1 =¢go0 gbl_l, the transition function is biholomorphic.

Example 3.2. Take R = C.

1. A consisting of an open cover of R paired with the obvious identity maps is
an atlas.

2. A’ consisting of an open cover of R paired with z — z + 1 is also an atlas.
3. AU A is also an atlas!

This example motivated an extended definition that ask the atlas to include
as much information as possible about the analytic structure of R.

Definition 3.4. A conformal structure on R is an atlas A on R which is max-
imal in the sense that if a chart (¢, V) on R has the property that for any
(p,U) € A with UNV # @, the transition function ¢ o ¢)~! is analytic, then
(¥, V) € A

We can define Riemann surface now.

Definition 3.5. A Riemann surface is a pair (R, .A) where R is a path-connected
Hausdorff topological space and A is a conformal structure on R.

By abuse of notation, we often just write R to denote a Riemann surface
when the conformal structure it is equipped with is understood.

Lemma 3.1. Every atlas A is contained in a unique conformal structure A.

Proof. Make the obvious choice of A which consists of all charts (¥,V) on R
such that 1 o ¢! is analytic for every (¢, U) € A. This is necessarily maximal.
To see it is an atlas, take (¢1, V1), (¥2,V2) € A and arbitrary p € Vi N Va. As
A is an atlas, there is (¢, U) € A such that p € U, so

Yroyt=rog ) o(poyyt)

It then follows that owgl is analytic at 12(p). This works for any p € V1 NVs,
SO 1 0y Lig analytic in ¥9(Vy N Va). Therefore A is an atlas. Uniqueness is
obvious. O

Therefore, we can identify a conformal structure on a Riemann surface just
by an atlas defined on it. Also for any atlas on a Riemann surface, we can
extend it to a conformal structure.

Example 3.3. The atlas A consisting of an open cover equipped with identity
maps extends to a unique conformal structure A on C that makes it a Riemann
surface.

But this is not the only conformal structure we can define on C.

Example 3.4. The atlas A consisting of an open cover with the conjugate map
is an atlas, but is quite obviously not contained in A as in above. This Riemann
surface with this alternative conformal structure is denoted by C.

Definition 3.6. The conformal structure in Example|3.3|is called the canonical
conformal structure on C.



When we simply talk about C as a Riemann surface, we shall always refer
to the one equipped with the canonical conformal structure.

Example 3.5. If R is a Riemann surface with conformal structure A and S C R
is open, then

{(Plsnu, UNS)|(¢,U) € A}

is an atlas on S. In particular, any domain D C C (like C,) can be made a
Riemann surface in this way.

Example 3.6 (Riemann Sphere). By stereographic projection, we have Co, =
CU{oo} 2 52, Let A= {(id, C), (¢, U)} where U = C, U {oc} with ¢(z) = 1/z.
The transition function is z — 1/z on C, which is analytic, so A is indeed an
atlas.

3.3 Analytic Maps

Definition 3.7. Let R and S be Riemann surfaces. A continuous map f: R —
S is analytic or holomorphic if for any chart (¢,U) on R and (¢, V') on S, the
map v o f o ¢! is analytic on ¢(U N f~1(V)).

Lemma 3.2. A continuous map f: R — S of Riemann surfaces is analytic iff
for each p € R, there is a chart ¢,,U, on R with p € U, and a chart (1p, Vp)
on V with f(p) € Vp, such that ¢y, o f o ¢! is analytic on ¢,(Up N f~1(V,))

The key point of the proof is basically that the function we want to be
analytic can be written as a composition of local analytic functions composed
with transition maps.

Proof. The “only if” direction is immediate. For the “if” direction, given charts
(¢,U) on R and (¢, V) on S, it suffices to show that ¢ o f o ¢~ ! is analytic
at ¢(p) for any p € U N f~1(V). We know from hypothesis that there is some
charts (¢, Up) on R and (¢, V,) on S with p € Uy, f(p) € V,, and ¢, 0 f o ¢!
is analytic on ¢,(U N f~1(V)), hence in particular at ¢,(p). Hence

Yofos™l =(Woy,)o(pofos, ) o(spos™)
is analytic at ¢(p). O
Lemma 3.3. If f: R— S and g: S — T are analytic, soisgo f: R—T.
Proof. Simple corollary of Lemma |3.2 O

Definition 3.8. A conformal equivalence or biholomorphism is an analytic
bijection of Riemann surfaces with analytic inverse.

It is an equivalence relation by Lemma [3.3

Example 3.7. The map f : C — C with z — Z is a conformal equivalence.

10



4 Examples of Conformal Structures; Analytic
Functions

4.1 Covering Maps and Analyticity

Lemma 4.1. If 7 : R — R is a covering map where R is a Riemann surface,
then there is a unique conformal structure on R such that w is analytic.

Proof. We construct an atlas on R as follows: For p € R, as 7 is a covering
map, there is an open neighbourhood N, of p such that 7T|Np : Ny, = N,
is a homeomorphism for some neighbourhood N(p) of 7(p). Now there is a
conformal structure on R, so we can pick a chart (¢,,Up,) on R such that p €
U,. Our desired chart is then (¢,,U,) where U, = (7r|Np)_1(Np NU,) and

bp = by N,nU, © | - It is easy to see it is a chart. The collection of all charts
produced in this form is an atlas. To see this, just observe that the transition
function is

¢Po¢q_1 :¢poWow_lo¢q_1 :qﬁpoq’)q_l
(with proper restrictions to local open sets) which is analytic as we got ¢y, ¢4
from another atlas. So it extends to a conformal structure A on R.
We shall show that 7 is analytic in this choice of conformal structure. Let p € R
and choose chart (¢,,U,) in R around 7(p) and chart (¢,,U,) in R constructed
from (¢, Up) in the above way. Then with proper restrictions,

-1 -1 -1
gpomodyl = dpomor ot =ide

which is analytic. We are then done by Lemma (3.2

To see the uniqueness of this conformal structure, let B be any conformal struc-
ture on R such that 7 is analytic. Let p € R, (¢,V) € B a chart around
p and (¢p,Up,) a chart around f(p). But then locally the transition function

¢potp™t = ¢, omorp! is analytic. So by maximality B = A. O

Example 4.1. Consider the Riemann surface R associated with log, equipped
with f, 7 be as usual. As 7 is a covering map, there is a unique way to make R
a Riemann surface by the preceding lemma with 7 : R — C, analytic. Further-
more, locally flu, ., = fin) o7, so f is analytic as well.

Furthermore, we know that there is a homeomorphism [,y @ Uy — f/[(n)
(where Vi =R+il ) having exp ‘VI(U) as inverse. Then f;(i) agree wherever
their domains intersect, so we can piece them together to give a conformal
equivalence between R and C.

Example 4.2. Similar case happened with Ry and {/-. Again 7 induces a
unique conformal structure on Ry that makes it and g analytic. By the same
argument as above, we get g is a conformal equivalence.

Actually, we can even do better with this example. Note that the singulari-
ties in 0 and oo are removable by identifying p5(0) = #(0) = §(0) = 0 and
Pr(00) = 7(00) = g(oo) = oo (where g, pr, T are our notation for g, px, 7 with

11



this extended domain and codomain). This gives

Rk :RkU{0,00} 451) Cso
\ lﬁ’“
Coo

which is pretty nice except now 7 is not a covering map anymore.

4.2 Analytic Functions

Definition 4.1. An analytic function on a Riemann surface R is an analytic
map R — C.

We can put analytic functions into a nice form by our study of this structure
of Riemann surfaces.

Theorem 4.2 (Inverse Function Theorem). Let f be an analytic function on a
domain S C C. If f'(20) # 0 for zo € D, then there are open neighbourhoods U
of zo and V' of f(z0) such that f restricts to a biholomorphism U — V.

Proof. Omitted. O

Proposition 4.3. Let f be a non-constant analytic function on a Riemann
surface R and p € R be a zero of f. There is a chart (¢,U) about p with
#(p) = 0 such that f o ¢~ 1(z) = 2™ for some integer m > 0.

Proof. Let (¥, V) be a chart with ¢(p) = 0 as adding a constant does not
change anything. f is not globally constant, so it is not locally constant by
the identity principle for Riemann surfaces (example sheet). Therefore there is
some m > 0 and analytic g defined in a neighbourhood W C 4 (V') of 0 such
that fovy~1(2) = 2™g(z) with g(0) # 0.

Since g is continuous, there is ¢ > 0 such that D(0,6) C W and ¢(D(0,4)) C
D(g(0),]g(0)]) does not contain 0. Choose an analytic branch cut of %/- on
g(D(0,6)). Define h(z) = z - 7/g(z) on D(0,6), then fo=1(2) = (h(z))™.
Differentiating h gives h'(0) = 7/g(0) # 0, so h has an analytic inverse on
D(0,¢) for some 0 < € < 6. Then ¢ = hot and U = ¢~ (D(0,¢)) gives the
required chart as

fod Tl (z) = foyT ohTHz) = (M(h'(2)))" = 2™

which is what we wanted. O

5 Complex Tori; the Open Mapping Theorem

5.1 Complex Tori

So far, we only know one compact Riemann surface, namely the Riemann sphere
Cs- One can also picture a torus being compact and can admit a conformal
structure. We shall formalise such constructions.

Let 71,70 € C, such that they are linearly independent over R. Let A be the
additive subgroup generated by 7,72 which is a lattice. We then define the

12



torus as the quotient group 7' = C/A equipped with the quotient topology. T'
is compact since T' =2 S* x S'. We can study this topology via the fundamental
parallelogram P with vertices 0,7y, 72, 71 + To-

The quotient map 7 : C — T = C/A is a regular covering map. To see this,
take 0 < e < min{|A| : A € A\ {0}}/2 which one can verify is well-defined. Then

7N (m(D(20,€))) = | J (D(20,€) + A) = [[(D(20,€) + A) = D(z0,€) x A
AEA AEA

by our choice of e. The subspace topology on A C C is discrete. So 7 is indeed
a regular covering map.

Now, we use 7 to construct an atlas on 7. For p = 2+ A € T, let U =
m(D(z0,€)) for € > 0 as before and (¢,U) is a chart where ¢ = (7| p(z,,e)) "
This works since 7 is a regular covering map. Now for any other chart con-
structed in this way, say (¢, V) = (7| p(s,,¢)) "' 7(D(21,€))), UNV is nonempty
iff there is some A € A (necessarily unique because of the bound on €) such that
|zo0 — (21 + A)| < 2e. The transition function here is just z — z + A which is
analytic. So this indeed gives an atlas.

This extends to a conformal structure on 7' that makes it a Riemann surface. It
is easy to see that all of these tori are homeomorphic as they are all homeomor-
phic to S* x S*. But (as will be proven in example sheets) there are infinitely
many conformal equivalence classes among these tori.

5.2 The Open Mapping Theorem

We want to study complex analytic functions f : R — C where R is a Riemann
surface. The case where R is compact is especially interesting as we can greatly
constrain them using the open mapping theorem.

Theorem 5.1. Any non-constant, analytic map of Riemann surfaces f : R — S
1S an open map.

Proof. The identity principle for Riemann surfaces shows that f is not constant
in any open subset. Let W C R be open and p € W. Pick charts (¢,U)
containing p and (¢, V') containing f(p), then by the open mapping theorem on
complex plane, ¥ o f(UNW N f~1(V)) is an open neighbourhood of 1 o f(p)
in p(f(W)NV),so F(UNWN f~1(V)) is an open neighbourhood of f(p) in
V). O

Corollary 5.2. Let f : R — S be a non-constant, analytic map of Riemann
surfaces. If R is compact, then f is surjective and S is also compact.

Proof. By Theorem f(R) is open. f(R) is compact as R is, hence f(R)
is also closed as S is Hausdorff. But S is path-connected hence connected,
therefore S = f(R) and hence is compact. O

Corollary 5.3. Fvery analytic function on a compact Riemann surface is con-
stant.

Proof. C is not compact. O
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5.3 Harmonic Functions

By the open mapping theorem, a non-constant function u : D — R where D is
a domain cannot be analytic. However, it can be harmonic

Definition 5.1. Let D C C be a domain. A smooth function v : D — R is
harmonic if

P Pu
0x? 0 oy?
Lemma 5.4. Consider a disk D C C, a function u : D — R is harmonic iff
u = Re(f) for an analytic f on D.

Vu 0

Proof. The “if” direction is trivial by the Cauchy-Riemann Equations. The
“only if” direction is exercise. O

Definition 5.2. Let R be a Riemann surface. A function v — R is harmonic
if for any chart (¢, U) on R the composition

wogp t:U =R
is harmonic.

Lemma 5.5. A real function u on R is harmonic iff for any p € R there exists
one chart (¢,U) on R such that wo ¢~ is harmonic.

Proof. The “only if” direction is trivial. For the “if” direction, we know from
Lemma that for any p € R, there is a chart (¢,U) with p € U such that
uo ¢~ = Re f for some analytic f on a disk contained in ¢(U). Hence for any
chart (1, V) and any p € V, let (¢,U) be as above,

uwop ™t =(uog ) o(poyt) =Re(fo(poyp))
is harmonic near p. Hence u is harmonic. O

Proposition 5.6 (Identity Principle for Harmonic Functions). Let u,v be har-
monic functions on a Riemann surface R. Then the set {p € R : u(p) = v(p)}
s either R or discrete.

Proof. Exercise. O

Theorem 5.7 (Open Mapping Theorem for Harmonic Functions). Any non-
constant harmonic function u on a Riemann surface R is an open map.

Proof. Let W C R be open and p € W. For small enough U > p that is
contained in W there is a chart ¢ : U — C and analytic f such that uo¢™! =
Re f. The theorem then follows from the identity principle and open mapping
theorem for analytic functions. O

Corollary 5.8. If R is a compact Riemann surface, all harmonic functions on
R are constant.

14



6 Meromorphic Functions; A Worked Example

6.1 Meromorphic Functions

Recall that the only analytic maps from a compact Riemann surface to C are
constants since C is not compact. Therefore, it is more useful to consider a
bigger and compact range, i.e. the Riemann sphere C.

Definition 6.1. A meromorphic function on a Riemann surface R is an analytic
map f: R — C, that is not constantly cc.

Before we do anything else, let’s first perform a sanity check.

Proposition 6.1. Let D C C be a domain. A function f : D — Cy is
meromorphic if and only if there is a discrete subset A C D such that f|p\a
has image in C, is analytic, and has a pole at each a € A.

Proof. Quite obvious honestly, but we are gonna go though it. For the “only
if” direction, let A = f~1({occ}), then f obviously restricts analytically to C on
D\ A. Tt remains to show that each a € A is a pole. Working in the standard
atlas on Co, and pick that chart about co. We see that (f(2))~! = (2 —a)™g(2)
in a neighbourhood of a where m > 1 and g is analytic with g(a) # 0. Then
f(z) = (2 —a)"™/g(z) on a possibly even smaller domain on which g does not
vanish. This shows immediately that a is a pole.

For the “if” direction, f is obviously analytic on D \ A. At each a € A, we
know that f(z) = (z — a)"™h(z) on a neighbourhood of a with h(0) # 0.
Restricting to an even smaller domain where h does not have any root, then
1/f(z) = (z —a)™/h(z), so f is analytic at each a € A as well by checking the
standard atlas. O

6.2 A Worked Example

We have already constructed Riemann surfaces associated to the multi-valued
functions log and {/-. Here we will treat another function in this way, namely
w = V23 — z. One possible approach to do it is to give a conformal structure
on the graph {(w,z) € C? : w? = 23 — z}. This approach will not be discussed
here since we are going to do it on example sheet.

We will use our old idea of “gluing” again. As with log, we need to consider
some function elements. Start with f(z) = 23 — 2 = 2(2 + 1)(z — 1). We know
that /- has branches locally near any point but 0 which corresponds to the
roots 0, =1 of f.

Let D = C\ ([-1,0] U [1,00)). We want to construct function elements g on
D such that g(2)? = f(z). Fix any z9 € D and let g(z9) = wp for a chosen

wd = f(20). Now set
9(x) = g(z0) exp @/ ];/((8 dC)

for any choice v of path from zj to z. To see the choice of the path « does not
intervene the value of g, consider a loop . By the argument principle,

L[
3mi 7f<(<>)d<— 2. mlrz) = >, ()

z; zeros of f pj poles of f
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where n denote the winding number. In this particular case, this evaluates to
n(vy,0) + n(y,—1) + n(y,1). In example sheet, we have shown that n(y,1) =0
and n(y,—1) = n(v,0), hence this integral is an even integer, therefore

L [ f(Q) ) _

o (3 [ F5 %) =1
This means g is well-defined. It is fairly standard to show that ¢ is continuous
since f'/f is continuous wherever relevant. It is also pretty clear that g is
analytic, since we can choose a local branch such that /- is analytic and g(z) =
v/ f(2). Now the choice of wy gives two branches g;,g_ of g, so we get the
function elements (g4, Dy), (9—, D_) where Dy and D_ are both copies of D.
Obviously, on the Riemann sphere D is just the sphere removed two closed
segments. This is homeomorphic to the cylinder S' x R. So we want to figure
out a way to glue this two cylinders corresonding to D, D_ together along the
branch cuts to make it the surface we wanted. For zp € (—1,0) U (1,00), we
have

lim g, (2) = lim g_(2), lim+ g+(z) = lim g_(2)

— + —
ZA)ZO Z*}ZO ZA)ZO Z*}ZU

where z — 2§ denotes the limit of approaching zy from the upper half-plane
and z — 2, is approaching from the lower half-plane. This immediately tell us
that we want to glue them together at the corresponding boundaries where the
upper half-plane from one side is glued to the lower half-plane from the other
side and leave 0,+1,00 alone. This gives our Riemann surface R (with the
obvious conformal structure) which is a torus with 4 points removed. We see
this via our geometrical intuition. We will later see a computational technique
to identify these surfaces.

Like in previous examples, we get some analytic functions with nice properties.
g+ defines an analytic map g : R — C and the inclusion Dy < C\ 0, +1 gives a
covering map (also analytic) 7 : R — C. Also, locally (hence globally) we have

9(p)? = fom(p) = n(p)® — n(p).

7 The Theory of Covering Spaces

Definition 7.1. Suppose 7 : X — X is a covering map and 7 : [0,1] = X is a
path. A lift of v along 7 is a path 4 : [0,1] — X such that m o5 = ~.

Obviously, lifts are not usually unique.

Example 7.1. The function exp : C — C, is a covering map. Consider the
path 7 : [0,1] — C representing the unit circle, i.e. v(t) = >, then both
t — 2mit and t — 2mi + 2wit are lifts of ~.

An interesting observation is that although we exhibited two different lifts,
they do start at different points. And it is indeed a correct intuition.

Proposition 7.1 (Uniqueness of Lifts). Suppose 41,72 are both lifts of v along
a covering m: X — X. If 31(0) = A2(0) then ¥, = Y.

Proof. Consider the set

T={te[0,1]:%(t) = F2(t)}
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We shall show that it is both open and closed, which shows the proposition as
[0,1] is connected. It is obviously closed as 71,72 are continuous and [0,1]? is
Hausdorff. So it remains to show it is open. Let t € I. As 7 is a covering map,
%1 (t) = A2(t) has a neighbourhood N such that 7|y is a homeomorphism. As
~ is continuous, there is § > 0 such that v(¢t — d,¢ + ) € N. But for any s,
moA1(s) =7(s) = moFa(s). So pick any s € (t — 0,¢ + J), we have

F1(s) = (] 5) " o(s) = Fa(s)
Therefore s € I. This shows that I is open, as desired. O]
Now, even if 7 is surjective, lifts may not exist.

Example 7.2 (Counterexample). Consider X = C,, X = R + i(—,27) and
7 = exp |p, but then we cannot lift the path ¢ — ™.

But note that the 7 in the example above is not a regular covering map. In
fact, a lift does exist if 7 is regular.

Proposition 7.2 (Path-Lifting Lemma). Let 7 : XX bea reqular covering
map and 7y : [0,1] — X is a path. Suppose w(Z) = v(0), then there is a unique
lift % of v such that 4(0) = Z.

Proof. Suffices to show the existence. Let
I'={te[0,1] : ][, can be lifted to some 7 with 7(0) = &}

Again we will show that I is both open and closed.
To see I is closed, consider a sequence t,, — 7 where t,, € I for all I. We shall
show that 7 € I. As = is regular, there is some open U 3 7(7) such that

= (U) = [[ Us

6eD

for some set D. Throwing away finitely many terms we can assume (t,) € U
for any ¢, consequently 7(¢,) are all in the same Us. Set 7(7) = (7|y;) "' oy(7)
extends ¥ continuous to 7, so 7 € I.

To see I is open, let 7 € I and choose open U 3 v(7) such that

=~ 'U) =[] Us

6eD

for a set D. There is a unique 0 such that 4(7) € Us. Choose € > 0 such that
[t—7] <e = 7(t) € U. So we want to extend 7 via ¥(t) = (|y,;) "L ov(t) for
|t — 7| < €, which works. Therefore I is open, as required. O

Definition 7.2. Let X be a topological space and «, 8 : [0,1] — X paths with
a(0) = (0),a(1) = B(1). We say «a, 8 are homotopic (or @ ~ f) if there is a
family of paths (cv)sepo,1] such that:

1. ap = a,a4(l) = 6.

2. a5(0) = a(0), as(1) = a(1) for any s.

3. The map (t,s) — as(t) is continuous.
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Definition 7.3. A topological space X is simply connected if:
1. X is path-connected.
2. Every pair of paths a, 8 : [0,1] — X with the same endpoints are homotopic.

Remark. Let D C C be a convex domain, then the formula

as(t) = (1 = s)a(t) + sB(t)
gives a homotopy between any two paths «, 5 with same endpoints.
Example 7.3. C, the unit disk and half-plane are simply connected.

Theorem 7.3 (Monodromy Theorem, aka Homotopy Lifting Lemma). Let 7 :
X5 Xbea covering map and «, B in X be such that:

(i) a~p3inX. ~

(i) There exist liftings & of a and 8 of B along the covering.

(iii) Every path vy in X with v(0) = a(0) = B(0) has a lift 7 to X with 7(0) =
&(0) = 3(0).

Then & ~ (3. In particular, & ~ B
Proof. See Algebraic Topology. O

Note. The requirements (ii) and (iii) are automatically satisfied if 7 is regular.

8 The Monodromy Group; The Space of Germs

8.1 The Monodromy Group

Let 7 : X — X be a regular covering map. Pick a basepoint 2o € X. For
any choice of loop v : [0,1] — X based at o (that is v(0) = (1) = zo),
we want to defines a permutation o, : 71 ({zo}) = 7' ({z0}). If you took
Algebraic Topology, you should already know about this construction, but we’ll
do it again.

Definition 8.1. Let # € 77! ({zo}) and let 7z be the unique lift of v starting
at Z. Then 7(9z(1)) = v(1) = x¢, so 7z(1) € 71 ({z0}). Therefore we define
00 (7) = 7 (1).

Remark. 1. The constant loop corresponds to the identity permutation.

2. Let 4(t) = v(1 —t), then obviously o5 = 71';17 which precisely means that o,
is a permutation.

3. The previous two remarks hints that the set of all o, makes a subgroup of

Sym(7m~1({z0})). We want to realise this group operation in an intuitive way.
For «, 8 loops based at xg, define their concatenation to be

B = a(2t), for t € 0,1/2]
T -1, for e e [1/2,1]

which is easily seen to be a well-defined loop based at xy. The uniqueness of
lifts then implies that

(- B)z, = ag, - Bdil(l)

Therefore 0.5 = 0g0,.
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Definition 8.2. The group
{0 |7 loop based at zo} < Sym(r~'({z0}))

which is called the monodromy group of .

Remark. 1. By Theorem o ~ 3 implies 0, = 0.
2. One can easily show that the monodromy group is independent of the choice
of basepoint (with the path-connectedness assumption, of course).

Example 8.1. Recall that p; : C, — C, sending z to z* is a regular covering
map. Take basepoint 1, then 7=1({1}) consists of the k" roots of unity ¢ =
e2™n/k  Let y(t) = €*™, then for each n, Yep = ¢t Therefore o, () = ¢
But it turns out every loop in C, is homotopic to 4™ for some n € Z (Algebraic
Topology again!), therefore the monodromy group of py is indeed the cyclic
group of order k.

8.2 The Space of Germs
Let D C C a domain.

Definition 8.3. Let (f,U) and (g,V) be function elements on D. For any
zeUNV, write (f,U) =, (g,V) if f,g agree on a neighbourhood of z.

Easily =, is an equivalence relation.

Definition 8.4. Let (f,U) be a function element and z € U. The equivalence
class of (f,U) under =, is called the germ of f at z and is denoted by [f]..

So two germs [f], and [g],, are equal iff z = w and f = g on a neighbourhood
of z = w. We want to study all possible germs on a domain D.

Definition 8.5. The space of germ over D is
G ={[f]. : z € D,(f, D) a function element with z € U}

Now we defined it as a set, it is natural to endow a topology on it. For any
function element (f,U) on D, let [fly ={[f].: 2 € U}.

Lemma 8.1. The collection {[f]u} is a basis of a topology on G.

Proof. Let (f,U) and (g, V) be function elements on D. For any [h], € [f]lu N
[9]v, then h agrees with f,g on a neighbourhood W of z, therefore [h]ly C
O

[flo N [glv.

This is the topology we want.
Lemma 8.2. G is Hausdorff.

Proof. Consider elements of [f],, [g]w € G with [f]: # [g]w-

If z # w then we can choose function elements (f,U) € [f].,(g,V) € [g]w such
that U NV = @, therefore [f]y and [g]y are disjoint.

If z = w, then we can choose a connected open neighbourhood U of z such
that (f,U) € [f]. and (g,U) € [g],. Unless [f]u N [g]Ju = @, there is a germ
[h]. € [fluN[g]u. By the identity principle f|y = hly = g|u, which means that
[f]: =[], = [9]., contradiction. O
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Definition 8.6. Let G be the space of germs over a domain D. The forgetful
map 7 : G — D is defined by 7([f].) = 2.

Lemma 8.3. For each component G C G, the restriction m : G — D is a
covering map.

Proof. Take an open U C D. Then the pre-image of U has to be

m'(U) = U [flv

(f,V) function element on U

which is open. So 7 is continuous.
For each open set in the form [f]y, we have

(7lin0) "1 (2) = [f]:

which is a continuous inverse of 7|(4),,. This shows that 7 is a local homeomor-
phism, hence a covering map. O

Hence, by Lemma 7 induces a well-defined conformal structure on G
(well, on each of its connected components) such that 7 is analytic. Explicitly,
the atlas we have in mind consists of charts (][4}, ,[f]v) across all the function
elements (f,U) on D.

Definition 8.7. Let G be the space of germs on a domain D. The evaluation
map & : G — C is defined by E([f].) = f(»).

In the chart (7|(s,,, [f]v), we have

Eo(mlipy) " (2) = £([f1:) = f(2)

Therefore £ is analytic.

9 Uniqueness of Analytic Continuation; Gluing

9.1 Analytic Continuation Revisited

The space of germs contains information about the class of analytic functions
that agree on a neighbourhood of some given point. Since we have seen that the
space of germs admits a natural topological and analytical stucture, there should
be some correlation between paths in this space and the analytic continuations
along some paths in the original domain.

Theorem 9.1. Let (f,U),(g,V) be function elements on a domain D C C and
v :10,1] = D be a path starting in U and ending in V. Then (f,U) =~ (g,V)
iff v lifts to some 7 in (a component of) G joining [fly ) and [g]y)-

Proof. Suppose (f,U) =~y (g9,V), then we have (f,U) = (f1,U1) ~ --- ~
(fnsUn) = (9,V) and a dissection 0 = tg < t; < -+ < tp—1 < t,, = 1 such
that v([ti—1,t;]) C U; for all ¢ € {1,...,n}. Now define a lift 4 of v to G via
F(t) = [fily@ for t € [tiy1,t;]. It is well-defined since f;i|v,nv.,, = fir1lv.nviis
as (fi, U;) ~ (fix1,Uit1) is a direct analytic continuation. Also observe that on
[ti—1,t;] we have ¥ = (7 [fi]Ui)_l o v which is continuous. Therefore %

[ti—1,ts]
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is continuous for all i, hence it is continuous. Now for each t € [t;_1,1],
703(t) = m([fihy) = (1), 50 7 does lift 7. Fasily 5(0) = [fils (o) = [f]y(0) and
(1) = [faly) = lgly) by construction, as required.

Conversely, suppose such 4 exists, then every point 4(¢) has a neighbourhood
[ftlu, where (ft,Uy) is a function element on D and each Uy is a disk. Compact-
ness of [0, 1] means that we can choose a finite collection of function elements
(f1,U1),...,(fn,Uy) among them and a dissection 0 = tg < t] < -+ < tp_1 <
t, = 1 such that ’?([tifl,ti]) C [fz}UL Then as v is a lift of v, 7([ti,1,ti]) c U;
for any 4. Also for any 4, [fi—1]y¢,_,) = V(ti—1) = [filyt,_.), therefore f;_; and
fi agrees on a neighbourhood of y(¢;—1) € U;—1 NU;. But since U;_1,U; are
disks, U;_1 NU; is connected and hence f;_1 = f; on U;_1 N U; by the identity
principle. Therefore it indeed gives the desired analytic continuation. O

Corollary 9.2. Let F be a complete analytic function on a domain D C C,
then

is a path component of G.

Therefore complete analytic functions on a domain D C C are equivalent to
Riemann surfaces equipped with covering maps defined by the restriction of the
forgetful map.

Definition 9.1. The component Gz is the Riemann surface associated to F.

9.2 The Classical Monodromy Theorem

Theorem 9.3 (Classical Monodromy Theorem). Let D C C be a domain.
Suppose (f,U) is a function element in D that can be analytically continued
along any path in D starting in U. If (f,U) =~ (g1,V) and (f,U) =z (92, V)
and >~ B in D, then g1 = g2 on V.

Therefore analytically continuing along a path only depends on the homo-
topy class of the path of continuation.

Proof. Let &, be the lifts of o, 3 to G such that &(0) = [fla) = 5(0). As

o ~ B, we have & ~ ( by Theorem [7.3] Hence (1) = £(1), which means
[91]ay = [92]5(1), 50 91,92 coincides on some neighbourhood of a(1) = (1),
which implies g1 = g2 on V by the identity principle. O

Corollary 9.4. Let D be a simply connected domain and (f,U) a function
element on D. If (f,U) can be analytically continued along every path in D
starting in U, then (f,U) extends to an analytic function f: D — C.

Proof. Immediate. O
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9.3 Gluing Riemann Surfaces

When we were studying the k*" roots, we constructed a Riemann surface Ry
equipped with analytic 7, g such that

R, —— C,
K lpk
Cs

commutes. We also observed that this diagram can be compactified by resolving
the removable singularities

Ry —2 Co
™l
Coo

How do we do this in general? The answer is via gluing.

Definition 9.2. Let X,Y be topological spaces and with subspaces X' C
X, Y’ € Y and a homeomorphism ® : X’ — Y’. The result of gluing X,Y
along @ is the topological space Z = (X UY')/ ~ where ~ is the minimal equiv-
alence relation such that © ~ ®(x) for all x € X’. It is sometimes denoted by
X Ug Y or X Uy Y if the homeomorphism & is understood.

We need to understand how gluing gives rise to a new Riemann surface in
the case where X,Y are Riemann surfaces.

Proposition 9.5. Let Ry, Ry be Riemann surfaces and S; € R; nonempty,
connected and open subsets. Suppose ® : S — S is a conformal equvalence
of Riemann surfaces, then there is a unique conformal stucture on R = Ry Ug
Ry such that the inclusions i; : R; — R are analytic. In particular, if R is
Hausdorff, then it is a Riemann surface.

Proof. Consider the family of charts (¢; o i;l, i;(U;)) where (¢;,U;) is a chart
on R;. The transition functions are then either transition functions of R; or
pao0iyt 0oij 0yt = ¢y o ®opy ! which is analytic as ® is. This induces a
conformal structure on R.

For uniqueness, suppose (¢;,U;) is a chart on R; and (¢, V) is a chart in another
conformal stucture on R such that the condition holds, then 1oi; qu;l is analytic
since 4; is. This means that ¢; o i;l has analytic transition function with all
charts. We are done byb maximality.

It is quite obvious that R is connected. So if we assume further that R is
Hausdorff, then R is a Riemann surface. O

Example 9.1 (Non-example). Take Ry = Ry = C, 51 = 53 = C,, then R =
C Uiqc, C is not Hausdorff.

Example 9.2. Let Ry = R, = Cand S = S, = C, and let & : C, — C,
be the inversion z + 1/z. Then R = C Ug C is obviously Hausdorff hence is a
Riemann surface by the preceding proposition. One can also see easily that R
is compact. R is exactly the Riemann sphere C..
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10 More Gluing; Branching
10.1 A More Detailed Gluing Example

We have seen how to glue two copies of C to form the Riemann sphere C.,. We
are gonna try something more interesting: The Riemann surface R associated
with w? = 23 — 2.

We know its conformal structure and that it is homeomorphic to the torus with 4
points removed. Our aim is to compactify R by adding 4 points. From example
sheet, we know that we can extend R to the Riemann surface Ry = {(z,w) €
C:w? = 23 — 2}, so it remains to compactify R by adding the point cc.

The idea for this is to perform a change of coordinate sending co to a finite
point. Consider u = 1/z and v = z/w (the method to obtain it will be covered
in Algebraic Geometry), so z = 1/u and w = z/v = 1/uv, so the original
equation becomes u = v?(1 — u?). The set Ry = {(2,w) € C? : u = v*(1 — u?)}
is then a Riemann surface where the atlas is defined by the restriction of the
projections 7,7 to the first and second coordinate. One can do some technical
work to check that it works and 7, 7 are analytic functions under this conformal
structure.

We are going to glue Ry and Ry together to get a compact Riemann surface. The
gluing map is given by ®(z,w) = (u,v) = (1/2z,2/w) and &~ (u,v) = (z,w) =
(1/u,1/(uv)) between S; = Ry \ {(0,0), (£1,0)} and Se = Ry \ {(0,0)}. These
are conformal equivalences as the coordinate functions are holomorphic and
the atlases are defined by coordinate projection. Gluing them together gives
R = R; Ugp Ry which is connected. Before we check that it is Hausdorff, we
want to first note that 7; : Ry — Cy via (z,w) — z and 72 : Ry — C4, via
(u,v) = 1/u satisfy 71 = 7a o ®. So they define a continuous function # on
R (which is automatically meromorphlc once we can show that Ris Hausdorft
hence is a Riemann surface). Let i; : Ry — R and ia : Ry — R are the
respective inclusions, then to see R is Hausdorff, it suﬁices to seperate R\
in(Ra) = {i1(0,0),i1(£1,0)} from R\ i;(R;) = {i2(0,0)}. This can be done by
simply taking 7#71(D(0,2)) and #71(Cy \ D(0,2)).

To see R is compact, we shall prove it is sequential compact. Choose a sequence
(pn)n>0 in R. Now if we, via restricting to a subsequence, have |#(p,)| < M
for all n, then a further subsequence of 7 (p,) converges to some zy. But there
are at most two wy such that i;(zp, wo) € R, so (p,) has a further subsequence
that converges to i1(2q,wq) for one of those wy. Otherwise |#(p,)| — oo, but
Poo = 12(0,0) is the only point of R whose image under 7 is oo, therefore
Pn — Poo a8 . — 00. Either way there is a convergent subsequence, so R is
sequential compact hence compact.

In summary, we obtained a compact Riemann surface R associated with w? =
23 — 2. Just like 7 extends to a meromorphic function #, we can extend g to a
meromorphic ¢ in the same way.

10.2 Branching

As observed, when we compactify a surface, something that used to be a covering
map no longer has that property.

Example 10.1. The map p;, : C, — C, via z — 2* is a covering map, but
k: Coo = Cx is not (if k > 2).
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Definition 10.1. let f : R — S be analytic. For p € R, recall that we can find
charts that put f into a standard local form 1o fo¢~1(z) = 2" near p for some
n € Zx>o by Proposition The integer n does not depend on the choice of
charts, and is called the multiplicity m;(p) of f at p.

Most points have multiplicity 1, the remaining ones are especially interesting.

Definition 10.2. If my(p) > 1, then p is called the ramification point of f and
f(p) is called a branch point of f. In this case, ms(p) is sometimes also called
the ramification index.

Example 10.2. The map pj : Coo — Co via z = 2¥ and 0 +— 0,00 +— oo.

Then the ramification points are z = 0, 00 and the branch points are w = 0, co.
More generally, for polynomials f : Co — Coo, f(2) = agz? + -+ ag (aqg # 0)
for z # oo and f(00) = oo, changing the variable w = 1/z gives

1 1 w? J

7 - ot

agz®+---+ag  aq+ -+ agw

where g is (locally) analytic and nonzero, hence mq(f) = d.

Remark. Let f : R — C be an analytic function, p € R and (¢,U) a chart
containing p. Then

F(z) = fo¢™!(2) = (z = 20)"g(2), 20 = ¢(p)

where m = m¢(p) by definition. So F'(z) = (mg(z) + (2 — 20)¢'(2))(z — 20)™ " *.
If m =1, then F'(z) = g(20) # 0. But if m > 1, then F'(z) = mg(z0)(z0 —
29)™ ! = 0. Therefore the ramification points are exactly the zeros of F”.

Lemma 10.1. If f : R — S and g : S — T are analytic, then mgyor(p) =
my(f(p))my(p) for any p € R.

Proof. Find the respective local coordinates such that f corresponds to z +—
2™ (P) and ¢ corresponds to w — w™s(/®) then in those local coordinates
go fis z s (zmr@)Yme(fP)) = ;mg(f(P))ms(P) | The equality follows. O

11 The Valency Theorem; Euler Characteristic;
The Riemann-Hurwitz Theorem

11.1 The Valency Theorem

We want to relate the branching data of an analytic map and the topology of a
compact Riemann surface.

Theorem 11.1 (Valency Theorem). Suppose f : R — S is a non-constant
analytic map between compact Riemann surfaces R, S, then the function n :
S — N defined by

(= >  msp)
pef—1({a})

is constant on S.
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Proof. By the identity principle, f~*({q}) is finite, therefore n is well-defined.
As S is connected, it suffices to show that n is locally constant. Suppose gy € S
and f~1(qo) = {p1,-..,pr}- Let (¢, V) be a chart about go such that ¢(qo) = 0,
then there exists disjoint charts (¢1,U1), ..., (¢x, Ux) such that p; € U; and
Yo fopt(z)=2msP),

Let U = |J, U;, then U is open, so R\ U is closed subset of R, hence is compact.
Consequently, K = f(R\U) is compact and hence closed as S is Hausdorff. Set
V' =V \ K. Clearly f~Y(V') c U. Set U = U; N f~Y(V'), then f~1(V’) =
(U, U/, then in the charts (¢, U;) and (3, V’), f takes the form of power maps,
therefore n(q) = n(qo) for any q € V. O

Definition 11.1. This constant n is called the valency or degree of f, and is
denoted by deg f.

Example 11.1. If f is a polynomial, then the degree of f equals the polynomial
degree of f.

Corollary 11.2 (Fundamental Theorem of Algebra). Any nonconstant polyno-
mial of degree d has exactly d zeros in C.

Proof. Extend it analytically to Co, = Cxo. O

11.2 Euler Characteristic

Definition 11.2. Let S be a compact Riemann surface. A topological triangle
in S is a continuous embedding A < S where A is a closed (non-degenerate)
triangle in the plane R2. A triangulation of S is a finite collection of topological
triangles {A;} on S such that:

1. U, A =8S.

2. If ¢ # j then A; N Aj is either empty, a common vertex, or a common edge.
3. Each edge is contained in exactly two triangles.

Definition 11.3. The Euler characteristic of a triangulation of S is y =V —
E + F, where V is the number of vertices, E is the number of edges and F' is
the number of triangles.

Lemma 11.3. 1. Every compact Riemann surface S has a triangulation.
2. x does not depend on the triangulation we choose.

Proof. Omitted. O

Definition 11.4. The Euler characteristic x(5) of S is the Euler characteristic
of any of its triangulations.

Example 11.2. x(C) =4 —6+4 = 2 by identifying it with a regular tetrahe-
dron. x(C/A) = 0 by attempting to triangulate its representation as a quotient
space of [0, 1]%.

Turns out, every compact Riemann surface is homeomorphic to an g-torus
X, for some g. Moreover, x(X,) = 2—2g. Therefore x(S) determines a compact
Riemann surface S up to homeomorphism.
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11.3 The Riemann-Hurwitz Theorem

Theorem 11.4 (Riemann-Hurwitz). Let f : R — S be a non-constant analytic
map of compact Riemann surfaces, then

X(R) = deg(f)x(S) = > _(ms(p) — 1)

pPER

Remark. As R is compact, the sum only has finitely many nonzero terms.

Sketch of proof. Asin the proof of the valency theorem, each ¢ € S has a “power
neighborhood” U where f restricts to a union of power maps on f~1(U). By
compactness, there is a finite open cover {Uy,...,Ui} of S where each U; is
a “power neighbourhood” of f. In particular, the number of branch points
is finite. We can subdivide a triangulation on S so that we can eventually
reach a triangulation such that each triangle has at most 1 branch point. We
can further subdivide such that each branch point is a vertex. Continue to
subdivide so that each triangle is contained in some U;. Now the preimage
of this eventual triangulation forms a triangulation of R. Let n = deg f and
Vr, ERr, Fr,Vs, Eg, Fg are exactly what you think they mean. Then, intuitively,
Fr =nFg, Er = nEg while

I {a)l=n— Y (ms(p)—1)
pef~*({a})
Summing up,
Ve =nVg — Z Z (mg(p) —1) =nVs — Z(mf(l?) -1)
qeSpef-1({q}) pER

which implies the identity. O

12 Applications of Riemann-Hurwitz

12.1 Immediate Consequences

We can rearrange Riemann-Hurwitz to

29k — 2 =n(2g5 — 2) + »_(mys(p) — 1)
PER

where gg, gs are the genera of R, S respectively and n is the degree of f. We
can use it to calculate genera of Riemann surfaces.

Example 12.1. Consider the compactification R of the Riemann surface asso-
ciated with w = v/23 — 2 equipped with a meromorphic function 7 : R — Cw.
We shall calculate the genus of R by Riemann-Hurwitz. Take f = 7, then
n = deg@® = 2 by valency theorem. The branch points are 0,+1, 00 and each
of them has exactly 1 preimage (branch points like this are called “totally ram-
ified”), hence has multiplicity 2. Plugging these information into Riemann-
Hurwitz yields

291%_2:2(0_2)+4(2_1) — ngl

which is consistent with the fact that R is topologically a torus.
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Remark. The correction term 3 p(my(p) — 1) is always even. This is obvious
but quite useful from time to time. We obtained our compact Riemann surface
in the above example from gluing R = Ry Ug R>. Imagine we know nothing
about #71({o0}) C Ry and write the correction term as

32—+ Y, (ma(p)-1)=3+C,C= Y (ma(p)-1)

pER—1(c0) pETT1(00)

If oo is not a ramification point, then C' = 0, which gives an odd correction point
which is impossible. Therefore it has to be the case that co is a ramification
point (which has to be totally ramified) and C = 1. Therefore we can go directly
from there to obtain g5 = 1. Hence, when deg f = 2, then we can obtain the
branching at oo for free from this parity argument.

Remark. In the case when f is a covering map (aka unramified), then the cor-
rection term vanished, therefore gr — 1 = n(gs — 1). There are three cases:

(i) If gs = 0, then gr — 1 < 0, which means actually gr = 0,n = 1. But degree 1
maps have to be conformal equivalences, therefore R 22 .S. Also genus 0 surfaces
are simply the Riemann sphere, so f is just a M&bius transformation.

(i) If gs = 1, then necessarily gr = 1, but then n is not restricted.

(iii) If gs > 1, then either gg = gs and n = 1 (in which case f is a conformal
equivalence) or gr > gs and n > 1.

Example 12.2. Consider the family of lattices A,, = (n,i) < C for n € Z~.
Then A,, < \; for all n which induces a covering map C/A,, — C/A; which has
degree n. Therefore when gg = 1 there is truly no restriction on the degree of

7.

12.2 Higher-Genus Surfaces

We want to construct Riemann surfaces with genus n > 1.

Example 12.3. Consider the Fermat curve of degree d:
Fy={(z,y) e C*: 2’ +y’ =1}

the understanding of whose rational point, incidentally, is Fermat’s Last The-
orem. This is obviously not we are interested in here. As usual we want to
make it a Riemann surface. The coordinate projection 7, : (z,y) — « has local
inverse ;! (z) = (%o, v/1 — xd) which exists and is continuous in a neighbour-
hood of any x, unless zg is a d*® root of unity, i.e. z = ¢i for some i where
d = exp(2mi/d), which happens iff yo = 0 (where (z9,y0) € F;). Symmetrically,
7, provides charts on F}\ {(0,¢})}. These charts cover everything as the points
where 7, and 7, don’t work are distinct. The non-trivial transition functions

are my o m, ' (z) = V1 —a?,m, 0w, (y) = /1 —y? which are analytic where

they need to be. It is quite obvious that F); is Hausdorff since it inherits its
topology from C2. To see it is connected, consider

d
D=C\ (U{t(fi:tzl,ie{(),.--,d1}}>

=1

Now there are well-defined branches of y = ¥/1 — ¢ in D which can be extend
continuously to Cé' Let (xo,y0) € Fjj. Suppose zo € D, then we can choose a
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branch of y(x) = V1 — 29 such that y(zo) = yo. Let v be any path in D from
xo to 1, then F(t) = (v(t),y(y(¢))) is a path joining (xo,y0) to (1,0). As for
the d rays in F}\ D, we can also find a branch locally near that and join it to
something nearby that is in D (possible as D is dense in C). Therefore F); has
to be path-connected. Consequently it is indeed a Riemann surface.

We can compactify by gluing Fy = F; Us F/. The details can be found from
example sheet, where we also extend the covering map to a meromorphic 7, :
Fy; — Cu with deg#ty = d. Also |7, 1(00)| = d, so oc is not a ramification
point. The ramification points are then {(¢%,0),i € {0,...,d — 1}} and all of
them have multiplicity d. Riemann-Hurwitz then gives

(d—1)(d-2)
2

The conclusion is then that there does exist Riemann surfaces with arbitrar-
ily large genus.

2gpd—2=d(0—2)+d(d—].) — JFr; =

13 Rational and Periodic Functions

13.1 Rational Functions

We want to study meromorphic functions in the Riemann sphere, which are
simply the rational functions.

Proposition 13.1. FEvery meromorphic function f : Coo — Co on the Rie-
mann sphere is a rational function, i.e.

(z—a1) - (z—am)

(z—b1) (=~ ba)

fz)=c

for c,a;, b; € C.

Given an f in this form, we can assume WLOG that a; # b; for all ¢, j.
Proof. The case where f is constant is trivial. Replacing f — 1/f if necessary,
we can assume WLOG that f(oco) # co. Let by,...,b, be poles of f (there are

finitely many as the Riemann sphere is compact). Then by assumption b; # oo
for all 7. The Laurent series about b; then has the form

o0

f(z) = Z ¢z _bj)l’cfkj,j 70

I=—k;
then k; is the order of the pole. Let

-1

Qi(2) = Y cjulz—1b;)

l=—k;

be the principal part of the series and let

9(z) = f(z) = Y_Q;(2)
j=1

Then ¢ is entire and has a removable singularity at oo, hence it has to be
constant, which means f has to be rational. O
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Remark. f(oco) € C basically means m < n, and in this case we have deg f =
>_; kj = n. In general, the degree of a rational function is max{m,n}.

13.2 Simply Periodic Functions

Our next goal is to classify meromorphic functions on other Riemann surfaces.
Many Riemann surfaces we have described in the form R = D/ ~ where D
is a domain and ~ is an equivalence relation. This is useful in the sense that
functions on R are automatically periodic on D with respect to ~.

Definition 13.1. Let f : C — C4, be meromorphic, A period of f is a complex
number w € C such that f(z +w) = f(z) for all z € C.

Note that the periods of f forms a additive subgroup Q < C.

Lemma 13.2. Let ) be the set of periods of a meromorphic function f on C,
then one of the following holds:

(i) @ = {0}.

(i) Q = (w) 2 Z for w # 0.

(ii3) Q = (w1, w2) = Z? where wy,ws # 0,w; /wy & R.

(iv) Q =C.

Proof. See example sheet. O

Definition 13.2. A meromorphic function f on C whose group of periods
contains (w) 2 Z,w # 0 is called simply periodic.

Example 13.1. f(z) = expz has Q = (2mi).
Observe that exp is also a covering map. In fact,

Proposition 13.3. If f is a meromorphic function on C and the periods of
[ contains an infinite cyclic subgroup (w), then there is a unique meromorphic

function f on C, such that f(z) = f(exp(2miz/w)).

Proof. Uniqueness is trivial. For existence, we choose any branch of log and
define f(w) = f(wlog(w)/(2mi)) which does satisfy f(exp(2miz/w)) = f(z). It
remains to show that f is well-defined. Suppose we had chosen a different branch
of log, then the function we obtained instead would be f(w) = f(w((logw) +

2min) /(2mi)) for some n € Z. But this is just f(w) since nw is a period of f. O

Therefore simply periodic functions are in one-to-one correspondence to
functions on C,. This is natural since C, = C/{(w) conformally via z —
exp(2miz/w).

13.3 Doubly Periodic Functions

Definition 13.3. A meromorphic function f on C whose period contains (w;)®
{wo) = 72 is said to be doubly periodic or elliptic.

In this case, Q is a lattice A, so f depends on a meromorphic function on

C/A.

29



Proposition 13.4. If f is a meromorphic function on C and the periods of
f contain a lattice A, then there is a unique meromorphic function f on the

complex torus C/A such that f(z) = f(w(z)) where m : C — C/A is the quotient
map.

Proof. Same as Proposition [I3.3 by observing that 7, as a covering map, admits
a local analytic inverse. O

So the elliptic functions on C with A C Q corresponds to meromorphic
functions on C/A. This means that we can apply our study in compact Riemann
surfaces in doubly periodic functions.

Corollary 13.5. There is no doubly periodic analytic functions on C other than
constant maps.

Proof. Immediate. O

~ Also, since we can view a doubly periodic function f as an analytic maps
f in the compact surface C/A, we can make sense of its degree by writing

deg f = deg f.

Corollary 13.6. If f : C — C is doubly periodic and non-constant, then
deg f > 2.

Proof. If deg f = 1, then f is unramified so Riemann-Hurwitz gives 0 = 1(—2)+
0 = —2, contradiction. O]

For a lattice A = (wi,ws), we construct the period parallelogram as the
parallogram P with vertices zg, zg + w1, 20 + w2, 20 + wiws for some fixed zg € C
(usually 0). So f is determined by its value on P.

Alternative proof of Corollary[13.6. Choose z so that no zeros nor poles of f
lie on P, which is possible as C/A is compact. The residue theorem gives

1
Zpdezin Presz(f) = %/M)f(z) dz=0

by the periodicity of f. Hence either f is no pole, which means f is constant,
or f has at least two poles (counted with multiplicity), so deg f > 2. O

14 Weierstrass’ Elliptic Functions

We shall explore the definition and properties of the Weierstrass gp-functions,
also known as Weierstrass’ elliptic functions.

14.1 The Definition

We know that a non-constant elliptic function has degree at least 2. The Weier-
strass g-function on a lattice is a elliptic function that behaves like z — 272
near any lattice point.
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Definition 14.1. Let A be a lattice in C2. The associated Weierstrass ¢-
function is defined by

1
W =m =5+ > (o)
weA\{0}
We have A LOT to check.

Lemma 14.1. Let A = (w1, w2) be a lattice in C and t € R. Then the sum
v L

|wl?
weA\{0}
converges iff t > 2.

Proof. Consider the tilted square (or unit circle in £* metric) Q = {(t1,t2) €
R? : |t1] + |t2] = 1}. By compactness, the continuous function Q — R via
(t1,t2) = |t1w1 + towse| attains its maximum M and minimum m on Q. m # 0
since wy, ws needs to be linearly independent over R. So 0 < m < tjwi +tows <
M < oo for any tq,ty € Q. Consider (k,1) € Z%\ {0} and take

k ¢ l
s 02 =
||+ [1] || + 1]

Therefore m(|k| + |I]) < |kwy + lwa| < M(|k| 4 ]!]), hence the sum we wanted is
bounded by positive multiples of

1
2 (k] + 1I])*

(k,1)ez2\{0}

t =

So we only need to understand the convergence of this sum. Now for each
n € Zwo, the equation n = |k| + |I| has exactly 4n solutions of (k,1) € Z2\ {0},
therefore this sum converges iff

o0 o0 1

which converges iff ¢ > 2. O

~\:

Theorem 14.2. p, is a well-defined elliptic function with A its set of periods.
Moreover, pa is even and has degree 2.

Proof. For convergence, we shall estimate the summands.

wQwa ‘

< ‘ z ‘ 2 N \z|
T\ |z —w|  |z—w|?

Fix R > |z|. For all but finitely many w, we have |w| > 2R, so |w — z| > |w|/2 >
R. So after throwing away finitely many terms,

2 2 kN R’ (2 R \_G6R
WI\le—wl " le—wlP) 7wl \|wl/2 " WR/2)  |wl®

31

1 1

(z—w)? w?

2w—z 2w—z




So the sum converges by the preceding lemma since 3 > 2, which means g, (2)
is indeed well-defined and automatically meromorphic. It is clear that it is even.
To see it is elliptic, choose wy € A, we need to show that wq is a period of pa.
Now it is clear that wq is a period of

pa(2) = Z ﬁ

weA

So f(z) = pa(z +wp) — pa(z) has zero derivative, hence f is constant. This
means that pa(z + wp) = pa(z) + C for some constant C. But p, is even, so
setting z = —wp/2 gives C = 0 and hence wy is a period, so anything in A is
a period of pp. Also the poles of g, is exactly A, so the set of periods of g
has to be exactly A. In particular, g has a unique pole of order 2 on C/A, so
deg pa = 2 This completes the proof. O

Remark. We now know that:

(i) pa is meromorphic with set of periods A.

(ii) pa has poles only at A.

(iii) pa(z) =272 > 0 as z — 0.

Furthermore, these properties uniquely characterised g, up to a constant.

14.2 Branching Properties

pa has a unique pole in C/A of order 2. The other ramification points are at
the zeros of ). Recall that

Pa(2) = Z ﬁ

weA

which is an odd function with degree 3 and poles exactly at the lattice points.
For any w € A, we have ¢\ (w/2) = p)\ (w/2 —w) = P\ (—w/2) = —p/ (w/2) as
o is odd, so w/2 is either a zero or a pole. So in the period parallelogram P,
there are at least three zeros (up to A) namely w;/2,ws/2, (wy + w2)/2. But
deg @)\ = 3, so these are all the zeros and all of them are simple.

Remark. pp has 4 ramification points in C/A, namely 0,w1 /2, w2 /2, (w1 +w2)/2
each with multiplicity 2. So by the valency theorem, they must have distinct
images 00 = pa(0),e1 = pa(w1/2),e2 = pa(w2/2),e3 = pa((w1 + w2)/2).
Remark. By plugging in, this is consistent with Riemann Hurwitz as C/A has
genus 1.

14.3 An Algebraic Relation

Although g, is so far just an example of an elliptic function, it will be the key
to classify all of them. First, we relate py to pa algebraically.

Proposition 14.3. There exists constant go, g3 € C, depending only on A, such
that

(9')? = 49> — g2 — g3

where E = P .
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Proof. Near 0, we have p(z) = 272 +az?+0(z*) for some constant a as p is even
and looks like 272 near 0. So p(2)® = 27 + 3az72 + f(z) for some analytic f.
Differentiating the Laurent series gives ¢/(z) = —2273 + 2az + o(z?), therefore
@' (2)? = 427% — 8az=2 + g(z) for some analytic g. These would give

0 (2)? = 4p(2)® — 20az72 — h(2)

where h is analytic. Setting go = 20a shows that (p')? — 4p% + gop is analytic,
has no poles, and is doubly periodic, therefore has to be constant. Taking this
constant as —g3 completes the proof. O

These constants go, g3 actually relates to the branch points ey, eo, e3.

Remark. When z € (1/2)A\ A, we have ¢'(z) = 0 and p(z) = e; for some i.
Then the preceding proposition means that 0 = 4e? — gae; — g3, S0 e1, €2, e3 are
exactly the three roots of 423 — g2z — g3. In particular, e; + es + e3 = 0. This
also means that the relation can be alternatively written as

(9)? =4(p—e1)(p — e2)(pp — €3)

whence it’s immediate that p does not have other branch points.

15 More about Weierstrass’ Elliptic Functions;
Quotients

15.1 An Elliptic Curve

We have seen two general constructions of Riemann surfaces with genus 1: The
complex torus and the compactification of the Riemann surface associated with
w? = 2% — z. These two constructions has to be related, but how? Here, we
shall prove that any complex torus is isomorphic to an algebraic construction.

This is a corollary of Proposition [14:3]

Corollary 15.1. Let C/A be a complex torus, then there are constants g, g3
such that C/A is biholomorphic to a one-point compactification of the graph
X' ={(x,y) € C?: y? = 42> — gow — g3}.

Sketch of proof. Take gs, g3 exactly as in Proposition [14.3] Turns out X’ can
be compactified into a Riemann surface X = X’ U {oo} with charts provided by
coordinate projection. Define F': C — X via z — (p(2), 9'(2)) where p = pa.
Now Im F' C X by Proposition[I4:3]and F is analytic as the charts are coordinate
projections. So via a quotient, we can use F' to induce ® : C/A — X. It remains
to show that ® is a conformal equivalence. As it is analytic, it suffices to show
that it is bijective. It is surjective as it is nonconstant and everything is compact.
To see it is injective, consider the period parallelogram centered at 0, that is the
parallelogram with vertices (w1 +w2)/2, (we —w1)/2, (—w1 —w2)/2, (w1 —ws)/2.
It suffices to show that F' is injective in the interior of P, which will imply
injectivity of ® in general due to the valency theorem. Suppose F(z) = F(2')
for z,2" € P°, then p(z) = p(#'), so z = £z’ as p is even and has degree 2. But
also p'(z) = /(') = £p'(2) as p is odd, so z = 2’ as the zeros of p’ are not in
P°. This completes the proof. O
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15.2 Classification of Elliptic Functions

We already classified the meromorphic functions on C,,. Remarkably, we can
do something similar for the torus C/A.

Theorem 15.2. Let f be an elliptic functions with periods A. There exists
rational functions Q1, Q2 such that

f(2) = Qi(p(2)) + Q2(p(2))¢' ()
where © = pp. Furthermore, f is even, then Q2 = 0.

Proof. First assume f is even. Now f, o both have finitely many branch points
by compactness. So we may choose distinct ¢,d € C which are not branch
points of f,p. Now consider the function z — (f(z) — ¢)/(f(z) — d) which is
analytic (as it is the composition of f with a Mdobius transformation), even,
and has simple zeros and poles not at ramification points of p. Note that
we can invert Mobius transformations nicely, therefore we can WLOG assume
that f has these properties. Since f is even, the zeros of f can be written as
{*a1,...,%a,} where a; # +a; for i # j. Likewise we can write the poles of f
as {£b1,...,xb,}. We can write down an elliptic function with the same zeros
and poles, namely

So f/g is elliptic but does not have any zeros or poles, therefore is constant.
The claim follows.

If f is odd, then f(z)/p'(2) is even and hence f can be written as the desired
form as well by the previous part. For general f, simply write it as the sum of
odd and even parts

fl2)+f(=2)  fz) = f(=2)

fle) = FEEEE L SE

which completes the proof. O

15.3 Quotients of Riemann Surfaces

Definition 15.1. Let a group G act by homeomorphism on a space X. The
action is called properly discontinuous if every compact K C X has {g € G :
g(K)N K # &} finite.

The action is free if for every z € X the stabiliser Stabg(x) is trivial.

Example 15.1. If A is a lattice in C, then the action of A on C by translation
is properly discontinuous and free.

Lemma 15.3. Let G be a group acting properly discontinuously and freely on
a Riemann surface R. The quotient G\R is Hausdorff and the quotient map
m: R — G\R is a regular covering map.

Proof. For any p,q € R with 7(p) # m(q), as R is Hausdorff and locally Eu-
clidean, we can find open U 5 p, V' > g such that U,V are compact. Then K =
UNYV is also compact, so {g € G: g(K)NK # 2} D {9 G:g(U)NV # &} is

34



finite. Say this set is {g1,...,gn}. Then for each i there are disjoint open neigh-
bourhoods U; 3 z and V; 3 g;y. Now U' =U N[, U; and V' =V N[, g;l(Vi)
are disjoint open neighbourhoods of p, ¢ with GU’ disjoint from GV’. Hence as
7 is open, w(U’) and 7(V’) are the required disjoint open neighbourhoods of
m(p), m(q)-

To see 7 is a regular covering map, we use a similar argument. For any p € R,
again take U > p with compact closure K = U and let {1,g1,...,9,} be the
set {g € G : g(K)N K # @}. As the action is free, g,z # z for each 1,
hence there exists disjoint open neighbourhoods U; 5 x and V; 3 g;x. But then
U =UnNN,;(UiNg;'V;) is evenly covered via 7. Hence 7 is a regular covering
map. O

Proposition 15.4. Let R be a Riemann surface and let G be a group acting
freely and properly discontinuously by conformal equivalences on R. Then the
quotient S = G\R can be made a Riemann surface so that the quotient map
m: R — S is analyic and a regular covering map.

Proof. 1t is obvious that S is connected since R is. The preceding lemma shows
that S is Hausdorff. The conformal structure on S can be constructed analo-
gously to what we did for the complex torus. O

Theorem 15.5. Let R be a compact Riemann surface of genus gr > 2 and sup-
pose that a group G acts freely and properly discontinuously on R by conformal
equivalences, then G is finite and |G| < gr — 1.

Proof. S = G\R is a Riemann surface and the quotient map = : R — S is an
analytic covering map. degm = |G| by construction (in particular G is finite).
7 is unramified since it’s a covering map, therefore gr — 1 = |G|(9s — 1) by
Riemann-Hurwitz. As gr > 2, gs — 1 > 1, consequently gr — 1 > |G]. O

Note that this fails when g = 1.

Example 15.2 (Non-example). The torus C/A is a group as well, and it acts on
itself by conformal equivalences via left translation (z+A)(zo+A) — (z+20)+A.
Easily any finite subgroup of C/A acts on C/A properly continuously through
the same action, but the size of these subgroups is unbounded.

16 Uniformisation and its Consequences

16.1 The Uniformisation Theorem

Theorem 16.1. Every simply connected Riemann surfaces is conformally equiv-
alent to either Co,, C or D = D(0,1).

Proof. Well beyond the scope of this course (duh!). O

Note that despite the existence of conformal equivalence, it might be very
difficult to actually find one.

Remark. The three items on this list are all conformally distinct. C,, is ob-
viously distinct from the two others since it is compact. To see D and C are
conformally distinct, just observe that there is no nonconstant analytic map
C — D by Liouville’s Theorem yet there is the (nonconstant) analytic natural
inclusion C — C..
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The uniformisation is extremely useful as it links together the topological
properties and possible analytic structures of certain topological surfaces.

Corollary 16.2. Any conformal structure on S? is conformally equivalent to
the one given by C.

Proof. S? is compact and simply connected. O

How about surfaces with positive genus? They are not simply connected,
but we know that it has a nice universal cover (Algebraic Topology again!).

Theorem 16.3. Every Riemann surface R has a regular covering map 7 : R—
R such that R is simply connected. Furthermore, there is a group G acting freely
and properly discontinuously by conformal equivalences on R and the covering
map descends to a conformal equivalence G\]? =~ R.

Proof. Algebraic Topology. O

Corollary 16.4. Every Riemann surface R is conformally equivalent to a quo-
tient R = G\R where R is conformally equivalent to one of Co,C,D, and G
acts freely and properly discontinuously.

Proof. Immediate. O

Remark. In fact, G is just m (R) acting by deck transformations. In other words,
G is the collection of conformal equivalences ¢ : R — R such that mo ¢ = 7.

16.2 Classification of Riemann Surfaces

We roughly classified all Riemann surfaces in the preceding section by viewing
them as quotients of their universal covers, which can only be one of C,,, C,D.
We say the surface is uniformised by its universal cover. For some of these cases,
we can do something better.

Proposition 16.5. If a Riemann surface R is uniformised by Co,, then R is
conformally equivalent to Cy.

Proof. Suppose R = G\C, then we know that G acts by conformal equiv-
alences Co, — Co,. But this is just Mobius transformations (from Example
Sheet). However, any Mdobius transformation has at least one fixed point, but
G should act freely, hence necessarily G is trivial and hence R 22 C. O

Proposition 16.6. If a Riemann surface R is uniformised by C, i.e. R~ G\C,
then one of the following holds:

(i) G is trivial and R = C.

(ii) G 2 Z and R = C,.

(iii) G =2 Z* and R = C/A for a lattice A.

Proof. The conformal automorphisms of C are simply the (nonconstant) linear
maps {z — az+b:a € C,,bec C} (again from Example Sheet). Which of them
can G act by? Note that if a # 1, then z — az + b has a fixed point, therefore G
can only consist of translations. But then (Example Sheet again!) G (identified
by the values of b) can only be one of:

(i) Trivial.
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(ii) (w) = Z for some w # 0.
(iii) a lattice A = Z2.
And these corresponds to the three situations as stated. O

Can a Riemann surface be uniformised by more than one of Co,, C,D.

Lemma 16.7 (Lifting Lemma). Let f : R — S be an_analytic map of Riemann
surfaces. Suppose R is simply connected, and let w: S — S be the uniformising
map of S, then there is an analytic map F : R — S such that f = wo F.

S
F/Zl
R;7%S

Proof. Omitted. O

Proposition 16.8. A Riemann surface R is uniformised by at most one of

C,C,D.

Proof. By the previous discussion, we already know that for Riemann surfaces
uniformised by C cannot also be uniformised by C.,, and vice versa. Now
suppose R is uniformised by D and R which is either C or Co. Let m, f be the
respective uniformisation maps, then by the preceding lemma, there is F : R —
D such that

D

g

™

R47%R
commutes. But then F has to be constant by Liouville’s Theorem, hence f is
also constant, contradiction. O

So any other Riemann surface must be uniformised by D.
Proposition 16.9. Any conformal automorphisms of D is in the form

9 < —a

—.,ac€C,0eR
1—az

Zre

Proof. Complex Analysis. O

This is perhaps easier to picture if we send D to the open upper half plane H
(by the Mébius transformation z — (144z)/(1—4z)), which has automorphisms
in the form z — (az +b)/(cz + d) for a,b,¢,d € R,ad — be = 1.

Definition 16.1. A subgroup of PSL(R) that acts properly discontinuously on
H is called a Fuchsian group.
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16.3 Consequences of Uniformisation

Corollary 16.10. If R is a compact Riemann surface with genus at least 2,
then it is uniformised by D.

Proof. Tt cannot be uniformised by C or C. O

Corollary 16.11 (Riemann Mapping Theorem). If D C C is a simply con-
nected domain, then D is conformally equivalent to D.

Proof. We only have to show that D is not conformally equivalent to C, or C.
It certainly cannot be conformally equivalent to C., since D is not compact.
Suppose f is a conformal equivalence from C to D. Casorati-Weierstrass shows
that the singularity of f at co is not essential (as f has to be injective). So oo is
either removable or a pole, therefore f extends to f : Cop — DU{f(c0)} C Coo.
But now Cy is compact, so f : Co, — Co is surjective, hence f(co) = oo and
thus D = C, contradiction. O

Corollary 16.12 (Picard’s Theorem). Any analytic function C — C\ {0, 1} is
constant.

Of course we can replace {0, 1} by any two distinct points in C.

Proof. C\ {0,1} is uniformised by D by Example Sheet. The statement then
follows from the lifting lemma. O
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