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0 Introduction

In IB Groups, Rings and Modules, we’ve seen the ring of Gaussian integers
Z[i] = {a+bi : a,b € Z} is a PID, hence a UFD. A consequence of this is
Fermat’s theorem of two squares: A prime is a sum of two perfect squares if
and only if it is congruent to 1 (mod 4).

A more general ring of algebraic integers, however, doesn’t have to behave this
well. For example, Z[/—5] is not a UFD as 6 = 2 x 3 = (1 ++/=5)(1 — v/=5)
(and it’s not difficult to check that 2,3,14- /=5 are all irreducible in Z[v/=5]).
A natural question to ask is how good or how bad can number rings be.
Another family of examples that sparks interests are the cyclotomic rings of inte-
gers. Take a prime p, let ¢, = ¢>™"/? and consider the ring Z[(,] = {Z?;g a;C)
a; € Z}. This ring has its historical significance in the first attempts to prove
Fermat’s Last Theorem, since we have

p—1
P 4y = 2P = 2P = H(z—(gy)
j=0

So studying the factorisations in these rings could give insights to some cases of
Fermat’s Last Theorem, although they’re not quite enough to prove it.

1 Algebraic Numbers, Algebraic Integers and
Number Fields

Let F be a field extension of Q. Recall the followings from Galois theory:

Definition 1.1. o € F' is algebraic (over Q) if f(«) = 0 for some nonzero
f(X) € QIX].

Proposition 1.1. If a € F is algebraic, then there is a unique monic irreducible
meq € Q[X] vanishing at a such that Vf € Q[T], f(a) =0 < m, | f.

Proof. P, ={p € Q[X]: p(a) = 0} is a prime ideal of Q[X], which is a PID. O

Remark. P, can also be viewed as the kernel of the homomorphism ¢, : Q[X] —
E [ fa

Definition 1.2. m, is called the minimal polynomial of & (over Q). The degree
of a (over Q) is degg(a) = dega = deg mq.

Example 1.1. dega=1 <= a € Q.

For o € F, we write Q(o) C F to denote the “smallest” subfield of F'
containing both Q and «. More precisely,
fla
Q(a) = {():f,ge@m - N K

9(a) Q<K<F,acK

This is a disgusting expression. Let’s simplify it when things are nice.

Proposition 1.2. If o is algebraic and dega = n, then 1,«,...,a" ! is a

basis of Q(a) as a Q-vector space. Conversely, if dimg Q(a) = n < oo, then «
is algebraic and deg o = n.



Proof. Suppose « is algebraic with minimal polynomial m,. Then ¢, has image
isomorphic to Q[X]/P, = Q[X]/(m4). But P, is maximal, so this quotient has
to be a field. At the same time, any subfield of F' containing Q, a must also
contain the image of ¢,, so indeed 1,q,...,a" ! span Q(a) over Q. They are
linearly independent since degm, = n.
On the other hand, suppose dimgQ(®) = n < oo, then 1,q,...,a" are Q-
linearly independent over QQ, which means that « is algebraic over Q of degree
at most n. We then know its degree is exact n by the first part of the proposition.
O

Proposition 1.3. The set of algebraic numbers in F is a subfield of F'.

We have already seen this (and frankly most of the stuff we’ve talked about
so far) in Galois theory, so let’s try to produce a different proof here.

Proof. For a # 0 and -7 bja’ = 0 (where b, # 0), then 327 b,—j(a™')) =
0. We will show the closure of it under addition and multiplication later, when
we prove a stronger statement. O

Definition 1.3. « € F is an algebraic integer if there is some monic f € Z[T]
such that f(a) =0.

Lemma 1.4. Let a € F, then the followings are equivalent:

(i) « is an algebraic integer.

(i) « is algebraic and its minimal polynomial has integer coefficients.
(iii) Z[a] is a finitely-generated Z-module.

If any of the above is true, then 1,...,a% ! is a Z-basis for Z[a] where d = deg a.
In case you are confused, for aq,...,a, € F, we write Z]a1, ..., ;] to be
the “smallest” subring of F' containing a1, ..., a,,. That is,
Zloa, ..., Qn] = Zcﬁalfl ok k> 0,,€2
k

Proof. (i) = (ii): Assume f(«) = 0 for some monic f € Z[T], then f = gmq
for some g € Q[X]. g is monic as f, m, both are. Gauss’s Lemma then forces
me, (and g) to have integer coefficients.

(i) == (iii): We have Z[a] = {g(a) : a € Z[T]}. Write m, = T +
Yo<jcq@T? for a; € Z, then o = =37 . a0, and therefore g(a) is a
Z-linear combination of 1,a,...,a% ! for all g € Z[T]. They are also Z-linearly
independent, so they form a Z-basis for Z[a].

(ili) = (i): Suppose Z[a] is finitely generated by gi(a),...,gr(a) for some

gi € Z[T). Let k = max;degg;, then Z[a] is generated by 1,a,...,a* as a
Z-module, so af ! = Zogg‘gk bja? for some b; € Z and hence « is an algebraic
integer. O]

Corollary 1.5. a € Q is an algebraic integer iff a € 7Z.
Proof. ma(T) =T — a. O

Theorem 1.6. If o, 3 € F are algebraic integers, so are af8,a + 3.



Proof. The Z-module Z[a, 8] is generated by {a‘f7 : 0 < i < dega,0 < j <
deg f}. Z[a £+ f] and Z[af] are Z-submodules of Z[«, /3], hence are also finitely
generated (as Z is an Euclidean domain). O

To finish the proof of Proposition[I.3] the only ingredient left is the following:

Proposition 1.7. If a € F is algebraic, then ba is an algebraic integer for
some b € Z,b>1.

Proof. Look at the minimal polynomial of ba. O

Definition 1.4. A number field (or an algebraic number field) K is a finite
field extension of Q.

If you haven’t done Galois theory, to say that the field extension K/Q is
finite is just to say that the dimension of K as a Q-vector space is finite. This
dimension is also called the degree [K : Q] of the field extension K/Q.

Definition 1.5. The ring of integers Ok of a number field K is the set of
algebraic integers contained in K, which is a subring of K by Theorem [1.6

If « is algebraic, then Q(«) is a number field by Proposition Conversely,
Theorem 1.8. Any number field K has the form K = Q(«) for some a € K.

Proof. Primitive element theorem from Galois theory. O

2 Quadratic Fields

A number field K is quadratic if [K : Q] = 2. Suppose K is quadratic, then
for any o € K\ Q we have K = Q ® Qu as a vector space and degm, = 2.
By quadratic formula we can write o = = 4 /y for some z,y € Q (to avoid
confusion, /y just means an element in K whose square is y). As o ¢ Q, y
is not a square in Q and therefore y = z2d where z,d € Q and d # 0,1 is a
square-free integer. Then K = Q(a) = Q(v/d) and K = Q[T]/(T? — d). If
d' € 7\ {0,1} is also square-free and Q(v/d) = Q(V/d') are isomorphic, then
d = d (exercise).

What is Ox? Let a = u +vVd € K = Q(\/d). If v = 0, then a = u € Ok
iff w € Z. Otherwise, mqo(T) = T? — 2uT + (u? — dv?), so a € O <+
2u,u? — dv? € Z.

Suppose u € Z, then 2u € Z. We have u?—dv? € Z <= dv? € Z <= v € Zas
d is square-free. Otherwise, if u ¢ Z, then 2u € Z forces u = (2a+1)/2 for some
a €Z. Thena € O <= ((2a+1)/2)?—dv? € Z < (4a®>+4a+1)—4dv? €
47, <= v = k/2 for some k € Z and dk* = 1 (mod 4). The latter holds iff k
is odd and d =1 (mod 4).

To conclude,

Theorem 2.1. Let d € Z\ {0,1} be square-free and K = Q(V/d).

(i) If d = 2,3 (mod 4), then Ox = {u+vVd: u,v € Z} = Z[\d).

(i) If d = 1 (mod 4), then O = {u+vVd : u,v € (1/2)Z,u —v € Z} =
Z[(1+ Vd) /2]

Proof. Above discussion. O



Example 2.1. For d = —1, we have K = Q(¢) and Ok = Z][i].
For d = —3, we have O = Z|w] where w = (1 +/-3)/2.

Remark. 1. For quadratic field, it’s easy to work determine the ring of integers
explicitly by hand. As might be expected, this is hard for other kinds of number
fields. We will develop some algebraic tools to study the ring of integers for
general K without having to compute it directly.

2. Ok does not have to have the form Z[a] for some algebraic integer c.

3 Embeddings

For d > 0, there are two homomorphisms o;,05 from K = Q(v/d) to R by
mapping v/d to ++/d respectively. When d < 0, there are two homomorphisms
01,09 from K to C by taking v/d to +iv/—d. What about in a general number
field?

Let K be a number field of degree n = [K : Q].

Theorem 3.1. There are exactly n distinct field homomorphisms o1,...,0, :
K — C (the “complex embeddings of K”). Moreover, if Q C F C K are
number fields, then each of the [F : Q] complex embeddings of F extends to
exactly [K : F| embeddings of K.

Proof. Say K = Q(a) = Q[T]/(m4y). A field homomorphism o : K — C is the
same as a ring homomorphism ¢ : Q[T] — C with 6(m(T")) = m(6(T)) = 0,
i.e. the information of a root of m, in C. This gives a bijection between
embeddings K — C and the roots of m,, in C. Since m,, is irreducible (hence
separable as we are in characteristic 0), the latter set has exactly n elements.

The exact same argument will work with the second part of the theorem. [

Remark. 1. If K is given as a subfield of C, it is often convenient to take oy to
be this inclusion.

2. Suppose 071,...,0, are the embeddings whose images are contained in R,
then the remaining embeddings come in conjugate pairs since the nnoreal roots
of a real polynomial come in conjugate pairs. So we can write n = r 4 2s where
s is the number of such conjugate pairs (0,5 # o).

Proposition 3.2. Fora € K (not necessarily a primitive element), the complex
numbers o1(a),...,on(a) (the “conjugates” of o) are the complex roots of mg
each with multiplicity n/ deg «.

Proof. Follows directly from the preceding theorem by taking F = Q(«). O

4 Norm and Trace

Let K be a number field and o« € K. Suppose u, : K — K is the map
tuq(z) = ax. Then u, is a Q-linear map K — K with K now viewed as a
Q-vector space.

Definition 4.1. The charactertistic polynomial of a is f,, = det(T—u) € Q[T].
The norm of a is Nk /g(a) = det u, and the trace of a is Trg/g(a) = trug.



Explicitly, if 81,...,08, is a Q-basis for K and af; = Zj Aj;B;, then the
rational matrix A = (Ay;) is the matrix for u, and fao, Ng/g(a), Trg q(a) are
the charactertistic polynomial, determinant and trace of A respectively.

Example 4.1. Consider the case of a quadratic field K = Q(v/d). Under the
basis 1,Vd, u va has matrix

xr dy

y x

So fo(T) =T? — 22T + (2* — dy?), N g(@) = 2 — dy? and Trg g(a) = 2.

z+y

Remark. Clearly ua4g = uq + ug and uag = Ualg = UgU,, and in particular

Uma = Mug for any m € Q. Combining them gives uf,) = f(uq) for any
feQlx].
Proposition 4.1. Ny g(af) = Ng/g(a)Nkg(B); Trig(a+p8) = Trgg(a)+
Tri/o(8).
Proof. Immediate from the preceding remark. O

One also observe from the example of a quadratic field that there seem to
be a relation between the conjugates of o and the values of N /g(a), Trgg(a).

Theorem 4.2. (i) Suppose K has complex embeddings {o;}"_, and o € K has
degree d, then

fa(T) = H(T —oi(a)) = ma(T)V?

(i) Nk jo(@) = I1; 0i(e), Trijgla) = 32, 0i(@).

Proof. (i) Suppose first that n = d, then f, ()8 = fo(us)B =0 for any 8 € K
by Cayley-Hamilton. Consequently f,(a) = 0, so my, | fo. But degm, = deg f,
and both of them are monic, so f, = mqy. We get the middle term by recalling
that o;(«) are the complex roots of m,.

The general case follows from the fact that K = Q(a)"/¢ as a Q(«)-vector space.
(ii) Expanding (i). O

Remark. Some people take the formulae in the theorem as the definitions of
norm and trace. We are better than that.

Corollary 4.3. (i) For a € K, Ng/g(a) =0 iff « = 0.
(ii) For o € Ok, fo € Z[T] and N g(a), Trg g(a) are integers. Moreover,
o€ OIX( ZﬁNK/Q(OZ) = =+1.

Proof. (i) Clear from the preceding theorem.

(i) if @« € Ok, mq € Z[T] and hence f, € Z[T] since it’s a power of m,.
Ngg(a), Trgg(a) are coefficients of f,, hence also integers.

If o € OF, there is some § € Ok such that a8 = 1, hence Nk g()Ngq(3) =
Nk /(1) = 1. But both Nk g(a), Ng/g(B3) are integers, so they can only be
+1. Conversely, suppose N g(a) = %1, then fo(T) = T" + Z;L:_ol b;T7 has

by € {£1}. Consequently o5 = 1 where 8 = F (a"‘l + Z;:OZ bj+1aj> O



5 Some Algebra

Proposition 5.1. Suppose G is a torsion-free finitely-generated abelian group
with rank n > 1. Let x1,...,x, be a family of generators of it and H < G be
the subgroup generated by y1,...,y, where y; = Ej Ajizi. If det A # 0, then
H is a subgroup of finite index and [G : H] = | det A|.

Proof. Find invertible matrices P,Q € Mat,x,(Z) such that det P,det@Q €
{£1} and A = PDQ with D in Smith normal form, i.e. D = diag(dy,...,d,)
with d; € Zsgand dy | da | -+ | d,, (although we don’t really need the divisibility
part). Then G/H = (Z/d\Z) x --- x (Z/d,Z) and hence [G : H| = [[,d; =
det D = | det A|. O

Definition 5.1. Let V be a Q-vector space with finite dimension n > 1 and
H <V be a subgroup (in other words a Z-submodule). We define the rank of
H to be dim Span H.

Proposition 5.2. Let H <V be a finitely generated subgroup of rank r, then
H = @;zl Zzx; for some linearly independent 1, ...,z in V.

Proof. H is torsion-free since V' is. So H = EB?ZI Zzx; for some x; € H < V.

If the z;’s were linearly dependent, then there are some m; € Q not all zero with
>, xim; = 0. Clearing denominators then yield a nontrivial Z-linear relation,
contradiction.

We also have r = d since Span{x;}¢_, = Span H. O

6 Discriminants and Integral Bases

For a number field K, we aim to show that Og = @?:1 Zw; for some algebraic
integers wi,...,w, € O and n = [K : Q).

Definition 6.1. Let a1,...,a, € K. The discriminant of them is
DiSC(OZl, ey an) = det((TrK/Q(aiaj))lgi_jgn) S Q

Theorem 6.1. (i) Disc(a, ..., a,) = det((o;(aj))1<ij<n)?
(ii) Disc(ay, ..., an) # 0 iff {a;}1 is a Q-basis for K.
(’LZZ) If g; = Zj Ajiaj with Aij € Q, then

Disc(By, ..., Bn) = Disc(ay, ..., ay,)(det A)?

(iv) Suppose {a; }_; is a Q-basis for K, then Disc(aq, ..., ar) depends only on
the subgroup Zoy + - -+ + Zay, < K.

Proof. (i) Let A = (04(aj))1<ij<n € Maty,xn(C), then we have

n

(ATA)i; = or(ai)or(e) =Y orlaiag) = Triglaia;)
k=1 k=1
(ii) Suppose au, ..., ay is not a basis, then >, bja; = 0 for some b; € Q not all
zero. Then ), 0i(a;)b; = 0 for all 4, which means that A is singular and hence
Disc(aq, ..., ap) = (det A)%2 = 0 by (i).



Conversely, suppose {a;};; is a basis. Let T = (Trg g(aia;))1<i j<n. For any
be Q" \ {0}, we want to show that Th # 0. Equivalently, there is some ¢ € Q™
with ¢TTh # 0.

For B =", bja; € K,y =), cia; € K, we have

CTTb = Z bicj T‘I‘K/Q(Oéiaj) = T&'K/Q(ﬁy)

1<ij<n

So we just need some ¢ with 8 = 1, which is possible since {a;}}"; is a basis.
(iii) Let A" = (O'i(ﬁj))lgi,jgna then

Al = oi(Arjon) = Y Apjoi(ar) = (AA);
k k

Applying (i) gives the conclusion.
(iv) Suppose ()i, (B;); generate the same subgroup of K, then 3; >, Ajia; for
A;; € Z,det A = £1. We conclude by (iii). O

Suppose H C K is a finitely-generated subgroup of rank n = [K : Q], then
H = Zay + - + Zay, for some linearly independent («;); by Proposition
We know that Disc(ay,...,a,) € Q\ {0} depensds only on H by the preceding
theorem, so it makes sense to write Disc(H) = Disc(aq, ..., ay).

Lemma 6.2. If H < H' < K and both H, H' are finitely generated of rank
n = [K : Q], then Disc(H) = Disc(H')[H' : H]?.

Proof. Say H = Zay + -+ + Za,, and H = Zay + -+ Za),. As H < H',
a; =), Bjiaj for some B;; € Z. Then by Propositionﬂwe have [H' : H]? =
det B = Disc(H)/ Disc(H’). O

Theorem 6.3. Let n = [K : Q]. There exist wy,...,w, € Ok such that
O =Zwi ® -+ ® Lw,,.

Definition 6.2. We call such a collection wy,...,w, an integral basis for K.

Proof. There exists a Q-basis w1, ...,w, for K with w; € Ok for all ¢ by clearing
denominators. Let H = Zwy +- - -+ Zwy, then Disc(H) = Disc(wy, ... ,wy) € Z\
{0} (as w;w; € Ok). This means that we can choose H (i.e. choose wr,...,wy,)
such that | Disc H| is minimal.

Certainly H < Og. Also, for any o € Ok, H' = H + Za D H has rank n and,
unless H' = H (i.e. o € H), has strictly smaller absolute discriminant than H
by the preceding lemma. But H already has minimal absolute discriminant, so
necessarily o € H. This means that H > O, hence H = Ok.

Since wy,...,wy, is a Q-basis, they must freely generate H = Ok and we are
done. O

Definition 6.3. dx = Disc O is the discriminant of the number field K.

Example 6.1. 1. dg = 1.
2. Consider K = Q(v/d) for square-free d € Z\ {0,1}. If d # 1 (mod 4), then

1,V/d is an integral basis, in which case A = G 7\/\/33) and di = (det A)? =

4d. Tf d = 1 (mod 4), then 1, (1 + v/d)/2 is an integral basis, thus a similar
calculation gives dx = d.



Proposition 6.4. Suppose K = Q(0) and let f = mg,n = deg f, then

Disc(1,0,....0" ") = [[(0:(0) — 0;(0))> = (~1)"" /2N o(1'(0))

i<j

Proof. Recall the Vandermonde determinant

Xln—l s Xnt
VDM(Xy,.., X)) =det | = - = J[ (xi-X))
X1 Xn 1<i<j<n
1 1

from which we immediately have the first equality as Disc(1,0,---,0""!) =
VDM(o1(0),...,0,(0))2. The second equality is left as an exercise. O

Proposition 6.5. Suppose wy, ... ,w, € Ok are such that Disc(wy, . ..,w,) # 0
is a square-free integer, then wiy,...,w, s an integral basis.

Proof. H = Zwy+- - -+Zw,, has rank n as Disc(wy, . .. ,wy) # 0. Then Disc(H) =
[Ok : H]?Disc(Ok) forces [Ok : H] = 1 as Disc(H) = Disc(wy,...,wy,) is
square-free. O

Remark. As shown in the quadratic field case, dg is not always square-free, so
one cannot always rely on this proposition to verify something is an integral
basis.

But if g, ..., a, € Ok are such that Disc(ayq, ..., a,) # 0, then the idea of the
proof shows that [Og : Zay + - - - + Zay,)? | Disc(ay, . . ., ay,). Consequently, any
0 € O has mb € Zay + - - - + Zay, for some m with m? | Disc(ay, .. ., ay,). This
gives an algorithm to compute Ok.

7 Ideals

Definition 7.1. Let R be a (commutative) ring. An ideal I of R is an additive
subgroup of it such that Vr € R,z € I, we have rx € I.

Equivalently, I is an R-submodule of R.
We are intersted in (nonzero) ideals of Q. Every such ideal has finite index.
We actually have a more precise characterisation of this index.

Proposition 7.1. Let K be a number field with n = [K : Q] and suppose
I < Ok is a nonzero ideal.

(i) I = @;_, Za, for some linearly independent v, ..., a, € I. Furthermore,
[OK : 1}2 = DlSC(I)/dK

(ii) If I = aOk, o € Ok \ {0} is a principal ideal, then (O : I] = [N ().

Definition 7.2. Let I be an ideal of Og. We call [Ok : I] the norm N(I) of I.

Proof. (1) As Ok is a finitely generated Z-module, so is I. Take some a € T\ {0}
and let wy,...,w, be an integral basis for Og. Then aw,...,aw, € I are Q-
linearly independent, thus I has rank n. The claim then follows from Proposition



B2l and Lemma [6.2
(ii) I = a0k = @D, Zaw, so

Disc(1) = Disc(aw, . . ., aw,) = det((ai(aw;))i;)* = det((ai(a)oi(w;))ij)?
= (H Ui(Oé)) det((ai(w;))ij)* = (Nig(a))’dr

Applying (i) gives the result. O

Corollary 7.2. (i) Every nonzero ideal contains a nonzero integer, namely its
norm.
(i) There are only finitely many ideals of any given norm.

Proof. (i) N(I)x =0 for all z € Ok/I since |Ok/I| = N(I).

(ii) Let M = N(I) € Zsg, then MOg < I < Og. But the set of ideals
containing MO is in bijection with the ideals of Ok /MO, which is finite
hence has only finitely many ideals. O

Definition 7.3. An ideal P < R is prime if P # R and Va,8 € R, af € R
implies that either « € R or 8 € R. Equivalently, R/P is an integral domain.
An ideal I < R is maximal if I # R and any J < R with I < J < R must either
have I = J or J = R. Equivalently, R/I is a field.

For our purpose, we will always mean a nonzero prime ideal when we mention
a prime ideal.

Lemma 7.3. Let P C Ok be a prime ideal, then:

(i) P is maximal.

(ii) P N7 = pZ for some (necessarily unique) prime p € Z and N(P) = p! for
somel < f<n=[K:Q.

Proof. (i) Finite integral domains are fields.

(ii) Let M = N(I). As P # Ok, M # 1. Since P is prime, p € P for some
p | M, thus pOg < P < Og. Hence pZ < PNZ < Z. But PNZ # Z as P # Ok,
so PNZ = pZ. Furthermore, [Ok : pOk] =p", so N(P) =[Ok : P] | p~. O

As usual we write (S) to denote the ideal generated by S C Ok.

Definition 7.4. For ideals I,J < R, their sumis I +J = {a+ 8 : a €
I, € J} < Ok and their product is IJ = ({af : a € I, € J}) =
{Z?:l Oéiﬁi Loy € I,ﬁz € J}

It is clear that these operations are associative and commutative. Also, in
terms of generators, we have (a1,...,ak)+(B1,...,01) = (a1,..., a1, 81,...,01)
and (al, ey Otk>(61, N 75l) = (alﬁl, ey Otkﬁl, alﬁg, ce ,Oékﬂl). Note that al-
though we have (a)(8) = (af8), we don’t in general have () + (8) = (a + ).
Arithmetic of ideals turns out to be the correct way to rectify unique factorisa-
tion, which fails in general rings of integers.

Example 7.1. Z[y/—5] = Ok for K = Q(v/5). This is not a UFD: (1++/=5) x
(1 —+/=5) =2 x 3. But the news aren’t all bad. Turns out, we can rectify this
by looking at a different kind of unique factorisation formulated using ideals.
We have 20[( = P22 where P2 = 20[{ + (1 + \/T5)OK, 30[{ = P3’+P3’,

10



where P3 + = 30k + (1 £ vV/—5)Ok, and (1 £ /—5)Ox = PoPs 1. The non-
unique factorisation we’'ve seen can then be explained with (20k)(30k) =

(P3)(Ps 4 P3_) = (PoPs 4 )(PaPs ) = (1 +v=5)Ok)((1 — vV=5)Ok).

It turns out that such unique factorisation of ideals is a general phenomenon,
even when O fails to be a UFD. What really makes O not a UFD is the fact
that P, is not a principal ideal. To measure the failure of unique factorisation,
we will study the obstructions to ideals being principal.

8 Unique Factorisation

Our goal is to prove that every nonzero ideal is uniquely expressible as a product
of prime ideals.
For an ideal I < Ok and a € Ok, we certainly have al < I. Conversely,

Lemma 8.1. Let I < Ok be a nonzero ideal and o € K. Suppose ol < I, then
a € Ok.

Proof. oFI < I for every k > 0. Pick any 8 € I\ {0}, then Z[a]3 < I, so
Zla) < B7H. But B711 is a finitely generated Z-module, so Z[a] has to be as
well, which precisely means that o € Og. O

Our first aim is to show that every ideal is a product of prime ideals. To
start with,

Lemma 8.2. (i) Let I < Ok be a nonzero ideal, then there exists (nonzero)
prime ideals Py, ..., P, < Ok, not necessarily distinct, such that I O Py --- P,.
(ii) Suppose P, Py, ..., P. < Ok are (nonzero) prime ideals with P D Py --- P,,
then P = P; for some 1 <i <.

The second statement is somewhat an analogy to the fact that if p, p1,...,p,
are primes in Z and p | p1,...,pr, then p = p; for some i. The analogy can be
strengthened by rephrasing m | n as (m) D (n).

Proof. (i) Induction on N(I). There is nothing to prove if I = Ok or if T
is prime. Otherwise, I is not prime and hence we can find «,5 ¢ I with
af € 1. Then I + (a),I + (B) are ideals properly containing I, so each of them
has strictly smaller norm. We are then done by induction hypothesis since
I+ ()T +(B)=I*+al + I+ (ap) C 1.

(ii) Suppose P # P;, then we can find some o € P; \ P (noting that P; is
maximal since it’s prime). For any § € Py - P,., we have o € P;---P. C P,
so 8 € P. We therefore have P D Py --- P.. An induction argument then gives
the result. O

Corollary 8.3. Suppose I < Ok is a nonzero proper ideal and 0 # « € I, then
there exists B € Ok such that 8 ¢ (o) with I C ().

Proof. As I is proper, there exists some prime ideal P such that [ C P (e.g. by
taking the ideal containing I with minimal norm). It suffices to find 8 € Ok \ (@)
with P C («). By the preceding lemma, we can find P, ..., P, with » minimal
such that (o) D Py --- P.. But P D (&), so WLOG P = P;. The minimality of
r means that we can find g € P;--- P, \ (@) which would have P C («). O
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Theorem 8.4. Let I < Ok be a nonzero ideal, then there exists a nonzero ideal
J such that I.J is principal.

Proof. Again induction on N(I). The case N(I) = 1 is clear. For N(I) > 1,
let I C P for P prime and pick 0 # a € P. By the preceding corollary,
we can find 8 € Ok \ (o) with B3P C a. As P C (a), a 'BP C Ok, so
a 1P ¢ Pasa'f ¢ Ox (Lemma . The maximality of P then shows
that a 'BP + P = Ok.

Consider H = (a, ) < Ok, then PH = P + aP = («) is principal. What
about I? We have ITH C PH = (a), so I' = a 'TH < O. If we can show that
I’ O I then we are done by induction hypothesis, for if I'J’ is principal then
IJ'H = ol'J’ too is principal. Indeed, we have I’ D I since H D (a). If I' = I,
then («='H)I = I, which then means that a =3I C I. But ™13 ¢ O which
contradicts Lemma [811 O

Theorem 8.5. Suppose I,1I',J < Ok are nonzero ideals, then:
(i) (Cancellation Law) IJ =1'J < I=1".
(ii) (To Divide is to Contain) I O J <— IH < Ok, IH =J.

(iii) (Unique Factorisation) There exists distinct prime ideals Py,...,P. and
positive integers ai,...,a, with I = P ---P% and they are unique up to
reordering.

Proof. (i) Choose J' such that JJ' = («) # (0) is principal. Then ol = al’, so
I=r.

(ii) Suppose I D J. Take I’ such that IT' = (a) # (0). Then JI' C II' = (),
so H=a1JI' < Ok and we have TH = J.

(iii) For existence, we do induction on the norm N(I) (again). The case N(I) =
1is clear. For N(I) > 1, choose a prime P D I. Then I = PJ for some J < O
by (ii) and J 2 I by (i). We are then done by induction hypothesis.

As for uniqueness, suppose I = Py --- P, = Q1 - - - Q5 (but now P;, Q; don’t have
to be nonrepeating). Since Py DI = Q1 ---Qs, Py = Q; for some j by Lemma
[B.2(i). WLOG j = 1. We can then use (i) to conclude that P - -+ P, = Q2 -+ - Q.
Induction finishes the proof. O

Definition 8.1. Suppose I,J < Ok are nonzero. We say I,J are equivalent
(I ~J)if al = pJ for some «, 5 € Og \ {0}.

It’s clear that ~ is an equivalence relation and I is principal iff I ~ Og.
Definition 8.2. The equivalence classes of ~ are called ideal classes.

Theorem 8.6. The set of ideal classes in Ok forms an abelian group under
multiplication whose identity is the class of principal ideals.

Definition 8.3. This group is called the ideal class group CI(K) of K.

Proof. 1t’s clear that multiplication is well-defined on CI(K), is associatiev and
commutative, and admits [Of]| as identity. Theorem shows the existence of
inverse. O

We will show later that C1(K) is always finite.
In order to talk about Cl(K) more conveniently, it often helps to introduce the
notion of a fractional ideal.

12



Definition 8.4. A fractional ideal in K is any subset of K of the form ol where
I < Ok is a nonzero ideal and o € K*.

We can of course define addition and multiplication of fractional ideals in
exactly the same way we did for (ordinary) ideals. Theorem then gives

Theorem 8.7. The set of fractional ideals is an abelian group under multipli-
cation, and it’s freely generated by the (nonzero) prime ideals.

Furthermore, the principal fractional ideals (i.e. aOk,a € K*) form a sub-
group and its quotient is CL(K).

Proposition 8.8. The followings are equivalent:
(i) Ok is a PID.

(i) CI(K) is trivial.

(iii) Ok is a UFD.

Remark. In general there are UFDs that are not PIDs, e.g. Z[T] is a UFD but
(2,T) < Z[T] is not principal.

Proof. (i) <= (ii) and (i) = (iii) are clear.

Suppose now that Ok is a UFD. It suffices to show that every prime ideal is
principal. Let o € P\ {0}, then « factors uniquely (up to units) asa =71 -+ - 7R
where each m; is irreducible. We know that 7; € P for some ¢, but (7;) is prime
and (0) # (m;) C P C O, which means that (m;) = P since every prime ideal
in Ok is maximal. ]

Theorem 8.9. If I,.J are nonzero ideals, then N(IJ) = N(I)N(J).

This is highly nontrivial, as it is in fact equivalent to Theorem [8.5

Remark. 1. If I,J are principal, then the theorem follows from the fact that
N((a)) = [Ng/g(a)l.

2. If I, J are coprime, i.e. I + J = O, then the theorem follows from Chinese
Remainder Theorem (R/(IJ) = R/(INJ) = (R/I) x (R/J)).

Proof. By unique factorisation, it suffices to show that N(IP) = N(I)N(P) if
P is prime. We also have N(IP) = [Ok : IP] = [Ok : I|[I : IP], so we need
only to show that N(P) =[I : IP].

We know [I : IP] # 1 by Theorem [8.5(i). For any ideal J with I > J D IP,
Theorem [B.5(ii) yields J' < Ok with J = IJ'. I D> IJ' D IP then gives
Ok D J' D P by Theorem|[8.4, Thus J' € {Ok, P} as P is maximal, i.e. either
J=TIorJ=1IP.

Pick o € I\IP, then the above means that (a)+IP = I. Consider A : Og /P —
I/IP via © + P — ax + I P which is a well-defined homomorphism of Ok /P-
vector spaces. A is surjective as (a) + IP = I. But dimg, /p(Ok/P) = 1 and
|I/IP|+# 1, so A would have to be bijective. Hence the result. O

Remark. Tf we consider R = Z[2+/2] (which is not a ring of integers) and P =
(2,2v/2), then N(P) = 2 but P? = (4,4+/2) has norm 8 # 22
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9 Factorisation of Rational Primes

Recall that if p is an odd prime, then p is irreducible in Z[i] if p = 3 (mod 4)
and we can factor p = 77 = (x + 4y)(x — 4y) into irreducibles if p =1 (mod 4).
We want to generalise this to more general rings of integers.

Theorem 9.1. Suppose p € Z is a prime number (“rational prime”). Let
{P; : 1 <i <k} be the prime ideals of Ok containing p. Write N(P;) = pfi,
then (p) = Py*--- P.* for somee; > 1,% . e;fi =n=[K :Q].

Proof. The existence of the factorisation is clear by Theorem Theorem
then shows that ). e; fi = n. O

The numbers ey, ..., e, are called the ramification indices of p in K, and
we’ll soon prove that they are “usually” 1.

Definition 9.1. We say p is ramified (or p ramifies) if there is some ¢ with
e; > 1.

p is inert if (p) is prime (i.e. k=1=e; =1, f1 =n).

p splits completely if k =n (so e; = f; = 1 for all 7).

p is totally ramified if k = 1,e; = n (so f; = 1).

The factorisation of (p) is usually calculated with

Theorem 9.2 (Kummer-Dedekind Criterion). Suppose K = Q(0) for some
0 € Ok with minimal polynomial f € Z[T]. Let p be a prime with p1 [Ok : Z[0)]]
(e.g. if Ox =Z[0]).

Suppose the reduction f € Fp[T] of f modulo p factors as f = Hle gitep >1
where g; € Fy[T] are distinct, monic and irreducible. Let g; € Z[T] be monic
with reduction g; modulo p. Then (p) = Hle Pft where P; = (p,¢:(0)) < Ok
are distinct primes in O. Moreover, N(P;) = pfi with f; = deg g;.

We’ll use the third isomorphism theorem of rings: If I < J < R are ideals,
then (R/I)/(J/I) = R/J.

Proof. First assume Oy = Z[0]. Since g; is irreducible,

Ok /(P) = Z[0)/(p, 9:(0)) = Z[T]/(f,p, 9:) = Fp[T1/(f,5:) = Fp[T1/(5:)
is a finite field with p/i elements. So P; is prime and N(P;) = p/:.
As f = Hle 957 + ph for some h € Z[T], we have

)

k n

k
T2 =00 < [[.0u0))

i=1 i=1

k
C <p7Hgi(9)ei> = (p, (f = ph)(0)) = (p)

Taking norms, we obtain [], p¢/i =[], N(P;)% > N((p)) =p",s0 >, e;fi >n
with equality iff (p) = [[, P/*. But n = degf = > ,e;degg; = > ,eifi, so
indeed (p) =[], P

The only thing left to show is that P; # F; if ¢ # j. We have P, + P; =
(p,9i(0),9;(8)). As g;,g; are coprime, there are a,b € Z[T] with ag; + bg; =1
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(mod p). This then means that P; + P; = (1) which in particular means that
P # P

How about the general case? Let Q; = pZ[0] + ¢;(0)Z[6] < Z[0)], then Q; is a
prime ideal of Z[f] and Z[0]/Q; is a field with p/i elements like we did before.
As Q; C P;, we can consider the ring homomorphism ¢; : Z[0]/Q; — Ok/P;
induced by inclusion. We know that [Ox : Pi] | [Ok : (p)] = p™. But as p ¢
[Ok : Z]0]], the image of ¢; also has index (essentially [Ok : P, +Z[f]]) coprime
to p, hence must be 1. As Z[f]/Q; is field, any surjective ring homomorphism
going out of is an isomorphism, so P; is prime.

Its certainly still true that [[, P7* = (p), and [[,p*fi = [[,(Z[0] : Qi]* =
[L[Ok : P]* > N((p)) = p". We must then have equality everywhere. O

Example 9.1. Consider the case of a quadratic field K = Q(\/E) where d # 0,1
is a square-free integer. We know that Ox = Z[V/d] or Z[(1 + v/d)/2] with the
latter happening iff d = 1 (mod 4). The minimal polynomial f = T2 — d of v/d
factors modulo p as

(T —a)(T +a) if p# 2 and there is some a with a> =d (mod p)
2

T —d) ifp=2
f otherwise

f=

—~

If p is an odd prime, then p { [Ox : Z[V/d]]. So by the preceding theorem,
if d is not a square modulo p, then (p) is prime (p is inert); If p 1 d and
d = a® (mod p) for some a, then (p) = PP’ where P, P’ are distinct and
P = (p,a++d),P' = (p,a — /d) (p splits completely); If p | d, then (p) = P?
where P = (p,/d) = (p,vV/d — d) (p is totally ramified).

When p = 2, if d # 1 (mod 4), then O = Z[V/d]. We have T? — d = (T + d)?
(mod 2), so the preceding theorem shows that (2) = P2, P = (2,d + V/d).

If d =1 (mod 4), then Og = Z[f] where § = (14 /d)/2 and we are in trouble:
[Ok : Z[Vd]] = 2, so we can’t use the theorem directly. What do we do? Well,
we still have K = Q(f). The minimal polynomial of 6§ is f(T) = 7% — T —
(d—1)/4. Soif d =1 (mod 8), then f(T) =T (T + 1) (mod 2) and therefore
(2) = PP’ where P = (2,0) and P’ = (2,0 + 1). Otherwise d =5 (mod 8), in
which case f(T) =T?+T +1 (mod 2) is irreducible modulo 2, so (2) is prime.

Remark. Recall that for quadratic fields K = Q(v/d) we had

d ford=1 (mod4)
drx = .
4d  otherwise

So indeed the prime factors of dx are exactly those who ramifies. This gener-
alises.

Theorem 9.3. Let K be a number field and p a rational prime. If p ramifies
in K, then p| dix. In particular, only finitely many primes are ramified in K.

Remark. The converse is also true, but we’ll not prove that nor use that here.

Lemma 9.4. If o € Ok, then Trgg(a?) = Trg/g(a) (mod p).
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Proof. We know that Trg,g(a)? = Trg/g(a) (mod p). Now,

Trie/o()f — Trcjofo”) = (Z m»(a)) Y aitay

p!
= Y a@t (@t
kil-- k!
kit +kn=pki<p

This is an integer which is the product of p and an algebraic integer, hence an
integer multiple of p. O

Proof of Theorem[9.3 Suppose (p) = Py'--- P¢ with, say, e; > 1. Let o €
Potpgz... per\ (p). Then for any 8 € Ok we have (aB)? € (p) as e; > 1
(so p(er — 1) > e1). By the preceding lemma, Trg/q(aB) = Trg/o((af)?) =0
(mod p).

Suppose (6;); is an integral basis and o = >, a;0;,a; € Z. Since o ¢ (p), not
all a;’s are divisible by p. Then for any j,

Z a; TI'K/Q(GZQJ) = TI'K/Q(OCHJ') =0 (mod p)

i=1

So the rows of (Trg/q(0:0;))i,; are linearly dependent modulo p, which in par-
ticular means that p | dg. O

This can sometimes help in determining the ring of integers.

Example 9.2. Suppose K = Q(¢) where § = {/p for a prime p # 3. Clearly
Z[9) C O and (p) = (0)>. So P = (0) must be prime and e; = 3 (p is totally
ramified). By Theorem [9.3] we have p | dx = Disc(Z[0])/[Ok : Z[0]]*. But

1 0 6 30 0
Disc(Z[f]) =det Trg/g [ & p pf | =det [0 0 3p| =—-27p°
0> po pbh? 0 3p 0

which means that we must have [Of : Z[]] € {1, 3}.

10 Geometry of Numbers

The beauty of algebraic number theory is that not only does algebra help, but
we also get to use all sort of geometric tools. In this section, we’ll explore one
of such tricks, namely to deduce results from the geometry of the real/complex
numbers via the embeddings K < C. Using such techniques, we will be able to
show that CI(K) is finite and we’ll also provide a way to compute it. Another
related theorem is that the group of units O} is finitely generated and has rank
r+ s — 1 (where as usual r + 2s = n and r is the number of real embeddings of
K).

(04)7—, embeds K into Euclidean space. We want to investigate the image of
Ok under this embedding. For example, the embedding Q(i) — C = R™ maps
Z[i] to the lattice Z? < R2.

Definition 10.1. A lattice in R™ is a subgroup of (R",+) generated by n
linearly independent elements of R™
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Example 10.1. Z™ < R" is a lattice.

In general, if e1,...,e, € R™ are linearly independent, we can form the
lattice A = Zey + - -- + Ze,,. The fundamental parallelopiped attached to the
basis (e;); is the set &2 = {3, wie; : 0 <y < 1}.

Definition 10.2. The covolume covol(A) of A is defined as the volume vol(Z?)
of the parallelopiped &7, which equals | det(e;;)| where e; = (e;5);-

This is independent of the choice of basis (e;); generating A.

Remark. 1. Suppose we have a finite index subgroup A’ < A, then A’ is also a
lattice and its covolume is covol(A’) = [A : A] covol(A).
2. The same definition extends to complex vector spaces by identifying C =2 R2.

Example 10.2. Suppose K = Q(v/—d) (an “imaginary quadratic field”) where
d > 0 is square-free. It has the embedding o(a + bv/—d) = a + bV/di into C.
Then 1,0(0) constitute a basis for 0(Of) where § = (1 +/—d)/2 if —d = 1
(mod 4) and § = \/—d otherwise. The former looks like a slanted lattice and the
latter a rectangular lattice. We have covol(o(Of)) = v/d/2 in the first case and
COVOISO’(OK)) = V/d in the second case. Either way, we have covol(o(Ox)) =
il 22.

Theorem 10.1 (Special Case of Minkowski’s Theorem). Let A C C be a lattice
and X ={z € C:|z|> < R}. If TR > 4covol A, then A N X # {0}.

This can be used to show a cool number theoretic result.

Theorem 10.2. Let K = Q(v/—d) (where as usual d > 0 is square-free) and I C
Ok a nonzero ideal. Then there exists some o € I\ {0} such that N g(a) <

ek N(I) where cxc = (2/7)|d|'/2.

Proof. Consider the lattice o(I) C 0(Og) C C which is a lattice with covolume
covol(I) = N(I)covol(c(Ok)) = (N(I)/2)|dk|*/?. Take X as in the preceding
theorem Then we know that X No(I) # {0} whenever 7R > 4 covol(o(I)) =

N()|dg|Y?. R = cxgN(I) = (2N(I)/7)|dx|"/? satisfies this inequality, so
there is some a € I\ {0} with Ny g(a) = |o(a)]* < R=cxN(I). O

Theorem 10.3. Let K = Q(v/—d) (d > 1 square-free). Then:

(i) CI(K) is finite.

(i) Every ideal class of K contains an ideal of norm at most cx .

(iii) CI(K) is generated by classes of prime ideals of norm at most cx.

Proof. (i) Follows from (ii) by Corollary [7.2}

(ii) Take I < Ok nonzero. First choose J such that I.J = (), € Ok \ {0} is
principal. Take a € J\ {0} such that N qg(a) < cxN(J), which is possible by
the preceding theorem. Take I’ such that I'J = (a) (since a € J), then alJ =
(aB) = BI'J, so I,I' are in the same ideal class. But N(I') = N((«))/N(J) =
Nic/g(0)/N(J) < cx.

(iii) Follows from (ii) and Theorem O

Example 10.3. 1. Take K = Q(i). Then dx = —4 and so every ideal is
equivalent to an ideal I with N(I) < ¢x =4/ < 2, 80 I = Ok and hence every
ideal is principal.
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2. Take K = Q(v/=5), then Ox = Z[/=5] is not a PID, so the class group is
nontrivial. dg = —20, so cx = 4\/5/7r < 3. That is, every ideal class contains
an ideal of norm at most 2. If the ideal has norm 1 then we arrive at the principal
ideal class. If the ideal has norm 2, we note that (2) = P2 P = (2,1 + v/5)
which forces P to be the only ideal of norm 2. Thus Cl(K) = {[Ok],[P]}. This
computation works for imaginary quadratic fields in general.

Let’s now turn to the full version of Minkowski’s theorem.

Definition 10.3. A subset X C R" is convex if tx + (1 — t)y € X for any
xz,y € X, t €[0,1]. It’s symmetricif z € X — —z € X.

Theorem 10.4 (Minkowski’s Theorem). Let A <R™ be a lattice and X C R™
a (measurable) convexr symmetric subset. If either vol(X) > 2™ covol(A) or
vol(X) > 2" covol(A) and X is compact, then X N A # {0}.

Lemma 10.5 (Blichfeldt’s Lemma). Suppose A < R™ is a lattice and Y C R™
measurable. If vol(Y) > covol(A), then there exists distinct x,y € Y with
xr—y€eA.

Proof. Choose a basis for A and let & be the corresponding fundamental paral-
lelopiped. Then R" = [[,c,(A+ &) andso Y =[], Y) where Y\ = YN (A +22)
and vol(Y) = >, vol(Yy). We have ), vol(=A+Yy) = >, vol(Y)) = vol(Y) >
vol(Z?). However, —A + Yy C & for all A. So there must exist distinct A, p
such that (—A\+Y\) N (—p+Y),) # @. Take z € (—A+Y\) N (—p+Y),). Then
r = z+ N,y = z+ p satisfies the claim. O

Proof of Theorem[10.]} Note that 2™ covol(A) = covol(2A).

Suppose vol(X) > 2" covol(A). By the preceding lemma, there are z,y € X,z #
y with z —y € 2A. As X is symmetric we have —y € X; As X is convex we
have 0 # (x — y)/2 € X NA, in particular X N A # {0}.

Now suppose that vol(X) = 2™ covol(A) and X is assumed to be compact. For
d>0,let Xs =(140)X, then vol(Xs) > 2™ covol(A). Then X5 # {0} by above
discussion. As X is compact, X5 are bounded, so X5 N A is finite. X is also
closed, so X NA = (55, Xs N A, which then has to be equal to X5 N A for some
0" > 0, and we are done. O

We've seen that a special case of Theorem implies the finiteness of
CI(K) for K an imaginary quadratic field. This is true for a general number
field K. Let n = [K : Q] = r 4 2s as usual. Write 0; : K — R,1 <j <r and
05,05 : K = R, < j <r+ s to denote the embeddings. The product of them
is a injective map o : K < R” x C* = R" by identifying C = R? using the usual
basis {1,i}.

Proposition 10.6. o(Ox) is a lattice in R™ with covolume 27%|dx|*/2.

Proof. Let wyq,...,w, be an integral basis for K, then e¢; = o(w;) € R™ is the
vector
€ = (Ul(wi)v cee aar(wi)a
Reoyq1(wi), Imorqa(wi), ..., Reorps(wi), Im oy (wi))
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For r < j <r+s, we have

—1

(Reoy(a).may(@) () = (0300 550@)

So dete;; = £(1/(2i))* det(oi(w;)) and det(cj(w;))? = dgx # 0. This means
that (e;); is a basis for R™ and also a Z-basis for 0(Ok), so 0(Ok) is a lattice
with covolume | det e;;| = 27°|dx|'/2. O

Pretty much the same argument shows that

Corollary 10.7. Suppose I < O is a nonzero ideal, then o(I) C R"™ is a
lattice of covolume 2~°|disc(I)|Y/? = 275N (I)|dx|"/?.

Theorem 10.8. Suppose I < Ok is a nonzero ideal, then there is some 0 #
a € I with [Nk g(a)| < cxN(I) where

4\° n!
o <> |72
s n

is called the Minkowski constant for K.

Corollary 10.9. FEvery ideal class of K contains an ideal of norm at most cg .
In particular, CL(K) is finite and is generated by the classes of prime ideals of
norm at most ck .

Before proving Theorem in full generality, let’s first look at the real
quadratic case.

Proof of Theorem[10.8 for real quadratic fields. Suppose K = Q(v/d) for some
square-free d > 1. Then o : K — R? is given by the map u + vvd — (u +
vWd, u—vVd). For a = u+vv/d, we have Ny g(a) = u*>—dv? = o1(a)a2(a). So
|Nkg(a)| < Riff o(a) lies in the region bounded by the hyperbola z125 = +R.
We need a convex symmetric X C R" contained in this region that’s as large
as possible. Let’s use the square with vertices (£2R'/2,0), (0, £2R'/?), whose
area is 8R. Theorem shows that if 8R > 4covol(a(I)) = 4|dk|'/?N(I),
then there is a nonzero « € I\ {0} with o(a) C X. In other words, there is a
nonzero a € I with |Ng/g(a)| < ex N(I). O

Motivated by this, we are now ready to prove the theorem in full

Proof of Theorem[10.8 Consider

T r+s

Xg = (Z‘l,...,xr,217...725)ERTXCSIZ|Z‘]“+2 Z \zj|§nR1/"
j=1 j=r+1

which is clearly convex and symmetric. We have |Ng/g(a)| < R whenever
o(a) € Xg by AM-GM.

Integration reveals that the volume of X g is 2™ (7/2)%(n!/n™)R (example sheet).
So by Theorem there is a € I\ {0} with [Ny g(a)| < R when vol(Xg) >
2" covol(a(I)) = 2727 %|d|"/? N(I), which holds when R > cx N (I). O

In general, the factor n!/n™ in cx goes to 0 pretty quickly as n grows large,
S0 it’s a significant gain.
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Example 10.4. For K = Q(v/—17),dx = —68, so cx = 2V/68/7 < 6. So
the class group is generated by the classes of prime ideals of norm at most
5. One can check using Theorem that (5) is prime, (3) = P3P, P =
(3,1 +v/—17), P, = (3,1 — v/=17) and (2) = P2, P, = (2,1 + v/—17). We have
[P2])? =1 = [P3][P3] and [P3]* = [P§] = [(9,1++/—17)]. As Ngo(1+v—17) =
18, N((9,14++/—=17)) = 9, we have (1++/—17) = PZI for some I with N(I) = 2.
Then I = P, thus [3)?2 = [P]™! = [PR]. Now P, is clearly not principal
(22 + 17y? = 2 has no integer solutions (z,y)). So CI(K) = Z/4AZ with [P3] as
a generator.

Example 10.5. Consider the quintic field K = Q(6#) where 6 is a root of the
irreducible quintic g(T) = T° — T + 1. As g has only one real root, r = 1,5 = 2.
Also, disc(g) = 2689 = 19 x 151 which is square-free. So Ox = ZI[f], and
cr = (4/m)%(5!/5%)v/2689 < 4. This means that Cl(K) is generated by classes
of prime ideals of norm 2 or 3. But g has no root modulo 2 or 3, so by Theorem
there is no prime ideals of norm 2,3, forcing CI(K) to be trivial.

How large can the class group get as K varies?
For imaginary quadratics K = Q(v/—d), it’s known that |Cl(K)| — oo as
d — oo. We also know that CI(K) is nontrivial whenever d > 163.
On the other hand, if K = Q(\/a) is a real quadratic field, although cx — oo as
d — 00, it was conjectured (by Gauss) that Cl(K) is trivial for infinitely many
d. This is still open.

Example 10.6. Take K = Q(+/10) which has cx = (1/2)v/40 < 4. So CI(K) is
generated by the classes of prime ideals of norm 2 or 3. We have (2) = P, P, =
(2,4/10), (3) = P3P}, P3 = (3,1 ++/10)(3,1 — v/10). Thus [P]? = 1 = [P][P]’.
As usual, we can get other relations between them by factoring some small
elements of Ox. Ngo(1+ v10) = —9,P5 | (1 + v/10), but 3 { 1 + /10, so
(1 4+ +/10) = P? and thus P$ is principal. Also, 2 — /10 = 3 — (1 +/10) €
P3,NK/Q(2— \/ﬁ) =4—10 = —6. We also have 2 — /10 € P,, so (2- \/ﬁ) =
Py Py as (2 —+/10) has norm 6. Hence [P,] = [Ps] = [P4] and it has order either
1 or 2.

If P, were principal, say P, = u + vy/10, then u?> — 100> = +2 which has
no integer solution by taking mod 5. So CI(K) = Z/27Z and is generated by
(B3] = [Py] = [P4).

Definition 10.4. hx = | CI(K)] is called the class number of K.

11 Units

We will show the following theorem:

Theorem 11.1 (Dirichlet’s Unit Theorem). The group O is finitely generated
and has rank r + s — 1. Furthermore, the torsion subgroup of O is the group
of roots of unity in K.

Equivalently, there exists €1,...,6,45-1 € O such that every unit can be
uniquely written in the form Cef™ --- eﬁjﬁ]l with m; € Z and ¢ a root of unity
mn K.

Example 11.1. r+s—1=0iff (r,s) = (1,0) or (r,s) = (0,1). The former case
is just K = Q, Oj = {£1}. The latter happens precisely when K = Q(v/—d) is
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an imaginary quadratic, so Oj; consists of those u+vvd with u?4dv? = 1. This
is clearly a finite collection. More precisely, when d = —1 we have K = Q(¢) and
Of = {*1,+i}; When d = —3 we have K = Q(w) where w = (=1 +/=3)/2
and O = {+£1, tw, +w?}; Otherwise, O = {£1}.

Theorem 11.2. Let K = Q(v/d) C R be a real quadratic field, then:

(i) OF is infinite.

(ii) There exists a smallest unit € > 1 (the “fundamental unit”) and O =
{£e™ :m € Z}.

(iii) A unit u + vV/d is the fundamental unit iff u,v > 0 and v is minimal.

Consequently O = (Z/2Z) X Z.

Proof. (i) Recall that o € Ok is a unit iff Ny /g(a) € {£1}, so u+vVd € Ok
is a unit iff u? — dv® = £1 — this is just Pell’s equation! So we know that this
has infinitely many solution (u,v) € Z?2, which means that O is infinite.

(ii) As K C R, the only roots of unity in K are {£1}. By (i) there is some unit
€ = u + vV/d that’s not £1. We claim that ¢ > 1 iff u,v > 0. Indeed, the four
numbers {4+u+vv/d} = {#e, +¢~ 1} are all distinct units. It’s then clear that no
two of them can lie in the same interval amongst (—oo, —1), (—1,0), (0, 1), (1, 00),
hence the claim.

This means that we can indeed choose a smallest ¢ > 1. If ¢ = ' +v'v/d € O}
has ¢ > 1, then there is a unique m > 1 such that €™ < ¢ < €™t ie.
1<€/em <e s0€ =€ So O N(1l,c0) ={e™:m > 1}, which implies that
O ={x€™ :meZ}.

(iii) The units with «,v > 0 have the form €™ = u,, + v,,vV/d,m > 1. Binomial
expansion reveals that v, > mui”flvl > v1 whenever m > 1. O

There is another way to see (i), which can be more easily generalised.

Proposition 11.3. Suppose K is a real quadratic field and R > |dK|1/2, then
there are infinitely many o € Ok with |[Ngg(a)| < R.

Pick any such R. There are finitely many ideals with norm at most R, so
there exists an ideal I with norm at most R and infinitely many («;);en € Ok
with I = () for every i. Then «;/ag € O for each i, thus O is infinite.

Proof. Take the embedding o : K < R?,z + yvd — (z + yvd,z — yv/d). For
d > 0, let K be the rectangle [—§, §] x [-R/d, R/J], which lies inside the region
{(z1,72) € R? : |zy1m3| < R}. Let § = 6 = 1, say. Then vol(Kj) = 4R >
4ld|'? > 4 covol(0Of). Theorethhen shows that there is ap € Ok \ {0}
with ooy € K5, which means that [Nk g(ao)| < R. But we can always choose
91 such that 0 < §; < |(oap)1] and repeat the procedure. Since ocag ¢ Ks,,
this gives some a; # o with [Ng/g(a1)| < R. Doing this inductively gives the
result. O

Now consider general K. Let’s first show that O} is finitely generated with
rank at most r + s — 1.

Lemma 11.4. For any C > 1, {a € Ok : Vi, |o;a| < C} is finite.
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Proof. The characteristic polynomial of « has the form [[,(T" — o;(«)) = T" +
o ¢;T""" where we have
()
r

As ¢, € Z, there are only finitely many possibilities for them, hence for this
polynomial. Consequently there are only finitely many possible choices of . [

el = (=D Y onl@) oy (a)

1 <tg < -+ <ip

Proposition 11.5. The group of roots of unity in K is finite (and hence cyclic).
Proof. Follows immediately from the preceding lemma with C' = 1. O
To show that O} is finitely generated, we use the logarithm trick.

Definition 11.1. The logarithmic map of K is £ : K* — R""* given by

La = (10g|a1(a)l,-. ., log lo(a)], 210g [or41()], .., 210g .45 ()]

Then £ is a group homomorphism and ) ,(La); = log [Nk g(c)|. In par-
ticular, e € Ok iff Ng/g(o) € {£1} iff Le lies in the hyperplane R™%0 = {y €
R™$ : 3. y; = 0}. If € is a root of unity, then |o;e| =1 for all i, so Le = 0. The
converse is also true.

Proposition 11.6. (i) (ker £) N O = {( € Ok : 3n € Z~(, (" = 1}.
(ii) LO is a free abelian group of rank at most r + s — 1.

Proof. (i) Take M > 0 and let Z = Zp = {|ly;| < M} C R"5. Whenever
Lo € Z we have |o;a| < eMif 1 <i<rand |o;af < eM/2if i > r. Lemmam
implies that {a € Oy : Lo € Z} is finite. As this contains (ker £) N O, we
conclude the result.

(ii) Follows from above discussion and the next lemma. O

Lemma 11.7. Let L C R™ be a subgroup such that L N Z s finite for any
bounded Z C R™, then L is free abelian of rank d = dim(Spang L) < m.

Proof. Let d = dim(Spang L). By replacing R™ by subspace spanned by L
and changing basis (which preserve boundedness), we can assume WLOG that
m = d and L D Z®. Proposition tells us that it suffices to show that L is
finitely generated.

Every z € L can be written in the form = = a+2 where a € Z? and z € [0, 1)¢NL.
But [0,1)¢N L is bounded, so there are only finitely many possibilities for z, so
L is finitely generated. O

Remark. To complete the proof of Theorem [11.1} we just need to find r +s—1
linearly independent unit. The way of doing it is to mimic the proof in the case
of real quadratic fields.
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12 Diophantine Equations

An diophantine equation is a polynomial equation, usually in multiple variables,
for which we look for integer solutions. One famous example of this is Fermat’s
equation ¢ + y¢ = z%. Algebraic number theory was basically invented to deal
with these kind of problems, and are often helpful.

Example 12.1. Say you’re interested in the integer solutions to the equation
y?+5 = 2. One can spot immediately that z is odd (by taking modulo 4) and
not divisible by 5 (by looking at the 5-adic valuation).

Let’s do some elementary number theory. The natural thing to do is to write
down the factorisation (y++/=5)(y—+/=5) = x3 in Z[/—5], the ring of integers
of Q(v-5)].

We’d quite like to use a unique factorisation argument, which albeit tempting
does not work directly, as Z[y/—5] is not a UFD. We can, however, deduce the
equality for ideals (z)® = (y + v—5)(y — v/=5).

Suppose P is a prime ideal of Z[\/=5] dividing both (y ++/=5) and (y — v/=5),
then P divides (y + v/—=5) + (y — vV/=5) D (2v/=5) D 10 and also (x). But x
is coprime to 10, so such P does not exist. Consequently, Theorem [8.5] tells
us that there are ideals I, J such that (y + v/=5) = I3, (y — v/=5) = J® and
IJ = (z).

But CI(K) has order 2, so I is principal. Suppose I = (a+by/=5), then y++/—5
is u(a + by/=5)? for some unit u. The only units of Z[\/—5] are +1, so after
possibly replacing a, b by —a, —b we can write down y + /=5 = (a + by/—5)3 =
(a® — 15ab?) + (3a%b — 5b3)\/=5. In particular, 3a%b — 563 = 1, s0 b € {&1} and
hence 3a? — 5 = £1, impossible.

13 Analytic Class Number Formula

For a number field K, the class number hx = | CI(K)| is not at all trivial to
compute. One of the formulas to compute this is called the analytic class number
formula. Recall that the Riemann ¢ functions ((s) = >, n~* tells you a lot
about the distribution of primes. This series converges for Res > 1, diverges at
s =1, and in fact

Proposition 13.1. (s —1)((s) > 1 as s — 1T .

Proof. £—* is monotone, so for every s > 1 we get to write down

g 1 " odx
— < —< —
n x® ns n—1 x®

Summing everything gives (s —1)7! < ((s) < (s — 1)1 + 1. O

We are not gonna use this, but we are gonna generalise this to another
L-function.

Definition 13.1. Let K/Q be a number field. Its Dedekind ¢ function is




Example 13.1. (g = ¢ is the ordinary Riemann ¢ function.

Theorem 13.2. Suppose K is a quadratic field, then

lim (s — 1){k(s) =

s—1t

2rhi /(|dx | ?wic) if K is imaginary
dhg (loge)/(|dr |V ?wr) if K is real

where hg is the class number of K, wi the number of roots of unity in K, and
€ the fundamental unit.

Note that
4 if K =Q()
wrg =46 if K=0Q(+/-3)

2 otherwise

Remark. Siegel (1935) showed that the right hand side has order 1 as |dx| — oo
by an estimation on the left hand side. For K imaginary quadratic, we have
hxk — oo as |dx| — oo; For K real quadratic, we have hxloge — oo as
|dg| — oo. It was conjectured that there are infinitely many real quadratic
fields with hxg = 1. So we know from this estimation that these fields must
have huge fundamental unit. For example, for K = Q(1/3001) has hx = 1 and
€ = u + vv/3001 with u > 4 x 1036,

Proof in the imaginary case. For simplicity, we assume K is not Q(i), Q(v/—3)
(both can be verified similarly and separately). So O = {£1}

Let Jq,...,Jn be the ideals representing all of CI(K), where h = hy. Take any
ideal T # (0), there is a unique 7 € {1,...,h} with I.J; = («) for some a € Ok.
We have o € J; \ {0}, unique to I up to units.

Conversely, if 0 # « € J;, then there is a unique ideal I with IJ; = («), and we
have N(I)N(J) = Ng/g(a) > 0 as K is imaginary. So

1 . 1 1 . 1
CK(S)ZgzN(Ji) > 72521\7@) > [

S
i=1 0£ac; Nk /o) i=1 0£acJ;

If we embed K C C, then J; C K C C is a lattice of covolume (1/2) N (J;)|dx|*/2.
The result then follows from the next theorem. O

Theorem 13.3. Let A C C be a lattice and

2(5) = Zas) = 3 —

2s
0#16A|x|
Then Z(s) converges for s > 1 and (s — 1)Z(s) — w/ covol(A) as s — 17.

Proof. Let wy,ws be a basis for A. Take the change of basis f : R? = C,z =
(w1, 72) = 21wy + Tows. Then f takes Z2 to A and ||z|| = |f(z)| is a norm on
R?, whose unit ball B = {z € R? : ||z|| < 1} = has area p = 7/ covol(A).

Let N(t) = [{m € Z? : |m|| < t}| = |B N (1/t)A|. Covering B with squares of
side length 1/t, we get N(t)/t?> — p as t — oco.

Choose an ordering Z? = {zg = 0,21, 72,...} with 0 < ||z1|| < [lz2|| < --- and
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let ¢, = ||k ||. The same trick as above gives k/t7 — p as k — oo.
Then ) )
Zs)= ). T =
[l ti
0#£mEZ? k>1

For every € > 0, there is some k. with Vk > ke, (u — e)k™' < t;2 < (u+€)k™1,
which means that

-0 Y e et Y

k>ke k>ke k2ke

For s > 1, we conclude from this that Z(s) converges. Multiplying everything
by s — 1 and sending s — 17, we deduce by Proposition that

w—e <liminf(s —1)Z(s) < limsup(s —1)Z(s) < pu+e

s—1+ s—1+
But € > 0 is arbitrary, so (s —1)Z(s) = p as s — 1T. O

Remark. 1. We can do the same for real quadratic K, but in this case Nk g(a)
is no longer a norm and one have to keep track of the (infinity family of) units.
2. There is a similar, but more complicated, formula for number fields in general.
3. If you have some other way to compute the left hand side limit, then this
does give an explicit formula for the class number.

Theorem 13.4. Suppose p = 7 (mod 8) is prime and K = Q(\/=p). Then
hx = R — N where R is the number of quadratic residues modulo p in the
interval [1, (p — 1)/2] and N s the number of quadratic non-residues in the
same interval.

Corollary 13.5. R > N (seems hard without the theorem!).
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