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1 Lebesgue Integral

In analysis of functions, we will use the tools from linear analysis and mea-
sure theory to deduce results about concrete spaces of functions. We start by
reminding ourselves how Lebesgue integrals work.

1.1 Review of Measure Theory

Definition 1.1. Given a set F, a o-algebra on E' is a collection £ of subsets of
E such that:

1. o el

2. Acf = A°=E\ A€t

3. (An)nen € E = UpenAn €E.

(E,E) is called a measurable space. Elements of £ are called measurable sets.

Definition 1.2. A measure on a measurable space (E, £) is a function p: £ —
[0, 00] such that:

1. p(@) =0.

2. If (Ap)nen € € are disjoint, then

m (U An> =Y ul(4n)

neN neN
(E, &, ) is then called a measure space.
Example 1.1. For any set F, we can take & = 2F and u(A) = card(A).

Definition 1.3. Given any collection A of subsets of F, we define the o-algebra
generated by A by
o(A) = N £
& o-algebra,£DA
When FE carries a topology T, B(E) = o(T) is known as the Borel o-algebra on
the topological space (E,T).

In measure theory, you would have proved the existence of the following
example:

Example 1.2. On E = R", there is a o-algebra M and a measure A (the
Lebesgue measure) such that:

1. B(R™) ¢ M.

2. If A = (a1,b1] x -+ X (an,by] (where —oco < a; < b; < oo for all i) is a
rectangle, then A(A) = (by —aq) -+ (b, — an).

3. (“Borel regularity”) A € M iff for any € > 0, there is an open set O and a
closed set C' such that C € A C O and u(O\ C) < e.

It follows immediately from these conditions that such M, A are unique. We
sometimes write dz = d\ and |A| = A(A).

Definition 1.4. For measurable spaces (F,E), (G, G), a function f : E — G is
called measurable if f~1(A) € € for all A € G.

When (G, G) = (R, B(R)), then we simply say that f is measurable on (E, ).
When (G, G) = ([0, 0], B([0,0])), we say f is a nonnegative measurable func-
tion on (E,£). When both E,G are topological spaces with Borel o-algebras,



then we say f is Borel measurable.
As seen in measure theory, the class of measurable functions on E is closed
under vector space operations and product and a.e. limits.

Definition 1.5. A simple function on (E,€) is a function f : F — R that
has the form f = Zszl arla, where aj are scalars (which might reside in
R, [0, 0], C, etc.) and Ay € &.

For a non-negative simple function f (which can always be written in a form
with ay € [0, 00]), we define its integral to be

p(f) =/ fdu="" app(Ax)
2 k=1

with the convention that 000 =00-0=0.
For a non-negative measurable f, we define

p(f) = /Efdu =sup{u(g) : 0 < g < f,g simple.}

A measurable function f on F is integrable if u(|f]) < oo, in which case we
write pu(f), u(f~) < oo where f = f+ — f~ with f* nonnegative and we can
define

p(0) = [ £=p(p) = (") = ()
The integral satisfies all the expected properties (linearity, additivity, mono-
tonicity, etc.) and more.

Theorem 1.1 (Monotone Convergence Theorem). Suppose 0 < f, T f a.e.,

then
/E fudpa 1 /E fdu

Theorem 1.2 (Dominated Convergence Theorem). Suppose f, — f a.e. and
|frnl < g for some integrable g, then

[ fndn [ ran

With the notion of an integral, we can always associate any measure space
(E, &, u) with a family of Banach spaces.

1.2 L? Spaces

Definition 1.6. For 1 < p < oo and f : E — C measurable, we define the L?

norm of f as
1/p
T ( / fl”du)
E

| £l Lo :ess;up|f\ =inf{K : |f| < K ae.}

and we define

For 1 < p < oo, the LP space over E is the set
LP(E,pu) ={f : E — C measurable : || f||» < co}/a.e.



Again we know from measure theory that

Theorem 1.3 (Riesz-Fischer). (LP(E,p),| - |lzr) s a Banach space for all
1<p< oo

When (E, &, 1) = (R™, M, ), we simply just write L (R™, \) = LP(R") with
the Lebesgue measure understood.
As always in analysis, life is easier if we can find a nice dense subset of a space
we are interested in (e.g. @ C R). This is a process called “mollification”.
It’s pretty straightforward from definition that, the set of simple functions
s: E — Cwith u({z : s(z) # 0}) < oo is dense in LP(E, u) for 1 < p < co. For
p = 00, the set of simple functions is still dense, but we don’t get to impose the
finite support condition.
As simple as they are, they are not usually that pleasant to work with. Some-
times, we can get a much nicer looking dense subset.

Theorem 1.4. The set C°(R) of smooth functions on R™ with compact support
is dense in LP(R™) for 1 <p < oc.

This is sadly not true for p = oo, since no sequence of continuous functions
R — R can converge to a discontinuous function under the L norm.

Definition 1.7. For f,g: R™ — C, we define their convolution f x g: R"™ — C
via

(f *g)(x) = - f(@)g(x —y)dy
provided that the integral exists.
The integral exists when e.g. f € LY(R"),g € L= (R").
Lemma 1.5. For f,g,h € C*(R™), we have fxg = gx* f and (f xg) xh =

£ (g*h). Moreover,
o= (L) (L)

The condition f, g, h € C(R™) can of course be significantly weakened, but
the current strength of the lemma is sufficient for our purpose.

Proof. Change of variables and what not. O

A more useful result concerns the differentiability of convolutions.

Definition 1.8. A (n-)multi-index is a member of Z%,. For a = (a1,..., ) €
7%, we define la] = a1 4+ -+ ap,ad =ag!- L
For x = (z1,...,2,) € R™, we write 2% = 27" -+ - 2.

For f € C*(R™) for k > |a|, we write

olal f
Df=——"——
! Ox{t - Oxp™

Definition 1.9. Wesay f € LI (R")if f1x € LP(R™) for all compact K C R™.

loc

Theorem 1.6. Suppose f € L. _(R"),g € C*(R™) for some k >0, then f*g €

loc

CE(R™) and DY(f x g) = f * D% for all multi-index o with |a| < k.



Proof. First suppose k = 0. For § € R”, f : R™ — C, we write 7¢ f(x) = f(z—¢).
So 7¢(f *g) = f*71e(g) by definition. Furthermore,r¢g — ¢ pointwise as || — 0
and |7¢g| < (supgn |9])15,(0) for || < 1 and R large enough so that the support
of g is contained in Br(0). We then have 7¢(f *xg) — f*g as || — 0 by
dominated convergence, which means that f * ¢ is continuous.

Next suppose k = 1. Let Alg(x) = (g(z+he;)—g(z))/h, then Alg(z) — D;g(z)
as |h| — 0. Also, by mean value theorem, there is some ¢t € (—||h|, ||h]|) such
that Al'g(z) = Dig(z + te;), so we have the bound |A”g| < (supgn [Dig|)15,(0)
again for sufficiently large R. So A"(f % g) — f * D;g as |h| — 0 by dominated
convergence, so f * g has continuous first partials, hence f * g € C*(R"™).

An induction argument for k& > 1 finishes the proof. O

To get to our desired density result, we just need some lemmas.

Lemma 1.7 (Minkowski’s Integral Inequality). If F : R® xR™ — C is integrable

and 1 < p < oo, then
p 1/p 1/p
dy) < / (/ |F (2, y)|P dy) da

(L.

Proof. Example sheet. O

/n F(z,y)dz

Lemma 1.8 (“Translation is continuous”). Let 1 < p < oo and g € LP(R"),
then ||7.9 — gllLr — 0 as z — 0.

Proof. The result is clear if ¢ = 1z where R = (ay,b1] X -+ X (an,by] is a
rectangle, which means that it is also true for g = 14 for any finite disjoint
union A of rectangles. If B is (Lebesgue) measurable with |B| < oo, then for all
€ > 0 there is a finite disjoint union A, of rectangles such that |14, — 1g||Lr =
|AcAB| < e by Borel regularity (or Dynkin’s Lemma). So

Im-18 = 1B|ler < |72l — Tola e + [|721a, — 1a || + |14, — 15|
+2||1AE — 1B|| < 3¢

= 7214, — 14,

for sufficiently small z. Hence the result is true for ¢ = 1g for any Lebesgue
measurable B with finite measure. Thus it also holds for any simple function
with finite support. The density of simple functions with finite support in
LP(R™) then gives the result. O

Sadly, this is false for p = oo: Just take g = 1g_,.
Theorem 1.9. Suppose ¢ € C°(R™) is nonnegative and
o(x)dx =1
Rﬂ,

Let ¢.(y) = € "Pp(y/e). Then for any g € LP(R™) with 1 < p < 00, ¢ * g 18
always smooth and ¢ x g — g in LP(R™) as € — 0.

Proof. Smoothness follows from Theorem [I.6] and the fact that

/ Ik de < [ flloo |1 oo
R?L



where p~ ! + ¢ 1 =1.
For the convergence, let’s do some estimations. Pointwise, we have

P ¥ g(x) — g()| = be(y)g(x —y) dy — g(x)

R

=1/ d(2)g(x — ez)dz — . ¢(2)g(x)dz

=1 ¢()(g(z - ez) — g(x)) dz

R n

IN

¢(2)|g(x — €2) — g(x)| dz

R

So by Lemma [I.7}
1/p
[pe g = gllzr = (/Rn |6 + g(z) — g(z)[? dx)
P 1/p
< ([ ][ oelmeste) - sias] az)
o | Jrn
1/p
< / < ¢)(Z)p|7-ezg($) - g($)|p dx) dz
n \Jgn

= [ 6@)lmeg — gl dz =0
RTI,

as € — 0 by dominated convergence. O

Theorem [I.4] follows.

1.3 Lebesgue Differentiation Theorem

Definition 1.10. Given an integrable f : R™ — C, the Hardy-Littlewood
maximal function My : R™ — [0, 0o] is defined to be
1

My(@) = B oo

£ (y)| dy

Lemma 1.10. Suppose f € L'(R™), then My is measurable and a.e. finite.
Moreover, there is a constant C,, > 0 such that |{M; > A} < C,||fllzr/X for
any A > 0.

Proof. Write Ay = {M; > )\}. For each x € Ay, there is some r, > 0 such that

|/ y)|dy > A

We shall first show that Ay is open, which shows the measurability of M.
Indeed, suppose for the sake of contradiction that (z,,), € A§ converges to
some x € Aj. By domianted convergence,

|dy— / 1B7 Tp)

|BTI Tp) /Tw(mn) B, ( | o

o [ s, W)y = / )y > A
|Bm<:c>|/Rn = (®) |B., ()] T@)

f(y)ldy



Contradiction. So Af is closed, hence A is open.

Suppose K C A, is compact. Choose a finite subcover {B;}Y; of the open
cover {B;, (z) : z € A,} of K. By Wiener’s covering lemma (proved in example
sheet), there is a disjoint subcollection {B;; }*_, such that

N k
CEVETEED SUNESS of I
i=1 j=1
3" 3"
< = dy = +— 1
<5 L 1wl =15l

As this is true for all compact K C Ay, the inner regularity of Lebesgue measure
gives |Ax| < 3"||f||z1/A. The fact that {My = co} C {M; > A} for all A then
shows that M is a.e. finite. O

Theorem 1.11 (Lebesgue Differentiation Theorem). Suppose f : R™ — C is

integrable, then

for almost every x € R™ (the “Lebesgue points of 7).
The case where f is continuous is straightforward.

Proof. For X\ > 0, consider

Ay = {x € R" : limsup

rooo | Br(@)] /5. () |f(y) — f(2)|dy > 2)\}

We shall show that |Ax| =0 for all A.
For € > 0, we choose g € C°(R™) such that ||f — g||: < e. We have

1 1
B, /o, |f(y) — f(2)[dy < Bl Jy ($)|f(y)_g(y)|dy
1
F B S 1 7N
+ lg9(z) — f(2)]

Note that the first term can be bounded by

1
— d u
Bo@)] Jg 0 @ IO <0 s )

Also, the second term goes to 0 as 7 — 0 by continuity of g, so

|f(y) — g(y)|dy = My_4(z)

limsup ——— L
r0 | Br(z)|

So if x € Ay, then either My_g4(x) > X or |f(z) — g(z)| > A. By the preceding
lemma, {My_g(z) > A} < Cpl|f—gllL1 /A < Cre/A. And by Markov’s inequal-
ity, [{1f()—g(z)| > AH < |f—gllz1 /A < /A Consequently |45 < (1+Cy)e/A,
which means that |Ax| = 0 as € is arbitrary. O

If(y) — f(@)[dy < My _g(x) + |g(2) — f(2)]



Corollary 1.12. ¢.* f — f a.e. ase — 0.
Corollary 1.13. If g € L*(R) and
Gy = [ gl
Then G is differentiable at almost every x and G'(x) = g(x) there.
Example 1.3. For g = 1r_,, every = # 0 is a Lebesgue point.

G(x):/“? g(x)dx:{o for < 0

t forx>0

is differentiable at every x # 0 and has G'(z) = g(z) for = # 0.

1.4 Littlewood’s Principle

“Every set is nearly a finite sum of intervals; Every function is nearly continuous;
Every convergent sequence is nearly uniformly convergent.” (Littlewood, 1944)

Proposition 1.14. Suppose A C R"™ is measurable and |A| < oo, then for any
€ > 0 there is a finite union B of rectangles such that |AAB]| < e.

Proof. Borel regularity. O

Theorem 1.15 (Egorov). Let (fn)n, f be measurable functions E — C with
E C R |E| < co. Suppose f, — f a.e. in E. Then for all e > 0, we can find
a closed subset A, C E such that |E\ Ac| < € and f, — f uniformly on A..

Proof. WLOG f, — f everywhere. Let E}) ={x € E:Vj > k,|f;(z) — f(z)| <
1/n}. Then E} C EY, for all K’ > k and |J, E}} = E for all n, thus |E}| 1 |E|
as k — oo. Pick k = k,, such that |[E'\ E} | <27".

By construction, |f;(z) — f(z)| < 1/n for all n,j > k,,z € E}! . Pick N such
that Y07 27" < ¢/2 and set A, =,y Ef . Then

= n S n s -n €
EAAl= | EVEL) | < S IBVEL IS Y 2 < g
n=N n=N n=N

For any § > 0, we can take n > max{N,6 '}, then z € A — z € E} —
|fi(z) — f(z)] <n~' < 4. So f; = f uniformly on A.. Borel regularity then
produces the desired closed A.. O

Theorem 1.16 (Lusin). Suppose f is measurable and a.e. finite on E C
RY |E| < co. Then for any e > 0, there is a closed F. C E with |E\ F.| < ¢
and f|F, is continuous.

Proof. Suppose first that f = Y.  a,14, is a simple function with (A4,),
disjoint. WLOG (A4,,), is a partition of E. For e > 0, we pick (with Borel
regularity) compact K,, C A, with |4, \ K, | < ¢/m. B =], K,, would have
|[E\ B| < e. As (K,), are compact and disjoint, there is a positive distance
between every pair of them, hence f is continuous on B since it’s constant on

each K.



For general f, let f, be a sequence of simple functions converging to f a.e. and
choose (by above discussion) C,, such that |C,,| < 27" and f, is continuous
on E\ C,. For e > 0, the preceding theorem shows that we can find some
A C E with f, — f uniformly on A and |E \ A| < ¢/3. Let N be such that
oo v 27" < €/3, then we can set F! = A\|J,— y C,, which has |E\ F!| < 2¢/3.
Also, f|r: is continuous by uniform convergence. The proof is again finished by
Borel regularity. O

A word of warning: To say f|r is continuous is only to say that f|p is
continuous under the subspace topology of F, which is very not the same as to
say f is continuous at each point of F' as a function on E. If one take f = 1q,
then f is nowhere continuous on R but f|r\g = 0 is continuous.

2 Banach and Hilbert Spaces

We now move on to consider the consequences of the linear structures on L? (R")
as a result of being complete. Things are especially nice for p = 2 as we can
further give it the structure of a Hilbert space with the inner product

(fr9)r2 =/Efg

2.1 Orthogonal Systems of Functions

Definition 2.1. A subset S = {u;};ecs of a Hilbert space H is orthogonal if
(ui,uj) = 0 whenever i # j, orthonormal if in addition that (u;,u;) =1 for all
7.

We say S is complete if Span S = H. S is called an orthonormal basis if it is
orthonormal and complete.

H is separable if it has a countable orthonormal basis.

If {en }nen is a countable orthonormal basis, then any @ € H would have the
form x =3 _y(en, z)en.
Example 2.1. 1. S = {z — e 2" : p € Z} is an orthonormal set in
L*((0,1)). Tt is in fact an orthonormal basis, which can be proved either with
Stone-Weierstrass or Theorem [L.4l

2. Let
1 for0 <z <1/2

YE)=<¢-1 for1/2<z <1
0 otherwise.
Define ¢, p(x) = 27/24) (2" — k), then {¥nkx : m, k € Z} is an orthonormal basis
for L?(R). This is known as a Haar system.
3. Consider H = L?(R, e~ dz), the Hilbert space with inner product

(f,9) :/Rf(:zz)g(x)e*“"z dz

Applying Gram-Schmidt orthogonalisation to the linearly independent collec-
tion 1,z, 2%, 23, ... € H gives an orthogonal sequence of polynomials (Hy ()32,



with deg Hj, = k, normalised in such a way that the coefficient of 2* in Hj, is 2%.
They are known as the Hermite polynomials, which is a complete orthogonal
set in H.

Let’s quote something from linear analysis since y’all are told it’s a prereq-
uisite.

Theorem 2.1 (Riesz Representation Theorem). Suppose H is a Hilbert space
and A : H — C is a bounded linear operator, then there is a unique w € H such

that Au = (w,u) for allu € H.

You are also told that measure theory is a prerequisite, so let’s use this to
prove something in measure theory.

Definition 2.2. Suppose (F,£) is a measurable space and p, v are measures
on it. We say v is absolutely continuous with respect to u, written v << pu,
if for any A € £ we have u(A) = 0 = v(A) = 0. pu,v are said to be
mutually singular, written g L v, if there exists a measurable Z such that
0=wu(Z)=v(Z°).

Theorem 2.2 (Radon-Nikodym). Suppose (F,E) is a measurable space and
W, v are finite measures on it with v << u, then there is some w € L' (E, ),
nonnegative [, v-a.e., such that

v(A4) = / wdp
A
for all A € £. In other words,

/Fdl/:/F’de
E E

for all measurable F : E — [0, 00].

Proof. Let o = p+ 2v,8 = v + 2u (don’t ask) which are finite measures. Let
H =L*E,a) = L*(E,u) N L?(E,v) = L*(E, ). Consider the linear operator
A:H — Ryvia

AU = [ ras

This is bounded since

\A(f)lS/E|f|d522/E|f|du+/E|f|dv§2/E|f|du+4/E|f\dV
—o [E flda < 2/a(B)f 2z

by Cauchy-Schwartz. Theorem [2.1] then produces g € H such that any f € H

has
/Efdﬂ:Am:/ngda

/E(29—1)fdv=/E(2—9)fdu

In other words,

10



Set f =14, with A; = {z € E: g(z) <1/2—1/j}, then
3

i) < [(eo-nrav= [ e-gfdn<—ua)

So u(A;) = v(A;) =0, thus g > 1/2 p,v-a.e.. Using the same argument on
Aj={z € E:g(x)>2+1/j} gives g <2 p,v-ae..

Take Z = {g(x) = 1/2}, then setting f = 1z gives u(Z) = 0, so v(Z) = 0 as
v << p. For a measurable F': E — [0, 00, set

__F() _ 2—g(z)
0= 20— = g —1

on Z¢and f =w =0 on Z. Then

/Equ/E\ZFdV/E(2g1)de/E(2g)fdu

= Fwd,uz/Fwdu
E\Z E

As desired. O

2.2 Dual Spaces

Definition 2.3. Given a topological vector space X over F = R or C, the
topological dual (or simply dual) X’ of X is the vector space of continuous
linear forms A : X — F.

If X is normed with || - || x, we norm X’ with
[Allxr = sup [A(z)]
[l x=1

X'’ is always a Banach space. Turns out, if in addition that X is a Banach
space, then X’ separates points:

Lemma 2.3. Let X be a Banach space and suppose x,y € X are distinct, then
there is some A € X' with A(z) # A(y).

We defer the proof after we prove Hahn-Banach.

In the case when X is Banach, for each z € X there is a natural map f, : X’ — C
via A — Az which is bounded and linear, hence an element of X" = (X')'. If
fz(A) = fy(A) for all A, then the preceding lemma tells us that z =y, soz — f5
is an injection X — X", If this map were also surjective, we say X is reflexive
and we write X = X”. Theorem tells us that for any Hilbert space H we
can canonically identify an isomorphism H = H’ K which in particular shows
that any Hilbert space is reflexive.

How about the dual of LP(R™). Suppose f € LP(R) for some 1 < p < oo and
let p~' + ¢! = 1, then Holder’s inequality gives

\/ gf‘ < ligloell s

for any g € L9(R™). Thus the map

Ag(f) = /n 9f

11



is bounded and linear, and a result from example sheet shows [|[Ag| rr@mny =
llgllLa@eny. Thus the map & : LY(R") — LP(R™)',g = Ay is linear and iso-
metric (hence injective). Therefore L4(R™) can be identified with a subspace
of LP(R")'. For p = q = 2, L*(R") is a Hilbert space and we in fact have
L?(R™) = L?(R™)’, but what if p # 27

Theorem 2.4. Let 1 < p < oo and p~! + ¢~ = 1, then we have LI(R") =
LP(R™) via k.

Sadly, the theorem is not true for p = co.

Proof. We first reduce to the case where the base field is R. Assuming the
case for R, then if the base field is C, we let LP(R™;R) be the subspace of
LP(R™) consisting of functions which are real a.e.. If f € LP(R), then there
are unique f,, f; € LP(R™;R) such that f = f, + if;. Given a bounded linear
A LP(R™) — C, we define two real-linear maps A,, A; : LP(R™;R) — R via
Ar(f) = Re(Af), Ai(f) = Im(A f) which determine A uniquely via A(f, +if;) =
A () = Aa(F) + (A (f) + Ad( )

We say a real linear map u : LP(R™;R) — R is called positive if u(f) > 0
whenever f > 0. Any real-linear map u can be written as u = uy —u_ with ug
positive (example sheet).

The reduction and the rest of the theorem both follow from the following claim:
Let 1 <p <ooand p ! +¢ ! =1 Suppose u: LP(R";R) — R is a posi-
tive linear bounded map, then there exists a nonnegative g € L?(R™;R) with
lgllLa@ny = llullLr@n) with

uh)= [ of

To prove this, we consider the Gaussian measure dy = e~ lel? dz, then p(R™) <
0. For a Lebesgue-measurable A, we consider v(A) = u(e~#"/P1 ) which is a
finite measure on R™. Indeed, it is nonnegative by the positivity of u and clearly
v(@) = 0,v(R™) < oo and that v is finitely additive. For countable additivity,

if B=J,—, A, for disjoint measurable A,,, we set Bj, = UZ:1 A,, which has

/ e’ dg
B\By

as k — oo, thus v(B\ Bg) = u(e“"c‘2/p13 - e‘mz/f’lgk) — 0 which (together
with finite additivity) gives countable additivity.

We also have v << p since ||e=1%1*/P1 4|| 1o = p(A)V/P. Theoremproduces a
nonnegative G € L'(R", 1) such that

1/p

le~l=l*/P1 g — e~lal*/P1 g ||, = = u(B\ By)Y? =0

v(A) = / Gdy = / G(x)(fW|2 dz
A A
Since wu is linear, if f is of the form e~1el*/P F for some simple F', then

ulf) = | fo.9t@) = Gw)
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Such functions are dense in LP(R™;R) and we also have the estimate |u(f)| <
HUHLP(Rn)/ Hf”Lp(Rn). ThUS

sup {

llgllLarny < [Jul|Le®n) by example sheet, and we get ||gl|Lan) > [[ul| L @ny by
Holder. O

/ fg‘  J € DPRR) || fllon < 1} < Nl oy

Hence LP(R™) is reflexive for 1 < p < oo, although neither L!'(R"™) nor
L>(R™) is.
Another space whose dual can be conveniently characterised is CJ(R™), a result
known as Riesz representation theorem for spaces of continuous functions (Riesz-
Markov theorem). We shall show that any positive functional on C?(R™;R) is
essentially integration against a suitable measure.

Definition 2.4. Let F be a topological space and £ a o-algebra on E containing
B(E). We say a measure p on (E, £) is regular (or Borel regular) if for any A € £
and any € > 0, there is a closed set C' and an open O such that C C A C O and
w0\ C) <e.

Example 2.2. The Lebesgue measure A on (R™, M) is regular.

Suppose j is a finite regular meaure on (R”, M). Any f € C?(R";R) would
be measurable since M D B(R™). The map

A(f)= [ fdu
R’n.

is then a positive bounded linear operator C(R™;R) — R.

We want to recover p from A. We’d quite like to set f = 14 and call it a day,
but indicators are not members of C(R™;R). The obvious way to continue is
then to approximate them with elements in CO(R"; R).

Suppose O is open. For k € N, we set O, = O N {|z| < k}. Define

1 for z € Oy with d(x,0%) > k™1
xk(x) = ¢ kd(z,0%) for z € Oy with d(z,0f) < k™!
0 for x ¢ Oy,

Then x; € C2(R™;R) and x% T 1o. Monotone convergence then gives A(xy) —
1(O) which recovers everything about p by regularity. Hence we have

Lemma 2.5. Given a o-algebra M on R™ containing B(R™) and a finite reqular
measure p on (R™ M), the map

A:ifes [ fdu
Rn

defines a positive bounded linear operator CO(R™;R) — R. Furthermore, A
uniquely determines p.

Theorem 2.6 (Riesz-Markov). Given a positive bounded linear operator A :
Co(R™;R) — R, there is a o-algebra M containing B(R) and a unique finite
regular measure p such that

A(f)= [ fdp

Rn
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Proof. Too technical even for this course. O

Example 2.3. For A(f) = f(0), we recover 1 = d, the point measure at 0.

2.3 Strong, Weak, and Weak-* Topologies

Banach spaces have a natural topology coming from the norm. In some circum-
stances, this topology is too strong for our liking. E.g. Bolzano-Weierstrass fails
for the closed unit ball when the dimension is infinite.

In search for compactness, we resort to disqualify some sets from being open
(i.e. trying to consider a weaker topology).

Definition 2.5. A seminorm p on a vector space X over a field F =R or C is
amap p: X — R with:

L p(z +y) < p(z) + p(y).

2. p(Az) = [Alp(x)

It then follows that any seminorm is nonnegative. This is a weaker notion
than a norm precisely in the sense that p(z) = 0 doesn’t necessarily mean = 0.
What would you do when you don’t have quality? Do something with quantity,
I guess.

Definition 2.6. A family P of seminorms on V is separating if, for every
x € X \ {0}, there is some p € P with p(z) # 0.

A separating family P of seminorms induces a topology 7p on X.
For p € P,n € N, we set V(p,n) = {x € X : p(z) < 1/n}. Let 3 be the
collection of finite intersections of V(p,n)’s and 8 ={z+ B:z € X, B € §}.

Theorem 2.7. (3 is a base for a Hausdorff topology mp on X such that addition,
scalar multiplication, and all p € P are continuous.

Definition 2.7. A space of the form (X, 7p) is called a locally convex topolog-
ical vector space (LCTVS).

If P = {pn}tnen is countable, then the corresponding topology 7p is metriz-
able by

o S 20

If this metric is complete, we say X is Fréchet.

In the case where X is a Banach space, taking P = {|| - ||} gives the exact same
topology. This topology 75 = 7p is usually known as the “strong” topology, only
because we are about to define weak topologies. We know that z,, — x in 7y iff
|| — x| = 0 as n — co. When this happens, we say x,, converges strongly to
x and write x,, — .

For A € X', pp : x — |A(2)] satisfies the condition for a seminorm. The family
P = {pa : A € X'} is separating, thus induces a Hausdorff topology 7, = 7p,
known as the weak-topology on X. It is then immediate that x,, — = in 7, iff
A(xn) = Ax) for all A € X'. If this happens, we say that x,, converges weakly
to z and write z,, — .

X'’ is also a Banach space, hence has associated strong and weak topologies.
It also has another interesting topology Tw«, the weak-* topology generated by

14



the separating family of seminorms {p, : A — |A(z)| : 2 € X}. So A, = Ain
Tws il Ap(z) = A(z) for all x € X. If this happens, we say that A, converges
weakly-* to A and write Ay —* A. When X is reflexive, the weak and weak-*
topologies on X’ coincide. And it is always true that Ay — A implies Ay —* A.

Example 2.4. 1. Let 1 < p < oo and f; € LP(R™). Then f; — f iff ||f; —
fllLr — 0, as per usual. f; — f iff

/ngfi—> Rngf

for all g € LY(R™) with p~! + ¢! = 1. When 1 < p < oo, the space is reflexive
so this is further equivalent to f; —* f by viewing LP(R™) = L4(R")".
For f; € L=(R") = L*(R"™)', fi — f iff || fi — fllz~ — O still. But now f; —=* f
is equivalent to
fig—= | fg

R7 Rn
for all g € L'(R), which is NOT the same as f; — f.
2. Let H be a separable Hilbert space and u, u; € H. Then u; — w iff [|u; —u| —
0 whereas u; — u iff (w,u;) — (w,u) for all w € H, which in turn is equivalent
to (en, u;) — (en,u) for all n, where (e,), is a Hilbertian basis for H.

2.4 Compactness

We've all seen the celebrated Arzela-Ascoli theorem, which says

Theorem 2.8 (Arzela-Ascoli, a slightly weaker version). Let f; : [0,1] — C
be a bounded equicontinuous sequence of functions, then (f;) has a uniformly
converging subsequence.

We want to get an even nicer compactness result in a weaker topology.

Theorem 2.9 (Banach-Alaoglu). Let X be a normed space and B' = {A € X" :
[Allx: < 1} the closed unit ball in the dual space. Then B’ is compact in the
weak-* topology.

This is too general for our liking (git gud), and its proof relies on Tychonoff’s
theorem (therefore Axiom of Choice), so let’s prove a weaker version.

Theorem 2.10 (Banach-Alaoglu, weaker version). Let X be a separable Banach
space. For any sequence (A;)32, € B', there exists a subsequence (Aj,)32, and
A € B' with Aj, —* A.

Proof. Let D = (z;)j2, be a countable dense subset of X. Consider (A;(z1))%2,
which is a bounded sequence in C as |A;(z1)| < [|Ajl|x/||z1]lx < |lz1]|x. By
Bolzano-Weierstrass there is some A(z1) € C and a converging subsequence
A (z1) = A(x1). Moreover, |[A(z1)| < ||z1]|x. Write A1 = A;, for brevity.
By a similar argument, we can also find a subsequence A; , — A(z2) and we set
Ao ; = Ay, Proceeding iteratively gives a family (A; )i r such that (A; )22,
is a subsequence of (Aj_1 )52, for all I > 1, and Ay x(x;) — A(z;) for all j <1
for some A(x;) € C with [A(z;)] < ||zl x-

Now A; j(x) — A(z) for all z € D where A(z) € C, |A(z)] < ||z||x. We first
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claim that A : D — C is uniformly continuous (in fact it’s 3-Lipschitz). For
e > 0, suppose z,y € D has |z — y| < €/3. Pick k sufficiently large so that
[Ak(2) = A(@)] < €/3, [Ari(y) — A(y)| < €/3, then

[A(z) = A(y)| < [A(@) = Mg (@) + [Akk (y) = AW + Ak k() — Arr(y)] <€

Thus A extends uniquely to a continuous function X = D — C.
A is also linear: Suppose x,y € X,a € C. We set z = x + ay. For ¢ > 0, then
|A(z) — A(z) — aA(y)] is bounded by

[A(2) = A2+ [A(z) — A(2)] + |al[A(y) — A(y")]
+[AR) = Ap (2] + [A@") = App(@)] + lal|A(Y") — Ak (y)]
+ | Ap k(2 — 2" — ay')]

By choice of 2’,3/,2" € D we can bound the first and third lines both under
€¢/3, and by choice of k the second line too. Thus this can be bounded below e,
which gives the linearity of A. Combining this with continuity shows A € X'.
It remains to show that A;; =" A. For x € X, we do the estimate

() = @) < [Ay (2 — )| + [Ay5(2") = A(2")| + [A(2)) — A(z))|

Again the first and third term can be bounded by choice of 2’ and the second
term by choice of j, which gives the desied convergence. And we have [|A]|x <1
by construction.

Corollary 2.11. Suppose 1 < p < oo and let (f;)52, be a sequence in LP(R")
satisfying Vj, || fillo» < K. Then there is a subsequence (f;,)72, and f € LP(R™)
such that || fllzr < K and

/ g [ fode
R’!L R’!L

as j — oo for all g € L4(R™) with p~1 +¢71 = 1.

Remark. If X is reflexive (e.g. if X is a Hilbert space), then Theorem m
shows that every bounded sequence has a weakly convergent subsequence.

2.5 Hahn-Banach Theorem

The Hahn-Banach theorem concerns the problem of extending a bounded linear
map defined on a subspace M < X to a bounded linear map on X.

We need only to consider the case where the base field is R, as every vector
space over C also has the natural structure of a vector space over R. Fur-
thermore, a complex linear form A : X — C gives rise to a real linear form
¢ = ReA : X — R; Conversely, a real linear form ¢ induces a complex linear
form A(x) = I(x) — il(iz). Such a correspondence translates almost all results
we’ll obtain.

From now on, we work over R as our base field. For the sake of glorious gener-
ality, we introduce a new notion of boundedness to state the theorem.

Definition 2.8. A sublinear functional on a (real) vector space X is a map
p : X — R satisfying p(z + y) < p(x) + p(y) and p(tz) = tp(x) for all z,y €
X,t>0.
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Example 2.5. 1. If £: X — R is linear, then p = |¢| is sublinear.
2. Indeed, all seminorms are sublinear (but not vice versal).

For a linear map ¢ : X — R, we will work with one-sided bounds of the form
[(xz) < p(z) which in fact implies a two-sided bound —p(—2z) < I(z) < p(x).

Lemma 2.12 (Banach Extension Lemma). Let X be a real vector space and
p: X — R a sublinear map on X and M < X. Suppose £ : M — R is a linear
form with £(y) < p(y) for all y € M, then for any x € X \ M, there exists a
linear form ¢ : M = Span(M U {z}) — R extending £ with {(w) < p(w) for all
we M.

Proof. Any w € W can be uniquely written in the form w = Ar +y,y € M,\ €
R. So / is determined by a = (x).

Suppose y,z € M, then {(y) +£(z) = £y +z) < p(y +2) < p(y —x) + p(z + ).
This can be rewritten as £(y) —p(y—z) < p(z+x)—£(2), thus a = sup,¢ p (¢(y) —
p(y — 7)) < plz +2) — () < o0

So l(y') —a <p(y —=z) and £(2) + a < p(z+z) for all y',z € M. For A > 0,
the bound follows by letting z = A~!y; For A < 0, the bound follows by letting
y' = (=2"Ny. O

So if dim(X/M) is finite, then we can extend any linear form on ¢ to a
linear form ¢ : X — R whilst keeping the same (sublinear) bound. When X is
separable, we can also obtain the result by induction. The general case, however,
requires a form of the Axiom of Choice, namely:

Proposition 2.13 (Zorn’s ... Proposition?). Let (S, <) be a nonempty partially
ordered set in which every totally ordered subset has an upper bound, then S
contains at least one maximal element.

Theorem 2.14 (Hahn-Banach). Let X be a real vector space andp: X - R a
sublinear functional. Suppose M < X and £ : M — R is lienar and £(y) < p(y)
for ally € M, then there exists a linear { : X — R extending £ with {(x) < p(z)
forallz e X.

Proof. Consider the set S of pairs (N, ¢*) with M < N < X, ¢*: N — R linear
and extending ¢, and that ¢*(x) < p(z) for all z € N. S is nonempty by Lemma
We partially order S by saying that (Nq,£¢7) < (N, 65) iff N3 < N and
05 extends £7.

Suppose T is a totally ordered subset of S, then it has an upper bound given
by (Np,{r) where Ny = U(N ¢yer NV and lr(x) = £*(z) whenever (N, £*) €

and z € N. Proposition shows that S admits a maximal element (N €)
But then necessarily N = X by Lemma [2.12) . and we are done. O

Corollary 2.15. Let X be a Banach space over F = R or C and let M < X.
Suppose A : M — T is a bounded linear form, then there exists a bounded linear
form A : X — F extending A with |Al|x: = ||Al|ns.

Proof. If F = R, then we can just apply the preceding theorem to p(x) =
[Allazl|z)|. I F = C, write A(x) = £(z) — il(iz) for £ : M — R a real lin-
ear operator. Then |A(z)] = £(e?z) for a suitable § not depending on z,
consequently sup,e s o<1 [A(®)] = supens o<1 [€(7)]. Applying the previ-

ous result to the real vector space structure on X gives some {: X — R with
12(@)]lx < ||€]la|z||. Then A(z) = (x)—il(iz) gives the desired extension. [
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Let’s now formulate a more geometric form of Theroem [2.14 Recall that
a subset of a vector space V is called convex if for any z,y € A, we have
tr+ (1 —t)y € A for all t € [0,1]. Recall also that in R™, we have the following
theorem:

Theorem 2.16 (Supporting Hyperplane Theorem in Finite Dimension). Sup-
pose A, B are disjoint, compact, convex, nonempty subsets of R™, then we can
find a codimension 1 hyperplane such that A, B are on the opposite sides of it.

With the power of Theorem [2.14] we can generalise this to infinite dimen-
sions.

Theorem 2.17 (Geometric Hahn-Banach). Suppose A, B are disjoint, convez,
nonempty subsets in a (real or complex) Banach space X .

(a) If A is open, then there exists A € X' and v € R such that Re(Ax) < v <
ReA(y) for allz € A,y € B. If in addition that B is also open, then the second
inequality is also strict.

(b) If A is compact and B closed, then there is some A € X' and v1,72 € R
such that Re A(z) < v1 <2 <ReA(y) for allz € A,y € B.

Proof. WLOG X is real.

(a) Pick ag € A,by € B and set xg = by — ag. Set C = A — B + xq, then
C' is a convex open neighbourhood of 0. Since A, B are disjoint, ¢ ¢ C. Let
p(z) = inf{t > 0: ¢t 'z € C} (“Minkowski gauge”). One can check (example
sheet) that p is sublinear, p(z) < k||| for some constant k& > 0, and p(y) < 1
for all y € C. Since zg ¢ C, p(zo) > 1.

Let M =Ry < X, then f: M — R, f(tzg) =t is a linear form bounded above
by p (f(txo) =t < tp(xg) = p(tzg) for any t > 0 and f(tzg) =t < 0 < p(tzg)
for any ¢ < 0). Theorem then tells us that we can extend f to a linear
form A : X — R with —k||z|| < —p(—z) < A(z) < p(x) < k||z||, consequently
Ae X'

For any a € A,b € B, we have A(a)—A(b)+1 = Ala—b+x¢) < pla—b+xp) < 1,
so A(a) < A(b). This means that A(A) and A(B) are disjoint convex subsets of
R with sup A(A) < inf A(B). By open mapping theorem (example sheet), A(A)
is open and therefore v = sup A(A4) has A(a) < v < A(b) for all a € A,b € B.
If B is also open, A(B) would be open and hence v < inf A(B) < A(b) for all
be B.

(b) Since A is compact and B closed, d = infscapep|la — b > 0. Let V =
Bg/2(0) and consider A+ V which is open, convex, and disjoint from B. By (a)
we can find A € X’ such that A(A+ V), A(B) are disjoint and supA(A+V) <
inf A(B). The result then follows from the fact that A(A) is a compact subset
of A(A+ V). O

Corollary 2.18. For any distinct x,y € X, there exists A € X' such that
Az) # Aly).

Proof. Set A = {z}, B = {y} in Theorem 2.17|(b). O

Corollary 2.19. Suppose M < X, M # X and xo € X \ M, then there exists
A € X" with A(xo) =1 and Alp = 0.

Proof. Set A = {xo}, B =M in Theorem [2.17(b). O
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Remark. This particular corollary is useful in proving the density of a certain
subspace (which in turn is useful in the theory of PDEs), since it’s usually easier
to show the nonexistence of such a linear form A.

3 Distribution Theory

We often want to make use of seemingly ill-defined “functions” in the study of
PDEs.

Example 3.1. Consider

-1
.3
G:R \{O}%R,xHémlajl

which “morally” should have V2G = §, as it helps so much in the study of
Laplace and Poisson equations. But this doesn’t make sense!

The theory of distributions provide a rigourous setting where such kind of
ideas makes sense. The idea is to construct some spaces of “test functions”.

3.1 Spaces of Test Functions

Let © C R™ be open.

The set C2°(2) consisting of smooth functions ¢ : 2 — C with compact supp ¢ =
{z : ¢(x) # 0} has the natural structure of a vector space. It can be equipped
with a topology making it a locally convex topological vector space, which we
shall call 2(€2). The details of the construction is omitted as it’s more important
to know its defining properties.

Theorem 3.1. C°(Q) can be equipped with a topology T such that:

(i) The topology makes it a locally convex topological vector space.

(i) A sequence (¢;); € CZ(Q) converges to 0 in 7 if there is a compact
K C § such that supp¢; C K for all j and for each multi-index o we have
Sup e ¢ [ D65 ()] — 0.

(i) If Y is a locally convex topological vector space and A : C(Q) — Y s
linear, then A is continuous iff it is sequentially continuous, i.e. A¢p; — Ag
whenever ¢; — ¢.

Example 3.2. For ¢ € C°(R) nonzero:

(a) If ¢;(z) = e ¢(jz), then ¢; — 0 in Z(R).

(b) If ¢ (z) = 57190 (jz), then ¢; does not converge to 0 in Z(R).

(c) If ¢j(x) = e I¢p(x — j), then again ¢; does not converge to 0 in Z(R).

The next space of test functions we will be interested in is &(£2), which is a
structure based on the vector space C*°(€2). We construct this by giving C*°(£2)
a Fréchet topology.

First recall that €2 admits an exhaustion by compact sets, i.e. there is a sequence
of compact sets K; C Q with K; C K| and Q = |J, K;. For ¢ € C*°(1), let

pn(¢) = sup  |[D%¢(x)]
2€K N, |a|<N
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Then {px : N} is a separating family of seminorms, which induces a topology
7 on C*°() making it a locally convex topological vector space. We call this
structure &(2). This can be induced from a metric which is complete, hence
it’s a Fréchet topology.

Theorem 3.2. For (¢;); € C>(Q), ¢; — 0 in Q) iff for each compact K
and multi-index o, sup,c g |D*¢;(z)] — 0.

Example 3.3. If ¢ € C°(R) is nonzero, then ¢;(x) = ¢(x — j) converges to 0
in £(R) as j — co.

One can show (example sheet) that the inclusion 2(Q2) — &() is continu-
ous.
The last space we’ll look at is the space .7 (R™).

Definition 3.1. A function ¢ € C*°(R") is rapidly decreasing if sup,cpn [(1 +
|z|)¥N D¢ (x)| < oo for all multi-index o and N € N.

Example 3.4. ¢(z) = e~1*I° is rapidly decreasing, but ¢(z) = (1 + |z|2)~1001
is not.

For ¢ rapidly decreasing, we can consider the seminorms

pn(9) = sup |1+ |z))NDY()]
z€R™,|a|<N

{pn : N} is again a separating family of seminorms and they make the set
of rapidly decreasing smooth functions into a locally convex topological vector
space, which is in fact Fréchet. Unlike 2(Q2) and &(Q2), .(R™) has a name and
it’s called the Schwarz space.

We can construct .’(R") alternatively with the seminorms sup,egn o)< [(1+

||2)N DG ()| or sup, cgn joj<n, g1<n [27 D (z)].

Theorem 3.3. If (¢,),; € (R™), then ¢; — 0 in L (R™) iff for all multi-index
a and N € N we have sup,cgn |(1 + |z])N D%;(x)| — 0.

We also have 2(R") C Z(R") C &(R") with each inclusion continuous.

3.2 Distributions

For 2 C R”™ open, the space of distributions 2'(2) on  is the continuous
dual space of Z(€2). Note that a linear map u : Z(2) — C is continuous iff
ulg;] — 0 for all ¢; — 0in Z(Q). Z'() is equipped with the weak-* topology,
which as you recall is the one induced by the separating family of seminorms
{py : & € 2(Q)}} where pylu] = |u]¢]|. Recall also that u; — u weakly-* in
2'(Q) iff u;[¢] — ulg] for all € Z(R).

Example 3.5. (a) For z € Q, we can consider J, : Z(2) — C via ¢ — ¢(z)
which is a member of 2'(Q2). It is known as the Dirac 4.
(b) For f € L} (), we can consider Ty : 2(2) — C via

¢H/Qf¢
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which is a member of 2'(§2): Suppose ¢; — 0in Z(Q), then there is some K C
compact such that supp ¢; C K for all j and sup,¢c g |[D“¢;(z)| — 0 for all multi-
index a. As ¢; then necessarily converges uniformly, they are in particular
uniformly bounded by some constant C'. This means that |flxe¢;| < C|f|1k
and the latter is integrable. Applying dominated convergence then shows that

Tf¢j:/ﬂf¢j:/ﬂflz<¢j%0

as j — oo.

Lemma 3.4. Suppose u : (1) — C is linear. Then u is continuous iff for
each compact K C §Q, there exists N € N and Cx > 0 such that

u[g]| < Cresup Y [D¥(x)|

IGKIa\SNK
for all p € CX(K).

Proof. For the “if” direction, suppose ¢; — 0 in 2(), then there is some
compact K C Q with supp¢ C K for all j and D*¢; — 0 uniformly on K for
all a. The condition then forces |u[¢;]| — 0, so u is continuous.

Conversely, suppose u is continuous but there is some compact K and ¢; €
C®(K) such that for all j,

ulg;]] > jigp > DY)

K )
la|<j

Let v; = ¢;/|ul@;]|, then ¢p; — 0 in 2(Q). For any multi-index S,

DPf¢; DBg; 1

lulggll  — FsuPser Dojai<; 1D05(X)]  J
eventually as j — co. So ¢; — 0, but |u[¢);]| = 1, contradicting the continuity
of u. O

If we can choose N = Nk independently from K, we say u has finite order
with order the least such N.

Example 3.6. 1. d,,T have order 0.
2. ¢ — ¢'(x) has order 1.
3. u: 2(R) = C, ¢ 352, ¢(D(i) is continuous but does not have finite order.

If f,g € L .(Q) have Ty = T,, then

loc
[ 7=20=0

for all ¢ € C°(2). Using the test functions as mollifiers (Theorem [1.4), we
conclude that f = g a.e.. Thus T : f + T} is an injection L () — 2'(Q),
so it makes sense to abuse the notation and write f in place of Ty and write
L .(Q) in place of its image under this injection.

2'(Q) is a C-vector space, so we can make sense of a distribution that is a

C-linear combinations of distributions. Suppose a € C*°(2), then for any ¢ €
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2(2) we have T,¢[¢] = Tylagp] for any f € LL (). Thus suggests that for any
distribution u and a € C*°() we might be able to consider a new distribution
via aulp] = ul[ag], which works.

Similarly, if f € C*(R),¢ € 2(Q), we have Tp, f[¢| = —T¢[D;¢]. Motivated by
this, we can define the derivative D* (with a a multi-index) of a distribution
u via D%u[¢] = (—1)l*lu[D*¢]. However, one should note that this operation

doesn’t necessarily stabilise the subspace L{. .(€2) C 2'(%).

Example 3.7. Let H : R — R be the Heaviside step function H = 1g_, then
essentially DTy = dp.

We can now make sense of (linear) distributional PDEs, i.e. equations of the
form 3°, < @aD%u = w where w € Z'(Q), aq € C>((2) are given and we want
u e 9'(Q).

How about the space &’(€2), the continuous dual to &(€2)? This is a Fréchet
space, so a linear map u : &(Q2) — C is continuous iff it’s sequentially continuous.

Lemma 3.5. Suppose u : £(Q) — C is linear. Then wu is continuous iff there
exists compact K C Q, N € N and C > 0 such that

lulgp]] <C sup [D%¢(x)]
zeK,|a|<N

for all ¢ € £(Q).

Proof. The “if” direction is again straightforward: Let ¢; — 0 in &(f2), then
for any compact K € Q and N € N we have SUP,e i o)< [ D@ ()] — 0. The
condition then shows that |u[¢,]| — 0.
Conversely, suppose the condition is not true. Choose a compact exhausion
(K)i of 2 (i.e. each K; compact in Q, K; C K7, and |J; K; = Q). So for
each j we can find ¢; € &(2) such that

ulg;]l =25 sup  [D%¢;(x)|

z€K;,|al<j

Let ¢; = ¢j/|ul¢;]|. Then ¢; — 0 in &(Q) since for any compact K and any
N e N, there is some J > N with K C K; for any 7 > J. This means that

1 1
sup  |D%Y;(z)| < sup  |D%;(x)] <= —=0
zef(,la‘g](] |u[¢]]| IEK]‘}‘OéISj .7
eventually as j — oo. However, |u[y);]| = 1, so u[t);] does not converge to 0 as
7 — oo which means that u is not continuous. O

The continuous inclusion Z(2) C &() gives rise to a continuous linear map
&'() € 2'(2). Turns out this map is injective, so we can identify &’(2) with
the distributions of compact support.

Definition 3.2. We say a distribution « € 2’(f2) has compact support if there
is some compact K C € such that u[¢] = 0 whenever supp¢ C Q\ K.

The preceding lemma shows that any v € &'(Q) C 2'(Q) has compact
support. Conversely, if u € 2'(Q) has compact support inside some compact
K, we can extend u uniquely to @ € &'(Q) by setting @[¢] = u[x¢] where
X € C*(Q) has x|k = 1. It’s clear that such x exists and the extension does
not depend on the choice of y.



Example 3.8. (a) If f € LY(Q), vanishes a.e. in Q\ K for some compact
K C Q, then Ty € &'(2).

(b) For any = € Q, §, € &'(Q).

(c) u € 2'(R) given by u[p] = > - ¢(n) does not have compact support.

The continuous dual ./ (R™) to . (R"™) is called the space of tempered distri-
butions. The continuous inclusions Z(R") C .#(R") C &(R™) induces continu-
ous maps &' (R") — '(R") — 2'(R™), both of which happen to be injective.

Example 3.9. 1. If f € L{ (R") satisfies

loc

[ lal) (@) do < o0

Then Ty is a tempered distribution. Indeed, if ¢ € .7(R™), then
ol = | [ 1o
Rn
< ([ asiads@lac) (sup 00+ o) Vo))
n TxER™

So |T¢[¢;]| — 0 whenever ¢; — 0 in . (R™), which means that Ty € .%/(R").
2. If f(z) € el*l’, then Ty € 2/(R™) \ ./ (R").
3. The map u[¢] = Y, ., m*°p(m) belongs to .’ (R) but not &' (R).

=| [ @+ e Vo) as

3.3 Convolutions

Recall that if ¢ : R" — C, we had defined 7, via 7.¢(y) = ¢(y — x). We
introduce the involute ¢ of ¢ via ¢(y) = ¢(—y) and the convolute of ¢ via
T20(y) = ¢(z —y).

Suppose f € L _(R™), ¢ € P(R"), then their convolution is defined by

loc

(f *¢)(x) = . F)o(z —y) dy = Ty(129)

which suggests that we might be able to define convolution of a distribution
u€ Z'(R") and ¢ € Z(R") by u* ¢(x) = u(7,¢). This is perfectly well-defined
and bilinear. We also have (u * ¢)(0) = u[¢], so u is determined by all these
u*p,p € Z(R).

Example 3.10. §g x ¢ = ¢.

Lemma 3.6. Suppose u € 2'(R"), ¢ € D(R™), then:

(i) ux ¢ € C°(R™) and D*(u* ¢) = D*ux ¢ = ux D*¢.
(i) If u € &' (R™), then ux ¢ € Z(R™).

Proof. (i) We have

u* ¢(x 4 hey) —ux* o(x) |:Ta;+hei(;5 - qu’;]
h - h

But 2 (Tysne, @ — Tad) — 72(Did)(y) as b — 0 in 2(R") (example sheet), so
indeed h =1 (u* ¢(x + he;) — ux* ¢(x)) = ux* D;d(x).
Tterating this gives u * ¢ € C°(R") and D*(u * ¢) = u x D*¢. Furthermore,

. olel
D1, ¢(y) = )

(z—y) = (-1)*ID*(z — y) = (1)1 7, (D2¢)(y)
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Hence (D%u * ¢)(x) = Doulr,¢] = (—1)*lu[D¥r,¢] = (—1)l*lu[D¥7,¢] =
(=Dllu[(=1)llr, (DY¢)] = (u x D*¢)(x).

(ii) Suppose u[¢] = 0 for all ¢ € Z(R™) supported outside K, then for any
¢ € 2(R™) we have K Nsupp 7,¢ = & for || sufficiently large. Thus u[r,¢] = 0
for |x| large and therefore u x ¢ € Z(R™). O

With this, we can define the convolution of distributions u; € 2'(R"), uz €
E'(R™) by requiring (uq * ug) * ¢ = uy * (ug * ¢). Recall that u * ¢(0) = ul¢], so
this does determine a new distribution.

Example 3.11. If u € 2'(R") and ¢ € Z(R™), then (u*dp) *d = ux* (dp* @) =
u * ¢, hence u * dg = u.

Lemma 3.7. Foru; € 2'(R"),us € &' (R™), then D*(uy *xug) = (D%uq) *ug =
up * (D%ug).

Proof. For any ¢ € 2(R"), we have (D“(uy % uz)) * ¢ = (ug * uz) * D% =
up * (ug* DYP) = up * ((D%usz) %) = (ug * D%us)* ¢, s0 D*(ug *uz) = uqg * D%us.
The other case is an easy exercise. O

Convolution is a great tool for inverting partial differential operators. Sup-
pose L = Z|a\ <N @D a0 € C is a linear partial differential operator with
constant coefficient. A fundamental solution of L is a distribution G satisfying
LG = §y. Note that G might or might not be unique.

Theorem 3.8. If G € D'(R"™) is a fundamental solution of L and ug = E'(R™),
then u = G * ug satisfies Lu = ug.

Proof. L(G *ug) =), aaD(G*xup) =), aa((D*G) * uo) = (3_, aa D*G) *
ug = (LG) * ug = o * ug = ug. O

The same argument also shows that if f € Z(R™), then u = G f € C*°(R")
satisfies Lu = f.

Example 3.12. Take L = —V? = — Zle 0?/0z?% which is a differential oper-
ator on R3. Consider g : R — R,0 # x — 1/(4x|z|),0 — 0. Then G =T is a
fundamental solution for L. So if f € C>°(R?) then

1 f(y)
ulo) = dm s |z =yl &

is a smooth solution to —Au = f.

4 Fourier Transforms

4.1 Definition and Examples

Definition 4.1. Given f € L*(R"), we define its Fourier transform Ff = f
R™ — C to be

fO={ f@e=9ds

R

Since | f(x)e "' @8] < |f(x)| € L'(R™), the integral absolutely converges for
all £ € R™.
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Lemma 4.1 (Riemann-Lebesgue Lemma). Suppose f € L'(R"), then f €
CO°(R™) and ||f|lr=~ < ||fllzr. Moreover, (&) — 0 as |£] — 0.

Proof. If &, — € in R”, then f(z)e (@& — f(z)e ~H@) and |f(z)e @ En)| <
|f(z)| € L*(R™), so by dominated convergence f(&,) — f(€), hence f is contin-
uous. Also, for any & € R™, we have

f@1< [ e o= [ 5@)de =l

Given f € L'(R") and € > 0, we can find f. € C(R") with ||f — fellz: < e.
Integration by parts gives

Jl@) = | S @Odr= | g dive (—z’fwe—i(z'ﬂ o

]Rn
€ DID) ey
= U8 dg
[ ez
Thus |f.(2)| < [€]7H|Dfe||1 < € for large enough |€]. We then have | f(€)| < 2¢
for such &. O

Example 4.1. We'll take n = 1. .
L f=1,4 1) has f(&) = 2671 siné for € # 0 and f(0) =
2. f(z) = e %@ has f(§) =2/(1+&).
3. flz) = 1/(1 + 2?) has f(z) = me—ssn(®)z,
4. f(x) = e /2 has f(¢) = 2me /2,

As you’ve probably seen before, Fourier transforms have some properties.
We introduce e, (z) = '@,
Lemma 4.2. (i) S@fppose fAE ngR\”), T € ]IAQ” and A > 0 cmfl let fa(x) =
AT F(A T e). Then fa(€) = f(AE), ey f(§) = 7, f(€), Tyf(ﬁ) =c—yf(£).
(ii) Suppose f,g € L*(R™), then f x g € L*(R") and f xg=fg.
’Sgeorem 4.3. (i) Suppose f € CY(R™) and f,D;f € L*(R™) for all j, then
D, 7€) = i€, 1 (€). A -
(ii) Suppose (1+ |z|)f € L*(R™), then f € CY(R™) and D, f(£) = —ix; f(£).
Proof. (i) For € > 0, we can find f. € C°(R") such that

I fe = fllor + > IIDif = Djfellp <€
J

which can be done by a more precise mollification (e.g. choose a smooth cutoff
function). Then

—

D.(6) = / @O D, £ (x) dr = / i€;e= 10 f(2) dz = i€, £.(€)
and we have

D F(€) — i€ f(€)| < ID;F(€) — Dy Ju(€)] + i fe(€) — i€ f(€)]
<D f = Dyfeller + €IS = fellor < (L+[€])e
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(ii) By assumption z; f € L'(R™) for all j, so —i;]? € C°(R™). We have

f€+ he}gl') - f© ]11 Fla)emitEhe) qp _ f( )~ i@ qg
f(m)e_i(xf)$ da
RTL

which gives the result by dominated convergence (noting |e? —1| = 2|sin(8/2)| <
16]). O

Corollary 4.4. The Fourier transform maps #(R"™) to itself continuously.

Proof. First note that for any f € .(R"™), we have the estimate

e = [ 110+ el)™ ey de < € sup (F@I(1+ ™)

TER™

where

1
C= ————dz < o0
e (14 [+t

In particular, if f € .7 (R"), then D*(2?f(z)) € L*(R") for all multi-indices
a, 3. Applying the preceding theorem iteratively shows that |D*(z8f)(€)] =
€°DP f(€)], so

sup €*DPf(&)] < ID*(2° )]l pr < Cap P ‘(1 + [2) P DO f ()]
zeR™,|0|<|a

Thus f € .(R™). Now if fi = 0in #(R™), then the same estimate shows that
sup; le*DP f;(€)| — 0, which means that f; — 0 in .7 (R™). O

Theorem 4.5 (Fourier Inversion Theorem). Suppose f, f € L*(R™), then

1

Gy J,, J©e 9 de

fz) =

for almost every x.

In particular, F2f = (2r)"f and F*f = (27)**f. With Lemma we
know that if f is continuous then the inversion holds for every x. It also follows
that F : .7(R") — “(R"™) is an isomorphism of topological vector spaces.

4.2 Extensions of Fourier Transforms

We want to extend our definition of Fourier transforms to some larger spaces.
Let’s start with trying to define Fourier transforms on L?(R").

Theorem 4.6 (Fourier-Plancherel/Parseval). Suppose f,g € L*(R™)NL?(R™),
then f,g € L*(R™) and (f,g9)r: = (27)""(f,§)r> where (,)r2 is the inner
product on L?(R™).

Proof. Omitted. O
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Note that if f € LY(R"™) N L2(R™), then ||f]lz2 = (2m)"/2||f|12, so F :
L'(R™) N L*(R™) — L?(R™) is an isometry (up to a nonzero constant). F then
extends uniquely to a linear map F from the closure of L'(R™) N L*(R") in
L2(R™).

Definition 4.2. F is known as the Fourier-Plancherel transform.

How would we calculate F? Suppose f € L?(R"), then frp = flBro) €
LY(R™) N L(R™), then fr — f as R — oo in L? and hence fr — F(f) in L?

as R — 0o0. So f = F(f) is the L? limit of

& f(z)e @O dz
Br(0)

as R — oo.

Since F is the extension of F anyways, we typically abuse the notation and
write F in place of F.

Now let’s try to make sense of Fourier transforms on .%/(R™). Suppose f €
LY(R") and ¢ € Z(R"), we have

701 = | F@o@ae= [ [ o) e dyds
= / L L d@ e dedy = | fy)dly) dy = Ty(d]

by Fubini’s theorem. Note that ¢ € .#(R") = ¢ € ./(R™), we are inspired
to produce the following definition.

Definition 4.3. For u € ./(R"), we define its Fourier transform to be @ €

Z'(R") given by a[¢] = u[g)].

u is well-defined by Corollary [£.4] Indeed, it’s quite problematic if one do
this for u € Z(R™) as F doesn’t stabilise Z(R™).

Example 4.2. Fix some { € R" and u = d¢. Let’s compute &. We have
alg] = uld] = $(¢) = N (2)e” " dz = T, [¢]

So we might write 55 = Te_, which corresponds to what you've seen in (quote)
“Methods or something”.
Correspondingly, for « € R", the Fourier transform of T, has

1,00 = T..[0) = [ e@0d(5)dy = (20" o(a) = (27)"8. 10

by Theorem So T,,, = (27)"6,.

For a multi-index a, we write X% : R® — C,x — z® = 27*---22~. For a

distribution u, we write T,ul¢] = u[r_, 9], U[¢] = u[P)].

—

Lemma 4.7. Suppose u € ' (R"™), then é;u = T,0,T,u = e_,0, D% =
il Xoq, Do = (—i)l*I X eu. Moreover, 4 = (27)".
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Proof. Pick ¢ € .(R"), then
etild] = equld] = ulesd] = ulr_pd] = Alr_o¢] = T,0[g]

Thus e,u = 7,4. As for the derivative business,
Doufg] = Dul@] = (=1)*lu[D¢] = (=1)*lu[(~i) > X g
= ilolu[Xog] = ilela[ X g] = il xa[g]

The rest are mostly similar, and we have g?) = alg] = u[qﬁﬁ] = u[(2m)"¢] =
(2m)™a[g)]. O

Lemma 4.8. F:.%'(R") — ./(R") is a linear homeomorphism, with .7’ (R™)
given the weak-* topology.

Proof. Linearity is straightforward. We’ll show sequential continuity, which is
what we’re gonna use anyways although it is weaker than we claimed.

Suppose u; —* u, then 4,[¢] = u;[¢] — ulp] = u[¢] for all ¢ € .(R™), which
means that Fu; —=* Fu. As F* = (2m)"id, we get a sequentially continuous
inverse. O

4.3 Periodic Distributions
Recall that if f € L%([0,1]), then we can write

1
_ —2minx _ 2minx d
F@) = 3 Fae2me gy = [ @) da

neZ

with the sum converging in L2. We want to find an analogue of this in the realm
of distributions.

Definition 4.4. A distribution u € 2’(R") is periodic if 7,u = u for all y € Z".

Example 4.3. 1. If f € L] _(R") is periodic, i.e. has Vy € Z", f(z+y) = f(z),
then T is periodic.

2. Suppose v € &' (R"), then u = 3" 7. 7v is in Z'(R") (indeed u[¢)] is always
a finite sum) and is periodic.

If f € C°(R") is periodic, we often just need to restrict our attention to
a fundamental cell of Z™. In particular, we are interested in averages over
g={reR":-1/2<z;,<1/2,i=1,...,n}, eg.

Mmzlﬂ@m

We sort of want to say M[f] = Ty[1,] and generalise everything to distributions,
which sadly doesn’t work since 1, isn’t a test function.

Lemma 4.9. Let Q = {x € R": =1 < z; < 1}. Then there exists ) € C*(R"™)
such that:

1.4 >0.

2. suppvy C Q°.

S yemn Ty =1

Such 1 is known as a periodic partition of unity. Suppose ¥, are two such
functions, then u[y)] = u[y’'] whenever u € 2'(R™) is periodic.
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So we’ll be able to define M [u] = u[ty)] for any periodic partition of unity .

Proof. Start by picking any 1y € C*°(R") supported inside Q° with ¢g(x) =1
for z € g and ¥y > 0. Let s(z) = ZyeZ o(x — y). This sum is locally finite, so
s € C*(R™). For each z € R", there is some y € Z™ with z —y € ¢, so s > 1.
s is also periodic by construction. So we can just use ¥ (z) = o(x)/s(x).
Suppose now that u is periodic and 1,1’ are periodic partitions of unity, then
we want to show that u[y] = u[t)']. Indeed,

ulg] =u [y m | = Y ulr ] =D [roul (o) = > ur_y )
YEZL yeL™ YEZL YEL
= u@'ry ) =u [y | = uly
YyEZ YyEL
as desired. O

If w = Ty for some periodic f € LlDC(R"), then by choosing a sequence
of bounded periodic partitions of unity ¢, such that ¢, — 1, pointwise, we
conclude that

Ty = [ fo)ds
q
Lemma 4.10. Suppose v € &' (R") then u = ;. Tyv converges weakly-*
in ' (R™) (the ordering of the sum doesn’t matter). Conversely, if u is any
periodic distribution, then there exists v € &'(R") with u = }_ ;. Tyv. In
particular, every periodic distribution is tempered.

Proof. Let K be a compact set with o[¢] = 0 for all ¢ with supp ¢ C R™\ K. We
know that there is k € N-and C > 0 such that |o[¢]| < Csup,cg o)<k [D¢(2)|
for all ¢ € &(R™). Suppose ¢ € .#(R") C &R™). Then |r,0[¢]| = |[v[r_yd]| <
Csup,eg o)<k |DY0(z+y)|. As K is bounded, K C Bg(0) for some R > 0. For
rzeK,wehave 1+ |yl =1+ |z+y—2|<1+R+|z+y| < (1+R)(1+|z+y)),
which means that 1 < (14+R)(1+ |z +y|)/(1+|y|) for all z € K. So for m > 1,
we have the estimate

oA+ R™ S
1 D
[Tyv[d]] < ( T zeiil,l\glng + |z +y))"D(z + y)|
(1+Rr)m I\ (o
C 1 D
= 1 +|y|)mzen§3ﬂ\gk|( Tl Do)

Taking m > n + 1 gives o,7[¢] < C/(1 + |y|"*") for some constant C' since
> yezn (L+[y))" < oo. So we conclude that u converges weakly-* in ./ (R™).
Conversely, suppose u € 2'(R") is a periodic distribution, we take 1 to be a
periodic partition of unity. For any ¢ € 2(R"™), we have

ulg] = | > v | ulgl = > ulpn,y]

yeL™ yeL™

Note that u[¢7,¥] = TyulpT,¥] = w7y 8] = (Yu)[r_yd| = 7y (Yu)[¢]. So we

take v = ¢u which shall give u[g] = >_, . Tyv[¢]. v has compact support since
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if supp ¢ Nsupp® = @& then v[¢] = u[thé] = 0. So v extends uniquely to an
element of &' (R™). O

Thus every periodic distribution has a Fourier transform. In order to charac-
terise the Fourier transform of a periodic distribution, we first need a technical
lemma.

Lemma 4.11. Suppose u € %' (R") satisfies (e, — L)u = 0 for all y' € Z™.

Then
u = Z Cy02my

yezZr

for some ¢, € C satisfying |c,| < C(1+ |y|)N for some C > 0,N € N, and the
sum converges in ' (R™).

Proof. Let A* = {2ny : y € Z"}. Suppose ¢ € Z(R™) has (supp ¢) N A* = &.
Then for y' € Z", (e_,» — 1) is nonzero on supp ¢, so (e—, — 1)¢p € Z'(R™) C
< (R™), hence 0 = (e—, — L)u[(e—, — 1)7'@] = u[¢]. Therefore suppu C A*.
Pick a periodic partition of unity ¢ and let ¢ (x) = ¥ (x/(27)). So

> momyt(@) = 1,9 > 0,5upp e C {|a| < 27}

yeZ™

Consider v, = (Taxy%)u which is supported at 27y. We have > yezn Uy = u and
(e—y —1L)vy =0 for all y € Z™. Set y' = 1;,j = 1,...,n where {l;}, is the
standard basis on R”. Then (e~*(i=27%i) — 1)y, = 0. Note that e~*(%1=27v;) —
1 = (x; — 2my;)k(z;) for some smooth k(z;) nonzero near y;. Therefore (z; —
21y, vy, = 0.

Suppose we are given ¢ € .7(R"), then ¢(z) = ¢(2my) + 3>_;(x; — 27y;)¢;(z)
for some ¢; € C(R™). Now v, has compact support, so extends to act on
&(R™) = C*°(R™). This means that

vy[9] = vy[B(27y)] +

J

So (TQﬂyI;)u[(b} = (TQTry'J)N)u[(b(Qﬂ-y)] = U[TQTry'(;Qz)(zﬂ-y)] = U[TQﬂylm(S?Tryl(b]? which
means that vy, = u[Tory¥]d2ry, 50 we conclude by taking ¢, = u[Tary ).
To get the desired bound, note that by example sheet there are N,k € N and

C > 0 such that

() = 2my;)vy (5] = vy[6(2my)] = P(2my)uvy[1]

n
=1

lulg]] <C sup  |(1+[z)¥ D¢(x)]
z€R™,|a|<k

for all ¢ € .Z(R™). Thus

| <C sup |1+ 2N D — 2my)]
z€R™,|a|<k

<C  sup (14 |z +2my[)ND¥(x)|
zeR”,|a|<k

<C" sup |1+ |£E|)NDQZ/~J($)|(1 + |y
z€R™,|a|<k

Therefore |c,| < CN(1+ |y[)V. O
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Theorem 4.12. Suppose u € Z'(R") is periodic, then there exists ¢, € C such
that we have an ' (R™)-convergence

U= E cyTe%y

yeZ™

where ¢, = Me_or,u] satisfies the bound |c,| < C(1 + |y|)N for some C >
0,N € N.

We say (cy)yezn are the Fourier coefficients for .

Proof. As u is periodic and periodic distributions are tempered, for ¢y’ € Z"™ we
have (e_,, — 1)@ = 0 since 7 u = u. By the preceding lemma,

i =(2m)" Y cyamy, ley| < C(L+ [y
yeL™

in #'(R™). Theorem [4.5| then gives
U= Z cyTeyn,
yEZ"
Also, since ez, € Li .,
M (earyu) is a continuous map &/(R™) — C, so

we can write M[e_ oy Te,,,]

= 0yy- The map u —

Mle_onyu] = Z ey Mle_oryTe, | =cy
y' €EZN

as desired. 0O

2mi(y-x)

We sometimes abuse notation and write u(z) =) e .

yezr Cy

Example 4.4. Consider the periodic distribution v = Zyezn dy. Then ¢, =

Mle_oryu] = u[thear,] for a periodic partition of unity . So

cy= D e V) = N p(y) =1

yezL” yeL™

The preceding theorem then gives Poisson’s formula:

o= T,

yeZ™ yeEL™

or, by abuse of notation, 37 7. 6(x —y) = >, czn e2mi(y-z).

5 Sobolev Spaces

5.1 Definitions

Sobolev spaces give contexts where we make sense of differentiation in the in-
tegral sense. They consists of LP functions whose distributional derivatives are
also in LP.
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Definition 5.1. Suppose @ C R" is open and let k € Z>0,1 <p < o0. f €
LP(2) belongs to the Sobolev space W#?(Q) if for any multi-index o with
|| < k, there exists f@ € LP(Q2) with DTy = Tyo in D'(Q). We say f is the
ath weak derivative of f.

From now on, we abuse the notation and drop the notational distinction
between f € L  and Ty € 2'. In particular, we might sometimes write D f €

loc

L*(R) to mean f® € LY(R™) with D*Ty = T}a.
Definition 5.2. W*P?(Q) is a Banach space equipped with the norm

1/p

1 llwes = | D IDFIL

lal<k
for p < oo and || f|lwr.c = max|q|<k 1D fl Loo -

The condition D*Ty = Ty« translates to the statement that for any ¢ €
2(%),

[ eode= 1! [ 16z
Q Q
Example 5.1. 1. Let

-1 forx< -1
fley=qx for-1<z<1
1 forz >1

Then f € Wh*(R) with Df(z) = 1j5<1.
2. Let H = 1g.,, then H ¢ WP for any p since DTy = §g # Ty for any
felLi

loc*

As is the usual case, we can say very little about Sobolev spaces except in
the case p = 2,Q = R", so we'll do that. Suppose f € L?(R"), D*f € L*(R")
iff € f(€) € L2 (R™).

Definition 5.3. For s € R, we say u € /(R™) belongs to H*(R") if 4 €
L2 _(R™) and

loc

[ s igprla)P de < oo

Then H*(R™) is a Hilbert space with inner product

(w0 = [ FEOE(+[€)* g

If s € Z>g, then H*(R") = W*2(R™). One important property of Sobolev
spaces is that for large enough k (or s), they embed into classical differentiable
spaces.

Theorem 5.1 (Sobolev Embeddings). Suppose f € H*(R™) for some s >
k+n/2,k € Z>o, then there exists f* € CF(R") with f = f* a.e..

So it makes sense to write H*(R") C C*(R").
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Proof. First suppose that f € .(R"™), then by Theorem 4.5, we can write

ilel ) .
D" (@) = g [ e Oe e
So by Cauchy-Schwarz
AL = 1 62(1’5) a g
D*f(@)l = e | [ O i(©)ae

< b ([avienmiora) " ([ 90 ae)”

As |a] < k, we have |€%] < cx(1 + |€]?)F for some ¢ > 0, so

e IS SRR
/Rn T+ lepy = /R At ep)eF % = Chns <0

So we deduce that sup,egn o<k [D*f(@)] < cnpsllfllm: for all f € S (R").
Now suppose f € H*(R™), then we can approximate f by a sequence (f,)22
with f, € YR"),f, — f in H*, and f, — f ae. (example sheet). In
particular, f,, is Cauchy in H*(R"), so by our estimate f, is Cauchy in C*(R™).
So there exists f* € C¥(R") such that f, — f* uniformly. Hence f = f*
a.e.. O

Why are Sobolev spaces worth considering?

Example 5.2. Consider the PDE —V?u +u = f on R®. We claim that if
f € H*(R"), then there is a unique u € H®"?(R") satisfying the PDE in
S'(R™). To see this, we take a Fourier transform of the equation, which gives
(I€2+1)a(€) = f(€) for almost every &. This is to say that a(¢) = f(£)/(1+]¢[?)
and we can invert this. We also have

[ /Rn(l +[€2)* 2 la¢)* dg = Rn(l +IEP)IF (€)1 dg = |1f 17
Remark. 1. wis more regular than f, which is a property of the differential oper-
ator (—V?2+1) (known as elliptic regularity). We have —V?u+u € L?(R") =
u € H2(R™).

2. Suppose s > n/2, then (possibly after augmenting on a set of measure zero)
f € C'R"),u € C?>(R") and the PDE —V?u + u = f holds classically.

5.2 Elliptic Boundary Problems

We often want to consider the restriction of u € H*(R™) (s > 0) to an (n — 1)-
dimensional hypersurface in R™. Since u is only defined modulo changes on sets
of measure zero, doing this restriction directly usually gives us nonsense. To
resolve this, we show the following:

Theorem 5.2 (Trace Theorem). Let s > 1/2. There exists a bounded surjective
linear map T : H*(R™) — H*~Y2(R"1) such that Tf = f|,, —o for all f €
Z(R™).

Tf is called the trace of f on {z, = 0}.
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Proof. Example sheet. O

By combining this with certain coordinates transformations, we can estab-

lish a similar result with R"~1 = {z,, = 0} replaced by suitably regular (e.g.
Lipschitz regular) (n — 1)-hypersurfaces.
Let Q C R™ be open and suppose f € C*(). By extending f by zero, we
can realise f as an element of C2°(R") and thus automatically f € H'(R™). In
other words, we can embed C°(2) C H!(R"). Denote by H}(Q) the closure
of C=(Q) in H'(R™). Note that we have a particularly nice way to write the
norm on H! for functions f € C°(Q), i.e.

1 = [ Q+IEPIAOP aE = )" [ IDF@P +17 (@) da
Then H} () is a Hilbert space whose inner product has the form
(u,v)g1 = /Qm-Dv—i—dex
Suppose ¢ € C((29)°), then

Ap(u) = pudr =0
R’!L

for all u € C2°(2). We know that A, : H*(R™) — C is continuous, so if u, — u
in H'(R") then Ayu = 0. This means that any u € H}({2) vanishes a.e. on Q°.
For sufficiently nice 92, the trace map T : H}(Q) — H'/2(0Q) is bounded and
Tu =0 for any C°(9). So if u € H(2) then Tu = 0.
Nothing breaks, basically.
H}(Q) can be viewed (informally) as “the set of H! functions which vanish on
0% and outside Q7.
Now consider the problem

—Viu+u=f inQ
u=20 on 0N

We seek a distributional solution u € H}(Q). u satisfies the boundary condition
by definition. Suppose v € 2(Q), then

(u,v)H1:/m-Derdex:/fﬂVQUJrﬂvdm:/fvdx:(f,v)Lz
Q Q Q

By continuity, this holds for every v € H}(Q) provided f € L?(Q). Conversely,
if this holds for every such v, then by taking v € C°(Q) and integrating by
parts, we have —V?u +u = f holds in 2'(Q).

Motivated by this,

Definition 5.4. We say u € H{(f) is a weak solution of the boundary value
problem above (for f € L*(Q)) if (u,v)z = (f,v)zz for all v € H ().

Note that A : v — (f,v)r2 is a bounded linear map H}(Q) — C since
[(fs0)pz| < N fllzzllvllzz < Ifllpzllv]lg:- By Riesz representation theorem, there
is a unique u € H}(Q) such that (u,v)g:1 = Av = (f,v) 2 for all v € H}(Q2). In
other words,
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Lemma 5.3. Given f € L?(X2), there exists a unique weak solution u € HZ ()
with |[ull g < (|12

If we let Af = u, then A is a bounded linear operator L?(Q) — H ().
Suppose f,g € L*(Q),a € C and u = Af,w = Ag, then

(u+ aw,v)g1 = (u,v) g1 + a(w,v)gr = (f,v) 2 +alg,v)2 = (f + ag,v)
for any v € H3(Q). So A(f+ag) = Af +aAg, i.e. Aislinear. It’s also bounded:
IAfI3 = (AL, Ag)ur = (f, Af )2 < |If 12l Afllee < NFNIAS e

Thus ||Af]|gr < ||f]lz2- A is in fact also Hermitian, i.e. (Af,g)r2 = (f, Ag) 2.
Indeed,

(fv Ag)L2 = (fv w)L2 = (U‘?w)Hl = (wau)Hl = (gvu)LZ = (u,g)Lz = (Af,g)LZ

Definition 5.5. For s > 0, we set H}

() ={u € L}, (Q) : Vx € OZ(Q), xu €
H2(RM)}.

loc

If U is open and U C €. Then we can find x € C°(Q2) with x = 1 on U. If
s> (n/2) +k, u € HE (Q), then yu € H*(R") C C*¥(R"). But yu = u on U,
so u € C*(Q) by varying U.

Returning to our elliptic boundary value problem, we fix K C 2 compact and
XK € C°(Q) with xx|x = 1. Suppose u is a weak solution, i.e.

/m.Dv—i—fwdx:/f_vdm
Q Q

for any v € H}(Q2). Pick any ¢ € #(R") and let v(z) = xx(z)d(x), then
v € CX(Q) C HY(Q). Plugging this in, we conclude

/n w(—V2p + ¢)dx = /n godx

where w = ygu and ¢ = —2Du - Dxg — uV2xg + fxkx. This tells us that
w € H () € HY(R") solves —V2w +w = g in .'(Q) with g € L*(Q). We've
shown previously that if g € H*(R"), then the solution to —V?w+w = g satisfies
w € H*T2(R™). In this instance, we obtain w € H2(R"). Let ¢ € C°(Q) be
arbitrary, then by taking K = supp ¢ we deduce that Yu = ¢¥xgu € H?(R"),
thus u € HZ ().

Suppose f € HL.(2) N L*(Q). The expression of g reveals that g € H'(R"),
so the same argument shows that u € H{ (). Iterating, we see that if f €
L2(Q)NHE (Q) then u € HY(Q)NH"T2(Q). In particular, if f € L2(Q)NCZ(Q)
then u € Hi () NC(Q) and —V?u + u = f holds classically.

This property of the operator —V?2 + 1 of improving regularity of its solution
is called elliptic regularity, which sadly (and expectedly) doesn’t hold for every
PDE. One counterexample happens when you try to solve the wave equation
Ut — Uy, = 0 which has solutions u(z,t) = uy(x +t) + u_(z — t) that does not
get smoothness for free.
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5.3 Rellich-Kondrachov Theorem

We are interested in the compactness for Sobolev spaces. Suppose 2 C R” is
open and bounded, and suppose (u,) € H} () satisfy ||u,||z1 < K. Theorem
[2:9shows that after possibly extracting a subsequence we can assume u,, — u in
H () for some u € HY(Q), |[ul|z < K (we are in a Hilbert space so reflexivity
is free). Moreover, if w € L?(£2), we can estimate

|(w, ) 2] < w2 vz < flwl L2 ][]

So v = (w,v) 2 is a bounded linear map HE(Q) — C, so (w,u,)r2 — (w,u)rz,
i.e. u, — uin L2 In fact, the convergence is strong.

Theorem 5.4 (Rellich-Kondrachov). Suppose Q C R™ is open and bounded. Let
(un) € HL(Q) be such that u, — u in L' for some u € HE(Q) and ||u, |z < K,
then u,, — u strongly in L?.

Proof. Fix € > 0, we have

1

)
s i i(6)[° ! i (€) — G(€)[?
- e [ @ =i e o [ o) i) ag

For the second term, we have the bound

|t — ul|32 = [

) 2 2 1 (61 4 lae)
/|§|>R'“n<€>—“<€>l A€ < 75 /|§|>R<1+§| Yl (©I + la(©)?) dg

2 2K
< ﬁ(”%”?{l + JJul|F) < R

which can be made arbitrarily small for sufficiently large R.

As for the first term, recall that 4(€) = (e¢, un) r2(0)- Since [Q| < 0o, ee € L*(12).
We deduce using w,, —r2 u that 4,(§) — 4(€) for any £. Further, for |£| < R,
we have by Lemma [£.1] that

[ (€) = w(©)* < 2(|1an (&) + [a(€)*) < 2([unllFs + llullfr)
< 209|(JunlZ2 + lullZ2) < 21QU(K? + [|ullZ2) € L (Br(0))

So by dominated convergence,
= [ Jin(©) - P dg 0
I§l<R
as n — oo. So by picking sufficiently large n, |I,,| can be made arbitrarily small,

and thus ||u,, — u/|2. can be made arbitrarily small. O

Corollary 5.5. Suppose ||u,||g1 < K, then (uy,) has a subsequence converging
weakly in H' and strongly in L?, i.e. after passing to a subsequence, there is
some u € HY(Q) with ||u, — ullzz — 0 and (Duy,,w)pz — (Du,w)p2 for all
w e L2(9Q).
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Corollary 5.6. Suppose ) C R" is open and bounded and A : L?(2) — HZ(Q).
We can think of A as L?(Q) — L*(Q). If A is linear and bounded, then A :
L2(Q) — L2(Q) is compact. In particular, if ||u,| 2 < K is bounded, then
[Aun || < Cllun|lre < CK, so (Auy,) has a strongly convergent subsequence
in L2,

For Q open and bounded, we consider the problem

~V2u+Vu=f inQ
u=0 on 0f

with V' : © — R smooth and bounded. Similar to what we did before, we can
reformulate the problem to get the notion of a weak solution. We say u € Hg (£2)
is a weak solution to the problem if

/m-Dv-l—Vfwdx:/fvdx
Q Q

for all v € H}(Q). But we can’t import the previous argument exactly, since
the left hand side needs not be an inner product unless V' is nonnegative. Let’s
try to rewrite the equation to see if we can do anything.

/D7U~Dv+ﬂvdx=/(1—\/)ﬂv+fvdx
Q o

In other words, u = A(f+(1-V)u), or (I—K)u = Af where Ku = A((1-V)u),
where A : L2(Q2) — H}(Q) is the map that takes g € L?(Q) to the weak solution
w € H(Q) to

Vw4 w=g inQ

w=0 on 0N

Now K : L?(Q) — H(Q) is bounded and linear, so K : L?(Q2) — L%(Q) is
compact by Corollary Thus by the general theory of compact operators,
either there is some w € L?(Q) such that (I — K)w =0 or (I — K)u = g has a
unique solution u € L%(Q) for any g € L*(Q).

In the first case, if we have (I—K)w = 0 then w = A((1-V)w), thus w € H}(Q).
The usual regularity theory then shows that w € C*°(Q).

In the second case, we can set ¢ = Af which shows the existence of a weak
solution u € Hg(2) to the boundary value problem.

In conclusion, either there is some w € Hi N C* () solving —V?w + Vw = 0,
or for any f € L%(Q) there is a unique weak solution u € H} ().

Let’s now consider A : L*(Q)) — H(2) in some more detail. We've shown
previously that A is linear and bounded. As a map L?(Q) — L?(Q), it is
also compact and Hermitian. By the spectral theorem, we know that o(A) =
{0, p1, p2, . ..} for some pg € R which can only accumulate at 0. Furthermore,
there is an orthonormal (Hilbertian) basis of L?(£2) consisting of eigenvectors of
A.

Suppose Aw = pw for p € Ryw € L3(Q) \ {0}, then w € H(Q) and for any
v € HE () we have (w,v)r2 = (Aw,v)g1 = p(w,v)y1. Setting w = v shows
that p # 0, hence w € H(Q2) is a weak solution to

Vw4 w=w/p inQ
w=0 on 02
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So w € HY(Q) Cc HY(R™). In particular, w € H} _(Q). The usual regularity
strikes again and leaves w € H{ (Q),w € HP (), w € H{ (Q),..., so in fact
w e C™(Q).
If we rewrite the system as

~V2w = Aw inQ 1

,w=—1+4 —

w =20 on 0f) o
We can deduce
Theorem 5.7. Let Q C R™ be open and bounded, then there exists an or-

thonormal (Hilbertian) basis (wy,), for L*(Q) such that w, € H(2) N C>(Q)
satisfying —V2wi, = Apywy in Q where 0 < A\ < Ag < -+ with A, = o0.

Corollary 5.8. (v/2sin(nnz))22, is an orthonormal basis for L*((0,1)).

5.4 The Direct Approach to Calculus of Variations
Given u € H}(Q), f € L?(Q), consider

S[u]:/Q|Du|2+|u|2—fu—fadx

We have the estimation

Slu] = [[ullf — 2Re(f,u)r2 2 [|ullfp — 2[lufl 2| f]] 2
1 1
> |lullfn = Sllullze = 21 f172 > Sllullzn - 20f172

Thus B = {S[u] : u € H}(Q) : uw € H}(Q)} is bounded below. Let 0 = inf B >
—00. We claim that this infimum is attainable.

Let u, € H}(Q) be such that S[u,] — 0. (S[u,])>, is convergent hence
bounded, so ||u,||%: < 2S[u,]+4[|f||2. < K for some constant K and therefore
by Theorem we can assume u, — w in H' after passing to a subsequence.
By example sheet, we have ||w| g1 < liminf,, o ||ty g2 - Since u, — w in H?!,
Re(f,w) = lim, o Re(f,u,) = liminf,,_, o Re(f, u,). So

Sfu] = wl3n — 2Re(f.w)ze < liminf(fu [ —2Re(f.u,))

< liminf S[u,] =0¢
n—oo
But S[w] > o by the definition of o, so S[w] = ¢ and w is the desired minimiser.
By considering S[w + tv] for t € R,v € H}(Q), one can show that w is a weak
solution of
~V2w4+w=f inQ
w=0 on 0f2

which in particular shows that this minimiser is unique.
How would one generalise this idea to a wider class of functionals?

Definition 5.6. Let X be a topological space (usually taken to be a Banach
space or subspace thereof, equipped with various topologies). A functional
S : X — Ris coercive if {u : S[u] < K} is sequentially relatively compact
for all K € R, i.e. if (u,)n, € X have Sfu,] < K, then u, has a convergent
subsequence. It’s lower semicontinuous if for any sequence (u, ), with u, — u*
in X, we have S[u*] < liminf,,_, o S[un].
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Continuity certainly implies lower semicontinuity, but not the other way
around.

Theorem 5.9. Suppose S : X — R is coercive and lower semicontinuous, then
S achieves its infimum on X.

Proof. Let o = inf{S[u] : w € X}. Pick a sequence (u,), € X with S[u,] — 0.
Then in particular (S[uy])n is bounded above. As S is coercive, u,, — u* € X
after passing to a subsequence.

By lower semicontinuity, S[u*] < liminf, . S[u,] = o, and we also have
Slu*] > o, so S[u*] =o. O

Verifying coercivity and lower semicontinuity can be hard, depending on
which space and functional we are interested in. From now on, let’s take X to
be a reflexive separable Banach space.

Typically, functionals of interest are not coercive in the strong topology of X.
Weak topology, however, is nice.

Lemma 5.10. Suppose S : X — R satisfies S[n] < K = |u| < K for some
K depending only on K. Then S is coercive in the weak topology of X.

Proof. Theorem O

Lower semicontinuity, on the other hand, becomes hard in weaker topologies.
We need some additional structure to do this, usually convexity.

Lemma 5.11. If U C X is convez and closed in the strong topology, then it’s
closed in the weak topology.

Proof. Pick z € U¢. By Theorem (applied to the convex compact {z} and
the convex closed U), there is some A € X’ such that there are v1,v, € R with
ReAx <1 <7v2 <ReAyforall y € U. Now {z: ReAz < 1} is open, contains
z, and is disjoint from U. Thus U° is weakly open, which means that U is
weakly closed. O

Theorem 5.12. IfS : X — R is convezx and lower semicontinuous in the strong
topology, then it’s lower semicontinuous in the weak topology.

Proof. For any K, the set {u : S[u] < K} is convex by convexity of S and
sequentially closed (hence closed) in the strong topology. Therefore it’s closed
in the weak topology by the preceding lemma.

Suppose u, — u* with S[u,] < K. After passing to a subsequence (n;);, we can
asume WLOG that Sfu,,| — liminf, . S[u,]. For any € > 0, there is some .J
such that Vj > J, S[u,,] < K = liminf, o S[u,]+e. But {S[u] < K} is weakly
closed, so S[u*] < K. As e > 0 is arbitrary, S[u*] < liminf,, .o S[u,]. O

Example 5.3. Let Q € R™ be open and bounded. Suppose L : C* — R
is convex and satisfies Vz € C", L[z] > 7|z|*> — C for some v,C > 0. Then
S HYQ) — R via

u /Q L(Du) do

has a minimiser.
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Example 5.4.
u /(1 + |[Du|*)Y* dzx
Q

has a minimiser, despite having terrible Euler-Lagrange equations.
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