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1 Lebesgue Integral

In analysis of functions, we will use the tools from linear analysis and mea-
sure theory to deduce results about concrete spaces of functions. We start by
reminding ourselves how Lebesgue integrals work.

1.1 Review of Measure Theory

Definition 1.1. Given a set E, a σ-algebra on E is a collection E of subsets of
E such that:
1. ∅ ∈ E .
2. A ∈ E =⇒ Ac = E \A ∈ E .
3. (An)n∈N ∈ E =⇒

⋃
n∈NAn ∈ E .

(E, E) is called a measurable space. Elements of E are called measurable sets.

Definition 1.2. A measure on a measurable space (E, E) is a function µ : E →
[0,∞] such that:
1. µ(∅) = 0.
2. If (An)n∈N ∈ E are disjoint, then

µ

(⋃
n∈N

An

)
=
∑
n∈N

µ(An)

(E, E , µ) is then called a measure space.

Example 1.1. For any set E, we can take E = 2E and µ(A) = card(A).

Definition 1.3. Given any collection A of subsets of E, we define the σ-algebra
generated by A by

σ(A) =
⋂

E σ-algebra,E⊃A

E

When E carries a topology T , B(E) = σ(T ) is known as the Borel σ-algebra on
the topological space (E, T ).

In measure theory, you would have proved the existence of the following
example:

Example 1.2. On E = Rn, there is a σ-algebra M and a measure λ (the
Lebesgue measure) such that:
1. B(Rn) ⊂ M.
2. If A = (a1, b1] × · · · × (an, bn] (where −∞ < ai ≤ bi < ∞ for all i) is a
rectangle, then λ(A) = (b1 − a1) · · · (bn − an).
3. (“Borel regularity”) A ∈ M iff for any ϵ > 0, there is an open set O and a
closed set C such that C ⊂ A ⊂ O and µ(O \ C) < ϵ.
It follows immediately from these conditions that such M, λ are unique. We
sometimes write dx = dλ and |A| = λ(A).

Definition 1.4. For measurable spaces (E, E), (G,G), a function f : E → G is
called measurable if f−1(A) ∈ E for all A ∈ G.

When (G,G) = (R,B(R)), then we simply say that f is measurable on (E, E).
When (G,G) = ([0,∞],B([0,∞])), we say f is a nonnegative measurable func-
tion on (E, E). When both E,G are topological spaces with Borel σ-algebras,
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then we say f is Borel measurable.
As seen in measure theory, the class of measurable functions on E is closed
under vector space operations and product and a.e. limits.

Definition 1.5. A simple function on (E, E) is a function f : E → R that

has the form f =
∑N

k=1 ak1Ak
where ak are scalars (which might reside in

R, [0,∞],C, etc.) and Ak ∈ E .
For a non-negative simple function f (which can always be written in a form
with ak ∈ [0,∞]), we define its integral to be

µ(f) =

∫
E

f dµ =

N∑
k=1

akµ(Ak)

with the convention that 0 · ∞ = ∞ · 0 = 0.
For a non-negative measurable f , we define

µ(f) =

∫
E

f dµ = sup {µ(g) : 0 ≤ g ≤ f, g simple.}

A measurable function f on E is integrable if µ(|f |) < ∞, in which case we
write µ(f+), µ(f−) < ∞ where f = f+ − f− with f± nonnegative and we can
define

µ(f) =

∫
E

f dµ = µ(f) = µ(f+)− µ(f−)

The integral satisfies all the expected properties (linearity, additivity, mono-
tonicity, etc.) and more.

Theorem 1.1 (Monotone Convergence Theorem). Suppose 0 ≤ fn ↑ f a.e.,
then ∫

E

fn dµ ↑
∫
E

f dµ

Theorem 1.2 (Dominated Convergence Theorem). Suppose fn → f a.e. and
|fn| ≤ g for some integrable g, then∫

E

fn dµ→
∫
E

f dµ

1.2 Lp Spaces

With the notion of an integral, we can always associate any measure space
(E, E , µ) with a family of Banach spaces.

Definition 1.6. For 1 ≤ p < ∞ and f : E → C measurable, we define the Lp

norm of f as

∥f∥Lp =

(∫
E

|f |p dµ
)1/p

and we define

∥f∥L∞ = ess sup
E

|f | = inf{K : |f | ≤ K a.e.}

For 1 ≤ p ≤ ∞, the Lp space over E is the set

Lp(E,µ) = {f : E → C measurable : ∥f∥Lp <∞}/a.e.
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Again we know from measure theory that

Theorem 1.3 (Riesz-Fischer). (Lp(E,µ), ∥ · ∥Lp) is a Banach space for all
1 ≤ p ≤ ∞.

When (E, E , µ) = (Rn,M, λ), we simply just write Lp(Rn, λ) = Lp(Rn) with
the Lebesgue measure understood.
As always in analysis, life is easier if we can find a nice dense subset of a space
we are interested in (e.g. Q ⊂ R). This is a process called “mollification”.
It’s pretty straightforward from definition that, the set of simple functions
s : E → C with µ({x : s(x) ̸= 0}) <∞ is dense in Lp(E,µ) for 1 ≤ p <∞. For
p = ∞, the set of simple functions is still dense, but we don’t get to impose the
finite support condition.
As simple as they are, they are not usually that pleasant to work with. Some-
times, we can get a much nicer looking dense subset.

Theorem 1.4. The set C∞
c (R) of smooth functions on Rn with compact support

is dense in Lp(Rn) for 1 ≤ p <∞.

This is sadly not true for p = ∞, since no sequence of continuous functions
R → R can converge to a discontinuous function under the L∞ norm.

Definition 1.7. For f, g : Rn → C, we define their convolution f ∗ g : Rn → C
via

(f ∗ g)(x) =
∫
Rn

f(x)g(x− y) dy

provided that the integral exists.

The integral exists when e.g. f ∈ L1(Rn), g ∈ L∞(Rn).

Lemma 1.5. For f, g, h ∈ C∞
c (Rn), we have f ∗ g = g ∗ f and (f ∗ g) ∗ h =

f ∗ (g ∗ h). Moreover, ∫
Rn

f ∗ g =

(∫
Rn

f

)(∫
Rn

g

)
The condition f, g, h ∈ C∞

c (Rn) can of course be significantly weakened, but
the current strength of the lemma is sufficient for our purpose.

Proof. Change of variables and what not.

A more useful result concerns the differentiability of convolutions.

Definition 1.8. A (n-)multi-index is a member of Zn
≥0. For α = (α1, . . . , αn) ∈

Zn
≥0, we define |α| = α1 + · · ·+ αn, α! = α1! · · ·αn!.

For x = (x1, . . . , xn) ∈ Rn, we write xα = xα1
1 · · ·xαn

n .
For f ∈ Ck(Rn) for k ≥ |α|, we write

Dαf =
∂|α|f

∂xα1
1 · · · ∂xαn

n

Definition 1.9. We say f ∈ Lp
loc(Rn) if f1K ∈ Lp(Rn) for all compact K ⊂ Rn.

Theorem 1.6. Suppose f ∈ L1
loc(Rn), g ∈ Ck

c (Rn) for some k ≥ 0, then f ∗ g ∈
Ck(Rn) and Dα(f ∗ g) = f ∗Dαg for all multi-index α with |α| ≤ k.
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Proof. First suppose k = 0. For ξ ∈ Rn, f : Rn → C, we write τξf(x) = f(x−ξ).
So τξ(f ∗ g) = f ∗ τξ(g) by definition. Furthermore,τξg → g pointwise as |ξ| → 0
and |τξg| ≤ (supRn |g|)1BR(0) for |ξ| < 1 and R large enough so that the support
of g is contained in BR(0). We then have τξ(f ∗ g) → f ∗ g as |ξ| → 0 by
dominated convergence, which means that f ∗ g is continuous.
Next suppose k = 1. Let ∆h

i g(x) = (g(x+hei)−g(x))/h, then ∆h
i g(x) → Dig(x)

as |h| → 0. Also, by mean value theorem, there is some t ∈ (−∥h∥, ∥h∥) such
that ∆h

i g(x) = Dig(x+ tei), so we have the bound |∆h
i g| ≤ (supRn |Dig|)1BR(0)

again for sufficiently large R. So ∆h
i (f ∗ g) → f ∗Dig as |h| → 0 by dominated

convergence, so f ∗ g has continuous first partials, hence f ∗ g ∈ C1(Rn).
An induction argument for k > 1 finishes the proof.

To get to our desired density result, we just need some lemmas.

Lemma 1.7 (Minkowski’s Integral Inequality). If F : Rn×Rn → C is integrable
and 1 ≤ p <∞, then(∫

Rn

∣∣∣∣∫
Rn

F (x, y) dx

∣∣∣∣p dy

)1/p

≤
∫
Rn

(∫
Rn

|F (x, y)|p dy
)1/p

dx

Proof. Example sheet.

Lemma 1.8 (“Translation is continuous”). Let 1 ≤ p < ∞ and g ∈ Lp(Rn),
then ∥τzg − g∥Lp → 0 as z → 0.

Proof. The result is clear if g = 1R where R = (a1, b1] × · · · × (an, bn] is a
rectangle, which means that it is also true for g = 1A for any finite disjoint
union A of rectangles. If B is (Lebesgue) measurable with |B| <∞, then for all
ϵ > 0 there is a finite disjoint union Aϵ of rectangles such that ∥1Aϵ − 1B∥Lp =
|Aϵ∆B| < ϵ by Borel regularity (or Dynkin’s Lemma). So

∥τz1B − 1B∥Lp ≤ ∥τz1B − τz1Aϵ∥Lp + ∥τz1Aϵ − 1Aϵ∥+ ∥1Aϵ − 1B∥
= ∥τz1Aϵ − 1Aϵ∥+ 2∥1Aϵ − 1B∥ < 3ϵ

for sufficiently small z. Hence the result is true for g = 1B for any Lebesgue
measurable B with finite measure. Thus it also holds for any simple function
with finite support. The density of simple functions with finite support in
Lp(Rn) then gives the result.

Sadly, this is false for p = ∞: Just take g = 1R≥0
.

Theorem 1.9. Suppose ϕ ∈ C∞
c (Rn) is nonnegative and∫

Rn

ϕ(x) dx = 1

Let ϕϵ(y) = ϵ−nϕ(y/ϵ). Then for any g ∈ Lp(Rn) with 1 ≤ p < ∞, ϕϵ ∗ g is
always smooth and ϕϵ ∗ g → g in Lp(Rn) as ϵ→ 0.

Proof. Smoothness follows from Theorem 1.6 and the fact that∫
Rn

|f |1K dx ≤ ∥f∥Lp∥1K∥Lq
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where p−1 + q−1 = 1.
For the convergence, let’s do some estimations. Pointwise, we have

|ϕϵ ∗ g(x)− g(x)| =
∣∣∣∣∫

Rn

ϕϵ(y)g(x− y) dy − g(x)

∣∣∣∣
=

∣∣∣∣∫
Rn

ϕ(z)g(x− ϵz) dz −
∫
Rn

ϕ(z)g(x) dz

∣∣∣∣
=

∣∣∣∣∫
Rn

ϕ(z)(g(x− ϵz)− g(x)) dz

∣∣∣∣
≤
∫
Rn

ϕ(z)|g(x− ϵz)− g(x)|dz

So by Lemma 1.7,

∥ϕϵ ∗ g − g∥Lp =

(∫
Rn

|ϕϵ ∗ g(x)− g(x)|p dx
)1/p

≤
(∫

Rn

∣∣∣∣∫
Rn

ϕ(z)|τϵzg(x)− g(x)|dz
∣∣∣∣p dx

)1/p

≤
∫
Rn

(∫
Rn

ϕ(z)p|τϵzg(x)− g(x)|p dx
)1/p

dz

=

∫
Rn

ϕ(z)∥τϵzg − g∥Lp dz → 0

as ϵ→ 0 by dominated convergence.

Theorem 1.4 follows.

1.3 Lebesgue Differentiation Theorem

Definition 1.10. Given an integrable f : Rn → C, the Hardy-Littlewood
maximal function Mf : Rn → [0,∞] is defined to be

Mf (x) = sup
r>0

1

|Br(x)|

∫
Br(x)

|f(y)|dy

Lemma 1.10. Suppose f ∈ L1(Rn), then Mf is measurable and a.e. finite.
Moreover, there is a constant Cn > 0 such that |{Mf > λ}| ≤ Cn∥f∥L1/λ for
any λ > 0.

Proof. Write Aλ = {Mf > λ}. For each x ∈ Aλ, there is some rx > 0 such that

1

|Brx(x)|

∫
Brx (x)

|f(y)|dy > λ

We shall first show that Aλ is open, which shows the measurability of Mf .
Indeed, suppose for the sake of contradiction that (xm)m ∈ Ac

λ converges to
some x ∈ Aλ. By domianted convergence,

λ ≥ 1

|Brx(xn)|

∫
Brx (xn)

|f(y)|dy =
1

|Brx(x)|

∫
Rn

1Brx (xn)|f(y)|dy

→ 1

|Brx(x)|

∫
Rn

1Brx (x)
|f(y)|dy =

1

|Brx(x)|

∫
Brx (x)

|f(y)|dy > λ

6



Contradiction. So Ac
λ is closed, hence Aλ is open.

Suppose K ⊂ Aλ is compact. Choose a finite subcover {Bi}Ni=1 of the open
cover {Brx(x) : x ∈ An} of K. By Wiener’s covering lemma (proved in example
sheet), there is a disjoint subcollection {Bij}kj=1 such that

|K| ≤

∣∣∣∣∣
N⋃
i=1

Bi

∣∣∣∣∣ ≤ 3n
k∑

j=1

|Bij | ≤
3n

λ

k∑
j=1

∫
Bij

|f(y)|dy

≤ 3n

λ

∫
Rn

|f(y)|dy =
3n

λ
∥f∥L1

As this is true for all compact K ⊂ Aλ, the inner regularity of Lebesgue measure
gives |Aλ| ≤ 3n∥f∥L1/λ. The fact that {Mf = ∞} ⊂ {Mf > λ} for all λ then
shows that Mf is a.e. finite.

Theorem 1.11 (Lebesgue Differentiation Theorem). Suppose f : Rn → C is
integrable, then

lim
r→0

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy → 0

for almost every x ∈ Rn (the “Lebesgue points of f”).

The case where f is continuous is straightforward.

Proof. For λ > 0, consider

Aλ =

{
x ∈ Rn : lim sup

r→∞

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy > 2λ

}

We shall show that |Aλ| = 0 for all λ.
For ϵ > 0, we choose g ∈ C∞

c (Rn) such that ∥f − g∥L1 < ϵ. We have

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy ≤ 1

|Br(x)|

∫
Br(x)

|f(y)− g(y)|dy

+
1

|Br(x)|

∫
Br(x)

|g(y)− g(x)|dy

+ |g(x)− f(x)|

Note that the first term can be bounded by

1

|Br(x)|

∫
Br(x)

|f(y)− g(y)|dy ≤ sup
r>0

1

|Br(x)|

∫
Br(x)

|f(y)− g(y)|dy =Mf−g(x)

Also, the second term goes to 0 as r → 0 by continuity of g, so

lim sup
r→0

1

|Br(x)|

∫
Br(x)

|f(y)− f(x)|dy ≤Mf−g(x) + |g(x)− f(x)|

So if x ∈ Aλ, then either Mf−g(x) > λ or |f(x)− g(x)| > λ. By the preceding
lemma, |{Mf−g(x) > λ}| ≤ Cn∥f−g∥L1/λ ≤ Cnϵ/λ. And by Markov’s inequal-
ity, |{|f(x)−g(x)| > λ}| ≤ ∥f−g∥L1/λ ≤ ϵ/λ. Consequently |Aλ| ≤ (1+Cn)ϵ/λ,
which means that |Aλ| = 0 as ϵ is arbitrary.
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Corollary 1.12. ϕϵ ∗ f → f a.e. as ϵ→ 0.

Corollary 1.13. If g ∈ L2(R) and

G(x) =

∫ x

−∞
g(t) dt

Then G is differentiable at almost every x and G′(x) = g(x) there.

Example 1.3. For g = 1R>0
, every x ̸= 0 is a Lebesgue point.

G(x) =

∫ x

−∞
g(x) dx =

{
0 for x ≤ 0

t for x > 0

is differentiable at every x ̸= 0 and has G′(x) = g(x) for x ̸= 0.

1.4 Littlewood’s Principle

“Every set is nearly a finite sum of intervals; Every function is nearly continuous;
Every convergent sequence is nearly uniformly convergent.” (Littlewood, 1944)

Proposition 1.14. Suppose A ⊂ Rn is measurable and |A| < ∞, then for any
ϵ > 0 there is a finite union B of rectangles such that |A∆B| < ϵ.

Proof. Borel regularity.

Theorem 1.15 (Egorov). Let (fn)n, f be measurable functions E → C with
E ⊂ Rd, |E| < ∞. Suppose fn → f a.e. in E. Then for all ϵ > 0, we can find
a closed subset Aϵ ⊂ E such that |E \Aϵ| < ϵ and fn → f uniformly on Aϵ.

Proof. WLOG fn → f everywhere. Let En
k = {x ∈ E : ∀j > k, |fj(x)− f(x)| <

1/n}. Then En
k ⊂ En

k′ for all k′ ≥ k and
⋃

k E
n
k = E for all n, thus |En

k | ↑ |E|
as k → ∞. Pick k = kn such that |E \ En

kn
| < 2−n.

By construction, |fj(x) − f(x)| < 1/n for all n, j > kn, x ∈ En
kn
. Pick N such

that
∑∞

n=N 2−n < ϵ/2 and set A′
ϵ =

⋂∞
n=N En

kn
. Then

|E \A′
ϵ| =

∣∣∣∣∣
∞⋃

n=N

(E \ En
kn
)

∣∣∣∣∣ ≤
∞∑

n=N

|E \ En
kn
| ≤

∞∑
n=N

2−n <
ϵ

2

For any δ > 0, we can take n > max{N, δ−1}, then x ∈ A′
ϵ =⇒ x ∈ En

kn
=⇒

|fj(x) − f(x)| < n−1 < δ. So fj → f uniformly on A′
ϵ. Borel regularity then

produces the desired closed Aϵ.

Theorem 1.16 (Lusin). Suppose f is measurable and a.e. finite on E ⊂
Rd, |E| < ∞. Then for any ϵ > 0, there is a closed Fϵ ⊂ E with |E \ Fϵ| < ϵ
and f |Fϵ is continuous.

Proof. Suppose first that f =
∑m

n=1 an1An is a simple function with (An)n
disjoint. WLOG (An)n is a partition of E. For ϵ > 0, we pick (with Borel
regularity) compact Kn ⊂ An with |An \Kn| < ϵ/m. B =

⋃m
n=1Kn would have

|E \ B| < ϵ. As (Kn)n are compact and disjoint, there is a positive distance
between every pair of them, hence f is continuous on B since it’s constant on
each Kn.
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For general f , let fn be a sequence of simple functions converging to f a.e. and
choose (by above discussion) Cn such that |Cn| < 2−n and fn is continuous
on E \ Cn. For ϵ > 0, the preceding theorem shows that we can find some
A ⊂ E with fn → f uniformly on A and |E \ A| < ϵ/3. Let N be such that∑∞

n=N 2−n < ϵ/3, then we can set F ′
ϵ = A\

⋃∞
n=N Cn which has |E \F ′

ϵ | < 2ϵ/3.
Also, f |F ′

ϵ
is continuous by uniform convergence. The proof is again finished by

Borel regularity.

A word of warning: To say f |F is continuous is only to say that f |F is
continuous under the subspace topology of F , which is very not the same as to
say f is continuous at each point of F as a function on E. If one take f = 1Q,
then f is nowhere continuous on R but f |R\Q ≡ 0 is continuous.

2 Banach and Hilbert Spaces

We now move on to consider the consequences of the linear structures on Lp(Rn)
as a result of being complete. Things are especially nice for p = 2 as we can
further give it the structure of a Hilbert space with the inner product

⟨f, g⟩L2 =

∫
E

f̄g

2.1 Orthogonal Systems of Functions

Definition 2.1. A subset S = {uj}j∈J of a Hilbert space H is orthogonal if
⟨ui, uj⟩ = 0 whenever i ̸= j, orthonormal if in addition that ⟨ui, ui⟩ = 1 for all
i.
We say S is complete if SpanS = H. S is called an orthonormal basis if it is
orthonormal and complete.
H is separable if it has a countable orthonormal basis.

If {en}n∈N is a countable orthonormal basis, then any x ∈ H would have the
form x =

∑
n∈N⟨en, x⟩en.

Example 2.1. 1. S = {x 7→ e−2πinx : n ∈ Z} is an orthonormal set in
L1((0, 1)). It is in fact an orthonormal basis, which can be proved either with
Stone-Weierstrass or Theorem 1.4.
2. Let

ψ(x) =


1 for 0 ≤ x < 1/2

−1 for 1/2 ≤ x < 1

0 otherwise.

Define ψn,k(x) = 2n/2ψ(2nx−k), then {ψn,k : n, k ∈ Z} is an orthonormal basis
for L2(R). This is known as a Haar system.

3. Consider H = L2(R, e−x2

dx), the Hilbert space with inner product

⟨f, g⟩ =
∫
R
f(x)g(x)e−x2

dx

Applying Gram-Schmidt orthogonalisation to the linearly independent collec-
tion 1, x, x2, x3, . . . ∈ H gives an orthogonal sequence of polynomials (Hk(x))

∞
k=0
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with degHk = k, normalised in such a way that the coefficient of xk in Hk is 2k.
They are known as the Hermite polynomials, which is a complete orthogonal
set in H.

Let’s quote something from linear analysis since y’all are told it’s a prereq-
uisite.

Theorem 2.1 (Riesz Representation Theorem). Suppose H is a Hilbert space
and Λ : H → C is a bounded linear operator, then there is a unique w ∈ H such
that Λu = ⟨w, u⟩ for all u ∈ H.

You are also told that measure theory is a prerequisite, so let’s use this to
prove something in measure theory.

Definition 2.2. Suppose (E, E) is a measurable space and µ, ν are measures
on it. We say ν is absolutely continuous with respect to µ, written ν << µ,
if for any A ∈ E we have µ(A) = 0 =⇒ ν(A) = 0. µ, ν are said to be
mutually singular, written µ ⊥ ν, if there exists a measurable Z such that
0 = µ(Z) = ν(Zc).

Theorem 2.2 (Radon-Nikodým). Suppose (E, E) is a measurable space and
µ, ν are finite measures on it with ν << µ, then there is some w ∈ L1(E,µ),
nonnegative µ, ν-a.e., such that

ν(A) =

∫
A

w dµ

for all A ∈ E. In other words,∫
E

F dν =

∫
E

Fw dµ

for all measurable F : E → [0,∞].

Proof. Let α = µ + 2ν, β = ν + 2µ (don’t ask) which are finite measures. Let
H = L2(E,α) = L2(E,µ) ∩ L2(E, ν) = L2(E, β). Consider the linear operator
Λ : H → R via

Λ(f) =

∫
E

f dβ

This is bounded since

|Λ(f)| ≤
∫
E

|f |dβ = 2

∫
E

|f |dµ+

∫
E

|f |dν ≤ 2

∫
E

|f |dµ+ 4

∫
E

|f |dν

= 2

∫
E

|f |dα ≤ 2
√
α(E)∥f∥L2(E,α)

by Cauchy-Schwartz. Theorem 2.1 then produces g ∈ H such that any f ∈ H
has ∫

E

f dβ = Λ(f) =

∫
E

gf dα

In other words, ∫
E

(2g − 1)f dν =

∫
E

(2− g)f dµ

10



Set f = 1Aj
with Aj = {x ∈ E : g(x) < 1/2− 1/j}, then

3

2
µ(Aj) ≤

∫
E

(2g − 1)f dν =

∫
E

(2− g)f dµ ≤ −1

j
ν(Aj)

So µ(Aj) = ν(Aj) = 0, thus g ≥ 1/2 µ, ν-a.e.. Using the same argument on
Aj = {x ∈ E : g(x) > 2 + 1/j} gives g ≤ 2 µ, ν-a.e..
Take Z = {g(x) = 1/2}, then setting f = 1Z gives µ(Z) = 0, so ν(Z) = 0 as
ν << µ. For a measurable F : E → [0,∞], set

f(x) =
F (x)

2g(x)− 1
, w(x) =

2− g(x)

2g(x)− 1

on Zc and f = w = 0 on Z. Then∫
E

F dν =

∫
E\Z

F dν =

∫
E

(2g − 1)f dν =

∫
E

(2− g)f dµ

=

∫
E\Z

Fw dµ =

∫
E

Fw dµ

As desired.

2.2 Dual Spaces

Definition 2.3. Given a topological vector space X over F = R or C, the
topological dual (or simply dual) X ′ of X is the vector space of continuous
linear forms Λ : X → F.
If X is normed with ∥ · ∥X , we norm X ′ with

∥Λ∥X′ = sup
∥x∥X=1

|Λ(x)|

X ′ is always a Banach space. Turns out, if in addition that X is a Banach
space, then X ′ separates points:

Lemma 2.3. Let X be a Banach space and suppose x, y ∈ X are distinct, then
there is some Λ ∈ X ′ with Λ(x) ̸= Λ(y).

We defer the proof after we prove Hahn-Banach.
In the case whenX is Banach, for each x ∈ X there is a natural map fx : X ′ → C
via Λ 7→ Λx which is bounded and linear, hence an element of X ′′ = (X ′)′. If
fx(Λ) = fy(Λ) for all Λ, then the preceding lemma tells us that x = y, so x 7→ fx
is an injection X → X ′′. If this map were also surjective, we say X is reflexive
and we write X = X ′′. Theorem 2.1 tells us that for any Hilbert space H we
can canonically identify an isomorphism H ∼= H ′, which in particular shows
that any Hilbert space is reflexive.
How about the dual of Lp(Rn). Suppose f ∈ Lp(R) for some 1 ≤ p ≤ ∞ and
let p−1 + q−1 = 1, then Hölder’s inequality gives∣∣∣∣∫

Rn

gf

∣∣∣∣ ≤ ∥g∥Lq∥f∥Lp

for any g ∈ Lq(Rn). Thus the map

Λg(f) =

∫
Rn

gf

11



is bounded and linear, and a result from example sheet shows ∥Λg∥Lp(Rn)′ =
∥g∥Lq(Rn). Thus the map κ : Lq(Rn) → Lp(Rn)′, g 7→ Λg is linear and iso-
metric (hence injective). Therefore Lq(Rn) can be identified with a subspace
of Lp(Rn)′. For p = q = 2, L2(Rn) is a Hilbert space and we in fact have
L2(Rn) = L2(Rn)′, but what if p ̸= 2?

Theorem 2.4. Let 1 ≤ p < ∞ and p−1 + q−1 = 1, then we have Lq(Rn) =
Lp(Rn)′ via κ.

Sadly, the theorem is not true for p = ∞.

Proof. We first reduce to the case where the base field is R. Assuming the
case for R, then if the base field is C, we let Lp(Rn;R) be the subspace of
Lp(Rn) consisting of functions which are real a.e.. If f ∈ Lp(R), then there
are unique fr, fi ∈ Lp(Rn;R) such that f = fr + ifi. Given a bounded linear
Λ : Lp(Rn) → C, we define two real-linear maps Λr,Λi : Lp(Rn;R) → R via
Λr(f) = Re(Λf),Λi(f) = Im(Λf) which determine Λ uniquely via Λ(fr+ ifi) =
Λr(fr)− Λi(fi) + i(Λr(fr) + Λi(fi)).
We say a real linear map u : Lp(Rn;R) → R is called positive if u(f) ≥ 0
whenever f ≥ 0. Any real-linear map u can be written as u = u+ −u− with u±
positive (example sheet).
The reduction and the rest of the theorem both follow from the following claim:
Let 1 ≤ p < ∞ and p−1 + q−1 = 1. Suppose u : Lp(Rn;R) → R is a posi-
tive linear bounded map, then there exists a nonnegative g ∈ Lq(Rn;R) with
∥g∥Lq(Rn) = ∥u∥Lp(Rn)′ with

u(f) =

∫
Rn

gf

To prove this, we consider the Gaussian measure dµ = e−|x|2 dx, then µ(Rn) <

∞. For a Lebesgue-measurable A, we consider ν(A) = u(e−|x|2/p1A) which is a
finite measure on Rn. Indeed, it is nonnegative by the positivity of u and clearly
ν(∅) = 0, ν(Rn) < ∞ and that ν is finitely additive. For countable additivity,

if B =
⋃∞

n=1An for disjoint measurable An, we set Bk =
⋃k

n=1An which has

∥e−|x|2/p1B − e−|x|2/p1Bk
∥Lp =

∣∣∣∣∣
∫
B\Bk

e−|x|2 dx

∣∣∣∣∣
1/p

= µ(B \Bk)
1/p → 0

as k → ∞, thus ν(B \ Bk) = u(e−|x|2/p1B − e−|x|2/p1Bk
) → 0 which (together

with finite additivity) gives countable additivity.

We also have ν << µ since ∥e−|x|2/p1A∥Lp = µ(A)1/p. Theorem 2.2 produces a
nonnegative G ∈ L1(Rn, µ) such that

ν(A) =

∫
A

Gdµ =

∫
A

G(x)e−|x|2 dx

Since u is linear, if f is of the form e−|x|2/pF for some simple F , then

u(f) =

∫
Rn

fg, g(x) = e−|x|2/qG(x)

12



Such functions are dense in Lp(Rn;R) and we also have the estimate |u(f)| ≤
∥u∥Lp(Rn)′∥f∥Lp(Rn). Thus

sup

{∣∣∣∣∫
Rn

fg

∣∣∣∣ : f ∈ Lp(R;R), ∥f∥Lp(Rn) ≤ 1

}
≤ ∥u∥Lp(Rn)′

∥g∥Lq(Rn) ≤ ∥u∥Lp(Rn)′ by example sheet, and we get ∥g∥Lq(Rn) ≥ ∥u∥Lp(Rn)′ by
Hölder.

Hence Lp(Rn) is reflexive for 1 < p < ∞, although neither L1(Rn) nor
L∞(Rn) is.
Another space whose dual can be conveniently characterised is C0

c (Rn), a result
known as Riesz representation theorem for spaces of continuous functions (Riesz-
Markov theorem). We shall show that any positive functional on C0

c (Rn;R) is
essentially integration against a suitable measure.

Definition 2.4. Let E be a topological space and E a σ-algebra on E containing
B(E). We say a measure µ on (E, E) is regular (or Borel regular) if for any A ∈ E
and any ϵ > 0, there is a closed set C and an open O such that C ⊂ A ⊂ O and
µ(O \ C) < ϵ.

Example 2.2. The Lebesgue measure λ on (Rn,M) is regular.

Suppose µ is a finite regular meaure on (Rn,M). Any f ∈ C0
c (Rn;R) would

be measurable since M ⊃ B(Rn). The map

Λ(f) =

∫
Rn

f dµ

is then a positive bounded linear operator C0
c (Rn;R) → R.

We want to recover µ from Λ. We’d quite like to set f = 1A and call it a day,
but indicators are not members of C0

c (Rn;R). The obvious way to continue is
then to approximate them with elements in C0

c (Rn;R).
Suppose O is open. For k ∈ N, we set Ok = O ∩ {|x| < k}. Define

χk(x) =


1 for x ∈ Ok with d(x,Oc

k) ≥ k−1

kd(x,Oc
k) for x ∈ Ok with d(x,Oc

k) < k−1

0 for x /∈ Ok

Then χk ∈ C0
c (Rn;R) and χk ↑ 1O. Monotone convergence then gives Λ(χk) →

µ(O) which recovers everything about µ by regularity. Hence we have

Lemma 2.5. Given a σ-algebra M on Rn containing B(Rn) and a finite regular
measure µ on (Rn,M), the map

Λ : f 7→
∫
Rn

f dµ

defines a positive bounded linear operator C0
c (Rn;R) → R. Furthermore, Λ

uniquely determines µ.

Theorem 2.6 (Riesz-Markov). Given a positive bounded linear operator Λ :
C0

c (Rn;R) → R, there is a σ-algebra M containing B(R) and a unique finite
regular measure µ such that

Λ(f) =

∫
Rn

f dµ

13



Proof. Too technical even for this course.

Example 2.3. For Λ(f) = f(0), we recover µ = δ, the point measure at 0.

2.3 Strong, Weak, and Weak-* Topologies

Banach spaces have a natural topology coming from the norm. In some circum-
stances, this topology is too strong for our liking. E.g. Bolzano-Weierstrass fails
for the closed unit ball when the dimension is infinite.
In search for compactness, we resort to disqualify some sets from being open
(i.e. trying to consider a weaker topology).

Definition 2.5. A seminorm p on a vector space X over a field F = R or C is
a map p : X → R with:
1. p(x+ y) ≤ p(x) + p(y).
2. p(λx) = |λ|p(x)

It then follows that any seminorm is nonnegative. This is a weaker notion
than a norm precisely in the sense that p(x) = 0 doesn’t necessarily mean x = 0.
What would you do when you don’t have quality? Do something with quantity,
I guess.

Definition 2.6. A family P of seminorms on V is separating if, for every
x ∈ X \ {0}, there is some p ∈ P with p(x) ̸= 0.

A separating family P of seminorms induces a topology τP on X.
For p ∈ P, n ∈ N, we set V (p, n) = {x ∈ X : p(x) < 1/n}. Let β̇ be the
collection of finite intersections of V (p, n)’s and β = {x+B : x ∈ X,B ∈ β̇}.

Theorem 2.7. β is a base for a Hausdorff topology τP on X such that addition,
scalar multiplication, and all p ∈ P are continuous.

Definition 2.7. A space of the form (X, τP) is called a locally convex topolog-
ical vector space (LCTVS).

If P = {pn}n∈N is countable, then the corresponding topology τP is metriz-
able by

d(x, y) =

∞∑
n=1

2−n pn(x− y)

1 + pn(x− y)

If this metric is complete, we say X is Fréchet.
In the case where X is a Banach space, taking P = {∥ · ∥} gives the exact same
topology. This topology τs = τP is usually known as the “strong” topology, only
because we are about to define weak topologies. We know that xn → x in τs iff
∥x− xn∥ → 0 as n → ∞. When this happens, we say xn converges strongly to
x and write xn → x.
For Λ ∈ X ′, pΛ : x 7→ |Λ(x)| satisfies the condition for a seminorm. The family
P = {pΛ : Λ ∈ X ′} is separating, thus induces a Hausdorff topology τw = τP ,
known as the weak-topology on X. It is then immediate that xn → x in τw iff
Λ(xn) → Λ(x) for all Λ ∈ X ′. If this happens, we say that xn converges weakly
to x and write xn ⇀ x.
X ′ is also a Banach space, hence has associated strong and weak topologies.
It also has another interesting topology τw∗, the weak-* topology generated by
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the separating family of seminorms {px : Λ 7→ |Λ(x)| : x ∈ X}. So Λn → Λ in
τw∗ iff Λn(x) → Λ(x) for all x ∈ X. If this happens, we say that Λn converges
weakly-* to Λ and write Λk ⇀

∗ Λ. When X is reflexive, the weak and weak-*
topologies on X ′ coincide. And it is always true that Λk ⇀ Λ implies Λk ⇀

∗ Λ.

Example 2.4. 1. Let 1 ≤ p < ∞ and fi ∈ Lp(Rn). Then fi → f iff ∥fi −
f∥Lp → 0, as per usual. fi ⇀ f iff∫

Rn

gfi →
∫
Rn

gf

for all g ∈ Lq(Rn) with p−1 + q−1 = 1. When 1 < p <∞, the space is reflexive
so this is further equivalent to fi ⇀

∗ f by viewing Lp(Rn) = Lq(Rn)′.
For fi ∈ L∞(Rn) = L1(Rn)′, fi → f iff ∥fi − f∥L∞ → 0 still. But now fi ⇀

∗ f
is equivalent to ∫

Rn

fig →
∫
Rn

fg

for all g ∈ L1(R), which is NOT the same as fi ⇀ f .
2. LetH be a separable Hilbert space and u, ui ∈ H. Then ui → u iff ∥ui−u∥ →
0 whereas ui ⇀ u iff ⟨w, ui⟩ → ⟨w, u⟩ for all w ∈ H, which in turn is equivalent
to ⟨en, ui⟩ → ⟨en, u⟩ for all n, where (en)n is a Hilbertian basis for H.

2.4 Compactness

We’ve all seen the celebrated Arzelà-Ascoli theorem, which says

Theorem 2.8 (Arzelà-Ascoli, a slightly weaker version). Let fi : [0, 1] → C
be a bounded equicontinuous sequence of functions, then (fi) has a uniformly
converging subsequence.

We want to get an even nicer compactness result in a weaker topology.

Theorem 2.9 (Banach-Alaoglu). Let X be a normed space and B̄′ = {Λ ∈ X ′ :
∥Λ∥X′ ≤ 1} the closed unit ball in the dual space. Then B̄′ is compact in the
weak-* topology.

This is too general for our liking (git gud), and its proof relies on Tychonoff’s
theorem (therefore Axiom of Choice), so let’s prove a weaker version.

Theorem 2.10 (Banach-Alaoglu, weaker version). Let X be a separable Banach
space. For any sequence (Λj)

∞
j=1 ∈ B̄′, there exists a subsequence (Λjk)

∞
k=1 and

Λ ∈ B̄′ with Λjk ⇀
∗ Λ.

Proof. Let D = (xl)
∞
l=1 be a countable dense subset of X. Consider (Λj(x1))

∞
j=1

which is a bounded sequence in C as |Λj(x1)| ≤ ∥Λj∥X′∥x1∥X ≤ ∥x1∥X . By
Bolzano-Weierstrass there is some Λ(x1) ∈ C and a converging subsequence
Λjk(x1) → Λ(x1). Moreover, |Λ(x1)| ≤ ∥x1∥X . Write Λ1,k = Λjk for brevity.
By a similar argument, we can also find a subsequence Λ1,ki

→ Λ(x2) and we set
Λ2,i = Λ1,ki

. Proceeding iteratively gives a family (Λl,k)l,k such that (Λl,k)
∞
k=1

is a subsequence of (Λl−1,k)
∞
k=1 for all l > 1, and Λl,k(xj) → Λ(xj) for all j ≤ l

for some Λ(xj) ∈ C with |Λ(xj)| ≤ ∥xj∥X .
Now Λj,j(x) → Λ(x) for all x ∈ D where Λ(x) ∈ C, |Λ(x)| ≤ ∥x∥X . We first
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claim that Λ : D → C is uniformly continuous (in fact it’s 3-Lipschitz). For
ϵ > 0, suppose x, y ∈ D has |x − y| < ϵ/3. Pick k sufficiently large so that
|Λk,k(x)− Λ(x)| < ϵ/3, |Λk,k(y)− Λ(y)| < ϵ/3, then

|Λ(x)− Λ(y)| ≤ |Λ(x)− Λk,k(x)|+ |Λk,k(y)− Λ(y)|+ |Λk,k(x)− Λk,k(y)| < ϵ

Thus Λ extends uniquely to a continuous function X = D̄ → C.
Λ is also linear: Suppose x, y ∈ X, a ∈ C. We set z = x + ay. For ϵ > 0, then
|Λ(z)− Λ(x)− aΛ(y)| is bounded by

|Λ(z)− Λ(z′)|+ |Λ(x)− Λ(x′)|+ |a||Λ(y)− Λ(y′)|
+ |Λ(z′)− Λk,k(z

′)|+ |Λ(x′)− Λk,k(x
′)|+ |a||Λ(y′)− Λk,k(y

′)|
+ |Λk,k(z

′ − x′ − ay′)|

By choice of x′, y′, z′ ∈ D we can bound the first and third lines both under
ϵ/3, and by choice of k the second line too. Thus this can be bounded below ϵ,
which gives the linearity of Λ. Combining this with continuity shows Λ ∈ X ′.
It remains to show that Λj,j ⇀

∗ Λ. For x ∈ X, we do the estimate

|Λj,j(x)− Λ(x)| ≤ |Λj,j(x− x′)|+ |Λj,j(x
′)− Λ(x′)|+ |Λ(x′)− Λ(x)|

Again the first and third term can be bounded by choice of x′ and the second
term by choice of j, which gives the desied convergence. And we have ∥Λ∥X′ ≤ 1
by construction.

Corollary 2.11. Suppose 1 < p ≤ ∞ and let (fj)
∞
j=1 be a sequence in Lp(Rn)

satisfying ∀j, ∥fj∥Lp ≤ K. Then there is a subsequence (fjk)
∞
k=1 and f ∈ Lp(Rn)

such that ∥f∥Lp ≤ K and ∫
Rn

fkj
g →

∫
Rn

fg dx

as j → ∞ for all g ∈ Lq(Rn) with p−1 + q−1 = 1.

Remark. If X is reflexive (e.g. if X is a Hilbert space), then Theorem 2.10
shows that every bounded sequence has a weakly convergent subsequence.

2.5 Hahn-Banach Theorem

The Hahn-Banach theorem concerns the problem of extending a bounded linear
map defined on a subspace M ≤ X to a bounded linear map on X.
We need only to consider the case where the base field is R, as every vector
space over C also has the natural structure of a vector space over R. Fur-
thermore, a complex linear form Λ : X → C gives rise to a real linear form
ℓ = ReΛ : X → R; Conversely, a real linear form ℓ induces a complex linear
form Λ(x) = l(x) − iℓ(ix). Such a correspondence translates almost all results
we’ll obtain.
From now on, we work over R as our base field. For the sake of glorious gener-
ality, we introduce a new notion of boundedness to state the theorem.

Definition 2.8. A sublinear functional on a (real) vector space X is a map
p : X → R satisfying p(x + y) ≤ p(x) + p(y) and p(tx) = tp(x) for all x, y ∈
X, t ≥ 0.
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Example 2.5. 1. If ℓ : X → R is linear, then p = |ℓ| is sublinear.
2. Indeed, all seminorms are sublinear (but not vice versa!).

For a linear map ℓ : X → R, we will work with one-sided bounds of the form
l(x) ≤ p(x) which in fact implies a two-sided bound −p(−x) ≤ l(x) ≤ p(x).

Lemma 2.12 (Banach Extension Lemma). Let X be a real vector space and
p : X → R a sublinear map on X and M ≤ X. Suppose ℓ : M → R is a linear
form with ℓ(y) ≤ p(y) for all y ∈ M , then for any x ∈ X \M , there exists a
linear form ℓ̃ : M̃ = Span(M ∪ {x}) → R extending ℓ with ℓ̃(w) ≤ p(w) for all
w ∈ M̃ .

Proof. Any w ∈ W̃ can be uniquely written in the form w = λx+ y, y ∈M,λ ∈
R. So ℓ̃ is determined by a = ℓ̃(x).
Suppose y, z ∈M , then ℓ(y) + ℓ(z) = ℓ(y+ z) ≤ p(y+ z) ≤ p(y− x) + p(z + x).
This can be rewritten as ℓ(y)−p(y−x) ≤ p(z+x)−ℓ(z), thus a = supy∈M (ℓ(y)−
p(y − x)) ≤ p(z + x)− ℓ(z) <∞.
So ℓ(y′) − a ≤ p(y′ − x) and ℓ(z) + a ≤ p(z + x) for all y′, z ∈ M . For λ > 0,
the bound follows by letting z = λ−1y; For λ < 0, the bound follows by letting
y′ = (−λ−1)y.

So if dim(X/M) is finite, then we can extend any linear form on ℓ to a
linear form ℓ : X̃ → R whilst keeping the same (sublinear) bound. When X is
separable, we can also obtain the result by induction. The general case, however,
requires a form of the Axiom of Choice, namely:

Proposition 2.13 (Zorn’s . . . Proposition?). Let (S,≤) be a nonempty partially
ordered set in which every totally ordered subset has an upper bound, then S
contains at least one maximal element.

Theorem 2.14 (Hahn-Banach). Let X be a real vector space and p : X → R a
sublinear functional. Suppose M ≤ X and ℓ :M → R is lienar and ℓ(y) ≤ p(y)
for all y ∈M , then there exists a linear ℓ̃ : X → R extending ℓ with ℓ̃(x) ≤ p(x)
for all x ∈ X.

Proof. Consider the set S of pairs (N, ℓ∗) with M ≤ N ≤ X, ℓ∗ : N → R linear
and extending ℓ, and that ℓ∗(x) ≤ p(x) for all x ∈ N . S is nonempty by Lemma
2.12. We partially order S by saying that (N1, ℓ

∗
1) ≤ (N2, ℓ

∗
2) iff N1 ≤ N2 and

ℓ∗2 extends ℓ∗1.
Suppose T is a totally ordered subset of S, then it has an upper bound given
by (NT , ℓT ) where NT =

⋃
(N,ℓ∗)∈T N and ℓT (x) = ℓ∗(x) whenever (N, ℓ∗) ∈ T

and x ∈ N . Proposition 2.13 shows that S admits a maximal element (Ñ , ℓ̃).
But then necessarily Ñ = X by Lemma 2.12, and we are done.

Corollary 2.15. Let X be a Banach space over F = R or C and let M ≤ X.
Suppose Λ :M → F is a bounded linear form, then there exists a bounded linear
form Λ̃ : X → F extending Λ with ∥Λ̃∥X′ = ∥Λ∥M ′ .

Proof. If F = R, then we can just apply the preceding theorem to p(x) =
∥Λ∥M ′∥x∥. If F = C, write Λ(x) = ℓ(x) − iℓ(ix) for ℓ : M → R a real lin-
ear operator. Then |Λ(x)| = ℓ(eiθx) for a suitable θ not depending on x,
consequently supx∈M,∥x∥≤1 |Λ(x)| = supx∈M,∥x∥≤1 |ℓ(x)|. Applying the previ-

ous result to the real vector space structure on X gives some ℓ̃ : X → R with
∥ℓ̃(x)∥X ≤ ∥ℓ∥M ′∥x∥. Then Λ̃(x) = ℓ̃(x)−iℓ̃(ix) gives the desired extension.
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Let’s now formulate a more geometric form of Theroem 2.14. Recall that
a subset of a vector space V is called convex if for any x, y ∈ A, we have
tx+ (1− t)y ∈ A for all t ∈ [0, 1]. Recall also that in Rn, we have the following
theorem:

Theorem 2.16 (Supporting Hyperplane Theorem in Finite Dimension). Sup-
pose A,B are disjoint, compact, convex, nonempty subsets of Rn, then we can
find a codimension 1 hyperplane such that A,B are on the opposite sides of it.

With the power of Theorem 2.14, we can generalise this to infinite dimen-
sions.

Theorem 2.17 (Geometric Hahn-Banach). Suppose A,B are disjoint, convex,
nonempty subsets in a (real or complex) Banach space X.
(a) If A is open, then there exists Λ ∈ X ′ and γ ∈ R such that Re(Λx) < γ ≤
ReΛ(y) for all x ∈ A, y ∈ B. If in addition that B is also open, then the second
inequality is also strict.
(b) If A is compact and B closed, then there is some Λ ∈ X ′ and γ1, γ2 ∈ R
such that ReΛ(x) < γ1 < γ2 < ReΛ(y) for all x ∈ A, y ∈ B.

Proof. WLOG X is real.
(a) Pick a0 ∈ A, b0 ∈ B and set x0 = b0 − a0. Set C = A − B + x0, then
C is a convex open neighbourhood of 0. Since A,B are disjoint, x0 /∈ C. Let
p(x) = inf{t > 0 : t−1x ∈ C} (“Minkowski gauge”). One can check (example
sheet) that p is sublinear, p(x) ≤ k∥x∥ for some constant k > 0, and p(y) < 1
for all y ∈ C. Since x0 /∈ C, p(x0) ≥ 1.
Let M = Rx0 ≤ X, then f :M → R, f(tx0) = t is a linear form bounded above
by p (f(tx0) = t ≤ tp(x0) = p(tx0) for any t > 0 and f(tx0) = t ≤ 0 ≤ p(tx0)
for any t ≤ 0). Theorem 2.14 then tells us that we can extend f to a linear
form Λ : X → R with −k∥x∥ ≤ −p(−x) ≤ Λ(x) ≤ p(x) ≤ k∥x∥, consequently
Λ ∈ X ′.
For any a ∈ A, b ∈ B, we have Λ(a)−Λ(b)+1 = Λ(a−b+x0) ≤ p(a−b+x0) < 1,
so Λ(a) < Λ(b). This means that Λ(A) and Λ(B) are disjoint convex subsets of
R with supΛ(A) ≤ inf Λ(B). By open mapping theorem (example sheet), Λ(A)
is open and therefore γ = supΛ(A) has Λ(a) < γ ≤ Λ(b) for all a ∈ A, b ∈ B.
If B is also open, Λ(B) would be open and hence γ ≤ inf Λ(B) < λ(b) for all
b ∈ B.
(b) Since A is compact and B closed, d = infa∈A,b∈B ∥a − b∥ > 0. Let V =
Bd/2(0) and consider A+V which is open, convex, and disjoint from B. By (a)
we can find Λ ∈ X ′ such that Λ(A+ V ),Λ(B) are disjoint and supΛ(A+ V ) ≤
inf Λ(B). The result then follows from the fact that Λ(A) is a compact subset
of Λ(A+ V ).

Corollary 2.18. For any distinct x, y ∈ X, there exists Λ ∈ X ′ such that
Λ(x) ̸= Λ(y).

Proof. Set A = {x}, B = {y} in Theorem 2.17(b).

Corollary 2.19. Suppose M ≤ X, M̄ ̸= X and x0 ∈ X \ M̄ , then there exists
Λ ∈ X ′ with Λ(x0) = 1 and Λ|M = 0.

Proof. Set A = {x0}, B = M̄ in Theorem 2.17(b).
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Remark. This particular corollary is useful in proving the density of a certain
subspace (which in turn is useful in the theory of PDEs), since it’s usually easier
to show the nonexistence of such a linear form Λ.

3 Distribution Theory

We often want to make use of seemingly ill-defined “functions” in the study of
PDEs.

Example 3.1. Consider

G : R3 \ {0} → R, x 7→ −1

4π|x|

which “morally” should have ∇2G = δ, as it helps so much in the study of
Laplace and Poisson equations. But this doesn’t make sense!

The theory of distributions provide a rigourous setting where such kind of
ideas makes sense. The idea is to construct some spaces of “test functions”.

3.1 Spaces of Test Functions

Let Ω ⊂ Rn be open.
The set C∞

c (Ω) consisting of smooth functions ϕ : Ω → C with compact suppϕ =
{x : ϕ(x) ̸= 0} has the natural structure of a vector space. It can be equipped
with a topology making it a locally convex topological vector space, which we
shall call D(Ω). The details of the construction is omitted as it’s more important
to know its defining properties.

Theorem 3.1. C∞
c (Ω) can be equipped with a topology τ such that:

(i) The topology makes it a locally convex topological vector space.
(ii) A sequence (ϕj)j ∈ C∞

c (Ω) converges to 0 in τ if there is a compact
K ⊂ Ω such that suppϕj ⊂ K for all j and for each multi-index α we have
supx∈K |Dαϕj(x)| → 0.
(iii) If Y is a locally convex topological vector space and Λ : C∞

c (Ω) → Y is
linear, then Λ is continuous iff it is sequentially continuous, i.e. Λϕj → Λϕ
whenever ϕj → ϕ.

Example 3.2. For ϕ ∈ C∞
c (R) nonzero:

(a) If ϕj(x) = e−jϕ(jx), then ϕj → 0 in D(R).
(b) If ϕj(x) = j−1000ϕ(jx), then ϕj does not converge to 0 in D(R).
(c) If ϕj(x) = e−jϕ(x− j), then again ϕj does not converge to 0 in D(R).

The next space of test functions we will be interested in is E (Ω), which is a
structure based on the vector space C∞(Ω). We construct this by giving C∞(Ω)
a Fréchet topology.
First recall that Ω admits an exhaustion by compact sets, i.e. there is a sequence
of compact sets Ki ⊂ Ω with Ki ⊂ K◦

i+1 and Ω =
⋃

iKi. For ϕ ∈ C∞(Ω), let

pN (ϕ) = sup
x∈KN ,|α|≤N

|Dαϕ(x)|

19



Then {pN : N} is a separating family of seminorms, which induces a topology
τ on C∞(Ω) making it a locally convex topological vector space. We call this
structure E (Ω). This can be induced from a metric which is complete, hence
it’s a Fréchet topology.

Theorem 3.2. For (ϕj)j ∈ C∞(Ω), ϕj → 0 in E (Ω) iff for each compact K
and multi-index α, supx∈K |Dαϕj(x)| → 0.

Example 3.3. If ϕ ∈ C∞
c (R) is nonzero, then ϕj(x) = ϕ(x− j) converges to 0

in E (R) as j → ∞.

One can show (example sheet) that the inclusion D(Ω) ↪→ E (Ω) is continu-
ous.
The last space we’ll look at is the space S (Rn).

Definition 3.1. A function ϕ ∈ C∞(Rn) is rapidly decreasing if supx∈Rn |(1 +
|x|)NDαϕ(x)| <∞ for all multi-index α and N ∈ N.

Example 3.4. ϕ(x) = e−|x|2 is rapidly decreasing, but ϕ(x) = (1 + |x|2)−1001

is not.

For ϕ rapidly decreasing, we can consider the seminorms

pN (ϕ) = sup
x∈Rn,|α|≤N

|(1 + |x|)NDαϕ(x)|

{pN : N} is again a separating family of seminorms and they make the set
of rapidly decreasing smooth functions into a locally convex topological vector
space, which is in fact Fréchet. Unlike D(Ω) and E (Ω), S (Rn) has a name and
it’s called the Schwarz space.
We can construct S (Rn) alternatively with the seminorms supx∈Rn,|α|≤N |(1 +
|x|2)NDαϕ(x)| or supx∈Rn,|α|≤N,|β|≤N |xβDαϕ(x)|.

Theorem 3.3. If (ϕj)j ∈ S (Rn), then ϕj → 0 in S (Rn) iff for all multi-index
α and N ∈ N we have supx∈Rn |(1 + |x|)NDαϕj(x)| → 0.

We also have D(Rn) ⊂ S (Rn) ⊂ E (Rn) with each inclusion continuous.

3.2 Distributions

For Ω ⊂ Rn open, the space of distributions D ′(Ω) on Ω is the continuous
dual space of D(Ω). Note that a linear map u : D(Ω) → C is continuous iff
u[ϕj ] → 0 for all ϕj → 0 in D(Ω). D ′(Ω) is equipped with the weak-* topology,
which as you recall is the one induced by the separating family of seminorms
{pϕ : ϕ ∈ D(Ω)}} where pϕ[u] = |u[ϕ]|. Recall also that uj → u weakly-* in
D ′(Ω) iff uj [ϕ] → u[ϕ] for all ϕ ∈ D(R).

Example 3.5. (a) For x ∈ Ω, we can consider δx : D(Ω) → C via ϕ 7→ ϕ(x)
which is a member of D ′(Ω). It is known as the Dirac δ.
(b) For f ∈ L1

loc(Ω), we can consider Tf : D(Ω) → C via

ϕ 7→
∫
Ω

fϕ
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which is a member of D ′(Ω): Suppose ϕj → 0 in D(Ω), then there is someK ⊂ Ω
compact such that suppϕj ⊂ K for all j and supx∈K |Dαϕj(x)| → 0 for all multi-
index α. As ϕj then necessarily converges uniformly, they are in particular
uniformly bounded by some constant C. This means that |f1Kϕj | ≤ C|f |1K
and the latter is integrable. Applying dominated convergence then shows that

Tfϕj =

∫
Ω

fϕj =

∫
Ω

f1Kϕj → 0

as j → ∞.

Lemma 3.4. Suppose u : D(Ω) → C is linear. Then u is continuous iff for
each compact K ⊂ Ω, there exists NK ∈ N and CK > 0 such that

|u[ϕ]| ≤ CK sup
x∈K

∑
|α|≤NK

|Dαϕ(x)|

for all ϕ ∈ C∞
c (K).

Proof. For the “if” direction, suppose ϕj → 0 in D(Ω), then there is some
compact K ⊂ Ω with suppϕ ⊂ K for all j and Dαϕj → 0 uniformly on K for
all α. The condition then forces |u[ϕj ]| → 0, so u is continuous.
Conversely, suppose u is continuous but there is some compact K and ϕj ∈
C∞

c (K) such that for all j,

|u[ϕj ]| > j sup
x∈K

∑
|α|≤j

|Dαϕ(x)|

Let ψj = ϕj/|u[ϕj ]|, then ψj → 0 in D(Ω). For any multi-index β,

|Dβψj(x)| =
|Dβϕj(x)|
|u[ϕj ]|

≤ |Dβϕj(x)|
j supx∈K

∑
|α|≤j |Dαϕj(x)|

≤ 1

j
→ 0

eventually as j → ∞. So ψj → 0, but |u[ψj ]| = 1, contradicting the continuity
of u.

If we can choose N = NK independently from K, we say u has finite order
with order the least such N .

Example 3.6. 1. δx, Tf have order 0.
2. ϕ 7→ ϕ′(x) has order 1.
3. u : D(R) → C, ϕ 7→

∑∞
i=1 ϕ

(i)(i) is continuous but does not have finite order.

If f, g ∈ L1
loc(Ω) have Tf = Tg, then∫

Ω

(f − g)ϕ = 0

for all ϕ ∈ C∞
c (Ω). Using the test functions as mollifiers (Theorem 1.4), we

conclude that f = g a.e.. Thus T : f 7→ Tf is an injection L1
loc(Ω) → D ′(Ω),

so it makes sense to abuse the notation and write f in place of Tf and write
L1
loc(Ω) in place of its image under this injection.

D ′(Ω) is a C-vector space, so we can make sense of a distribution that is a
C-linear combinations of distributions. Suppose a ∈ C∞(Ω), then for any ϕ ∈
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D(Ω) we have Taf [ϕ] = Tf [aϕ] for any f ∈ L1
loc(Ω). Thus suggests that for any

distribution u and a ∈ C∞(Ω) we might be able to consider a new distribution
via au[ϕ] = u[aϕ], which works.
Similarly, if f ∈ C1(R), ϕ ∈ D(Ω), we have TDif [ϕ] = −Tf [Diϕ]. Motivated by
this, we can define the derivative Dα (with α a multi-index) of a distribution
u via Dαu[ϕ] = (−1)|α|u[Dαϕ]. However, one should note that this operation
doesn’t necessarily stabilise the subspace L1

loc(Ω) ⊂ D ′(Ω).

Example 3.7. Let H : R → R be the Heaviside step function H = 1R≥0
, then

essentially DTH = δ0.

We can now make sense of (linear) distributional PDEs, i.e. equations of the
form

∑
|α|≤k aαD

αu = w where w ∈ D ′(Ω), aα ∈ C∞(Ω) are given and we want

u ∈ D ′(Ω).
How about the space E ′(Ω), the continuous dual to E (Ω)? This is a Fréchet
space, so a linear map u : E (Ω) → C is continuous iff it’s sequentially continuous.

Lemma 3.5. Suppose u : E (Ω) → C is linear. Then u is continuous iff there
exists compact K ⊂ Ω, N ∈ N and C > 0 such that

|u[ϕ]| ≤ C sup
x∈K,|α|≤N

|Dαϕ(x)|

for all ϕ ∈ E (Ω).

Proof. The “if” direction is again straightforward: Let ϕj → 0 in E (Ω), then

for any compact K̃ ⊂ Ω and Ñ ∈ N we have supx∈K̃,|α|≤Ñ |Dαϕj(x)| → 0. The

condition then shows that |u[ϕj ]| → 0.
Conversely, suppose the condition is not true. Choose a compact exhausion
(Ki)i of Ω (i.e. each Kj compact in Ω, Kj ⊂ K◦

j+1 and
⋃

j Kj = Ω). So for
each j we can find ϕj ∈ E (Ω) such that

|u[ϕj ]| ≥ j sup
x∈Kj ,|α|≤j

|Dαϕj(x)|

Let ψj = ϕj/|u[ϕj ]|. Then ψj → 0 in E (Ω) since for any compact K̃ and any

Ñ ∈ N, there is some J > Ñ with K̃ ⊂ Kj for any j ≥ J . This means that

sup
x∈K̃,|α|≤Ñ

|Dαψj(x)| ≤
1

|u[ϕj ]|
sup

x∈Kj ,|α|≤j

|Dαϕj(x)| ≤
1

j
→ 0

eventually as j → ∞. However, |u[ψj ]| = 1, so u[ψj ] does not converge to 0 as
j → ∞ which means that u is not continuous.

The continuous inclusion D(Ω) ⊂ E (Ω) gives rise to a continuous linear map
E ′(Ω) ⊂ D ′(Ω). Turns out this map is injective, so we can identify E ′(Ω) with
the distributions of compact support.

Definition 3.2. We say a distribution u ∈ D ′(Ω) has compact support if there
is some compact K ⊂ Ω such that u[ϕ] = 0 whenever suppϕ ⊂ Ω \K.

The preceding lemma shows that any u ∈ E ′(Ω) ⊂ D ′(Ω) has compact
support. Conversely, if u ∈ D ′(Ω) has compact support inside some compact
K, we can extend u uniquely to ũ ∈ E ′(Ω) by setting ũ[ϕ] = u[χϕ] where
χ ∈ C∞

c (Ω) has χ|K ≡ 1. It’s clear that such χ exists and the extension does
not depend on the choice of χ.
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Example 3.8. (a) If f ∈ L1(Ω), vanishes a.e. in Ω \ K for some compact
K ⊂ Ω, then Tf ∈ E ′(Ω).
(b) For any x ∈ Ω, δx ∈ E ′(Ω).
(c) u ∈ D ′(R) given by u[ϕ] =

∑∞
n=−∞ ϕ(n) does not have compact support.

The continuous dual S ′(Rn) to S (Rn) is called the space of tempered distri-
butions. The continuous inclusions D(Rn) ⊂ S (Rn) ⊂ E (Rn) induces continu-
ous maps E ′(Rn) → S ′(Rn) → D ′(Rn), both of which happen to be injective.

Example 3.9. 1. If f ∈ L1
loc(Rn) satisfies∫
Rn

(1 + |x|)−N |f(x)|dx <∞

Then Tf is a tempered distribution. Indeed, if ϕ ∈ S (Rn), then

|Tf [ϕ]| =
∣∣∣∣∫

Rn

fϕ

∣∣∣∣ = ∣∣∣∣∫
Rn

(1 + |x|)−Nf(x)(1 + |x|)Nϕ(x) dx
∣∣∣∣

≤
(∫

Rn

(1 + |x|)−N |f(x)|dx
)(

sup
x∈Rn

|(1 + |x|)Nϕ(x)|
)

So |Tf [ϕj ]| → 0 whenever ϕj → 0 in S (Rn), which means that Tf ∈ S ′(Rn).

2. If f(x) ∈ e|x|
2

, then Tf ∈ D ′(Rn) \ S ′(Rn).
3. The map u[ϕ] =

∑
m∈Zm

50ϕ(m) belongs to S ′(R) but not E ′(R).

3.3 Convolutions

Recall that if ϕ : Rn → C, we had defined τx via τxϕ(y) = ϕ(y − x). We
introduce the involute ϕ̌ of ϕ via ϕ̌(y) = ϕ(−y) and the convolute of ϕ via
τxϕ̌(y) = ϕ(x− y).
Suppose f ∈ L1

loc(Rn), ϕ ∈ D(Rn), then their convolution is defined by

(f ∗ ϕ)(x) =
∫
Rn

f(y)ϕ(x− y) dy = Tf (τxϕ̌)

which suggests that we might be able to define convolution of a distribution
u ∈ D ′(Rn) and ϕ ∈ D(Rn) by u ∗ ϕ(x) = u(τxϕ̌). This is perfectly well-defined
and bilinear. We also have (u ∗ ϕ̌)(0) = u[ϕ], so u is determined by all these
u ∗ ϕ, ϕ ∈ D(Rn).

Example 3.10. δ0 ∗ ϕ = ϕ.

Lemma 3.6. Suppose u ∈ D ′(Rn), ϕ ∈ D(Rn), then:
(i) u ∗ ϕ ∈ C∞(Rn) and Dα(u ∗ ϕ) = Dαu ∗ ϕ = u ∗Dαϕ.
(ii) If u ∈ E ′(Rn), then u ∗ ϕ ∈ D(Rn).

Proof. (i) We have

u ∗ ϕ(x+ hei)− u ∗ ϕ(x)
h

= u

[
τx+hei ϕ̌− τxϕ̌

h

]
But h−1(τx+hei ϕ̌ − τxϕ̌) → τx(Ďiϕ)(y) as h → 0 in D(Rn) (example sheet), so
indeed h−1(u ∗ ϕ(x+ hei)− u ∗ ϕ(x)) = u ∗Diϕ(x).
Iterating this gives u ∗ ϕ ∈ C∞(Rn) and Dα(u ∗ ϕ) = u ∗Dαϕ. Furthermore,

Dατxϕ̌(y) =
∂|α|

∂yα
ϕ(x− y) = (−1)|α|Dαϕ(x− y) = (−1)|α|τx( ˇDαϕ)(y)
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Hence (Dαu ∗ ϕ)(x) = Dαu[τxϕ̌] = (−1)|α|u[Dατxϕ̌] = (−1)|α|u[Dατxϕ̌] =
(−1)|α|u[(−1)|α|τx( ˇDαϕ)] = (u ∗Dαϕ)(x).
(ii) Suppose u[ϕ] = 0 for all ϕ ∈ D(Rn) supported outside K, then for any
ϕ ∈ D(Rn) we have K ∩ supp τxϕ̌ = ∅ for |x| sufficiently large. Thus u[τxϕ̌] = 0
for |x| large and therefore u ∗ ϕ ∈ D(Rn).

With this, we can define the convolution of distributions u1 ∈ D ′(Rn), u2 ∈
E ′(Rn) by requiring (u1 ∗ u2) ∗ ϕ = u1 ∗ (u2 ∗ ϕ). Recall that u ∗ ϕ̌(0) = u[ϕ], so
this does determine a new distribution.

Example 3.11. If u ∈ D ′(Rn) and ϕ ∈ D(Rn), then (u∗ δ0)∗ϕ = u∗ (δ0 ∗ϕ) =
u ∗ ϕ, hence u ∗ δ0 = u.

Lemma 3.7. For u1 ∈ D ′(Rn), u2 ∈ E ′(Rn), then Dα(u1 ∗u2) = (Dαu1)∗u2 =
u1 ∗ (Dαu2).

Proof. For any ϕ ∈ D(Rn), we have (Dα(u1 ∗ u2)) ∗ ϕ = (u1 ∗ u2) ∗ Dαϕ =
u1∗(u2∗Dαϕ) = u1∗((Dαu2)∗ϕ) = (u1∗Dαu2)∗ϕ, so Dα(u1∗u2) = u1∗Dαu2.
The other case is an easy exercise.

Convolution is a great tool for inverting partial differential operators. Sup-
pose L =

∑
|α|≤N aαD

α, aα ∈ C is a linear partial differential operator with
constant coefficient. A fundamental solution of L is a distribution G satisfying
LG = δ0. Note that G might or might not be unique.

Theorem 3.8. If G ∈ D′(Rn) is a fundamental solution of L and u0 = E ′(Rn),
then u = G ∗ u0 satisfies Lu = u0.

Proof. L(G ∗ u0) =
∑

α aαD
α(G ∗ u0) =

∑
α aα((D

αG) ∗ u0) = (
∑

α aαD
αG) ∗

u0 = (LG) ∗ u0 = δ0 ∗ u0 = u0.

The same argument also shows that if f ∈ D(Rn), then u = G∗f ∈ C∞(Rn)
satisfies Lu = f .

Example 3.12. Take L = −∇2 = −
∑3

i=1 ∂
2/∂x2i which is a differential oper-

ator on R3. Consider g : R3 → R, 0 ̸= x 7→ 1/(4π|x|), 0 7→ 0. Then G = Tg is a
fundamental solution for L. So if f ∈ C∞

c (R3) then

u(x) =
1

4π

∫
R3

f(y)

|x− y|
dx

is a smooth solution to −∆u = f .

4 Fourier Transforms

4.1 Definition and Examples

Definition 4.1. Given f ∈ L1(Rn), we define its Fourier transform Ff = f̂ :
Rn → C to be

f̂(ξ) =

∫
Rn

f(x)e−i(x·ξ) dx

Since |f(x)e−i(x·ξ)| ≤ |f(x)| ∈ L1(Rn), the integral absolutely converges for
all ξ ∈ Rn.
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Lemma 4.1 (Riemann-Lebesgue Lemma). Suppose f ∈ L1(Rn), then f̂ ∈
C0(Rn) and ∥f̂∥L∞ ≤ ∥f∥L1 . Moreover, f̂(ξ) → 0 as |ξ| → 0.

Proof. If ξn → ξ in Rn, then f(x)e−i(x·ξn) → f(x)e−i(x·ξ) and |f(x)e−i(x·ξn)| ≤
|f(x)| ∈ L1(Rn), so by dominated convergence f̂(ξn) → f̂(ξ), hence f̂ is contin-
uous. Also, for any ξ ∈ Rn, we have

|f̂(ξ)| ≤
∫
Rn

|f(x)e−i(x·ξ)|dx =

∫
Rn

|f(x)|dx = ∥f∥L1

Given f ∈ L1(Rn) and ϵ > 0, we can find fϵ ∈ C∞
c (Rn) with ∥f − fϵ∥L1 < ϵ.

Integration by parts gives

f̂ϵ(ξ) =

∫
Rn

fϵ(x)e
−i(x·ξ) dx =

∫
Rn

fϵ(x) divx

(
ξ

−i|ξ|2
e−i(x·ξ)

)
dx

=

∫
Rn

ξ ·Dfϵ(x)
−i|ξ|2

e−i(x·ξ) dx

Thus |f̂ϵ(x)| ≤ |ξ|−1∥Dfϵ∥L1 < ϵ for large enough |ξ|. We then have |f̂(ξ)| < 2ϵ
for such ξ.

Example 4.1. We’ll take n = 1.
1. f = 1(−1,1) has f̂(ξ) = 2ξ−1 sin ξ for ξ ̸= 0 and f̂(0) = 1.

2. f(x) = e− sgn(x)x has f̂(ξ) = 2/(1 + ξ2).

3. f(x) = 1/(1 + x2) has f̂(x) = πe− sgn(x)x.

4. f(x) = e−x2/2 has f̂(ξ) =
√
2πe−ξ2/2.

As you’ve probably seen before, Fourier transforms have some properties.
We introduce ey(x) = ei(x·y).

Lemma 4.2. (i) Suppose f ∈ L1(Rn), x ∈ Rn and λ > 0 and let fλ(x) =

λ−nf(λ−1x). Then f̂λ(ξ) = f̂(λξ), êyf(ξ) = τy f̂(ξ), τ̂yf(ξ) = e−y f̂(ξ).

(ii) Suppose f, g ∈ L1(Rn), then f ∗ g ∈ L1(Rn) and f̂ ∗ g = f̂ ĝ.

Theorem 4.3. (i) Suppose f ∈ C1(Rn) and f,Djf ∈ L1(Rn) for all j, then

D̂jf(ξ) = iξj f̂(ξ).

(ii) Suppose (1 + |x|)f ∈ L1(Rn), then f̂ ∈ C1(Rn) and Dj f̂(ξ) = −ix̂jf(ξ).

Proof. (i) For ϵ > 0, we can find fϵ ∈ C∞
c (Rn) such that

∥fϵ − f∥L1 +
∑
j

∥Dif −Djfϵ∥L1 < ϵ

which can be done by a more precise mollification (e.g. choose a smooth cutoff
function). Then

D̂jfϵ(ξ) =

∫
Rn

e−i(x·ξ)Djfϵ(x) dx =

∫
Rn

iξje
−i(x·ξ)fϵ(x) dx = iξj f̂ϵ(ξ)

and we have

|D̂jf(ξ)− iξj f̂(ξ)| ≤ |D̂jf(ξ)− D̂jfϵ(ξ)|+ |iξj f̂ϵ(ξ)− iξj f̂(ξ)|
≤ ∥Djf −Djfϵ∥L1 + |ξ|∥f − fϵ∥L1 < (1 + |ξ|)ϵ
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(ii) By assumption xjf ∈ L1(Rn) for all j, so −ix̂jf ∈ C0(Rn). We have

f̂(ξ + hej)− f̂(ξ)

h
=

1

h

∫
Rn

f(x)e−i(x·(ξ+hej)) dx− 1

h

∫
Rn

f(x)e−i(x·ξ) dx

=

∫
Rn

f(x)e−i(x·ξ) e
−ixjh − 1

h
dx

which gives the result by dominated convergence (noting |eiθ−1| = 2| sin(θ/2)| ≤
|θ|).

Corollary 4.4. The Fourier transform maps S (Rn) to itself continuously.

Proof. First note that for any f ∈ S (Rn), we have the estimate

∥f∥L1 =

∫
Rn

|f |(1 + |x|)n+1 1

(1 + |x|)n+1
dx ≤ C sup

x∈Rn

(|f(x)|(1 + |x|)n+1)

where

C =

∫
Rn

1

(1 + |x|)n+1
dx <∞

In particular, if f ∈ S (Rn), then Dα(xβf(x)) ∈ L1(Rn) for all multi-indices

α, β. Applying the preceding theorem iteratively shows that | ̂Dα(xβf)(ξ)| =
|ξαDβ f̂(ξ)|, so

sup
ξ

|ξαDβ f̂(ξ)| ≤ ∥Dα(xβf)∥L1 ≤ Cα,β sup
x∈Rn,|δ|≤|α|

(1 + |x|)|β|+n+1|Dδf(x)|

Thus f̂ ∈ S (Rn). Now if fj → 0 in S (Rn), then the same estimate shows that

supξ |ξαDβ f̂j(ξ)| → 0, which means that f̂j → 0 in S (Rn).

Theorem 4.5 (Fourier Inversion Theorem). Suppose f, f̂ ∈ L1(Rn), then

f(x) =
1

(2π)n

∫
Rn

f̂(ξ)ei(x·ξ) dξ

for almost every x.

In particular, F2f = (2π)nf̌ and F4f = (2π)2nf . With Lemma 4.1, we
know that if f is continuous then the inversion holds for every x. It also follows
that F : S (Rn) → S (Rn) is an isomorphism of topological vector spaces.

4.2 Extensions of Fourier Transforms

We want to extend our definition of Fourier transforms to some larger spaces.
Let’s start with trying to define Fourier transforms on L2(Rn).

Theorem 4.6 (Fourier-Plancherel/Parseval). Suppose f, g ∈ L1(Rn)∩L2(Rn),

then f̂ , ĝ ∈ L2(Rn) and (f, g)L2 = (2π)−n(f̂ , ĝ)L2 where (, )L2 is the inner
product on L2(Rn).

Proof. Omitted.
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Note that if f ∈ L1(Rn) ∩ L2(Rn), then ∥f̂∥L2 = (2π)n/2∥f∥L2 , so F :
L1(Rn) ∩ L2(Rn) → L2(Rn) is an isometry (up to a nonzero constant). F then
extends uniquely to a linear map F̄ from the closure of L1(Rn) ∩ L2(Rn) in
L2(Rn).

Definition 4.2. F̄ is known as the Fourier-Plancherel transform.

How would we calculate F̄? Suppose f ∈ L2(Rn), then fR = f1BR(0) ∈
L1(Rn) ∩ L2(Rn), then fR → f as R → ∞ in L2 and hence f̂R → F̄(f) in L2

as R→ ∞. So f̂ = F̄(f) is the L2 limit of

ξ 7→
∫
BR(0)

f(x)e−i(x·ξ) dx

as R→ ∞.
Since F̄ is the extension of F anyways, we typically abuse the notation and
write F in place of F̄ .
Now let’s try to make sense of Fourier transforms on S ′(Rn). Suppose f ∈
L1(Rn) and ϕ ∈ S (Rn), we have

Tf̂ [ϕ] =

∫
Rn

f̂(x)ϕ(x) dx =

∫
Rn

∫
Rn

ϕ(x)f(y)e−i(y·x) dy dx

=

∫
Rn

∫
Rn

ϕ(x)f(y)e−i(y·x) dxdy =

∫
Rn

f(y)ϕ̂(y) dy = Tf [ϕ̂]

by Fubini’s theorem. Note that ϕ ∈ S (Rn) =⇒ ϕ̂ ∈ S (Rn), we are inspired
to produce the following definition.

Definition 4.3. For u ∈ S ′(Rn), we define its Fourier transform to be û ∈
S ′(Rn) given by û[ϕ] = u[ϕ̂].

u is well-defined by Corollary 4.4. Indeed, it’s quite problematic if one do
this for u ∈ D(Rn) as F doesn’t stabilise D(Rn).

Example 4.2. Fix some ξ ∈ Rn and u = δξ. Let’s compute û. We have

û[ϕ] = u[ϕ̂] = ϕ̂(ξ) =

∫
Rn

ϕ(x)e−i(x·ξ) dx = Te−ξ
[ϕ]

So we might write δ̂ξ = Te−ξ
, which corresponds to what you’ve seen in (quote)

“Methods or something”.
Correspondingly, for x ∈ Rn, the Fourier transform of Tex has

T̂ex [ϕ] = Tex [ϕ̂] =

∫
Rn

ei(x·y)ϕ̂(y) dy = (2π)nϕ(x) = (2π)nδx[ϕ]

by Theorem 4.5. So T̂ex = (2π)nδx.

For a multi-index α, we write Xα : Rn → C, x 7→ xα = xα1
1 · · ·xαn

n . For a
distribution u, we write τxu[ϕ] = u[τ−xϕ], ǔ[ϕ] = u[ϕ̌].

Lemma 4.7. Suppose u ∈ S ′(Rn), then êxu = τxû, τ̂xu = e−xû, D̂αu =

i|α|Xαû, Dαû = (−i)|α|X̂αu. Moreover, ˆ̂u = (2π)nǔ.
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Proof. Pick ϕ ∈ S (Rn), then

êxu[ϕ] = exu[ϕ̂] = u[exϕ̂] = u[τ̂−xϕ] = û[τ−xϕ] = τxû[ϕ]

Thus êxu = τxû. As for the derivative business,

D̂αu[ϕ] = Dαu[ϕ̂] = (−1)|α|u[Dαϕ̂] = (−1)|α|u[(−i)|α|X̂αϕ]

= i|α|u[X̂αϕ] = i|α|û[Xαϕ] = i|α|Xαû[ϕ]

The rest are mostly similar, and we have
ˆ̂
ϕ = û[ϕ̂] = u[

ˆ̂
ϕ] = u[(2π)nϕ̌] =

(2π)nǔ[ϕ].

Lemma 4.8. F : S ′(Rn) → S ′(Rn) is a linear homeomorphism, with S ′(Rn)
given the weak-* topology.

Proof. Linearity is straightforward. We’ll show sequential continuity, which is
what we’re gonna use anyways although it is weaker than we claimed.
Suppose uj ⇀

∗ u, then ûj [ϕ] = uj [ϕ̂] → u[ϕ̂] = û[ϕ] for all ϕ ∈ S (Rn), which
means that Fuj ⇀∗ Fu. As F4 = (2π)n id, we get a sequentially continuous
inverse.

4.3 Periodic Distributions

Recall that if f ∈ L2([0, 1]), then we can write

f(x) =
∑
n∈Z

fne
−2πinx, fn =

∫ 1

0

e2πinxf(x) dx

with the sum converging in L2. We want to find an analogue of this in the realm
of distributions.

Definition 4.4. A distribution u ∈ D ′(Rn) is periodic if τyu = u for all y ∈ Zn.

Example 4.3. 1. If f ∈ L1
loc(Rn) is periodic, i.e. has ∀y ∈ Zn, f(x+y) = f(x),

then Tf is periodic.
2. Suppose v ∈ E ′(Rn), then u =

∑
y∈Zn τyv is in D ′(Rn) (indeed u[ϕ] is always

a finite sum) and is periodic.

If f ∈ C∞(Rn) is periodic, we often just need to restrict our attention to
a fundamental cell of Zn. In particular, we are interested in averages over
q = {x ∈ Rn : −1/2 ≤ xi < 1/2, i = 1, . . . , n}, e.g.

M [f ] =

∫
q

f(x) dx

We sort of want to sayM [f ] = Tf [1q] and generalise everything to distributions,
which sadly doesn’t work since 1q isn’t a test function.

Lemma 4.9. Let Q = {x ∈ Rn : −1 ≤ xi < 1}. Then there exists ψ ∈ C∞(Rn)
such that:
1. ψ ≥ 0.
2. suppψ ⊂ Q◦.
3.
∑

y∈Zn τyψ = 1.
Such ψ is known as a periodic partition of unity. Suppose ψ,ψ′ are two such
functions, then u[ψ] = u[ψ′] whenever u ∈ D ′(Rn) is periodic.
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So we’ll be able to define M [u] = u[ψ] for any periodic partition of unity ψ.

Proof. Start by picking any ψ0 ∈ C∞(Rn) supported inside Q◦ with ψ0(x) = 1
for x ∈ q and ψ0 ≥ 0. Let s(x) =

∑
y∈Z ψ0(x− y). This sum is locally finite, so

s ∈ C∞(Rn). For each x ∈ Rn, there is some y ∈ Zn with x − y ∈ q, so s ≥ 1.
s is also periodic by construction. So we can just use ψ(x) = ψ0(x)/s(x).
Suppose now that u is periodic and ψ,ψ′ are periodic partitions of unity, then
we want to show that u[ψ] = u[ψ′]. Indeed,

u[ψ] = u

ψ∑
y∈Z

τyψ
′

 =
∑
y∈Zn

u[ψτyψ
′] =

∑
y∈Z

[τ−yu](ψ
′τ−yψ) =

∑
y∈Z

u(ψ′τ−yψ)

=
∑
y∈Z

u(ψ′τyψ) = u

ψ′
∑
y∈Z

τyψ

 = u[ψ′]

as desired.

If u = Tf for some periodic f ∈ L1
loc(Rn), then by choosing a sequence

of bounded periodic partitions of unity ψn such that ψn → 1q pointwise, we
conclude that

M [Tf ] =

∫
q

f(x) dx

Lemma 4.10. Suppose v ∈ E ′(Rn) then u =
∑

y∈Zn τyv converges weakly-*
in S ′(Rn) (the ordering of the sum doesn’t matter). Conversely, if u is any
periodic distribution, then there exists v ∈ E ′(Rn) with u =

∑
y∈Zn τyv. In

particular, every periodic distribution is tempered.

Proof. Let K be a compact set with σ[ϕ] = 0 for all ϕ with suppϕ ⊂ Rn\K. We
know that there is k ∈ N and C > 0 such that |σ[ϕ]| ≤ C supx∈K,|α|≤k |Dαϕ(x)|
for all ϕ ∈ E (Rn). Suppose ϕ ∈ S (Rn) ⊂ E (Rn). Then |τyv[ϕ]| = |v[τ−yϕ]| ≤
C supx∈K,|α|≤k |Dαϕ(x+y)|. As K is bounded, K ⊂ BR(0) for some R > 0. For
x ∈ K, we have 1+ |y| = 1+ |x+ y−x| ≤ 1+R+ |x+ y| ≤ (1+R)(1+ |x+ y|),
which means that 1 ≤ (1+R)(1+ |x+ y|)/(1+ |y|) for all x ∈ K. So for m ≥ 1,
we have the estimate

|τyv[ϕ]| ≤ C
(1 +R)m

(1 + |y|)m
sup

x∈K,|α|≤k

|(1 + |x+ y|)nDαϕ(x+ y)|

≤ C
(1 +R)m

(1 + |y|)m
sup

x′∈Rn,|α|≤k

|(1 + |x′|)nDαϕ(x′)|

Taking m ≥ n + 1 gives σyτ [ϕ] ≤ C̃/(1 + |y|n+1) for some constant C̃ since∑
y∈Zn(1 + |y|)n+1 <∞. So we conclude that u converges weakly-* in S ′(Rn).

Conversely, suppose u ∈ D ′(Rn) is a periodic distribution, we take ψ to be a
periodic partition of unity. For any ϕ ∈ D(Rn), we have

u[ϕ] =

∑
y∈Zn

τyψ

u[ϕ] =
∑
y∈Zn

u [ϕτyψ]

Note that u [ϕτyψ] = τyu[ϕτyψ] = u[ψτ−yϕ] = (ψu)[τ−yϕ] = τy(ψu)[ϕ]. So we
take v = ψu which shall give u[ϕ] =

∑
y∈Zn τyv[ϕ]. v has compact support since
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if suppϕ ∩ suppψ = ∅ then v[ϕ] = u[ψϕ] = 0. So v extends uniquely to an
element of E ′(Rn).

Thus every periodic distribution has a Fourier transform. In order to charac-
terise the Fourier transform of a periodic distribution, we first need a technical
lemma.

Lemma 4.11. Suppose u ∈ S ′(Rn) satisfies (e−y′ − 1)u = 0 for all y′ ∈ Zn.
Then

u =
∑
y∈Zn

cyδ2πy

for some cy ∈ C satisfying |cy| ≤ C(1 + |y|)N for some C > 0, N ∈ N, and the
sum converges in S ′(Rn).

Proof. Let Λ∗ = {2πy : y ∈ Zn}. Suppose ϕ ∈ D(Rn) has (suppϕ) ∩ Λ∗ = ∅.
Then for y′ ∈ Zn, (e−y′ − 1) is nonzero on suppϕ, so (e−y′ − 1)ϕ ∈ D ′(Rn) ⊂
S (Rn), hence 0 = (e−y′ − 1)u[(e−y′ − 1)−1ϕ] = u[ϕ]. Therefore suppu ⊂ Λ∗.

Pick a periodic partition of unity ψ and let ψ̃(x) = ψ(x/(2π)). So∑
y∈Zn

τ2πyψ̃(x) = 1, ψ̃ ≥ 0, supp ψ̃ ⊂ {|xi| < 2π}

Consider vy = (τ2πyψ̃)u which is supported at 2πy. We have
∑

y∈Zn vy = u and
(e−y′ − 1)vy = 0 for all y′ ∈ Zn. Set y′ = lj , j = 1, . . . , n where {lj}j is the
standard basis on Rn. Then (e−i(xj−2πyj) − 1)vy = 0. Note that e−i(xj−2πyj) −
1 = (xj − 2πyj)κ(xj) for some smooth κ(xj) nonzero near yj . Therefore (xj −
2πyj)vy = 0.
Suppose we are given ϕ ∈ S (Rn), then ϕ(x) = ϕ(2πy) +

∑
j(xj − 2πyj)ϕj(x)

for some ϕj ∈ C∞(Rn). Now vy has compact support, so extends to act on
E (Rn) = C∞(Rn). This means that

vy[ϕ] = vy[ϕ(2πy)] +

n∑
j=1

(xj − 2πyj)vy[ϕj ] = vy[ϕ(2πy)] = ϕ(2πy)vy[1]

So (τ2πyψ̃)u[ϕ] = (τ2πyψ̃)u[ϕ(2πy)] = u[τ2πyψ̃ϕ(2πy)] = u[τ2πyψ̃]δ2πy[ϕ], which

means that vy = u[τ2πyψ̃]δ2πy, so we conclude by taking cy = u[τ2πyψ̃].
To get the desired bound, note that by example sheet there are N, k ∈ N and
C > 0 such that

|u[ϕ]| ≤ C sup
x∈Rn,|α|≤k

|(1 + |x|)NDαϕ(x)|

for all ϕ ∈ S (Rn). Thus

|cy| ≤ C sup
x∈Rn,|α|≤k

|(1 + |x|)NDαψ̃(x− 2πy)|

≤ C sup
x∈Rn,|α|≤k

|(1 + |x+ 2πy|)NDαψ̃(x)|

≤ C ′ sup
x∈Rn,|α|≤k

|(1 + |x|)NDαψ̃(x)|(1 + |y|)N

Therefore |cy| ≤ CN (1 + |y|)N .
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Theorem 4.12. Suppose u ∈ D ′(Rn) is periodic, then there exists cy ∈ C such
that we have an S ′(Rn)-convergence

u =
∑
y∈Zn

cyTe2πy

where cy = M [e−2πyu] satisfies the bound |cy| ≤ C(1 + |y|)N for some C >
0, N ∈ N.

We say (cy)y∈Zn are the Fourier coefficients for u.

Proof. As u is periodic and periodic distributions are tempered, for y′ ∈ Zn we
have (e−y′ − 1)û = 0 since τy′u = u. By the preceding lemma,

û = (2π)n
∑
y∈Zn

cyδ2πy, |cy| ≤ C(1 + |y|)N

in S ′(Rn). Theorem 4.5 then gives

u =
∑
y∈Zn

cyTe2πy

Also, since e2πy ∈ L1
loc, we can write M [e−2πy′Te2πy

] = δyy′ . The map u 7→
M(e2πyu) is a continuous map S ′(Rn) → C, so

M [e−2πyu] =
∑

y′∈Zn

cy′M [e−2πyTe2πy′ ] = cy

as desired.

We sometimes abuse notation and write u(x) =
∑

y∈Zn cye
2πi(y·x).

Example 4.4. Consider the periodic distribution u =
∑

y∈Zn δy. Then cy =
M [e−2πyu] = u[ψe2πy] for a periodic partition of unity ψ. So

cy =
∑
y∈Zn

ψ(y′)e−2πi(y·y′) =
∑
y∈Zn

ψ(y′) = 1

The preceding theorem then gives Poisson’s formula:∑
y∈Zn

δy =
∑
y∈Zn

Te2πy

or, by abuse of notation,
∑

y∈Zn δ(x− y) =
∑

y∈Zn e2πi(y·x).

5 Sobolev Spaces

5.1 Definitions

Sobolev spaces give contexts where we make sense of differentiation in the in-
tegral sense. They consists of Lp functions whose distributional derivatives are
also in Lp.
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Definition 5.1. Suppose Ω ⊂ Rn is open and let k ∈ Z≥0, 1 ≤ p ≤ ∞. f ∈
Lp(Ω) belongs to the Sobolev space W k,p(Ω) if for any multi-index α with
|α| ≤ k, there exists fα ∈ Lp(Ω) with DαTf = Tfα in D′(Ω). We say fα is the
αth weak derivative of f .

From now on, we abuse the notation and drop the notational distinction
between f ∈ L1

loc and Tf ∈ D ′. In particular, we might sometimes write Dαf ∈
L1(R) to mean fα ∈ L1(Rn) with DαTf = Tfα .

Definition 5.2. W k,p(Ω) is a Banach space equipped with the norm

∥f∥Wk,p =

∑
|α|≤k

∥Dαf∥pLp

1/p

for p <∞ and ∥f∥Wk,∞ = max|α|≤k ∥Dαf∥L∞ .

The condition DαTf = Tfα translates to the statement that for any ϕ ∈
D(Ω), ∫

Ω

fαϕdx = (−1)|α|
∫
Ω

fDαϕdx

Example 5.1. 1. Let

f(x) =


−1 for x < −1

x for −1 ≤ x ≤ 1

1 for x > 1

Then f ∈W 1,∞(R) with Df(x) = 1|x|≤1.
2. Let H = 1R≥0

, then H /∈ W 1,p for any p since DTH = δ0 ̸= Tf for any
f ∈ L1

loc.

As is the usual case, we can say very little about Sobolev spaces except in
the case p = 2,Ω = Rn, so we’ll do that. Suppose f ∈ L2(Rn), Dαf ∈ L2(Rn)

iff ξαf̂(ξ) ∈ L2(Rn).

Definition 5.3. For s ∈ R, we say u ∈ S ′(Rn) belongs to Hs(Rn) if û ∈
L2
loc(Rn) and ∫

Rn

(1 + |ξ|2)s|û(ξ)|2 dξ <∞

Then Hs(Rn) is a Hilbert space with inner product

(u, v)Hs =

∫
Rn

û(ξ)v̂(ξ)(1 + |ξ|2)s dξ

If s ∈ Z≥0, then Hs(Rn) = W s,2(Rn). One important property of Sobolev
spaces is that for large enough k (or s), they embed into classical differentiable
spaces.

Theorem 5.1 (Sobolev Embeddings). Suppose f ∈ Hs(Rn) for some s >
k + n/2, k ∈ Z≥0, then there exists f∗ ∈ Ck(Rn) with f = f∗ a.e..

So it makes sense to write Hs(Rn) ⊂ Ck(Rn).
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Proof. First suppose that f ∈ S (Rn), then by Theorem 4.5, we can write

Dαf(x) =
i|α|

(2π)n

∫
Rn

ei(x·ξ)ξαf̂(ξ) dξ

So by Cauchy-Schwarz

|Dαf(x)| = 1

(2π)n

∣∣∣∣∫
Rn

ei(x·ξ)ξαf̂(ξ) dξ

∣∣∣∣
≤ 1

(2π)n

(∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dξ
)1/2(∫

Rn

|ξα|2

(1 + |ξ|2)s
dξ

)1/2

As |α| ≤ k, we have |ξα| ≤ ck(1 + |ξ|2)k for some ck > 0, so∫
Rn

|ξ|α

(1 + |ξ|2)s
dξ ≤ ck

∫
Rn

1

(1 + |ξ|2)s−k
dξ = c2k,n,s <∞

So we deduce that supx∈Rn,|α|≤k |Dαf(x)| ≤ cn,k,s∥f∥Hs for all f ∈ S (Rn).
Now suppose f ∈ Hs(Rn), then we can approximate f by a sequence (fn)

∞
n=1

with fn ∈ S (Rn), fn → f in Hs, and fn → f a.e. (example sheet). In
particular, fn is Cauchy in Hs(Rn), so by our estimate fn is Cauchy in Ck(Rn).
So there exists f∗ ∈ Ck(Rn) such that fn → f∗ uniformly. Hence f = f∗

a.e..

Why are Sobolev spaces worth considering?

Example 5.2. Consider the PDE −∇2u + u = f on Rn. We claim that if
f ∈ Hs(Rn), then there is a unique u ∈ Hs+2(Rn) satisfying the PDE in
S ′(Rn). To see this, we take a Fourier transform of the equation, which gives

(|ξ|2+1)û(ξ) = f̂(ξ) for almost every ξ. This is to say that û(ξ) = f̂(ξ)/(1+|ξ|2)
and we can invert this. We also have

∥u∥2Hs+2 =

∫
Rn

(1 + |ξ|2)s+2|û(ξ)|2 dξ =
∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dξ = ∥f∥2Hs

Remark. 1. u is more regular than f , which is a property of the differential oper-
ator (−∇2+1) (known as elliptic regularity). We have −∇2u+u ∈ L2(Rn) =⇒
u ∈ H2(Rn).
2. Suppose s > n/2, then (possibly after augmenting on a set of measure zero)
f ∈ C0(Rn), u ∈ C2(Rn) and the PDE −∇2u+ u = f holds classically.

5.2 Elliptic Boundary Problems

We often want to consider the restriction of u ∈ Hs(Rn) (s > 0) to an (n− 1)-
dimensional hypersurface in Rn. Since u is only defined modulo changes on sets
of measure zero, doing this restriction directly usually gives us nonsense. To
resolve this, we show the following:

Theorem 5.2 (Trace Theorem). Let s > 1/2. There exists a bounded surjective
linear map T : Hs(Rn) → Hs−1/2(Rn−1) such that Tf = f |xn=0 for all f ∈
S (Rn).

Tf is called the trace of f on {xn = 0}.
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Proof. Example sheet.

By combining this with certain coordinates transformations, we can estab-
lish a similar result with Rn−1 = {xn = 0} replaced by suitably regular (e.g.
Lipschitz regular) (n− 1)-hypersurfaces.
Let Ω ⊂ Rn be open and suppose f ∈ C∞

c (Ω). By extending f by zero, we
can realise f as an element of C∞

c (Rn) and thus automatically f ∈ H1(Rn). In
other words, we can embed C∞

c (Ω) ⊂ H1(Rn). Denote by H1
0 (Ω) the closure

of C∞
c (Ω) in H1(Rn). Note that we have a particularly nice way to write the

norm on H1 for functions f ∈ C∞
c (Ω), i.e.

∥f∥2H1 =

∫
Rn

(1 + |ξ|2)|f̂(ξ)|2 dξ = (2π)n
∫
Ω

|Df(x)|2 + |f(x)|2 dx

Then H1
0 (Ω) is a Hilbert space whose inner product has the form

(u, v)H1 =

∫
Ω

Du ·Dv + ūv dx

Suppose ϕ ∈ C∞
c ((Ωc)◦), then

Λϕ(u) =

∫
Rn

ϕu dx = 0

for all u ∈ C∞
c (Ω). We know that Λϕ : H1(Rn) → C is continuous, so if un → u

in H1(Rn) then Λϕu = 0. This means that any u ∈ H1
0 (Ω) vanishes a.e. on Ωc.

For sufficiently nice ∂Ω, the trace map T : H1
0 (Ω) → H1/2(∂Ω) is bounded and

Tu = 0 for any C∞
c (Ω). So if u ∈ H1

0 (Ω) then Tu = 0.
Nothing breaks, basically.
H1

0 (Ω) can be viewed (informally) as “the set of H1 functions which vanish on
∂Ω and outside Ω”.
Now consider the problem {

−∇2u+ u = f in Ω

u = 0 on ∂Ω

We seek a distributional solution u ∈ H1
0 (Ω). u satisfies the boundary condition

by definition. Suppose v ∈ D(Ω), then

(u, v)H1 =

∫
Ω

Du ·Dv + ūv dx =

∫
Ω

−ū∇2v + ūv dx =

∫
Ω

f̄v dx = (f, v)L2

By continuity, this holds for every v ∈ H1
0 (Ω) provided f ∈ L2(Ω). Conversely,

if this holds for every such v, then by taking v ∈ C∞
c (Ω) and integrating by

parts, we have −∇2u+ u = f holds in D ′(Ω).
Motivated by this,

Definition 5.4. We say u ∈ H1
0 (Ω) is a weak solution of the boundary value

problem above (for f ∈ L2(Ω)) if (u, v)H1 = (f, v)L2 for all v ∈ H1
0 (Ω).

Note that Λ : v 7→ (f, v)L2 is a bounded linear map H1
0 (Ω) → C since

|(f, v)L2 | ≤ ∥f∥L2∥v∥L2 ≤ ∥f∥L2∥v∥H1 . By Riesz representation theorem, there
is a unique u ∈ H1

0 (Ω) such that (u, v)H1 = Λv = (f, v)L2 for all v ∈ H1
0 (Ω). In

other words,
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Lemma 5.3. Given f ∈ L2(Ω), there exists a unique weak solution u ∈ H1
0 (Ω)

with ∥u∥H1 ≤ ∥f∥L2 .

If we let Af = u, then A is a bounded linear operator L2(Ω) → H1
0 (Ω).

Suppose f, g ∈ L2(Ω), a ∈ C and u = Af,w = Ag, then

(u+ aw, v)H1 = (u, v)H1 + a(w, v)H1 = (f, v)L2 + a(g, v)L2 = (f + ag, v)

for any v ∈ H1
0 (Ω). So A(f+ag) = Af+aAg, i.e. A is linear. It’s also bounded:

∥Af∥2H1 = (Af,Ag)H1 = (f,Af)L2 ≤ ∥f∥L2∥Af∥L2 ≤ ∥f∥∥Af∥H1

Thus ∥Af∥H1 ≤ ∥f∥L2 . A is in fact also Hermitian, i.e. (Af, g)L2 = (f,Ag)L2 .
Indeed,

(f,Ag)L2 = (f, w)L2 = (u,w)H1 = (w, u)H1 = (g, u)L2 = (u, g)L2 = (Af, g)L2

Definition 5.5. For s > 0, we set Hs
loc(Ω) = {u ∈ L2

loc(Ω) : ∀χ ∈ C∞
c (Ω), χu ∈

H2(Rn)}.

If U is open and Ū ⊂ Ω. Then we can find χ ∈ C∞
c (Ω) with χ = 1 on U . If

s > (n/2) + k, u ∈ Hs
loc(Ω), then χu ∈ Hs(Rn) ⊂ Ck(Rn). But χu = u on U ,

so u ∈ Ck(Ω) by varying U .
Returning to our elliptic boundary value problem, we fix K ⊂ Ω compact and
χK ∈ C∞

c (Ω) with χK |K = 1. Suppose u is a weak solution, i.e.∫
Ω

Du ·Dv + ūv dx =

∫
Ω

f̄v dx

for any v ∈ H1
0 (Ω). Pick any ϕ ∈ S (Rn) and let v(x) = χK(x)ϕ(x), then

v ∈ C∞
c (Ω) ⊂ H1

0 (Ω). Plugging this in, we conclude∫
Rn

w̄(−∇2ϕ+ ϕ) dx =

∫
Rn

ḡϕdx

where w = χKu and g = −2Du · DχK − u∇2χK + fχK . This tells us that
w ∈ H1

0 (Ω) ⊂ H1(Rn) solves −∇2w + w = g in S ′(Ω) with g ∈ L2(Ω). We’ve
shown previously that if g ∈ Hs(Rn), then the solution to−∇2w+w = g satisfies
w ∈ Hs+2(Rn). In this instance, we obtain w ∈ H2(Rn). Let ψ ∈ C∞

c (Ω) be
arbitrary, then by taking K = suppϕ we deduce that ψu = ψχKu ∈ H2(Rn),
thus u ∈ H2

loc(Ω).
Suppose f ∈ H1

loc(Ω) ∩ L2(Ω). The expression of g reveals that g ∈ H1(Rn),
so the same argument shows that u ∈ H3

loc(Ω). Iterating, we see that if f ∈
L2(Ω)∩Hk

loc(Ω) then u ∈ H1
0 (Ω)∩Hk+2

loc (Ω). In particular, if f ∈ L2(Ω)∩C∞
c (Ω)

then u ∈ H1
0 (Ω) ∩ C∞

c (Ω) and −∇2u+ u = f holds classically.
This property of the operator −∇2 + 1 of improving regularity of its solution
is called elliptic regularity, which sadly (and expectedly) doesn’t hold for every
PDE. One counterexample happens when you try to solve the wave equation
utt − uxx = 0 which has solutions u(x, t) = u+(x+ t) + u−(x− t) that does not
get smoothness for free.
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5.3 Rellich-Kondrachov Theorem

We are interested in the compactness for Sobolev spaces. Suppose Ω ⊂ Rn is
open and bounded, and suppose (un) ∈ H1

0 (Ω) satisfy ∥un∥H1 ≤ K. Theorem
2.9 shows that after possibly extracting a subsequence we can assume un ⇀ u in
H1

0 (Ω) for some u ∈ H1
0 (Ω), ∥u∥H1 ≤ K (we are in a Hilbert space so reflexivity

is free). Moreover, if w ∈ L2(Ω), we can estimate

|(w, v)L2 | ≤ ∥w∥L2∥v∥L2 ≤ ∥w∥L2∥v∥H1

So v 7→ (w, v)L2 is a bounded linear map H1
0 (Ω) → C, so (w, un)L2 → (w, u)L2 ,

i.e. un ⇀ u in L2. In fact, the convergence is strong.

Theorem 5.4 (Rellich-Kondrachov). Suppose Ω ⊂ Rn is open and bounded. Let
(un) ∈ H1

0 (Ω) be such that un ⇀ u in L1 for some u ∈ H1
0 (Ω) and ∥un∥H1 ≤ K,

then un → u strongly in L2.

Proof. Fix ϵ > 0, we have

∥un − u∥2L2 =
1

(2π)n
∥ûn − û∥2L2

=
1

(2π)n

∫
|ξ|<R

|ûn(ξ)− û(ξ)|2 dξ + 1

(2π)n

∫
|ξ|>R

|ûn(ξ)− û(ξ)|2 dξ

For the second term, we have the bound∫
|ξ|>R

|ûn(ξ)− û(ξ)|2 dξ ≤ 2

R2

∫
|ξ|>R

(1 + |ξ|2)(|ûn(ξ)|2 + |û(ξ)|2) dξ

≤ 2

R2
(∥un∥2H1 + ∥u∥2H1) ≤

2K

R2

which can be made arbitrarily small for sufficiently large R.
As for the first term, recall that û(ξ) = (eξ, un)L2(Ω). Since |Ω| <∞, eξ ∈ L2(Ω).
We deduce using un ⇀L2 u that ûn(ξ) → û(ξ) for any ξ. Further, for |ξ| < R,
we have by Lemma 4.1 that

|ûn(ξ)− û(ξ)|2 ≤ 2(|ûn(ξ)|2 + |û(ξ)|2) ≤ 2(∥un∥2L1 + ∥u∥2L1)

≤ 2|Ω|(∥un∥2L2 + ∥u∥2L2) ≤ 2|Ω|(K2 + ∥u∥2L2) ∈ L1(BR(0))

So by dominated convergence,

In =

∫
|ξ|<R

|ûn(ξ)− û(ξ)|2 dξ → 0

as n→ ∞. So by picking sufficiently large n, |In| can be made arbitrarily small,
and thus ∥un − u∥2L2 can be made arbitrarily small.

Corollary 5.5. Suppose ∥un∥H1 ≤ K, then (un) has a subsequence converging
weakly in H1 and strongly in L2, i.e. after passing to a subsequence, there is
some u ∈ H1

0 (Ω) with ∥un − u∥L2 → 0 and (Dun, w)L2 → (Du,w)L2 for all
w ∈ L2(Ω).
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Corollary 5.6. Suppose Ω ⊂ Rn is open and bounded and A : L2(Ω) → H1
0 (Ω).

We can think of A as L2(Ω) → L2(Ω). If A is linear and bounded, then A :
L2(Ω) → L2(Ω) is compact. In particular, if ∥un∥L2 ≤ K is bounded, then
∥Aun∥H1 ≤ C∥un∥L2 ≤ CK, so (Aun) has a strongly convergent subsequence
in L2.

For Ω open and bounded, we consider the problem{
−∇2u+ V u = f in Ω

u = 0 on ∂Ω

with V : Ω → R smooth and bounded. Similar to what we did before, we can
reformulate the problem to get the notion of a weak solution. We say u ∈ H1

0 (Ω)
is a weak solution to the problem if∫

Ω

Du ·Dv + V ūv dx =

∫
Ω

f̄v dx

for all v ∈ H1
0 (Ω). But we can’t import the previous argument exactly, since

the left hand side needs not be an inner product unless V is nonnegative. Let’s
try to rewrite the equation to see if we can do anything.∫

Ω

Du ·Dv + ūv dx =

∫
Ω

(1− V )ūv + f̄v dx

In other words, u = A(f+(1−V )u), or (I−K)u = Af whereKu = A((1−V )u),
where A : L2(Ω) → H1

0 (Ω) is the map that takes g ∈ L2(Ω) to the weak solution
w ∈ H1

0 (Ω) to {
−∇2w + w = g in Ω

w = 0 on ∂Ω

Now K : L2(Ω) → H1
0 (Ω) is bounded and linear, so K : L2(Ω) → L2(Ω) is

compact by Corollary 5.6. Thus by the general theory of compact operators,
either there is some w ∈ L2(Ω) such that (I −K)w = 0 or (I −K)u = g has a
unique solution u ∈ L2(Ω) for any g ∈ L2(Ω).
In the first case, if we have (I−K)w = 0 then w = A((1−V )w), thus w ∈ H1

0 (Ω).
The usual regularity theory then shows that w ∈ C∞(Ω).
In the second case, we can set g = Af which shows the existence of a weak
solution u ∈ H1

0 (Ω) to the boundary value problem.
In conclusion, either there is some w ∈ H1

0 ∩ C∞(Ω) solving −∇2w + V w = 0,
or for any f ∈ L2(Ω) there is a unique weak solution u ∈ H1

0 (Ω).
Let’s now consider A : L2(Ω) → H1

0 (Ω) in some more detail. We’ve shown
previously that A is linear and bounded. As a map L2(Ω) → L2(Ω), it is
also compact and Hermitian. By the spectral theorem, we know that σ(A) =
{0, µ1, µ2, . . .} for some µk ∈ R which can only accumulate at 0. Furthermore,
there is an orthonormal (Hilbertian) basis of L2(Ω) consisting of eigenvectors of
A.
Suppose Aw = µw for µ ∈ R, w ∈ L2(Ω) \ {0}, then w ∈ H1

0 (Ω) and for any
v ∈ H1

0 (Ω) we have (w, v)L2 = (Aw, v)H1 = µ(w, v)H1 . Setting w = v shows
that µ ̸= 0, hence w ∈ H1

0 (Ω) is a weak solution to{
−∇2w + w = w/µ in Ω

w = 0 on ∂Ω
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So w ∈ H1
0 (Ω) ⊂ H1(Rn). In particular, w ∈ H1

loc(Ω). The usual regularity
strikes again and leaves w ∈ H3

loc(Ω), w ∈ H5
loc(Ω), w ∈ H7

loc(Ω), . . ., so in fact
w ∈ C∞(Ω).
If we rewrite the system as{

−∇2w = λw in Ω

w = 0 on ∂Ω
, w = −1 +

1

µ

We can deduce

Theorem 5.7. Let Ω ⊂ Rn be open and bounded, then there exists an or-
thonormal (Hilbertian) basis (wn)n for L2(Ω) such that wn ∈ H1

0 (Ω) ∩ C∞(Ω)
satisfying −∇2wk = λkwk in Ω where 0 ≤ λ1 ≤ λ2 ≤ · · · with λn → ∞.

Corollary 5.8. (
√
2 sin(nπx))∞n=1 is an orthonormal basis for L2((0, 1)).

5.4 The Direct Approach to Calculus of Variations

Given u ∈ H1
0 (Ω), f ∈ L2(Ω), consider

S[u] =

∫
Ω

|Du|2 + |u|2 − f̄u− fūdx

We have the estimation

S[u] = ∥u∥2H1 − 2Re(f, u)L2 ≥ ∥u∥2H1 − 2∥u∥L2∥f∥L2

≥ ∥u∥2H1 −
1

2
∥u∥2L2 − 2∥f∥2L2 ≥ 1

2
∥u∥2H1 − 2∥f∥2L2

Thus B = {S[u] : u ∈ H1
0 (Ω) : u ∈ H1

0 (Ω)} is bounded below. Let σ = inf B >
−∞. We claim that this infimum is attainable.
Let un ∈ H1

0 (Ω) be such that S[un] → σ. (S[un])
∞
n=1 is convergent hence

bounded, so ∥un∥2H1 ≤ 2S[un]+4∥f∥2L2 ≤ K for some constant K and therefore
by Theorem 2.9 we can assume un ⇀ w in H1 after passing to a subsequence.
By example sheet, we have ∥w∥H1 ≤ lim infn→∞ ∥un∥H1 . Since un ⇀ w in H1,
Re(f, w) = limn→∞ Re(f, un) = lim infn→∞ Re(f, un). So

S[w] = ∥w∥2H1 − 2Re(f, w)L2 ≤ lim inf
n→∞

(∥un∥2H1 − 2Re(f, un))

≤ lim inf
n→∞

S[un] = σ

But S[w] ≥ σ by the definition of σ, so S[w] = σ and w is the desired minimiser.
By considering S[w + tv] for t ∈ R, v ∈ H1

0 (Ω), one can show that w is a weak
solution of {

−∇2w + w = f in Ω

w = 0 on ∂Ω

which in particular shows that this minimiser is unique.
How would one generalise this idea to a wider class of functionals?

Definition 5.6. Let X be a topological space (usually taken to be a Banach
space or subspace thereof, equipped with various topologies). A functional
S : X → R is coercive if {u : S[u] ≤ K} is sequentially relatively compact
for all K ∈ R, i.e. if (un)n ∈ X have S[un] ≤ K, then un has a convergent
subsequence. It’s lower semicontinuous if for any sequence (un)n with un → u∗

in X, we have S[u∗] ≤ lim infn→∞ S[un].
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Continuity certainly implies lower semicontinuity, but not the other way
around.

Theorem 5.9. Suppose S : X → R is coercive and lower semicontinuous, then
S achieves its infimum on X.

Proof. Let σ = inf{S[u] : u ∈ X}. Pick a sequence (un)n ∈ X with S[un] → σ.
Then in particular (S[un])n is bounded above. As S is coercive, un → u∗ ∈ X
after passing to a subsequence.
By lower semicontinuity, S[u∗] ≤ lim infn→∞ S[un] = σ, and we also have
S[u∗] ≥ σ, so S[u∗] = σ.

Verifying coercivity and lower semicontinuity can be hard, depending on
which space and functional we are interested in. From now on, let’s take X to
be a reflexive separable Banach space.
Typically, functionals of interest are not coercive in the strong topology of X.
Weak topology, however, is nice.

Lemma 5.10. Suppose S : X → R satisfies S[n] ≤ K =⇒ ∥u∥ ≤ K̃ for some
K̃ depending only on K. Then S is coercive in the weak topology of X.

Proof. Theorem 2.9.

Lower semicontinuity, on the other hand, becomes hard in weaker topologies.
We need some additional structure to do this, usually convexity.

Lemma 5.11. If U ⊂ X is convex and closed in the strong topology, then it’s
closed in the weak topology.

Proof. Pick x ∈ U c. By Theorem 2.17 (applied to the convex compact {x} and
the convex closed U), there is some Λ ∈ X ′ such that there are γ1, γ2 ∈ R with
ReΛx < γ1 < γ2 < ReΛy for all y ∈ U . Now {z : ReΛz < γ1} is open, contains
x, and is disjoint from U . Thus U c is weakly open, which means that U is
weakly closed.

Theorem 5.12. If S : X → R is convex and lower semicontinuous in the strong
topology, then it’s lower semicontinuous in the weak topology.

Proof. For any K, the set {u : S[u] ≤ K} is convex by convexity of S and
sequentially closed (hence closed) in the strong topology. Therefore it’s closed
in the weak topology by the preceding lemma.
Suppose un ⇀ u∗ with S[un] ≤ K. After passing to a subsequence (nj)j , we can
asume WLOG that S[unj ] → lim infn→∞ S[un]. For any ϵ > 0, there is some J

such that ∀j ≥ J, S[unj
] ≤ K̃ = lim infn→∞ S[un]+ϵ. But {S[u] ≤ K̃} is weakly

closed, so S[u∗] ≤ K̃. As ϵ > 0 is arbitrary, S[u∗] ≤ lim infn→∞ S[un].

Example 5.3. Let Ω ∈ Rn be open and bounded. Suppose L : Cn → R
is convex and satisfies ∀z ∈ Cn, L[z] ≥ γ|z|2 − C for some γ,C > 0. Then
S : H1

0 (Ω) → R via

u 7→
∫
Ω

L(Du) dx

has a minimiser.
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Example 5.4.

u 7→
∫
Ω

(1 + |Du|4)1/4 dx

has a minimiser, despite having terrible Euler-Lagrange equations.
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