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0 Motivation

The history of variational principles can be dated back to a pretty concrete
classical problem known as the Brachistochrone problem:

Example 0.1 (The Brachistochrone Problem). Consider a particle moving un-
der the influence of gravity on a wire joining points A and B. What shape of
the curve gives the shortest travel time of the particle given that it starts from
rest?

Mathematically, we want to minimise the quantity

/B /B dL
T = dt =
A a4 v(7,y)

This problem was first created by Johann Bernoulli in 1696, who posted the
problem in a journal as a challenge to the world’s mathematcians at the time.
And the answer given by Newton starts the study of calculus of variations. We
are not going to fully solve the problem in this section, but instead just give a
taste of the whole picture.

Assuming A is the origin and B = (x2,y2) Using energy conservation,

1
—mv? +mgy =0 = v=/—2gy

2
Take y as a function of x, then we are aiming at finding the minima of the
functional
1 T2 1 1\2
= [ Y
29 Jo vV—Y
subject to

y(0) =0
y(x2) = y2

Another very famous and very useful example is geodesics.

Example 0.2 (Geodesics). On a surface X, a geodesics 7 is the path of least
length joining two given points. If ¥ is the Euclidean plane, it is well-known
that v has to be a straight line. Let D[y] denote the length of the curve given
by y and assume that the curve traverse as a function y(z) from 1, z2, then
minimising the following integral

Dly] = /I2 V1+ ()2 de

subject to y(x1) = y1, y(z2) = y2 would be our aim.



In general, the calculus of variations focus on solving optimisation problems
of the a functional (i.e. functions from a space of functions to the reals)

Fl = [ " Fay(e), o (@) da

among all (sufficiently smooth) functions y subject to initial conditions.

Example 0.3 (Examples of Functionals). 1. For a function y(z), we can define
the functional calculating the area under the curve by setting f(z,y,y") = y.
2. We can also define the functional calculating length by

fl@,y,y) =V1+(y)?

Notationally, we write C(R) as the space of continuous functions from R to
R. We write C*(R) to denote the space of k-time differentiable functions with
continuous k' derivative. And C’fé’B(R) is the space of functions [, 5] — R
that are C* on [a, 8] and vanishes at o, 3. One should know that these are
these are all (infinite-dimensional) vector spaces over R, the detail of analysis
of which will be covered in functional analysis contexts.
The reason why the course is called “variational principles” instead of “calculus
of variations” is because what we are studying are principles in nature and laws
of physics that follow from extremising functionals.

Example 0.4 (Fermat’s Principle). Light that travels between two points follow
the path that extremise the travel time.

Example 0.5 (Principle of Least Action). Let 7',V be the kinetic and potential
energies. We define the functional on a path

S = / ST vydt

t1

then the path that a particle travels from ¢t = t; to t = t5 is the one that
extremises S. Once we have developed our theory further, one can show that
Newton’s Second Law follows from this principle.

Leibniz’s take on this principle is that we live in “the best of all possible worlds”
— a statement that is more theological than scientific.

Richard Feynman’s take on this principle is that it is “wrong”. Indeed, in
quantum physics, nothing takes a definitive path. Every paths is possible with
a certain probability. The principle under this framework, instead, is that the
stationary path of a particle is actually the result of the interference along all
paths.

What we shall show in this course are the follows: First, we will see some nec-
essary conditions for a function to be an extrema, like the Euler-Lagrange equa-
tions. Secondly, we will bring this principle on problems in geometry, physics,
and problem with constraints (like the isoperimetric inequality). We will also
talk about what is called the “second variation” as an analog of the second
derivative.



1 Calculus in Real Vector Spaces

1.1 Stationary Points

Let C?(R?) denote the collection of twice differentiable functions R® — R with
continuous second derivatives.

Definition 1.1. Let f € C?(R"). A point a € R" is stationary (or is a station-
ary point of f) if Vf(a) = 0.

If we expand f near one of its stationary points z = a, then

@) = 1le) + (@ =) VF + 50— a)(e; = o) 53— (@) +offz —af?)
~ f(@) + 1 (¢~ ) Hla)(z )

Where H;;(a) = 8% f/0x;0x;(a) is the Hessian, which is a real symmetric matrix
for every a.

Shift the origin to set a = 0 and write H = H(0). As H is real symmetric, we
know that in another orthonormal basis H has the form H = diag(A1,...,A\,),
hence in this new coordinate system,

Fl@) ~ £(0) = 5 3" Aia? + ofjaf?)
i=1

Therefore,

Theorem 1.1. Let A\; as before, then if Vi, \; > 0, then 0 is a local minimum.
If instead Vi, \; < 0, then O is a local maximum.

If some of the eigenvalues are positive and some are negative, then it is a saddle
point.

If some 7 has \; = 0, we have to look at higher order terms in the Taylor
series.

Proof. Trivial. O

In the special case where n = 2, we have det H = Ao and tr H = A\ + Ao,
both of which are easier to calculate than the actual eigenvalues, so we can
formulate a corollary to make things easier.

Corollary 1.2. Ifdet H > 0,tr H > 0, then it is a local minimum.
If det H > 0,tr H < 0, it is a local mazimum.
If det H < 0, it is a saddle point.

Proof. Obvious. O

Despite these results, one should note that the actual (global) maxima and
minima might occur at boundaries where we may not have V f = 0.
Also, there are plenty of examples of functions who only have saddle points.
Consider a harmonic function f on D C R? ie. fuo + fyy = 0, then at a
stationary point we necessarily have tr H = 0, hence either det H = 0 or it is a
saddle point.
But of course, the theorem and corollary can help a lot in classifying stationary
points.



Example 1.1. Let f(z,y) = 2% +y3 — 32y, then Vf = (322 — 3y,3y> — 32) T,
so the only stationary points are (z,y) = (0,0), (1, 1).

6 —3
i = <—3 6y>
Hence, by the corollary, (0,0) is a saddle point while (1,1) is a minimum. One
can easily produce a phase diagram using these information.

1.2 Constraints and Lagrange Multipliers

The optimisation problems in R™ are most likely coming with some sort of
constraints. We first illustrate this by way of an example

Example 1.2. We want to find a circle centered at (0,0) with smallest radius
which intersects the parabola y = 2 — 1. Naturally, there are many ways to do
this. One can solve the problem directly by simply substitution

ryt=a?t (@2 — 1) =t —2?+1

which minimum is 3/4 by either calculus or completing square. So the smallest
radius is \/3/2

The second method to solve this probelm, which are are going to use, is called
the Lagrange multipliers. Define a new function

h(xayv)‘) = f(xay) - /\g(xay)

where f(z,y) = 22 + y? is the function we want to minimise and g(x,y) =
y — 22 + 1 which vanishes if (z,y) is on the parabola. ) here is called the
Lagrange multiplier. We now try to extremise h over x, y, A\. Naturally, we take
the particial derivatives

Oh/0x = 2z + 2)x
Oh/Oy =2y — A
OhJON=y—2% +1

Hence the stationary point of h are at (z,y) = (0, —1), (£1/v/2, —1/2). Plugging
in yields the same solution.

Why does the method of Lagrange multiplier work? Geometrically, if we
want to minimise a function f subject to g = 0. Now Vg is always perpendicular
to g = 0. Then, suppose the minimum of f is ¢, then the graph of f(z) = ¢
would touch g(x) = 0, therefore their gradients there are parallel, so Vf = AVg
for some A, hence Vh = 0 (note that 9h/O\ = 0 iff g = 0), which is exactly the
system we want to solve in the last part.

If there are many constraints g,(x) = 0 of the minimisation problem of f :
R*¥ — R where o ranges from 1 to k, we can define an analogous

h(mlw"axk?Ah"w}\k) = f(&) - )\aga(g)

then finding the stationary points of i can help to determine the minimisation
problem.



2 The Euler-Lagrange Equation

2.1 Derivation of the Equation

We now move on to the most important theorem of the course, which gives a
necessary condition to extremise a functional in the form

B
Fly] :/ flx,y,y')de

where f is given. In contexts of geometry and physics, y is most likely to carry
the meaning of the trajectory of some point.

We first assume that a extremum y exists, then when we apply a small pertur-
bation y — y + en with n(a) = n(8) = 0 to keep the endpoint fixed. Now we
want to compute F[y + en], but first of all we will need a lemma.

Lemma 2.1. If g : [a, ] = R is continuous on [a, f] and

B
/ g(@)n(x) de =0

for alln € C([a, f]) with n(a) =n(B) =0, then Vx € [, 5], g(z) = 0.

Proof. Assume for sake of contradiction that there exists some Z on (¢, 8) such
that g(z) # 0. WLOG g(z) > 0, then by continuity there is an interval [z1, 23] C
[a, B] such that Je > 0,Vx € [z1, z2], g(z) > c. Set

’17(,@): (Jf—xl)(?z—x),ifxe [l‘l,IQ]
0, otherwise

Then

T2

B
/ o()n(z) do = / 9(2)(@ — 21) (@2 — ) da

z1

> /w2 clx —x1)(ze — x)dx

Z1

>0

Contradiction. So g is zero on (a, ), and it is also zero at a, § by continuity,
hence g is zero on [o, §]. O

The n we have used above is called a bump function, which is continuous as
one can verify. One can also make a C* bump function by considering E|

n(z) = ((z - 551)(.332 — ) if o € [21, 79)
0, otherwise

Now back at F[y + en], then

8
Fly + en) =/ f@y+eny +en)dz
«

B
= F[y] +e/a (gzn—&- gj,n') dz + O(€?)

11t is also easy to construct a C° bump function.




We will analysis the O(€?) remainder later. For now, we just observe that for y
to be an extremum, the first-order term shall vanish, so we want something like
OF[y + en]/de = 0.

Integrate the vanishing first-order coefficient by part,

_of Z/‘* of _ ddf N,
_5‘y’na o 8yn d:v5'y’77 o
/ﬂ of A ofy 4.

- Jo \ 0y dzoy K

By the preceding lemma, we must have

0

oy dwoy
This is known as the Euler-Lagrange equation, which is the necessary condition
for an extremum. This equation is first developed in 1745 in a letter from
Lagrange to Euler.

Remark. 1. The Euler-Lagrange equation is a second-order ODE with initial

conditions y(a) = y1,y(B) = ya.

2. Sometimes the LHS is denoted dF[y]/dy(z) and is called the functional
derivative. Some author also write en = dy, allowing one to write F[y + dy| =
Fly] + 0Fy] where

B
O0Fy] = / 25(% dy(z) dz

3. Other kinds of boundary conditions (e.g. those on y’) are possible.

4. Be careful with derivatives as the notation can be a bit confusing. The
z,y,y  are independent variables when we are talking about partial derivatives
of f(z,y,9).

5. For any h(z,y,y’), a somewhat useful formula is

dh(z,y(x),y'(z)) _ Oh  Oh , Oh ,

dz oz T ay? ToayY

For example, for f(x,y,y') = 2((v')?>—y?), we have df /dx = (v')? —y* —22yy’ +
2"y x.

2.2 First Integrals of the Euler-Lagrange Equation

Now we move on to solve the Euler-Lagrange equations, which is a second order
ODE. In some special cases, this is a quite easy thing to do. In particular, if
f does not explicitly depend on some of its variables, then we can simplify the
equation to something that is easier to solve. These simplifications are often
in the form of something being constant. Expressions like these are called the
first integrals of the equations. Not only are they tools we can use to solve the
equation, we can also view them as a conserved quantity of something that is
described by a variational problem. We will discuss the former in this section.
The latter will be mentioned later, when we discuss Noether’s Theorem.
Assume that f does not explicitly depend on y, then df/dy = 0, so the Euler-
Lagrange equation can be rewritten as

d of of

—_— = = const.
dx 0y’



which is a first order ODE.

Example 2.1 (Geodesics on the Plane). Consider the geodesics on the Eu-
clidean plane. We know that we want to extremise the functional

8
Fly] =/ V14 (y)?de

In this case, the apparent f does not depend on y, hence we can obtain the
solution by just solving the first integral

/

Y

T(Z//)Q = const.

One can solve this to get y = max 4 ¢ for some constants m,c, which is our
familiar formulation of a straight line, the geodesics of the plane.

Example 2.2 (Geodesics on a Sphere). Consider the two-dimensional unit
sphere S2 in R3. Use the spherical polar coordinates

x =sinfsing,y = sinfhcos ¢,z = cos b, € [0,27),0 € [0,7)
The line element on S? inherited from R? then gives
ds? = da? 4+ dy? + dz? = d#? + sin? 0 dp?

A path restricted on the sphere can then be parameterized in terms of 6, ¢.
Suppose we parameterize the curve by ¢(6), then the length functional is

Fl¢] = /09 \/1+ (¢/)2sin® 0do

We observe that the integral inside does not depend on ¢, so we can rewrite the
equation to

/12
¢'sin 0 —B—f:const.:K

14 (¢/)2sin® 0 ¢

Seperating the variables yields

K? K de
Y o = 0= j:/ . ;
sin® f(sin” 6 — K?2) sin 04/sin? 0 — K2

which shall produce two solutions, each going one way round. To evaluate the
integral, we do the substitution v = cot § which produces

i%KQ cos(¢ — ¢p) = cot

(@) =

for a constant ¢g. By considering the geometrical meaning of this equation, it
then follows that ¢(6) describes a great circle, i.e. a circle in R? which exists as
the intersection of S? and a plane that goes through the origin.



Now, consider for general case of f(x,y,y’), we have

d(f 8f>:8f+8f,+8f,,_,d8f_,,8f

dx 4 Yy’ Or Byy 8y’y Yz oy’ Y oy’
(9 _dory o oy
N Oy dxz oy oz - Oz

If y satisfies the Euler-Lagrange Equation. So if f does not depend explicitly
on z, then the above indicates that

i y’ﬁ = const.

oy’

Example 2.3 (The Brachistochrone Problem). Consider the functional in the
Brachistochrone Problem we defined before, with the initial point assumed to

be the origin:
1 8N 2
Fly] = / R
V29 Jo VY

As f in this case does not depend explicitly on z, we know that

1+ (y)? Ly Y’
NS IRV TN
/ 2 Yy
y/fiLKy —, gjziK/iyd
K=y V1+ K%y
Set y = —K~?sin?(0/2), so dy = —K~2sin(#/2) cos(0/2), so

x—:tK/ 1 sin?(0/2) cos(8/2) 40
1 —sin?(0/2)

52 /(1 cosf)dé

(6 —sinf) + C

=const. = K

So

1
ToK?
where C'is a constant. By our initial condition, #(0) = 0, so C' = 0. Substitute
0 for both x,y and we get the parameterised equations

r=(0—sinf)/(2K?)
y = —K2sin*(0/2)
which is the equation of a cycloid, i.e. the path traversed by a fixed point on a

wheel which rolls on the z-axis. Hence, the Brachistochrone is a cycloid.

2.3 Fermat’s Principle

Fermat’s Principle postulates that light (or sound) travels along paths between
two points that are stationary points of the time variation. E| Suppose the light

2In its original form, however, it said that light travels the path that requires the least
time, which is not necessarily true in all cases.



way is described by y = y(z), then the time functional is

where c is the speed of light in the medium.
First assume that ¢ = ¢(z) does not depend on y, then f does not explicitly
depend on y, in which case we have the first integral

/

Yy _9f
V14 (y)2c(z) oy

Suppose the light ray has an initial incident angle of 6; upwards, then tan6; =
y' (). Let tanf = gy’ in general, then the above first integral indicates that
sinf/c(x) is constant. This is Snell’s Law. If ¢ is increasing, then the path is
concave and if ¢ is decreasing it is convex. Also, if the light goes through a
barrier, to the left of which c is constant at cp and to the right of which cg with
¢s < cp, then the light ray will refract in the way we all expect.

= const.

3 Extensions of the Euler-Lagrange Equations

3.1 Euler-Lagrange with Constraints

Our objective is to extremize the functional

)
Fly] :/ f(x,y,y") dx

subject to the constraint G[y] = 0 for a functional G in the form

8
Glyl = / g(z,y,y") dx

We can tackle this by using an analog of Lagrange multiplier. Consider the new

functional 5

Bly: N = Fly] — AGly] = / (f = )@, v, v') da

«
from the study of Lagrange multiplier earlier in the R™ case, we are inspired to
extremise ® instead. The Euler-Lagrange equation form @ is then

d o 0

@@(f —Ag) = yy(f - Ag)

Example 3.1 (Dido’s Problem (aka the Isoperimetric Problem)). We want to
ask what simple closed plane curve with fixed length L maximises its area. We
can assume WLOG that the curve is convex and put it on the coordinate plane.
Then by convexity it is bounded by the lines x = «, x = 8 for some «, 5. Also,
for each = € («, 3) there are exactly two values y = y1,y2, y1 < ya2 such that
(x,y) is on the curve. The area element is then dA = (y2 — y1)dz. So the
functional we want to maximise is

B8
A[Q]Z/ yg—yldx:%ydw
a C

10



subject to the contraint that

Il = ai=§ ViTPa

is constantly L. To use Lagrange multiplier, we set h = y — Ay/1 + (¢/)2, then
as h does not explicitly depend on z, we can use the first integral

K—const—h—y’—ah—y—i)\ =
' oy V1+(y)?
Hence,

y—K 2 2 2
———dy=z—29 = (Y —yo) +(x—x9)" = A
—— (v —y0)* + (& — o)
where xq, yg are constants. This is the equation of a circle, and by the constraint,
A=L/2m.

Example 3.2 (The Sturm-Liouville Problem). Let p = p(z) > 0 for z € [, 3].
Consider the following functional:

B
Fly) = / p() ()2 + o (a)y? da

which we want to maximise subject to the condition that

B
G[y]:/ yrde =1

One will see it again and again in the settings of quantum mechanics. So our
goal is to extremise

Ply; Al = Fly] — AMGly] — 1)
So

th(y’)2+ay2—k<y2—51a>

The Euler-Lagrange equation is then
a
= Y
) oy =y

We write L(y) to denote the differential operator on the right hand side. L is
called the Sturm-Liouville operator. Viewing it like this, the ODE is now the
eigenvalue problem of the operator L.

Remark. If p = 1, then o can be taken as the potential which makes the equation
the (one-dimensional) time-independent Schrodinger equation.

If 0 > 0 everywhere, then F[y] > 0 everywhere.

Claim. We claim that he (positive) mimimum of Fly] is the lowest eigenvalue

of L.

Proof. We multiply the Sturm-Liouville equation by y on both sides and inte-
grate from « to 8, which gives F[y] = AG|[y]. O

11



3.2 Several Dependent Variables
Suppose y(z) = (y1(x),...,yn(x)). We want to consider the functional

B
F@:/ F@ s Y hs o4l da

Suppose a perturbation y; = y; + €n; is incurred for ¢ = 1,...,n, € > 0 small
and n; (o) =n;(8) = 0. Then

A d of of )

By Lemma [2.1) we have

dof _os
dz Oy; a dyi
for ¢ = 1,...,n. This is simply just n Euler-Lagrange equations, which are n

second-order ODEs. Of course, we also want to reduce this system of second
order ODEs to first integrals whenever possible.
If 0f/0y; = 0 for some j, then

a—y; = const.
If the number of such j’s is big enough, we can simplify this a big deal.
If 9f/0x = 0, then we have

f— Zy;g—;’ = const.
i1 i

which might help in some cases.

Example 3.3 (Geodesics on Surfaces). Consider a surface ¥ C R? given by
g(z,y,z) = 0. Pick two points A, B from ¥. Our aim is to minimize the length
of shortest path on ¥ which connects A, B. If such a length exists, then any
path with this length is called a geodesics. Let t € [0, 1] be a parameter on the
curve and parameterise a curve between A, B by x(0) = A,z(1) = B. For the
curve to lie on the surface, we have the constraint g(z(¢)) = 0 for any t.

So by the idea of Lagrange multiplier, we want to minimise the functional

A /01( 332+y2+z'2—A(t)g(x,y,z)) dt

Note that the Lagrange multiplier is now a function A = A(t), as our constraint
has to be valid for all t. Write the integrand in ® by h(z,y, 2, A\, Z,y, 2). The
Euler-Lagrange equation wrt A is then

d Oh Oh oh

&a—azo = g(x,y,z)z—aZO

For the rest of the Euler-Lagrange equations, write (z,y,2) = z;e;, then it
becomes

i _E _|_)\ag:()
de \ /a2 + g2 + 22 Ox;

which, for specified g, should solve to get us a geodesics.

12



3.3 Several Independent Variables

In general, the parameter of the functional is a function R — R™. If n > 1,
then the Euler-Lagrange equations, as one may expect, become PDEs. Suppose
n = 3, then the functional can have the form

Fm:/Df(x,y,z,¢>,¢m,¢y,¢z>dxdydz

where D C R3. Assume ¢ is at an extremum of F, then the perturbation we
are considering would become

¢($,y72’) = ¢($,y,2) + 677(%%2’)’6 S RaTI'aD =0

So if we write

_(9f of 9of
o (3%’3%’%2)
then,
Flo el = Flol =< [ (03] + gt +mg 0 ) dadyds +0(€)
6/(3({5+v (nu) — nV~v> dzdydz + O(€?)

By the Divergence Theorem, we have

[ v-mdsayaz= [ gpeds—o
D aD
By the boundary assumption on 7, therefore

F[q>+ez]—F[¢] :/ (gj;_v U) dzdydz

We obviously have the analogy of Lemma [2.1] here, hence for §F = 0, we obtain

of
30 —-V.v=0
which, by expanding v, is
of _ g of 0
96 Oz, 0bs,

where the summation is implied by convention. This can be generalized from 3
to n in an obvious way.

Example 3.4. We want to extremise the functional of potential energy

- [ s aasay

Where ¢ : R> — R. So the Euler-Lagrange equation becomes

¢mr + ¢yy =0

which is the Laplace equation.

13



Example 3.5 (Minimal Surfaces). We want to minimise the area of a surface
¥ C R3 subject to boundary conditions (e.g. specified 93). This can allow
us to find the shape of a soap film. Suppose we can write ¥ as the graph of
z = f(z,y) for some function ¢. | The line element is ds? = dz? + dy? + dz?
and we have dz = ¢, dz + ¢, dy, so

ds® = (1+ ¢2) da” + (1 4 ¢7)dy* 4 2¢ ¢, dz dy

This is called the first fundamental form (or the Riemannian metric) in geo-
metrical settings. We can write, in summation notation, ds? = gij(z,y) do* da?

with )
o= (' fon)
Gy 1+ 02
As one can verify, det g > 0 and dA = /det g, so

Al ://D,/l—kgbi-i-ﬁdxdy

Write h to denote the integrand, then we have
Oh b O ¢y
00 [14¢2+¢2 90 1462 +¢2
So, upon some simplification, the Euler-Lagrange equation transforms to

(1 + ¢g2/)¢$$ + (1 + ‘bi)‘ﬁyy - 2¢ac¢y¢xy =0

which is known as the minimal surface equation.

A particular case of it is when the surface is a surface of revolution, i.e. z =
z(r),r = /2% 4+ y2. We want to solve it subject to the surface’s boundary being
two equal circles whose centres are on the z-axis and are parallel to the x — y
plane. This initial condition can give us the shape of soap film between two
circular loops.

In this case, the PDE transforms to

TZN + Z/ + (Z/)S
by a lot of calculations. Write w = z’, then

1 dw? tw? 4w
—r— 4w +w
2 dr

which we can integrate to find

Z— 20
r = 1o cosh
To

which is called the catenoid. This result was first proved by Euler in 1744. Note
that being a catenoid is a necessary condition for a minimal surface in this form
to exist.

3This can always be done locally given that ¥ is nice enough due to Implicit Function
Theorem.
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Suppose the centres of the circles are located at Le, and —Le, and both circles
have radius R. Then r(L) = r(—L), hence if L # 0 then —L — zg = —L + 2y,
thus zg = 0. Therefore R = ro cosh(L/rp). But rq is then the radius of the circle
as the intersection between the surface and the x — y plane. WLOG set L =1
(as we can scale the whole thing), then by a simple plot we obtain that R > ¢
globally for some ¢ > 0. By estimation the minimum occurs at rg = 0.833
and ¢ ~ 1.5. Also, for R > ¢, we see that there are two possible values of
r9, which corresponds to two minimal surfaces. After our latter discussion on
second variations, we find that the thinner one of which is unstable and the
thicker one is stable.

The case where R is less than the threshold exhibits an example where there
is no solution.

3.4 Higher Derivatives

We want to generalise the theory to a wider range of functionals, specifically in
the form

8
F[y]=/ fla,y,y, .. y™)de

Assume such an y that extremises F' exists, then consider the perturbation
y — y + en where n,7,...,n" Y all vanishes at a, 3, then by the higher-
dimensional Taylor expansion,

3yt By

F[y—i—en]—F[y]:e/B ((9f of

(03

77(")> dz + O(€?)
By integration by part,

5oar . A - db Of
D) dp = I
yh Ao / n(=1) dz? 9y dz

Due to our boundary conditions on 7. Hence

Fly+en — F Polof N~ udof
Fosel=fl [ (0 Sy 26 arv ot

Hence by Lemma [2.1] we obtain the Euler-Lagrange equation in the following
form:

of &, L daf
*‘L;(_l) dwi oy O

Example 3.6 (First Integral). If n = 2 and f does not explicitly depend on y,
the equation becomes
d ( of d of ) of d of

— - =L — — =L — const.
e 0 = 9y dz Dy cons

oy’ dx dy”

Example 3.7. If we want to extremise
1

Flol = [ ' do
0
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with y(0) = y(1) = ¥/(0) = 0 and ¥'(1) = 1. Then the first integral above

reduces to
d " (3)
d—(?y ) = const. = y'° = const.
x

3

which solves to y = 2% — 22 for the specified boundary conditions.

Note that the yo in the previous example is actually an absolute minimum
of the functional F. To argue this, observe that for an arbitrary C? function n
with 1, 7" both vanish at 0,1 but 7 is not identically zero. Then

1 1
me+m—Fwa=/vadx+2/zﬂwdx
0 0

1

> 4/ (3z —1)n"
0

=0

through integration by part. Hence y is the global minimum in our chosen space
C?[0,1]. This trick does not always work, but sometimes it does, like the one
we just did.

4 Principle of Least Action; Noether’s Theorem

Consider a particle in R3 with kinetic energy and potential energy denotes by
T,V respectively. Define the Lagrangian to be L(z, &,t) = T —V and the action

ta
S[a] = / Lt
t1

Hamilton’s Principle (or Principle of Least Action) postulates that the motion
of the particle is a stationary point of the action functional S, i.e. x satisfies
the Euler-Lagrange equations with the integrand being L.

Example 4.1. Take the kinetic energy to be T' = m|%|?/2 and V = V (z), then
the Euler-Lagrange equation gives

d af B oL
dt 8.%1 61‘1 B
for any ¢. This simplifies to
ma; = — v
L ami

which is just Newton’s Second Law.

Example 4.2 (Central Force in Two Dimensions). We have
Lo 242
L= gm(r +7°0°) =V (r)

So the Euler-Lagrange equations give

doL L _
dt or or

_doL 9L daL

0=%95 20 datop
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The first observation is that the rightmost expression vanishes, hence
mr?f = — = const.
00

which is just the conservation of angular momentum. Now 9L/dt = 0, so by
our previous discussion of the first integrals,

ra—L + Ga—L — L = const.
or o6

So by substitution and a bit of simplification, we are left with

1 1 :
§m7"2 + §mr202 + V(r) = const.

Note that the left hand side is precisely L 4+ 2V = E + V', so this can be viewed
as the conservation of energy.

Example 4.3 (Configuration Space and Generalised Coordinates). Consider N
particles in R3. We can put the information of the coordinates of the particles
as a 3NN-tuple, which allows us to take the N particles as a single particle in
R3N . The coordinates of all N particles ordered in the obvious way is called
a generalised coordinate, and the particle system described in R3Y makes it a
configuration space. So the motion of the particles can be characterised by a
path (i.e. the motion of one single particle) in R3V ie. t + (gi,d;,t) where
¢; is the i*" generalised coordinate, i = 1,...,3N. The Lagrangian considered
this way is then L = L(q;,q;,t) which we can solve the corresponding Euler-
Lagrange equation for. There is a perspective of classical dynamics that takes
this point of view to solve for the motions of the system of particles.

Consider the functional

Fly] = /ﬁf(yi,yg,x)dx,i =1,....,n
Consider a 1-parameter family of transformations
yi(x) = Yi(s,2),s €R
We call this a continuous symmetry (or simply symmetry) of a Lagrangian if
d !
&f(Yi(s,x),Y (s,z),2) =0

With these set-ups, we have

Theorem 4.1 (Noether’s Theorem, simple version). Given a continuous sym-
metry Yi(s,x) of f with Y;(x,0) = y;(x) for all i, the quantity

50 o
— Oy; Os

is a first integral of the Euler-Lagrange equations (i.e. is constant).

s=0
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Proof. Below by f we mean f(Y;(s,z),Y’(s,z),2z). Summation convention is
used.

0=
ds |,
_opov| | of oV
B 83/1 s s=0 ay; 0s s=0
_ov| dof of dov
- 0Os seo dr 0y,  Oy; dxr Os | _,
_4d (‘9f oY; )
dz \dy, 0s |._,
The theorem follows. O
Example 4.4. Consider
_ 1 /\2 1 AV _
F=50)"+5E) = Viy—2)

which is the Lagrangian of a potential that depends only on difference of the
components. Consider Y =y +5,Z = z+ s, then Y/ = ¢’ and Z’ = 2/ and
V(Y -Z) =V(y—=z), so indeed it is a continuous symmetry. Noether’s Theorem

then implies that
orov  ojoz
oy’ 0s 0z’ Os

is constant. This is just saying the conservation of momentum in the y + z
direction.

_ y/ + S
s=0

Example 4.5. Back to our previous discussion on central force, then the trans-
formation ©® = 0 4+ s, R = r is certainly a continous symmetry. Therefore we
have the conserved quantity

oLoe oLomy ..
00 0s ~ Or 0s ) _,

which is just the magnitude of angular momentum. In general, isotopy of space
gives rise to rotational invariants of the Lagrangian.

5 Convex Functions

We take a break from calculus of variations and go back to calculus in R™ for
a moment. There is a class of functions whose stationary points are easy to
classify.

Definition 5.1. A set S C R” is convex if for any z,y € S and ¢ € [0,1], we
have (1 —t)z +ty € S.

Definition 5.2. A graph of a function f : S — R where S C R" is a surface
described by z — f(z) = 0, which is a surface in S x R.
A chord of f is a line segment in R™ X R joining two points on the graph of f.

18



Definition 5.3. Let S C R™ and f: S — R be a function. We say f is convex
if S is convex and for any z,y € S and t € [0, 1] we have

f((L=tz+ty) < (1 -t)f(z) +1f(y)

Loosely speaking, a function is convex iff its domain is convex and every
chord of it is above (or on) it, where the notion of “above” is in the sense of the
last component of R” x R in our above definition.

Remark. We can define concave functions correspondingly by saying a function
f is concave iff —f is convex.

A function f is strictly convex if the < in the definition is replaced by < given
t € (0,1). It is obvious that f is strictly convex only if it is convex. This is
due to the observation that the definition does not really change if we replace
te€10,1] by ¢t € (0,1).

Example 5.1. The function f : R — R by = — 22 is convex as R is convex
and for any z,y € Rt € (0,1),

FA =tz +ty) = A=) f(x) = tf(y) = (1 - )z +ty)* — (1 = t)a® — ty?
=—(1 = t)t(z —y)*
<0

Hence f is strictly convex.

Example 5.2. Consider the function f : R\ {0} — R by x + z~!. Tt is not
convex as its domain is not, but its restriction on Rsq is (strictly) convex.

5.1 Conditions for Convexity

There are quite a few tests for convexity of a function f (mostly with some
properties).

Proposition 5.1. Suppose f : S — R is differentiable for some convex S, then
[ is convex iff for any x,y € S,

fly) > fl@)+ (y—z) V()

Proof. If the inequality is true, then by applying it twice,

fl@) > f(z) +(z—2) Vf(z)
fly) > f2)+y—2)-Vz)

So for t € (0,1), we set z = (1 —t)z +ty € S, then the result follows by adding
1 — ¢ times the first inequality to ¢ times the second.
Conversely, set h : [0,1] = R by

h(t) = (1 =) f(z) +tf(y) — (1 -z +1ty) >0

by convexity. It is also differentiable in [0, 1] as f is. Now

—f(@) + f(y) = (y—z) - Vf(z) =1'(0) =0
as h(0) =0 and h > 0. O
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Corollary 5.2. If f is convex and has a stationary point at x, then x is a global
minimum of f.

Proof. Immediate from the preceding proposition. O
>

Proposition 5.3. Let S be convex and f : S — R. If (Vf(y)-Vf(z)) (y—z)
0 for any z,y € S, then f is convez.

Note that if S C R, then it is just saying that f’ is monotonically increasing
Proof. Exercise. O

Proposition 5.4. Assume that f is twice differentiable, then f is convex iff H
is always nonnegative definite where H is the Hessian of f, i.e.
0*f

i =
J (’)xiaxj

An easy extension of this asserts the strict convexity of f given that H is
positive definite. We will only show the forward direction.

Proof. If f is convex, then by taking y = 2 + h in the preceding proposition we
have
h-(Vf(+h)-Vf(z) =0

for any h € S — z. So for small |h|,

of of

I 2
or; O, (z) + hjHij(z) + O(|h[7)

(x+h) =

where the summation is implied. Hence

hihiHij + O(|h]*) > 0
by taking |h| small, we obtain the nonnegative definiteness of H(z). O
Example 5.3. Take f(z,y) = 1/(zy) defined on the domain (Rs)?. Then

(22 1)
ny<1/<xy> 2/y2>

which has positive determinant and trace, hence its eigenvalues are all positive,
therefore H is positive definite hence strictly convex.

5.2 The Legendre Transform

Definition 5.4. Let S C R™ and f : S — R be a function. Its Legendre
transform is defined to be

provided that it exists and is always finite.
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Example 5.4. Take S = R, then the Legendre transform is simply the max-
imum (signed) distance between the line z = f(z) and z = pzx, given that it
exists.

Take for example f(z) = az? where a > 0 (not that if a < 0 then the Legendre
transform does not exist anywhere), then

2

* _ _ 2 :pi
f(p)—ilelg(pw az*) 1

by some calculation. Now, by taking a + 1/(4a) we obtain (f*)*(s) = as?,

hence (f*)* = f.

It turns out to be always true that (f*)* = f (in a domain where both of
them are defined) if f is convex.

Proposition 5.5. f* is convex in any convex subset T of its domain.

Proof. By definition, for any p,q € T,
J((L=t)p+tq) =sup((1 —t)p-z+1tq-z — f(z))

=sup((1—t)(p-z— f(z)) +t(g-z— f(z)))

X

<@A-t)f(p)+tf (@)
As desired. O

In practice, if f is convex and differentiable, then if its Legendre transform
at p exists we can (given certain conditions on the domain and/or the function)
find it by the equation

Vip-z—f(z)=0 = p=Vf

If f is strictly convex, then there is an unique inversion z = z(p), so f*(p) =

p-z(p) — fz(p))-

5.3 Applications to Thermodynamics

A many-particle system (like gas) are hard to study directly from the first prin-
ciples (like Newton’s Laws), hence are often analysed by looking at microscopic
variables like the pressure P, volume V', temperature T' or entropy S (which
measures the global disorder of the system) or internal energy u(S, V).

Definition 5.5. The Hermholtz free energy is defined by
F(T,V)= iréf(u(S, V)-T5)
Now we can rewrite this in terms of Legendre transform, that is
F(T, V)= iréf(u(S, V)—-TS)=— sgp(TS —u(S,V)) = —u*(T,V)

Note that the transformation of u here is with respect to T" with V fixed as a
parameter. Consequently,

0 ou
Lrs-usvy| —o— 1=
oS TV 05|y,
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There are other examples where we can make use of the Legendre transform
too, for example:

Definition 5.6. The enthalpy of the system is described by
H(S,P) = ir‘}f(u(S, V) +pV)

Then H(S,P) = —u*(—P,S) where the Legendre transform is again taken
with S fixed.
Like these, Legendre transforms can be a way to swap from (S, V) dependence
to dependence of other variables.

6 Hamilton’s Equations
Recall that the Lagrangian is defined by L = L(q, ¢,t) = T —V where ¢ is either

the path of one particle or the path of many particles considered together in the
configuration space.

Definition 6.1. The Hamiltonian is the Legendre transform of L wrt the ve-
locity ¢ = v, so
H(q,p,t) =sup(p-v—L)

v

The component p here is understood to be a generalised momentum. So if
L is nice enough, we can write H = p - v — L(z,v,t) where v(p) is the solution

to
_ OL

pi_%

Example 6.1. Consider T'=m|{|?/2,V =V (q), so v = p/m, therefore

1
H(q,p,t) = %@\2 +V(g)

So the Hamiltonian arises as the total energy.

What happened to the Euler-Lagrange equations? We have H = p;¢’ —
L(q%, %, t) where the summation in the first term is implied. Suppose L satisfies
the Euler-Lagrange equations, we have

0H 0H 0H

di = 2 qg, + 22 g, + 92 g
o U ap, T
o oL . oL . oL
= id'z 'Zdi— - dqg*' — ,.d.z—fdt
pidd' + ¢ dpi — 55 de — 55 i’ —

4 . 0L
=i dp; —pidg' — = dt
q'dpi —pidg’ —

Since L/d¢* = p; So by comparing the differentials,

_OH . OH OH _ 9L
C=op VT T8¢ ot T ot

These equations are called the Hamilton’s Equations.
Assume there is no explicit time dependence, then the system consists of 2n
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first-order ODESs, so we need to specify ¢*(0), p;(0) for i = 1,...,n for a typical
system. The solution curves to the Hamilton’s equations is a trajectory in 2n
dimensional “phase space”.

Alternatively, Hamilton’s equations also arise from the stationary points of a
functional

to )
Sg, p] :/ f(g,p, 4, p,t)dt, f = ¢'pi — H(g, p, )
t1

which variation wrt p; is then

of dof 4 OH

0pl- B dt 8p2 =0= ¢ = 8]91'
and variation wrt ¢; is

of dof . OH

a¢ _atog 0 = D= a,

Which are just the Hamilton’s equations.

Hamilton’s equatios (or the Hamiltonian formulation of dynamics) actually al-
lows one to extend the theory of classical dynamics to quantum settings, as
observed by Paul Dirac in 1926. So the Hamiltonian formalism can be seen as
a bridge between classical and quantum physics.

7 The Second Variation
7.1 The Legendre Condition

By the Euler-Lagrange equation we can only find the stationary point(s) of a
functional, but we do not know about whether they are a minimum, maximum
or a saddle point. When we are in R”, a (partial) solution to this problem is to
look at the second (or higher) derivative, which inspires us to consider higher
order variations.

Consider the functional

B8
Fly] = / f(ey,y) da

We now want to expand further to the second order term of €, that is, for n
such that n(«) =n(B8) = 0 and y a stationary point of F,

62 B8 82 82 82
Fly+en) = Flyl = 5 /a <n28y§ + (77’)28@,];2 + 27777/@8];,) dz + O(€®)

The integrand (as a functional on 7)) is called the second variation:
1 8 82]0 a?f an
52F _ - 2 N2 2 / d
yl(n) = 5 /a (77 a2 U0 3z T2 Gyay )

By a simple integration by part argument on the last term and using the bound-
ary condition on 7, we can further simplify the expression to get

82f) p_ 0% f
oyoy' )’ a(y')?

B 2
PFlo =5 [ (@i +Pedn= 51— L (
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The way we got the expression of 62F[y] then hinted that y being a minimiser
relates greatly to % F[y] being positive.

Proposition 7.1. If y is a solution to the Euler-Lagrange equation of F and
Qn?+ P(n')? > 0 for any nonzero (sufficiently smooth) function n that vanishes
at «, B, then y is a local minimiser of F.

Example 7.1. For the geodesics on the plane, we already know that the so-
lutions to the Euler-Lagrange equation are striaght line segments. We have

f=V1+(y)? so

_9 Y _ 1 _
"oy ( L+ W) BERTIEEC

But then P is always positive and 7’ is nonzero since 1 is nonconstant (if it
is constant then it is zero by the boundary condition), so by the preceding
proposition any stationary point of it is a local minimiser.

An analogous computation proves a similar result for geodesics on the sphere.
Proposition 7.2. If yo(z) is a local minimum, then
0% f
2
oW')? 1,

This is known as the Legendre condition. We will sketch a proof of it.

P =

Sketch of proof. Assume there is some z( such that P(zo,yo,y)) < 0. We can
easily constuct a function 7 such that |n| < e for some small € > 0 but n
fluctuates so rapid around zo such that |n’| is big around xo, then the Qn?
term would contribute very little to the integral but P(n')? contributes a more
significant and positive value, which shall yield a contradiction. O

Note that the Legendre condition is only necessary but not sufficient. An
obvious sufficient condition is P > 0,Q > 0 at yp.

Example 7.2 (The Brachistochrone Problem). We have

o [y
-y

Which we already know has the cycloid as a stationary point. To see it is
actually a minimiser, we compute

1 1
= O =
T+ v=s T s i e

so the cycloid is indeed a local minimiser.

0
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7.2 Associated Eigenvalue Problem

Rewrite the integrand of the second variation in the form

L (py)

d
Qv+ P(n')? =Qn*+ —(Pny) — N1

dx

Integrating by part again yields another formula for the second variation.

82 Flyl(n) = ;/j n (—(i(Pn’) + Qn) da

But the thing in the bracket is precisely the Sturm-Liouville operator £ in
Example with p = P and o = Q applied to 7. So if £(n) = —w?n for some
7 satisfying the boundary conditions and w € R, then §°F[yo] < 0 if 7 is not
constantly zero, therefore yg is not a minimiser. Observe here that £ can have
nonpositive eigenvalues (as shown in the example below) even if P > 0, so this
would mean that the Legendre condition is not sufficient.

Example 7.3. Consider the functional

subject to the initial conditions y(0) = y(8) = 0 and 3 is not an integer multiple
of m. The Euler-Lagrange equation transforms to y” + y = 0, which solves to
y = 0 due to our initial condition. Now

B
FEO) =5 [ 20 =P

So P = 2 > 0, so the Legendre condition is satisfied and the corresponding

Sturm-Liouville operator is £(n) = —2n" — 2n. But then if § > 7, there would

be some w satisfying the condition (7/3)? = 1—w?/2, which makes the function

n(z) = sin(rx/B) satisfy L£(n) = —w?n, hence 0 is not a local minimiser even if

it satisfies the Legendre condition.

The example shows that P > 0 alone may not guarantee local minimisation
when the interval [a, (] is “too large”. We will make it precise in a moment.

7.3 The Jacobi Condition

Legendre tried and failed to prove that P > 0 is also a sufficient condition for a
local minimiser — which is because it is not, as seen in the last example. Jacobi,
on the other hand, improved upon Legendre’s idea. Assuming that the Legendre
condition holds, then let ¢ = ¢(z) be any differentiable function on [«, 3], then

B B
0= [ (o) de= [ (@0 +2m/6)da
(e} «
So we can modify the expression of the second variation by

1

B
FE) =5 [ (PO + 2001 + @+ ) ds
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Completing the square,

Prulm = [ ’ (P (v + j‘in> +(a+o- P) 772> da

Hence, if we can find a solution ¢ to the differential equation ¢? = P(Q + ¢'),
then the positivity of the integrand is proved, hence we have a local minimum.
This ODE is called the Ricatti equation.

We can transform the Ricatti equation into a linear second-order ODE by setting
¢ = —Pu/ /u for some u nonzero anywhere on [«, ], so

—(Pu)Y +Qu=0

this is called the Jacobi accessory equation. But this is exactly the kernel
problem of £ with the restriction that the solution vanishes nowhere on [«, 3.
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