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0 Introduction

0.1 Overview

What is Statistics? A common modern definition of statistics is to say it is
the science of data analysis, but this doesn’t really work since it is somewhat
circular (“what is data analysis?”). A definitely correct, but useless due to its
boardness, definition is that it is the science of learning about the world. Well,
it doesn’t really tell you anything, does it? A definition that somewhat works
well is that it is the science of making informed decisions. It obviously isn’t
perfect, but it is nice enough.
Statistics can include the design of experiments and studies, graphical explo-
ration of data and informal summaries, formal statistical inference, clear com-
munication of conclusions and uncertainty, and formal decision theory. This
course mainly focus on formal statistical inference, more precisely, parametric
inference.
Let X1, . . . , Xn be i.i.d. random variables taking values in some space. In the
cases we are interested, we assume the distribution of X1 belongs to some par-
ticular family with parameter θ ∈ Θ. For example, X1 ∼ Poi(µ) for θ = µ ∈
Θ = (0,∞) or X1 ∼ N(µ, σ2) for θ = (µ, σ2) ∈ Θ = R× (0,∞).
Let X = (X1, . . . , Xn), what we want to do is to use the observed phenomena
X = x to make inferences about θ. For example, we may attempt to give an
estimate θ̂(x) of the true value of θ, or to produce an interval (θ̂1(x), θ̂2(x))
that contains θ with high probability. Another thing we might do is to test
hypotheses about θ, e.g. testing the hypothesis H : θ = 0 so as to determine
whether there is probabilistic/statistical evidences against it.
In general, we assume the family of distrbutions is known, but the parameter is
unknown. However, some of the results we will explore in this course will not
depends on which specific distributions are we using, as we usually only need
weaker assumptions (e.g. finite mean and variance).
Of course, statistics is a very highly applicable course. It can be applied in mar-
ket research, opinion polls, epidemiology, clinical trials, environmental statistics,
traffic studies, finance, insurance, science, agriculture, official statistics, sport,
machine learning, automation, etc..
What we mainly deal with in this course are developed before 1950. The emer-
gence of computer completely revolutionised the way to approach statistics in
recent decades, but of course, we need some basics in order to go there.

0.2 Probability Review

Please, skip this.
Let Ω be the sample space of outcomes of an experiment and F ⊂ 2Ω the space
of events (which consists of subsets that is closed under certain operations that
you’d expect – see Probability & Measure for details).

Definition 0.1. A function P : F → [0, 1] is called a probability measure if:
1. P(∅) = 0.
2. P(Ω) = 1.
3. For a sequence (Ai)

∞
i=1 of disjoint events, P(

⋃
iAi) =

∑
i P(Ai).

Definition 0.2. A random variable is a (measurable – see Probability & Mea-
sure) function X : Ω→ R.
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Example 0.1. If we toss two coins, then we can take Ω = {HH,HT, TH, TT}
and F = 2Ω. We can define a random variable X by assigning it as the number
of heads.

Definition 0.3. The distribution function of a random variable X is FX(x) =
P(X ≤ x).
A random variable X is discrete if it takes values in a discrete set. Its probability
mass function is pX(x) = P(X = x).
A random variable X is continuous if it has a probability density function fX
suhc that

P(X ∈ A) =

∫
A

fX(x) dx

for “nice enough” (measurable) A.

Definition 0.4. The expectation EX of a discrete random variable X is∑
x

xpX(x)

And that of a continuous random variable X is∫ ∞
−∞

xfX(x) dx

Easily the expectation is a linear operator.
Note that for a nice enough function g, g(X) = g ◦X is also a random variable,
so we can define

Definition 0.5. The variance of X is var(X) = E((X − EX)2).

Definition 0.6. We say X1, . . . , Xn are independent if for all x1, . . . , xn,

P(X1 ≤ x1, . . . , Xn ≤ xn) = P(X1 ≤ x1) . . .P(Xn ≤ xn)

If X1, . . . , Xn are continuous and have pdf’s fX1
, . . . , fXn

, then this is saying

fX(x) = f(X1,...,Xn)(x1, . . . , xn) =

n∏
i=1

fXi
(xi)

If Y = max{X1, . . . , Xn} with X1, . . . , Xn independent, then

FY (y) = P(Y ≤ y) = P(X1,≤ y, . . . , Xn ≤ y) =

n∏
i=1

FXi
(y)

Definition 0.7. The covariance of random variables X,Y is

cov(X,Y ) = E((X − EX)(Y − EY ))

Then easily var(X) = cov(X,X) and for random variables X1, . . . , Xn and
real a1, . . . , an

Var(a1X1 + · · ·+ anXn) =

n∑
i=1

n∑
j=1

aiaj cov(Xi, Xj)
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Many of these rules can be simplified in vector notation, where we have

E(a>X) = a>EX, var(a>X) = a>(varX)a

where (varX)i,j = cov(Xi, Xj).
Let X1, . . . , Xn be i.i.d. with EX1 = µ, varX1 = σ2. The sample mean is
defined as

X̄n =
Sn
n
, Sn =

n∑
i=1

Xi

Then by linearity EX̄n = µ, var X̄n = σ2/n. The standardised statistic is then
defined as

Zn =
Sn − nµ
σ
√
n

=

√
n(X̄n − µ)

σ

which has mean 0 and variance 1.

Definition 0.8. The moment generating function of a random variable X is
MX(t) = E(etX) when it exists.

Mostly, we only need it to exist in a neighbourhood of 0. Then easily we can
recover the moments from the mgf:

E(Xn) =
dnMX

dtn

∣∣∣∣
t=0

Under very board conditions, the moment generating function, if exists, uniquely
determines the random variable. This is equivalent to saying that the Laplace
transform is invertible, which is something that will not be covered in this course.
Assuming this, then we can use the mgf to find the distribution of sums of some
independent random variables.

Example 0.2. Let X1, . . . , Xn ∼ Poi(µ) be i.i.d., then

MXi
(t) = EetXi =

∞∑
k=0

etke−µ
µk

k!
= eµ(1−et)

and

MSn
(t) = Eet(X1+···+Xn) =

n∏
i=1

EetXi = enµ(1−et)

which is the mgf of Poi(nµ).

Theorem 0.1 (Weak Law of Large Numbers (WLLN)).

∀ε > 0, lim
n→∞

P(|X̄n − µ| > ε)→ 0

Theorem 0.2 (Strong Law of Large Numbers (SLLN)).

P
(

lim
n→∞

X̄n → µ
)

= 1

Theorem 0.3 (Central Limit Theorem). If the moments of X1 exists up to 4th

order, then the standard statistic Zn has P(Zn ≤ z) → Φ(z) as n → ∞ where
Φ(z) is the distribution function of N(0, 1).
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Definition 0.9. Let X,Y be discrete random variables, then their joint pmf is
pX,Y (x, y) = P(X = x, Y = y). The marginal pmf of X is pX(x) = P(X = x) =∑
y PX,Y (x, y). The conditional pmf of X given Y = y is then defined as

pX|Y (x|y) = P(X = x|Y = y) =
P(X = x, Y = y)

P(Y = y)
=
pX,Y (x, y)

pY (y)

By convention, this equals 0 in the degenerate case pY (y) = 0.

We can do the same thing for continuous random variables.

Definition 0.10. Let X,Y be continuous, the joint pdf fX,Y satisfies

P(X ≤ x, Y ≤ y) =

∫ x

−∞

∫ y

−∞
fX,Y (x, y) dxdy

The marginal pdf of Y is

fY (y) =

∫ ∞
−∞

fX,Y (x, y) dx

The conditonal pdf of X given Y is

fX|Y (x|y) =
fX,Y (x, y)

fY (y)

which is again 0 if fY (y) = 0.

Definition 0.11. The conditional expectation of X given Y is

E(X|Y ) =
∑
x

pX|Y (x|Y )

in the discrete case and ∫ ∞
−∞

xfX|Y (x|Y ) dx

in the continuous case.

Notably, the conditional expectation is a random variable itself.

Proposition 0.4 (Tower Property).

E(E(X|Y )) = EX

Proof. Exercise.

Knowing this,

var(X) = E(X2)− (EX)2

= E(E(X2|Y ))− E(E(X|Y ))2

= E(E(X2|Y )− E(X|Y )2) + E(E(X|Y )2)− E(E(X|Y ))2

= E(var(X|Y )) + var(E(X|Y ))
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If we do a change in variables, say (x, y) → (u, v), via smooth bijections, then
we have the change-of-variable formula

fU,V (u, v) = fX,Y (x(u, v), y(u, v))

∣∣∣∣det

(
∂x/∂u ∂x/∂v
∂y/∂u ∂y/∂v

)∣∣∣∣
We have a list of common distributions. All of them (especially the discrete ones)
has a special interpretation. Bin(n, p) is the number of success in n independent
Ber(p) trials, and Multi(n; p1, . . . , pk) is the vector of the number of results for
each of the k types with respective probabilities p1, . . . , pk in n independent
trials. NegBin(k, p) is the time where the kth success occurs in i.i.d. Ber(p)
trials (with the special case NegBin(1, p) = Geom(p)). Poi(λ) is the limit of
Bin(n, λ/n) as n→∞.
For the continuous distributions, it is lengthy to describe the rationale behind
some of them. But they usually have good properties. If Xi ∼ Γ(αi, λ), then
Sn = X1 + . . . + Xn has distribution Γ(

∑
i αi, λ) by looking at the mgf. Also

if X ∼ Γ(α, λ), then for any b > 0 we have bX ∼ Γ(α, λb−1), so λ is a scaling
parameter. The exponential distribution is Exp(λ) = Γ(1, λ). Notably, the time
seperating successive events in a Poisson process with rate λ are i.i.d. Exp(λ).
The χ2 distribution with k degrees of freedom χ2

k = Γ(k/2, 1/2) is the sum of k
independent squared N(0, 1).

1 Estimation

1.1 Bias and Error

Suppose we observe data X1, . . . , Xn which are i.i.d. with pdf (or pmf) fX(x|θ)
with an unknown parameter θ. Let X = (X1, . . . , Xn).

Definition 1.1. An estimator is a statistic (a function of the data θ̂ = T (X))
which we use to approximate the true parameter θ. The distribution of T (X)
is called its sampling distribution.

Example 1.1. Suppose X1, . . . , Xn ∼ N(µ, 1) are i.i.d., then we can estimate
µ by

µ̂ = T (X) =
1

n

n∑
i=1

Xi

The sampling distribution of µ̂ is T (X) ∼ N(µ, 1/n).

Definition 1.2. The bias of θ̂ = T (X) is bias(θ̂) = Eθ(θ̂) − θ where Eθ is the
expectation in the model where Xi ∼ fX(·|θ) are i.i.d..

Remark. Despite the notation, one should bear in mind that the bias is a func-
tion of θ.

Definition 1.3. We say θ̂ is unbiased if bias(θ̂) = 0 for all θ.

Example 1.2. Using the example as before, i.e. X1, . . . , Xn ∼ N(µ, 1) are i.i.d.
and

µ̂ = T (X) =
1

n

n∑
i=1

Xi

Then Eµµ̂ = µ, so µ̂ is unbiased.
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Definition 1.4. The mean square error of an estimator θ̂ is mse(θ̂) = Eθ((θ̂ −
θ)2).

This is, again, a function of θ.
The mse can be related to the bias by the bias-variance decomposition

mse(θ̂) = Eθ((θ̂ − θ)2)

= Eθ((θ̂ − Eθ θ̂)2) + (Eθ θ̂ − θ)2 + 2(Eθ θ̂ − θ)Eθ(θ̂ − Eθ θ̂)

= Eθ((θ̂ − Eθ θ̂)2) + (Eθ θ̂ − θ)2

= varθ(θ̂) + bias(θ̂)2

Consequently, there is a tradeoff between bias and variance. But sometimes we
can increase the bias in such a way that a greater reduction in variance occurs
which gives a smaller mse.

Example 1.3. Suppose X ∼ Bin(n, θ) with known n. We want to estimate
θ ∈ [0, 1]. One can use the standard estimator TU = X/n which is unbiased
since EθTU = EθX/n = nθ/n = θ. Then

mse(TU ) = varθ(TU ) + bias2(TU ) =
varθX

n2
=
nθ(1− θ)

n2
=
θ(1− θ)

n

We can have an alternative estimator

TB =
X + 1

n+ 1
= w

X

n
+ (1− w)

1

2
, w =

n

n+ 2

(So 1/2 here is called the “fixed” estimator.) If X = 8, n = 10, then TU = 0.8
and TB = 0.75. As you expect from the form of TB , it is biased

bias(TB) = EθTB − θ = Eθ
(
X + 1

n+ 2

)
− θ =

n

n+ 2
θ +

1

n+ 2
− θ

which is nonzero for all but one value of θ. But if we compute the mse, we
obtain

mse(TB) = varθ(TB) + bias(TB)2 = w2 θ(1− θ)
n

+ (1− w)2

(
1

2
− θ
)2

= w2 mse(TU ) + (1− w)2

(
1

2
− θ
)2

So TB has smaller mse than TU when θ is close to 1/2. So our prior judgement
on the actual value of θ affects which estimator we use.

Unbiasedness is not necessarily a good thing.

Example 1.4. Suppose X ∼ Poi(λ) and we want to estimate θ = P(X = 0)2 =
e−2λ. Then if we want T (X) to be an unbiased estimator of θ, then necessarily

∞∑
k=0

T (k)
λk

k!
= e−λ =⇒ T (X) = (−1)X

which does not even make sense.
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We can do simultaneous estimation as well. Suppose X = (X(1), X(2), X(3))
with X(i) ∼ N(µ(i), 1) independent. We wish to estimate (µ(1), µ(2), µ(3)) =
µ. If we only have one observation, then the natural estimator is µ̂ = X =
(X(1), X(2), X(3)). How do we decide whether an estimator is good when we are
dealing with multiple parameters? One way to generalse the mse is

Eµ(‖µ̂− µ‖2) = Eµ

(
3∑
i=1

(µ̂(i) − µ(i))2

)
=

3∑
i=1

Eµ((µ̂(i) − µ(i))2) =

3∑
i=1

mse(µ̂(i))

James & Stein (1961) found an alternative estimator

µ̂J−S =

(
1− 1

‖X‖2

)
X

which takes other parameters into account when estimating one of the parame-
ters. Very surprisingly, as James & Stein has shown in their 1961 paper,

E(‖µ̂J−S − µ‖2) ≤ Eµ(‖µ̂− µ‖2)

for all values of µ ∈ R3. This means that µ̂J−S essentially dominates µ̂ = X in
the sense of smaller mse.
This is very counter-intuitive since X(1), X(2), X(3) are independent and com-
pletely related, so one of them should not give information to the other. But
what this result shows is that we can estimate certain parameter better from the
information about the other parameters. Fortunately, this result is just about
the total mse. For individual mse’s, it is not always true that James-Stein
estimator dominates the natural estimator.

1.2 Sufficiency

Suppose X1, . . . , Xn are i.i.d. random variables with pdf fX(·|θ) where θ is the
parameter. This notation looks like a conditional. The confusion of notation
here is deliberate. The use of it will becomes clear when we introduce Bayesian
analysis.
A natural question is if a statistic T (X) in some sense contains alls useful
information about the sample X.

Definition 1.5. A statistic T is sufficient for θ if the conditional distribution
of X given T (X) does not depend on θ.

Remark. Everything can be vector-valued.

Example 1.5. Suppose X1, . . . , Xn ∼ Ber(θ) are i.i.d. where θ ∈ [0, 1]. Then
fX(x|θ) = θ

∑
i xi(1 − θ)n−

∑
i xi . This depends only on T (x) =

∑
i xi, so we

guess this is a sufficient statistic.

fX|T=t(x|T (x) = t) =
Pθ(X = x, T (X) = t)

Pθ(T (X) = t)
=

θt(1− θ)n−t(
n
t

)
θt(1− θ)n−t

=

(
n

t

)−1

which does not depend on θ. So T is indeed sufficient.

Theorem 1.1 (Factorisation Criterion). T is sufficient for θ iff fX(x|θ) =
g(T (x), θ)h(x) for some suitable functions g, h.
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Proof. We will show the discrete case. The continuous case is analogous.
Suppose fX(x|θ) = g(T (x), θ)h(x), then

fX|T=t(x|T = t) =
Pθ(X = x, T (X) = t)

Pθ(T = t)
=

g(t, θ)h(x)∑
T (x′)=t g(t, θ)h(x′)

=
h(x)∑

T (x′)=t h(x′)

So T is sufficient. Conversely, suppose T is sufficient, then

Pθ(X = x) = Pθ(X = x, T (X) = T (x))

= Pθ(X = x|T (X) = T (x))Pθ(T (X) = T (x))

Writing h(x) = Pθ(X = x|T (X) = T (x)), g(t, θ) = Pθ(T (X) = t) finishes the
proof.

Example 1.6. Suppose X1, . . . , Xn ∼ Ber(θ) are i.i.d., then taking g(t, θ) =
θt(1− θ)n−t and h(x) = 1 shows that T (X) =

∑
iXi is sufficient.

Example 1.7. Suppose X1, . . . , Xn ∼ Unif([0, θ]) for some θ ∈ (0,∞). Intu-
itively, T (X) = maxiXi is a sufficient statistic. This can be seen from

fX(x|θ) =

n∏
i=1

1

θ
1xi∈[0,θ] =

1

θn
1maxi xi≤θ1mini xi≥0

Quite obviously, sufficient statistics are not unique. If T is any sufficient
statistic, so is g ◦ T where g is a suitable bijection. Also, we have the trivial
sufficien statistic T (X) = X.

Definition 1.6. A sufficient statistic T (X) is minimal sufficient if it is a function
of every other sufficient statistic. That is, if T ′ is another sufficient statistic,
then T ′(x) = T ′(y) =⇒ T (x) = T (y).

Remark. By definition, any two minimal sufficient statistics are in bijection with
each other.

Theorem 1.2. Suppose T is a statistic such that fX(x|θ)/fX(y|θ) is constant
as a function of θ if and only if T (x) = T (y). Then T is minimal sufficient.

Consider the equivalence relations x ∼ y iff fX(x|θ)/fX(y|θ) is constant in
θ and x ∼′ y iff T (x) = T (y). The condition in the theorem is basically saying
that ∼ and ∼′ are essentially the same thing. We can always construct T from
the quotient map of ∼, so the theorem also means that a minimal sufficient
statistic always exists.

Proof. For any value t of T , let zt be a representative from the equivalence class
{x : T (x) = t}. Then,

fX(x|θ) = fX(zT (x)|θ)
fX(x|θ)

fX(zT (x)|θ)
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So T is sufficient. To see it is minimal, suppose S is any other sufficient statistic,
then by factorisation criterion, there are functions gS , hS such that fX(x, θ) =
gS(S(x), θ)hS(x). Suppose S(x) = S(y), then

fX(x|θ)
fX(y|θ)

=
gS(S(x), θ)hS(x)

gS(S(y), θ)hS(y)
=
hS(x)

hS(y)

which does not depend on θ. So x ∼ y, therefore x ∼′ y which exactly means
T (x) = T (y).

Remark. This is just a sketch of the full proof since there are cases we haven’t
considered, like when some of the denominators is zero. In this case, what we
mean by fX(x|θ)/fX(y|θ) being constant in θ really means that we can factorise
fX(x|θ) = c(x, y)fX(y|θ) for some nice function c.

Example 1.8. Suppose X − 1, . . . , Xn ∼ N(µ, σ2) are i.i.d.. Then

fX(x|µ, σ2)

fX(y|µ, σ2)
= exp

(
− 1

2σ2

(
n∑
i=1

x2
i −

n∑
i=1

y2
i

)
+

µ

σ2

(
n∑
i=1

xi −
n∑
i=1

yi

))

So T (X) = (
∑
iXi,

∑
iX

2
i ) is minimal sufficient. Recall that composition with

a suitable bijection does not affect a statistic being minimal sufficient. A more
common minimal sufficient statistic that is used is

S(X) = (X̄, SXX), X̄ =
1

n

n∑
i=1

Xi, SXX =

n∑
i=1

(Xi − X̄)2

Note that in the example above, θ, T both have dimension 2. This does not
have to be true in general.

Example 1.9. If we have X1, . . . , Xn ∼ N(µ, µ2) i.i.d. instead, then the pa-
rameter is one-dimensional but the minimal sufficient statistics is still (X̄, SXX).

Turns out, we can use sufficient statistic to improve other estimators.

Theorem 1.3 (Rao-Blackwell). Let T be a sufficient statistic for θ and let θ̃ be
an estimator for θ such that Eθ(θ̃2) < ∞ for all θ. Define a new estimator by

θ̂ = E(θ̃|T (X)). Then for all θ,

Eθ((θ̂ − θ)2) ≤ Eθ((θ̃ − θ)2)

where equality holds iff θ̃ is a function of T (X).

Remark. θ̂ is always what we’ll call a bonafide estimator, i.e. it is a function of
X but not of θ since T is sufficient. Also, as we will see in the proof, changing
from θ̃ to θ̂ does not change the bias.

Proof. Eθ θ̂ = Eθ(Eθ(θ̃|T )) = Eθ θ̃ by Adam’s Law, so θ̂ and θ̃ have the same
bias. Also, Eve’s Law gives

var(θ̃) = Eθ(varθ(θ̃|T )) + varθ(Eθ(θ̃|T )) = Eθ(varθ(θ̃|T )) + var(θ̂) ≥ var(θ̂)

which implies the result. Equality holds iff varθ(θ̃|T ) = 0 which requires θ̃ to
be a function of T .
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Example 1.10. Say X1, . . . , Xn ∼ Poi(λ) are i.i.d. and we want to estimate
θ = P(X1 = 0) = e−λ, then

fX(x, λ) =
e−nλλ

∑
i xi∏

i(xi!)
=⇒ fX(x|θ) =

θn(− log θ)
∑

i xi∏
i(xi!)

By factorisation criterion, T (X) =
∑
iXi is sufficient. Recall that

∑
iXi ∼

Poi(nλ). To find an unbiased estimator with low mse, we start from the unbiased
(but bad) estimator θ̃ = 1X1=0. Then

E(θ̃|T = t) = P

(
X1 = 0

∣∣∣∣∣
n∑
i=1

Xi = t

)
=

P(Xi = 0,
∑
i≥2Xi = t)

P(
∑
i≥1Xi = t)

=
P(Xi = 0)P(

∑
i≥2Xi = t)

P(
∑
i≥1Xi = t)

=

(
n− 1

n

)t
So our better estimator is θ̂ = (1− n−1)

∑
iXi . Indeed, θ̂ → e−X̄ as n→∞, so

θ̂ ≈ e−λ for large n by SLLN.

Example 1.11. Let X1, . . . , Xn ∼ Unif[0, θ] be i.i.d. and we want to estimate
θ ≥ 0. We already know that T = maxiXi is sufficient for θ. To get a good
unbiased estimator, we start from the unbiased estimator θ̃ = 2X1, then

θ̂ = E(θ̃|T = t)

= 2E
(
X1

∣∣∣max
i
Xi = t

)
=

2t

n
+

2(n− 1)

n
E
(
X1

∣∣∣∣X1 < t,max
i≥2

Xi = t

)
=

2t

n
+

2(n− 1)

n

t

2
=
n+ 1

n
max
i
Xi

1.3 Maximum Likelihood Estimation

Let X = (X1, . . . , Xn) have joint pdf (pmf) fX(x|θ).

Definition 1.7. The likelihood of θ is the (random) function L : θ 7→ fX(X|θ).
The maximum likehood estimator (mle) θ̂ of θ is the value of θ maximising L.

If X1, . . . , Xn are independent with pdf (pmf) fi(·|θ) respectively, then
L(θ) =

∏
i fi(Xi|θ). Sometimes it is easier to deal with the log-likelihood

`(θ) = logL(θ) =
∑
i log fi(Xi|θ).

Example 1.12. Let X1, . . . , Xn ∼ Ber(p) be i.i.d. and

`(p) =

(
n∑
i=1

Xi

)
log p+

(
n−

n∑
i=1

Xi

)
log(1− p)

which is maximised when p =
∑
iXi/n which is the mle p̂. We have Ep̂ = p, so

it is unbiased.
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Example 1.13. Suppose X1, . . . , Xn ∼ N(µ, σ2) are i.i.d., then

`(µ, σ2) = −n
2

log(2π)− n

2
log σ2 − 1

2σ2

n∑
i=1

(Xi − µ)2

is maximised then µ = X̄, σ2 = SXX/n. Again, the mle for µ is unbiased, but we
will later see that SXX/σ

2 ∼ χ2
n−1, so E(SXX/n) = E(χ2

n−1)σ2/n = (n−1)σ2/n
which means it is biased. But when n→∞, the bias goes away, so we say it is
asymptotically unbiased.

Example 1.14. Take X1, . . . , Xn ∼ Unif[0, θ] i.i.d., then L(θ) = θ−n1maxiXi≤θ.

So the mle is θ̂ = maxiXi. Recall that we earlier obtained an unbiased estimator
in the form (n + 1) maxiXi/n using Rao-Blackwell, so again although the mle
is biased, it is asymptotically unbiased.

If T is a sufficient statistic, then the mle is a function of T because we
can factorise L(θ) = g(T, θ)h(X) (so the maximiser over θ only depends on X
through T ).

Also, if φ = h(θ) (where h is a bijection) then the mle of φ is, of course, φ̂ = h(θ̂)

where θ̂ is a mle of θ.
Another important property is that

√
n(θ̂ − θ) is asymptotically normal with

mean 0 as n→∞. The covariant matrix of this normal is the “smallest attain-
able”. That is, under suitable conditions, P(

√
n(θ̂ − θ) ∈ A)→ P(z ∈ A) where

Z ∼ N(0,Σ) and Σ is a known function of `.
When the mle is not available in closed form, we can find it numerically for a
particular observation X = x.

1.4 Confidence Interval

Definition 1.8. A γ confidence interval (with 0 < γ < 1) for a parameter θ is
a random interval (A(X), B(X)) such that P(A(X) ≤ θ ≤ B(X)) = γ for all
values of θ.

What is the right way to interpret this? We can think of this from a fre-
quentist’s interpretation: If we repeat the experiment many times, on average
γ of the time the interval (A(X), B(X)) contains θ. However, this notion is
sometimes misinterpreted as “having observed X = x, θ ∈ (A(x), B(x)) with
probability γ”.

Example 1.15. Suppose X1, . . . , Xn ∼ N(θ, 1) are i.i.d.. We want to find a
0.95 confidence interval for θ. We know that Z =

√
n(X̄ − θ) ∼ N(0, 1). Let Φ

be the cdf of N(0, 1), then for any z1, z2 such that Φ(z′)−Φ(z) = 0.95, we have

P
(
X̄ − z′√

n
≤ θ ≤ X̄ +

z√
n

)
= 0.95

Hence (X̄ − z′/
√
n, X̄ + z/

√
n) is a 0.95 confidence interval.

Of course, there are uncountably many possible choices of z, z′. Typically, we
like to center everything (i.e. −z = z′) which can be achieved by −z = z′ =
z0.025 ≈ 1.96 where zα = Φ−1(1−α) is called the upper α point of distribution.
So the confidence interval is usually (X̄ ± 1.96/

√
n).
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In general, to find a confidence interval, we first find a quantity R(X, θ)
(called the pivot) such that the Pθ-distribution of R(X, θ) does not depend on
θ. In the above example, we took R(X, θ) =

√
n(X̄ − θ). Then, we write down

P(c1 ≤ R(X, θ) ≤ c2) = γ and solve for c1, c2. This is usually not very hard
since the distribution of R(X, θ) we find is usually common ones (e.g. normal
or χ2). Rearranging everything will give the result if R is nice enough.

Proposition 1.4. If T s monotone increasing and (A(X), B(X)) is a γ con-
fidence interval for θ, then (T (A(X)), T (B(X))) is a γ confidence interval for
T (θ).

Remark. When θ is a vector, we can, of course, define an analog of confidence
intervals by replacing them with “confidence sets” in higher dimensions.

Example 1.16. Suppose X1, . . . , Xn ∼ N(0, σ2) are i.i.d. and we want to find
a 0.95 confidence interval for σ2. Note that Xi/σ ∼ N(0, 1), so

∑
iX

2
i /σ

2 ∼ χ2
n.

Hence we take the pivot R(X,σ2) =
∑
iX

2
i /σ

2. Then

P
(∑

iX
2
i

c2
≤ σ2 ≤

∑
iX

2
i

c1

)
= 0.95, c1 = F−1

χ2
n

(0.025), c2 = F−1
χ2
n

(0.975)

where Fχ2
n

is the cdf of χ2
n. So (

∑
iX

2
i /c2,

∑
iX

2
i /c1) is a 0.95 confidence inter-

val for σ2, which, by the preceding theorem, gives (
√∑

iX
2
i /c2,

√∑
iX

2
i /c1)

as a 0.95 confidence interval for σ.

Example 1.17. Suppose X1, . . . , Xn ∼ Ber(p) are i.i.d. with n large. We want
to find an approximate 0.95 confidence interval for p. The mle p̂ of p has the
form p̂ = n−1

∑
iXi, which is approximately N(p, p(1 − p)/n) for large n. So√

n(p̂− p)/
√
p(1− p) is approximately N(0, 1) and hence

P

(
z0.025 ≤

√
n

(p̂− p)√
p(1− p)

≤ z0.975

)
≈ 0.95

Since we are approximating anyways, we argue that
√
p(1− p) ≈

√
p̂(1− p̂),

which gives (using z0.025 = −z0.975)

P

(
p̂− z0.975

√
p̂(1− p̂)√

n
≤ p ≤ p̂+ z0.975

√
p̂(1− p̂)√

n

)
≈ 0.95

Note that
√
p(1− p) ≤ 1/2 for all p ∈ (0, 1), so we can also report a “conserva-

tive” 0.95 confidence interval p̂± 1.96
√

1/4n.

Let’s go back to our original question: How do we interpret confidence in-
tervals? Suppose X1, X2 are i.i.d. Unif(θ−1/2, θ+1/2), then, as one can easily
verify, (min(X1, X2),max(X1, X2)) is a 0.5 confidence interval for θ. But if we
have |X1−X2| > 0.5, then θ has to be contained in (min(X1, X2),max(X1, X2))!
The frequentist interpretation of the confidence interval is still correct, but it
is not sensible anymore to say that having seen a particular X1, X2 far apart
enough (e.g. X1 = 0.1, X2 = 0.9) we are “0.5 certain that θ is in the confidence
interval” since we are actually absolutely certain.
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2 Bayesian Analysis

So far, we have only viewed statistics from a frequentist’s point of view. We
thought of θ as a fixed true parameter and inferential statements are interpreted
in terms of repeated sampling. Frequentist guarantees hold uniformly for all
possible true parameters. Bayesian analysis, however, is very very different
framework for inference. Which one is better? There is no simple answer.
Bayesians treat θ as a random variable taking values in some space Θ. The
prior distribution π(θ) represents the investigator’s beliefs or information about
θ before observing the data. Conditional on θ, the data X has pdf (pmf)
f(·|θ). Having observed data X = x, this information is combined with the prior
distribution to form the posterior distribution π(θ|x) which is the conditional
distribution of θ given X = x. By Bayes’ rule,

π(θ|x) =
π(θ)fX(x|θ)

fX(x)

where fX(x) is the marginal distribution of X, i.e.

fX(x) =

∫
Θ

fX(x|θ)π(θ) dθ

if θ is continuous and
fX(x) =

∑
θ∈Θ

fX(x|θ)π(θ)

if θ is discrete. More simply, we can write π(θ|x) ∝ π(θ)fX(x|θ) up to a constant
that does not depend on θ (hence can be recovered by normalising which is
usually easy).
By the factorisation criterion of the likelihood, the posterior distribution only
depends on x through a sufficient statistic, i.e.

π(θ|x) ∝ π(θ)× fX(x|θ) = π(θ)× g(T (x), θ)h(x) ∝ π(θ)× g(T (x), θ)

Example 2.1. Suppose we have a patient walks into COVID-19 testing centre
with no extra factor. We want to know information about

θ =

{
1, if the patient if infected

0, otherwise

Let X be the outcome of the test (1 if positive and 0 if negative). Suppose we
know about the sensitivity of test fX(X = 1|θ = 1) and specificity fX(X =
0|θ = 0). To choose a prior, we can set π(θ = 1) to be the proportion of people
infected in the country at that time (obtained from e.g. survey). What is the
chance of infection given a positive test?

π(θ = 1|X = 1) =
π(θ = 1)fX(X = 1|θ = 1)

π(θ = 1)fX(X = 1|θ = 1) + π(θ = 0)fX(X = 1|θ = 0)

which can actually be quite small if π(θ = 0) >> π(θ = 1).

Example 2.2. Suppose θ ∈ (0, 1) is the mortality rate for a new surgery in
Addenbrokes hospital. In the first 10 operations there are no deaths, In other
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hospitals around the country the mortality rate is between 0.03 and 0.2 with
an average of 0.1. Before getting data from Addenbrokes, we naturally have in
mind a prior distribution based on the country-wide data, say Beta(3, 27) (so
that π(θ) has mean 0.1 and π(0.03 < θ < 0.2) = 0.9).
Let Xi ∼ Ber(θ) be the indicator of whether the ith patient at Addenbrookes
dies, then the likelihood distribution is fX(x|θ) = θ

∑
i xi(1 − θ)n−

∑
i xi . Then

the posterior is

π(θ|x) ∝ π(θ)× fX(x|θ) ∝ θa−1(1− θ)b−1θ
∑

i xi(1− θ)n−
∑

i xi

∝ θ
∑

i xi+a−1(1− θ)b+n−1−
∑

i xi

So π(θ|x) is Beta(a +
∑
i xi, b + n −

∑
i xi). Putting in a = 3, b = 27, n =

10,
∑
i xi = 0, the posterior distribution is Beta(3, 37), which is leaning more

towards 0 than the prior distribution.
Note that in this example, the prior and the posterior are both beta distribu-
tions, which is a phenomenon known as conjugacy.

What to do with the posterior after we computed it? Let π(θ|x) be the in-
formation available about θ after doing the experiment. The process of making
decisions under uncertainty can then be formalised using it:
Let D be the space of decisions and we aim to pick a decision δ ∈ D. The
loss function L(θ, δ) is the loss incurred when making decision δ when the true
parameter is θ. For example, we can let D = {0, 1} be the decision of whether
the patient is required to self-isolate. Then, e.g. L(θ = 0, δ = 1) is the loss in-
curred by requiring self-isolation with no infection. Von Neumann-Morgenstern
Theorem states that under axioms of rational behaviour, we must pick δ with
minimises the expectation of L(θ, δ) in the posterior.

An example of a decision is a “best guess” for θ. The Bayes estimator θ̂(b)

minimises the posterior expected loss

h(δ) =

∫
Θ

L(θ, δ)π(θ|x) dθ

Example 2.3. Suppose the loss is quadratic, i.e. L(θ, δ) = (θ − δ)2, then

h(δ) =

∫
Θ

(θ − δ)2π(θ|x) dθ

is minimised when

δ =

∫
Θ

θπ(θ|x) dθ

So the Bayes estimator θ̂(b) under this loss is the posterior mean.

Example 2.4. Suppose we have the absolute error loss L(θ, δ) = |θ − δ|, then

h(δ) =

∫
Θ

|θ − δ|π(θ|x) dθ

=

∫ δ

−∞
(δ − θ)π(θ|x) dθ +

∫ ∞
δ

(θ − δ)π(θ|x) dθ

So h′(δ) = 0 if δ is the median of the posterior distribution.
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Definition 2.1. A γ credible interval (A(x), B(x)) is an interval such that
π(A(x) ≤ θ ≤ B(x)|x) = γ.

Like confidence interval, there can be many choices of (A,B). Unlike con-
fidence interval, credible intervals can be interpreted conditionally, i.e. given
the experiment X = x, θ has probability γ of being in the credible interval.
However, one should note that credible intervals depend on the investigator’s
choice of prior.

Example 2.5. Suppose X1, . . . , Xn ∼ N(µ, 1) are i.i.d. and we choose prior
distribution π(µ) to be ∼ N(0, τ−2) for a known τ . Then

π(µ|x) ∝ fX(x|µ)× π(µ)

= exp

(
−1

2

n∑
i=1

(xi − µ)2

)
× exp

(
−µ

2τ2

2

)

∝ exp

(
−1

2
(n+ τ2)

(
µ−

∑
i xi

n+ τ2

)2
)

which is N(
∑
i xi/(n + τ2), 1/(n + τ2)). The posterior mean (and median) is∑

i xi/(n+ τ2) which is the Bayes estimator under both quadratic and absolute
error loss. The posterior variance decreases as 1/(n+ τ2) ≈ 1/n.

Example 2.6. Suppose X1, . . . , Xn ∼ Poi(λ) are i.i.d. and the prior π(λ) is
Exp(1). Then

π(λ|x) ∝ fX(x|λ)× π(λ) ∝ e−nλλ
∑

i xi × e−λ ∝ e−(n+1)λλ
∑

i xi

which is just Γ(
∑
i xi + 1, n+ 1). Under quadratic loss, the Bayes estimator is

λ̂ =

∑
i xi + 1

n+ 1

Under absolute value loss, λ̂ solves∫ λ̂

0

(n+ 1)
∑

i xi+1λ
∑

i xie−(n+1)λ

(
∑
i xi)!

dλ =
1

2

As we have seen, Bayesian analysis is quite different from a frequentist’s ap-
proach. So where were they emerged from? In 1763, Thomas Bayes started the
theory of statistics based on this Bayesian inference (or “inverse probability”).
Before 1920, all statistics were done in the Bayesian idea. In the 1920s, Fisher
developed the idea of frequentist procedures due to the fundamentally subjective
choice of an prior in Bayesian inference. Between the 1920s and 1950s, many
statisticians developed this idea, until a revival of Bayesian statistics between
1950s and 1970s motivated by practical applications. In the 1980s, however, the
computer revolution happened which allows statisticians to do posterior infer-
ence in very complex situations by Markov Chain Monte Carlo.
What is good about Bayesian methods? Firstly, inferential statements can be
easier to interpret (e.g. credible interval versus confidence interval). Also, it
provides a natural way to incorporate prior information if that were to be taken
into consideration in the model. It also has a relatively more straightforward
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mechanics. In addition, the Bayesian estimator provides a natural way to make
decisions under uncertainty.
What are the advantages of frequentist statements? We do not have to choose
a prior, so it is more “impartial”. It is then arguably a better framework for
investigators with different prior beliefs to reach agreement.
Prototypically, Bayesian methods are used in public surveys, e.g. how many
people are currently infected with COVID-19 in the UK. Frequentist ideas, on
the other hand, are mostly used in scientific field like clinical trials for new
drug.
In sequential analysis, they can be very very different. Consider two experi-
ments: In Experiment 1, we perform N = 12 Ber(p) trials and we saw X = 3
successes. In Experiment 2, we perform Ber(p) trials until we obtain X = 3
successes, and it turns out it took 12 trials to do it in this occasion. Bayesians
would reach the same conclusion for both experiments as the likelihood does
not change. But frequentists would reach different conclusions about p (e.g. in
terms of confidence intervals). This has important consequences in, say, the
design of clinical trials.

3 Testing Hypotheses

A hypothesis is an assumption about the distribution of a random variable
X that we want to know about. Scientific questions, for example, are often
phrased as a decision between a null hypothesis H0 (simple model, bare case,
no effect) and an alternative hypothesis H1 (complex model, interesting case,
positive/negative effect).

Example 3.1. 1. X = (X1, . . . , Xn) are i.i.d. Ber(θ). We can take the null
hypothesis to be H0 : θ = 1/2, i.e. these are fair coins, and the alternative
hypothesis H1 : θ = 3/4 saying the coin is biased.
2. Or, as in the previous example, we can take H1 : θ 6= 1/2.
3. We can take X = (X1, . . . , Xn) where each Xi takes value in N and take
H0 : Xi ∼ Poi(λ) i.i.d. for some λ > 0 and H1 : Xi ∼ f i.i.d. for some other
distribution f . This the “goodness of fit” test, as we can trying to see whether
Poisson is a good fit to the data.
4. Suppose X has pdf f(·|θ) for some θ ∈ Θ. The null hypothesis can be taken
as H0 : θ ∈ Θ0 ( Θ and the altenative hypothesis H1 : θ /∈ Θ0.
5. H0 : X ∼ f0, H1 : X ∼ f1.

Definition 3.1. A simple hypothesis is one that fully specifies the distribution
of X, otherwise it is called a composite hypothesis.

One can classify the hypotheses listed above using this criterion (exercise).

Definition 3.2. A test of the null hypothesis H0 is defined by the critical region
C which is a subset of the space of values of X. When X ∈ C, we reject H0;
when X /∈ C, we “fail to reject” H0 or “find no evidence against it”.

There are, of course, errors that can be made.

Definition 3.3. A type I error occurs when we reject H0 when H0 is true. A
type II error occurs when we fail to reject H0 when H0 is false.
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3.1 Simple Hypotheses

Definition 3.4. When H0, H1 are both simple, the probability of type I error
is

α = PH0(H0 rejected) = PH0(X ∈ C)

and that of type II error is

β = PH1
(H0 not rejected) = PH1

(X /∈ C)

The size of the test is α; The power of the test is 1− β.

There is, of course, a tradeoff between α and β. Usually we set α at an
acceptable level, say 0.01, and minimises β subject to this restriction as best as
we can. The role of H1 is subordinated to that of H0, as we can design a test of
size α without making any reference to H1. Nonetheless, we want to use tests
that have the power to reject H0 when a given H1 is true.

Definition 3.5. Let H0, H1 be simple with X having pdf f1, f2 under H0, H1

respectively. The likelihood ratio statistic is

ΛX(H0;H1) =
f1(X)

f0(X)

A likelihood ratio test (LRT) rejects H0 when X ∈ C = {x : Λx(H0;H1) > R}
for some R ≥ 0.

Lemma 3.1 (Neyman-Pearson Lemma). Suppose f0, f1 are nonzero on the
same sets and suppose there exists k ≥ 0 such that the LRT with R = k has size
α. Then, out of all tests with size at most α, the test with the smallest β is this
LRT.

Remark. We assumed the existence of a LRT of size α, which does not always
exist (find a counterexample – exercise). However, we can always define a “ran-
domised” test with exact level α.

Proof. Let C be the critical region for the said LRT with size α and power 1−β
and C∗ be the critical region of another test of size α∗ ≤ α and power 1 − β∗.
Denote the complement of a region D as D̄, then we have

β − β∗ =

∫
C̄

f1(x) dx−
∫
C̄∗
f1(x) dx =

∫
C̄∩C∗

f1(x) dx−
∫
C̄∗∩C

f1(x) dx

=

∫
C̄∩C∗

f1(x)

f0(x)
f0(x) dx−

∫
C̄∗∩C

f1(x)

f0(x)
f0(x) dx

≤ k
(∫

C̄∩C∗
f0(x) dx−

∫
C̄∗∩C

f0(x) dx

)
= k

(∫
C∗
f0(x) dx−

∫
C

f0(x) dx

)
= k(α∗ − α) ≤ 0

as desired.
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Example 3.2. Take X1, . . . , Xn ∼ N(µ, σ2
0) i.i.d. with σ0 known. We want the

best size α test for H0 : µ = µ0 against H1 : µ = µ1 for some fixed µ1 > µ0.
Then,

Λx(H0;H1) = exp

(
µ1 − µ0

σ2
0

nx̄+
n(µ2

0 − µ2
1)

2σ2
0

)
which is monotone in x̄. So for any k there is a c = c(k) such that Λx(H0;H1) >
k iff x̄ > c. The critical region of this LRT is thus {x : x̄ > c}. By way of a
linear transformation z =

√
n(x̄ − µ0)/σ0, we can write the critical region as

{x : z > c′} for some c′ = c′(k). Under the null hypothesis H0, the random
variable Z taking its value as z has Z ∼ N(0, 1), so the test {x : z > Φ−1(1−α)}
has size α. This is called a z-test.

Definition 3.6. For any test with critical region of the region of the form
{x : T (x) > k} where T is some statistic, we usually report the p-value (aka
observed significance level) defined as p = PH0

(T (X) > T (x∗)) where x∗ is the
observed data.

So the p-value measures the probability (under the null) of sampling an
obervation that is “more extreme” than the observation x∗ as measured by T .

Example 3.3. In the previous example with µ0 = 5, µ1 = 6, σ0 = 1, α = 0.05
with observed data x∗ = (5.1, 5.5, 4.9, 5.3), then x̄∗ = 5.2, correspondingly
z∗ = 0.4. Φ−1(1 − α) ≈ 1.645 > 0.4 = z∗, so the observation fails to reject
H0. Indeed, p = 1− Φ(z∗) ≈ 0.35.

Proposition 3.2. Under H0, the p-value distributes as Unif[0, 1].

Proof. Let F be the distribution function of the statistic T (which is assumed
to be monotone and bijective), then

PH0
(p < u) = PH0

(1− F (T ) < u) = PH0
(F (T ) > 1− u)

= PH0
(T > F−1(1− u)) = 1− F (F−1(1− u))

= u

which is the distribution function of Unif[0, 1].

3.2 Composite Hypotheses

When H0, H1 are simple, it is easy to define the error since they fully specified
pdf’s of data. But of course, we would also want to do statistics over composite
hypotheses. The class of composite hypotheses we are considering concerns
data distributed in a parametric family X ∼ fX(·|θ), θ ∈ Θ and H0 : θ ∈ Θ0 ⊂
Θ, H1 : θ ∈ Θ1 ⊂ Θ. A test of H0 against H1 is again constructed in terms of a
critical region C.

Definition 3.7. The power function of a test with critical region C is W (θ) =
Pθ(X ∈ C). The size of a test with composite null H0 is the worst-case Type I
error probability, i.e. α = supθ∈Θ0

W (θ).
We say the test is uniformly most powerful (UMP) of size α if supθ∈Θ0

W (θ) = α
and for any other test C∗ of size at most α has W ∗(θ) ≤ W (θ) (where W ∗ is
the new power function) for all θ ∈ Θ1.
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Note that UMP tests need not exist. However, many likelihood ratio tests
are UMP.

Example 3.4. Let X1, . . . , Xn ∼ N(µ, σ2
0) be i.i.d. with σ2

0 known. Fix some
µ0. We wish to test H0 : µ ≤ µ0 against µ > µ0. We have seen that for the
simple hypotheses H ′0 : µ = µ0, H

′
1 : µ = µ1, the LRT was C = {x : z =√

n(x̄− µ0)/σ0 > zα} (where zα = Φ−1(1− α) as usual). The claim is that the
same test C is UMP of size α for H0 against H1. The power function is

W (µ) = Pµ(reject H0) = Pµ
(√

n(x̄− µ0)

σ0
> zα

)
= Pµ

(√
n(x̄− µ)

σ0
> zα +

√
n(µ0 − µ)

σ0

)
= 1− Φ

(
zα +

√
n(µ0 − µ)

σ0

)
which is strictly increasing in µ and equals to α at µ = µ0. So the test is indeed
of size α.
If we have another test C∗ of size at most α with power function W ∗, we want
to show that W (µ1) ≥ W (µ1) for all µ1 > µ0. The main observation is that
the critical regions only depend on µ0 but not µ1. So C∗ also has size at
most α for H ′0 : µ = µ0 against H ′1 : µ = µ1. Therefore by Neyman-Pearson
W (µ1) ≥W ∗(µ1) for any µ1 > µ0, hence C is UMP.

Definition 3.8. The generalised likelihood ratio (GLR) statistic for H0 : θ ∈
Θ0 ⊂ Θ, H1 : θ ∈ Θ1 ⊂ Θ is given by

ΛX(H0;H1) =
supθ∈Θ1

fX(X|θ)
supθ∈Θ0

fX(X|θ)

Large values of ΛX(H0;H1) indicates larger departure from H0 (or better
“fit” with H1).

Example 3.5 (Two-sided normal mean test). Suppose X1, . . . , Xn ∼ N(µ, σ2
0)

are i.i.d. wih σ2
0 known. We wish to test H0 : µ = µ0 against H1 : µ 6= µ0 with

µ0 some constant. Then the GLR statistic is

ΛX(H0;H1) = exp

(
− 1

2σ2
0

n∑
i=1

(Xi − X̄)2

)/
exp

(
− 1

2σ2
0

n∑
i=1

(Xi − µ0)2

)
The GLR test rejects H0 when ΛX(H0;H1) is large. When does this happen?
Taking log on both sides gives

2 log ΛX(H0;H1) =
n

σ2
0

(X̄ − µ0)2

So indeed the test rejects H0 when |
√
n(X̄ − µ0)/σ0| is large. How large?

Under H0, we have
√
n(X̄ − µ0)/σ0 ∼ N(0, 1), so the test that rejects H0

when |
√
n(X̄ − µ0)/σ0| > zα/2 has size α.

We can also formulate the critical region in another way. Note that we have
2 log ΛX(H0;H1) = n(X̄ − µ0)2/σ2

0 ∼ χ2
1, so we can write the critical region

instead as {n(X̄ − µ0)2/σ2
0 > χ2

1(α)} where χ2
1(α) is the upper α point of a χ2

1

distribution.
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Why do we care about writing it in terms of χ2 distribution? Turns out, in
a general setting, the sampling distribution of 2 log ΛX(H0;H1) can be approx-
imated by a χ2 distribution.

Definition 3.9. Suppose the parameter θ is k-dimensional. The dimension
dim Θ0 of a hypothesis H0 : θ ∈ Θ0 is the number of “free parameters” in Θ0.

Example 3.6. 1. If Θ0 = {θ ∈ Rk : θ1 = · · · = θp = 0}, then dim Θ0 = k − p.
2. Let A ∈ Rp×k, b ∈ Rp, p < k, then the hyperplane Θ0 = {θ ∈ Rk : Aθ = b}
has dimension k − p if the rows of A are linearly independent.
3. Suppose f : Rp → Rk satisfies certain regularity conditions, then the image
Θ0 of it has dimension p.

Theorem 3.3 (Wilk’s Theorem). Suppose Θ0 ⊂ Θ1 (i.e. null is the special
case of alternative) and dim Θ1 − dim Θ0 = p. If X1, . . . , Xn are i.i.d., then
under regularity conditions 2 log ΛX(H0;H1) ∼ χ2

p as n→∞. That is, for any
θ ∈ Θ0, l > 0,

lim
n→∞

Pθ(2 log ΛX(H0;H1) ≤ l) = P(Ξ ≤ l),Ξ ∼ χ2
p

Proof. Not in this course, no.

How do we apply this? Indeed, with this result, we immediately know that
the test rejecting H0 when 2 log ΛX(H0;H1) ≥ χ2

p(α) has size α asymptotically.

Example 3.7. In two-sided normal mean test, we saw Θ0 = {µ0},Θ1 = R \
{µ0}. But the completion Θ1 = R does not actually change the GLR, so we
might as well take that in order to apply Wilk’s Theorem. In this case, dim Θ1−
dim Θ0 = 1 and we already saw 2 log ΛX(H0;H1) ∼ χ2

1. The nice thing is that
with Wilk’s theorem, the same thing is (asymptotically) true in other parametric
families.

3.3 Goodness-of-fit Tests

Suppose X1, . . . , Xn are i.i.d. samples from a distribution on {1, . . . , k}. Let
pi = P(X1 = i) and let Ni be the number of observations in X1, . . . , Xn equal
to i. So

∑
i pi = 1,

∑
iNi = n.

Example 3.8. Mendel crossed n = 556 smooth yellow peas with green wrinkled
peas. Each member of progeny can have any combination of the two features.
So we end up with 4 types SY, SG, WY, WG with probabilities (p1, p2, p3, p4).
Suppose (N1, N2, N3, N4) are the numbrs of samples of each type. We are in-
terested in testing the null H0 : pi = p̃i for some fixed known parameter p̃. The
alternative H1 put no constraint on p (other than

∑
i pi = 1). Mendel’s genetic

theory suggests that p = p̃ = (9/16, 3/16, 3/16, 1/16), but how do we test this?

The model can be written in general as (N1, . . . , Nk) ∼ Multi(n; p1, . . . , pk)
which has log likelihood `(p) =

∑
iNi log pi + const.. We can test H0 against

H1 using the generalised LRT

2 log Λ = 2

(
sup
p∈Θ1

`(p)− sup
p∈Θ0

`(p)

)
= 2

(
sup
p∈Θ1

`(p)− `(p̃)
)
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`(p) can be optimised by using Lagrange multipliers. The only constraint here
is
∑
i pi = 1, so we consider

L(p, λ) =

k∑
i=1

Ni log pi + λ

(
1−

k∑
i=1

pi

)

which, after the standard procedure shows that we we should choose p̂i = Ni/n,
so

2 log Λ = 2

k∑
i=1

Ni log

(
Ni
np̃i

)
Wilk’s theorem says that 2 log Λ ∼ χ2

p asymptotically with p = dim Θ1 −
dim Θ0 = k − 1 − 0 = k − 1. So we can reject H0 with size apprximately
α if 2 log Λ > χ2

k−1(α).
It is common to write

2 log Λ = 2
∑
i

oi log

(
oi
ei

)
where oi = Ni is the observed number of type i and ei = np̃i is the expected
number of type i under null. Let δ = oi − ei, then

2 log Λ = 2
∑
i

(ei + δi) log

(
1 +

δi
ei

)
≈
∑
i

δ2
i

ei
=
∑
i

(oi − ei)2

ei

The last expression is known as Pearson’s χ2 statistic, which is again asymp-
totically χ2

k−1.

Example 3.9. In Mendel’s experiment (n1, n2, n3, n4) = (315, 108, 102, 31) are
observed. Then in this case 2 log Λ = 0.618,

∑
i(oi−ei)2/ei = 0.604. χ2

3(0.05) =
7.815 which is bigger than both statistic, so the test does not reject H0 at 0.05
level. In fact, the p-value is approximately P(χ2

3 > 0.6) ≈ 0.96, so the fit
of Mendel’s theorectical distribution p̃ = (9/16, 3/16, 3/16, 1/16) is almost too
good!

How about composite hypotheses? In general, this is of course not very easy,
but we are often just interested in H0 : pi = pi(θ) for some parameter θ against
H1 putting no constraint on p.

Example 3.10. Suppose all individuals have one of three genotypes and their
respective probabilities in the null hypothesis H0 are p1 = θ2, p2 = 2θ(1 −
θ), p3 = (1− θ)2. We shall test it against H1 that puts no restriction on p. The
generalised LRT has

2 log Λ = 2

(
sup∑
i pi=1

`(p)− sup
θ
`(p(θ))

)
= 2(`(p̂)− `(p(θ̂)))

= 2
∑
i

Ni log(Ni/(npi(θ̂)))

where p̂ is the mle of p under H1, i.e. p̂i = Ni/n, and θ̂ is the mle of θ under

H0. So we can still write ei = npi(θ̂), oi = Ni and the approximation of Pearson
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statistic to this still holds.
In the genetic example, we have

`(θ) =
∑
i

Ni log pi(θ) = 2N1 log θ +N2 log(2θ(1− θ)) + 2N3 log(1− θ)

maximising over θ gives θ̂ = (2N1 + N2)/(2n). So we can plug this into the
formula for 2 log Λ and perform test by referring to the χ2

p distribution with
p = dim Θ1 − dim Θ0 = 2− 1 = 1.

3.4 Independence

Suppose we have (X1, Y1), . . . , (Xn, Yn) i.i.d. where Xi’s take value in {1, . . . , r}
and Yi in {1, . . . , c}. We wish to test H0 that states that Xi, Yi are independent.

Definition 3.10. The contingency table is the array with entries Nij = |{l :
1 ≤ l ≤ n, (Xl, Yl) = (i, j)}|.

If n is fixed and a sample has type (i, j) with probability pij , then the natu-
ral model is (Nij) ∼ Multi(n; pij). It is not very practical in some cases since n
is usually not fixed. We will, however, derive a test that is valid in both cases.
Let pi∗ =

∑
j pij , p∗j =

∑
i pij . Then the null hypothesis of Xi, Yi being inde-

pendent translates to H0 : pij = pi∗p∗j for i ∈ {1, . . . , r}, j ∈ {1, . . . , l}. We take
the alternative hypothesis H1 as (pij) unconstrained as usual. The generalised
LRT is

2 log Λ = 2

r∑
i=1

c∑
j=1

Nij log

(
p̂ij

p̂i∗p̂∗j

)
where p̂ij is the mle under H1, i.e. p̂ij = Nij/n, and p̂i∗p̂∗j is the mle under
H0. We have p̂i∗ = Ni∗/n, p̂∗j = N∗j/n by Lagrange multiplier. Writing oij =
Nij , eij = np̂i∗p̂∗j , then

2 log Λ = 2
∑
i,j

oij log

(
oij
eij

)
≈
∑
i,j

(oij − eij)2

eij

which can be modelled as a χ2
p distribution with p = (r − 1)(c − 1) by Wilk’s

theorem.
However, there are some problems with this χ2 test for independence. It usually
has low power as the test statistic (e.g. Pearson) can usually detect any deviation
from independence. Often we suspect the data deviate in a specific way. So if we
are confidence about this, then we can sometimes construct a test with higher
power against such.
Another possible problem is small cells in the array might carry too much weight
since eij can be small (in Pearson), which is undesirable. Berrett & Samworth
proposed an alternative test using a different statistic namely

Û =
1

n(n− 3)

∑
i,j

(oij − eij)2 − 4

n(n− 2)(n− 3)

∑
i,j

oijeij

that solves the problem.
One last problem is that we need large Nij to use the χ2 approximation (e.g.
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Nij ≥ 5). The solution to this problem is the use of exact test.
Let π be a permutation of {1, . . . , n} and Yπ = (Yπ(1), . . . , Yπ(n)). Suppose
π1, . . . , πB be i.i.d. permutations drawn uniformly from Sn.

Definition 3.11. A tuple of random variables (Z1, . . . , Zn) is exchangable if
(Z1, . . . , Zn) and π(Z1, . . . , Zn) have the same distribution for any π ∈ Sn.

Proposition 3.4. Under the null hypothesis of independence, the sets of data
(X,Y ), (X,Yπ1), . . . , (X,YπB ) are exchangable.

Proof. Too tedious. Let’s skip it.

Corollary 3.5. If Tb is a test statistic computed from (X,Yπb) for each b ∈
{1, . . . , B} and T is the test statistic computed from real data (X,Y ), then any
ordering of T, T1, . . . , TB is equally likely.
In particular, PH0

(T = max∗{T, T1, . . . , TB}) = 1/(B + 1) where max∗ is just
max but break ties randomly.

Proof. Follows pretty much immediately.

So we can consider a test which rejects H0 if T = max∗{T, T1, . . . , TB},
which has size exactly equal to 1/(B + 1). This is known as the exact test.

Remark. 1. We do not need to know the null distribution of T analytically.
2. Since we did not restrict T , we can in particular apply it to the Pearson
statistic

T (X,Y ) =
∑
i,j

(oij − eij)2

eij

or the Berrett & Samworth statistic.

Example 3.11. Suppose we have X = (a, a, b, b, a, b) and Y = (c, c, d, d, d, d),
then the contingency table N has the form

a b
c 2 0
d 1 3

where we cannot use the χ2 approximation as the counts are too small. So
naturally we want to try the exact test (wrt the Pearson statistic) of size α =
1/2. The Pearson statistic has value

T =
∑
i,j

(oij − eij)2

eij
= 3

Let π2 = (1 2 3)(4)(5)(6), then Yπ2 = (d, c, c, d, d, d) so the modified table N ′

would be

a b
c 1 1
d 2 2

where T2 = 0 =⇒ T = max{T, T2}, so we reject H0 with size 1/2.
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3.5 Tests for Homogeneity

Example 3.12. Suppose we have 150 patients randomly allocated to 3 groups
of equal size. Two sets of patients received a drug at 2 different doses while the
third group received a placebo. Suppose we have the responses

Improved No Difference Worse
Placebo 18 17 15

Half-Dose 20 10 20
Full-Dose 25 13 12

63 40 47

How is this different from the model for contingency table? As one can see,
the row totals in this table are fixed. What we want here is instead the null
hypothesis asserting that the probability of each response (improved/no differ-
ence/worse) is the same for each treatment group.

With a table N shaped like in the example above, we have Ni1, . . . , Nic ∼
Multi(ni; pi1, . . . , pic) independently for each i = 1, . . . , r, where ni = Ni∗ is the
fixed row total. The null hypothesis we are interested in is H0 : p1j = . . . = prj
for all j = 1, . . . , c. We take the alternative as unconstrained as per usual.
Then, under H1, we have

L(p) =

r∏
i=1

Ni∗!

Ni1! · · ·Nic!
pNi1
i1 · · · p

Nic
ic =⇒ `(p) =

∑
i,j

Nij log pij + const.

We have the constraints ∀i,
∑
j pij = 1, so the mle is p̂ij = Nij/Ni∗ by Lagrange

multiplier. Under H0, let pj = pij for all i, then

`(p) =

c∑
j=1

N∗j log pj + const.

Again using Lagrange multiplier with constraint
∑
j pj = 1 we obtain the mle

p̂j = N∗j/N∗∗. Hence

2 log Λ = 2

r∑
i=1

c∑
j=1

Nij log

(
p̂ij
p̂j

)
= 2

r∑
i=1

c∑
j=1

Nij log

(
N∗∗Nij
Ni∗N∗j

)
which is exactly the same statistic we found when computing 2 log Λ for inde-
pendence test. Furthermore, if we define again oij = Nij , eij = Ni∗N∗j/N∗∗,
then we can write

2 log Λ = 2
∑
i,j

oij log

(
oij
eij

)
≈
∑
i,j

(oij − eij)2

eij

which is again the same Pearson statistic we used to test independence. Wilk’s
theorem then tells us that the distribution of 2 log Λ is asymptotically χ2

p with
p = dim(Θ1)− dim(Θ0) = r(c− 1)− (c− 1) = (r − 1)(c− 1), so the number of
degrees of freedom is also the same as in the test of independence. In conclusion,
the test of independence and homogeneity always reach the same conclusions
(but sadly, they might be different for 3-dimensional tables).

Example 3.13. In the example quoted previously, we have 2 log Λ = 5.129 and∑
i,j(oij − eij)2/eij = 5.173. As χ2

4(0.05) = 9.488, H0 is not rejected at level
0.05.
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3.6 Tests and Confidence Intervals

Definition 3.12. The acceptance region A of a test is the complement of the
critical region.

Let X ∼ fX(·|θ) for some θ ∈ Θ.

Theorem 3.6. 1. Suppose for each θ0 ∈ Θ, there is a test of H0 : θ = θ0 of
size α with acceptance region A(θ0), then the set I(X) = {θ : X ∈ A(θ)} is a
1− α confidence set for θ.
2. Suppose I(X) is a 1 − α confidence set for θ, then A(θ0) = {x : θ0 ∈ I(x)}
is the acceptance region of a size α test for H0 : θ = θ0 for each θ0 ∈ Θ.

Proof. Note that we have θ0 ∈ I(X) ⇐⇒ X ∈ A(θ0) in both cases. So for 1
we have

Pθ0(θ0 ∈ I(X)) = Pθ0(X ∈ A(θ0)) = Pθ0(not rejecting H0) = 1− α

And for 2 we have

Pθ0(X /∈ A(θ0)) = P(θ0 /∈ I(X)) = α

which is what we want.

Example 3.14. Suppose X1, . . . , Xn ∼ N(µ, σ2
0) are i.i.d. with known σ2

0 , We
know that

X̄ ± zα/2
σ0√
n

gives a 1−α confidence interval for µ. So we can find a size α test for H0 : µ = µ0

by defining the acceptance region

A(µ0) = {x : µ0 ∈ I(x)} =

{
x : µ0 ∈

[
x̄− zα/2

σ0√
n
, x̄+ zα/2

σ0√
n

]}
which is saying that we reject H0 when |

√
n(µ0 − x̄)/σ0| > zα/2 which is the

z-test we already found by LRT. We can of course do the opposite direction as
well.

4 Multivariate Normals

4.1 Definition and Properties

Recall that for a vector X = (X1, . . . , Xn)> be a vector of random variables.
Recall that its expectation is EX = (EX1, . . . ,EXn)> and its variance (or co-
variance matrix) is varX = E[(X − EX)(X − EX)>] = (cov(Xi, Xj))i,j . Also
recall that if A is an m × n matrix and b is an m-vector, then E(AX + b) =
AEX + b, var(AX + b) = A var(X)A>.

Definition 4.1. We say X has a multivariate normal (MVN) distribution if for
any t ∈ Rn the random variable t>X has a normal distribution.

Proposition 4.1. If X is an MVN, so is AX + b.

Proof. t>(Ax+ b) = (A>t)>X + t>b.
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Proposition 4.2. An MVN distribution is fully determined by its mean and
variance.

Proof. It suffices to show that the mgf of an MVN X depends only on µ =
EX,Σ = var(X). Indeed,

Eet
>X = Mt>X(1) = exp

(
E(t>X) +

1

2
var(t>X)

)
= exp

(
t>µ+

1

2
t>Σt

)
via direct computation.

Definition 4.2. We say P ∈ Rn×n is an orthogonal projection if it is idem-
potent P 2 = P and symmetric P> = P . Equivalently, P is an orthogonal
projection if Pv = v for all v in the column space of P and Pw = 0 for all w in
the orthogonal complement of the column space of P .

Proposition 4.3. The two definitions stated above are indeed equivalent.

Proof. Simple linear algebra but let’s do it.
If P is an orthogonal projection as in the first definition, then for any v in the
column space of P we have v = Pa for some a. Then Pv = P 2a = Pa = v.
Also, if w is in the orthogonal complement of the column space of P , then
Pw = P>w = 0.
Conversely, if P satisfies the properties in the second definition, then note that
we can write any a ∈ Rn uniquely as a = v +w for some v in the column space
of P and w in the orthogonal complement of the column space of P . Then we
always have Pa = v. In particular, P 2a = PP (v + w) = Pv = P (v + w) = Pa
which is idempotence. For symmetry, just observe that (Pu1)>((I − P )u2) = 0
for any u1, u2. Expanding it gives the result.

Corollary 4.4. If P is an orthogonal projection, so is I − P .

Proof. Obvious.

Proposition 4.5. If P ∈ Rn×n is an orthogonal projection, then P = UU>

where k = rank(P ) and the columns of U ∈ Rn×k is chosen to be an orthonormal
basis for the column space of P .

Proof. Clearly UU> is an orthogonal projection whose column space coincides
with the column space of P .

Note that k = rankP = tr(U>U) = tr(UU>) = trP , which is a fact that
sometimes comes in handy.

Theorem 4.6. If X ∼ N(0, σ2I) and P is an orthogonal projection, then:
1. PX ∼ N(0, σ2P ), (I − P )X ∼ N(0, σ2(I − P )) are independent.
2. ‖PX‖2/σ2 ∼ χ2

rankP

Proof. We know that (
P

I − P

)
X =

(
PX

(I − P )X

)
is MVN and its distribution is fully specified by its mean and variance:

E
(

PX
(I − P )X

)
=

(
P

I − P

)
EX = 0
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var

(
PX

(I − P )X

)
=

(
P

(I − P )

)
σ2I

(
P

(I − P )

)>
= σ2

(
P 0
0 I − P

)
as P is an orthogonal projection. This exactly means that PX, (I − P )X are
independent.
For the second part of the theorem, observe that

‖PX‖2

σ2
=
X>P>PX

σ2
=
X>(UU>)>(UU>)X

σ2

=
‖U>X‖2

σ2
=

rankP∑
i=1

(U>X)2
i

σ2

But U>X ∼ N(0, σ2U>U) = N(0, σ2I), so indeed (U>X)i/σ are i.i.d. N(0, 1)
random variables. This shows the result.

How does this apply to statistics? Suppose we have i.i.d. normal observa-
tions X1, . . . , Xn ∼ N(µ, σ2) with unknown mean and variance. Recall that
the mle of µ is X̄ = n−1

∑
iXi and the mle of σ2 is σ̂2 = SXX/n where

SXX =
∑
i(Xi − X̄)2.

Theorem 4.7. 1. X̄ ∼ N(µ, σ2/n).
2. SXX/σ

2 ∼ χ2
n−1.

3. X̄ and SXX are independent.

Proof. Let P be a matrix such that PX = JX̄ where J = (1, . . . , 1)> ∈ Rn.
Explicitly, P = n−1JJ>. Easy to check that P is an orthogonal projection.
Now we can write X = µJ + ε with ε ∼ N(0, σ2I). Note that X̄ is a function
of PX = µJ + Pε. Also SXX =

∑
i(Xi − X̄)2 = ‖X − JX̄‖2 = ‖(I − P )X‖2 =

‖(I − P )ε‖2. The independence of Pε and (I − P )ε then shows the third part
of the theorem.
The first part is obvious. The second part can be deduced from the previous
theorem by writing SXX/σ

2 = ‖(I − P )ε‖2/σ2.

4.2 The (Normal) Linear Model

Example 4.1. Suppose you are working in insurance and would like to predict
the number Yi of insurance claims that a car owner i submits in a certain
year. We call this the response (or dependent) variable. What we want to
know is the statistical relationship between the response and certain predictors
(or independent variables), e.g. the age xi1 of person i, the number of their
insurance claims xi2 last year, the number of years xi3 they had the licence,
the number of miles xi4 they’ve driven in 2019, etc.. Naturally, we will want to
know about this relationship from paired data {(xi, Yi)} with Yn ∈ R, xn ∈ Rp
for some p.

One common approach to this problem is the linear model.

Definition 4.3. The linear model is

Yi = α+ β1xi1 + β2xi2 + · · ·+ βpxip + εi

Here, α is called the intercept, β1, . . . , βp are called the coefficients. ε1, . . . , εn
are random variables representing the noise, which are assumed to have mean
0.
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Remark. 1. We usually elimnate the intercept by adding in the predictor xi1 ≡ 1
(so that β1 plays the role of α).
2. We can, of course, model certain non-linear relationships using the lin-
ear model by taking individual (possibly nonlinear) terms as predictors. For
example, the model Yi = α + β1zi + β2z

2
i + εi can be rewritten as Yi =

α+ β1xi1 + β2xi2 + εi where xi1 = zi, xi2 = z2
i .

3. The coefficients βj can be interprested as the effect on the response by chang-
ing xij . However, in most cases linear model can only reveal correlations between
predictors and response instead of causal relationships. Adding predictors to
the model can reduce the risk of finding such spurious correlations.

Writing

Y =

Y1

...
Yn

 , X =

x11 · · · x1p

...
. . .

...
xn1 · · · xnp

 , β =

β1

...
βp

 , ε =

ε1...
εn


transforms the linear model into the form Y = Xβ + ε. Here, X is called
the design matrix, which we shall always assume to be fixed. We make the
assumption that Eε = 0 and var ε = σ2I (known as homoskedasticity, and yes,
it is an actual word). Consequently, EYi = xi1β1 + · · ·+xipβp and varY = σ2I.
We also assume that X has full rank, in particular, p ≤ n.

Definition 4.4. The least square estimator β̂ minimises the residual sum of
squares (RSS) S(β) = ‖Y −Xβ‖2 =

∑
i(Yi − x>i β)2.

Calculus gives X>Xβ̂ = X>Y . As we have assumed that X has full rank,
we get the explicit solution β̂ = (X>X)−1X>Y . In particular, the least squares
estimator is linear in Y .
We also know the mean and variance of β̂:

Eβ̂ = E((X>X)−1X>Y ) = (X>X)−1X>EY = (X>X)−1X>Xβ = β

var β̂ = var((X>X)−1X>Y ) = (X>X)−1X> var(Y )X(X>X)−1

= σ2(X>X)−1

In particular, β̂ is an unbiased estimator of β. In fact, it is the best one of its
kind.

Theorem 4.8 (Gauss-Markov). Let β∗ = CY be any other linear estimator
of β which is unbiased (i.e. Eβ∗ = β). Then for any vector t ∈ Rp, we have

var(t>β̂) ≤ var(t>β∗).

So the least squares estimator is the best linear unbiased estimator (BLUE).

Remark. t = (t1, . . . , tp) can be thought of as the values of the predictors for a

new sample. In this case, t>β̂, t>β∗ are our prediction for the mean response.
What the theorem says is then that β̂ always gives smaller variance and hence
smaller mse since the estimators are unbiased.

Proof. Note that var(t>β∗) − var(t>β̂) = t>(varβ∗ − var β̂)t. So it suffices to

show that varβ∗ − var β̂ is positive semidefinite. Let A = C − (X>X)−1X>,
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then E(AY ) = 0 since the estimators are unbiased. Also, for any β we have
AXβ = AEY = E(AY ) = 0, so essentially AX = 0. Therefore

var(β∗) = var((A+ (X>X)−1X>)Y )

= (A+ (X>X)−1X>) var(Y )(A+ (X>X)−1X>)>

= σ2(A+ (X>X)−1X>)(A+ (X>X)−1X>)>

= σ2AA> + var(β̂)

The result follows.

Definition 4.5. The fitted values are Ŷ = Xβ̂ and the residuals are Y − Ŷ .

If we write P = X(X>X)−1X> as the “hat matrix”, then we simply have
Ŷ = PY, Y − Ŷ = (I − P )Y .

Proposition 4.9. P is the orthogonal projection onto the column space of X.

Proof. P is symmetric, idempotent, and has the same column space as X.

So the fitted values Ŷ is the orthogonal projection of Y onto the column
space of X and the residuals (I − P )Y are the orthogonal projection of Y onto
the orthogonal complement of the column space of X.

Definition 4.6. A linear model is called a normal linear model if ε is a multi-
variate normal.

In the case of a normal linear model, we know all the information of the
distribution of Y given β, σ2. Indeed,

fY (y|β, σ2) =
1

(2πσ2)n/2
exp

(
− 1

2σ2

n∑
i=1

(yi − x>i β)2

)
The log-likelihood is

`(β, σ2) = −n
2

log(σ2)− 1

2σ2
S(β)

So the least squares estimator β̂ is, indeed, also the mle of β. We also have

∂`

∂σ2
(β̂, σ2) = − n

2σ2
+

1

2(σ2)2
S(β̂)

Therefore the mle of σ2 is

σ̂2 =
S(β̂)

n
=
‖Y −Xβ̂‖2

n
=
‖Y − Ŷ ‖2

n
=
‖(I − P )Y ‖2

n

Corollary 4.10. 1. β̂ ∼ N(β, σ2(X>X)−1).
2. nσ̂2/σ2 ∼ χ2

n−p.

3. β̂, σ̂2 are independent.

Proof. One can simply check 1 from definition. Theorem 4.6 and Proposition
4.9 implies 2 and 3.

Note that σ̂2 is a biased estimator since

E
(
σ̂2n

σ2

)
= E(χ2

n−p) = n− p =⇒ E(σ̂2) =
n− p
n

σ2 < σ2

but it is asymptotically unbiased if we fix p and send n→∞. We can, of couse,
consider the unbiased σ̃2 = nσ̂2/(n− p).
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4.3 Two Useful Distributions

Definition 4.7. Let U ∼ N(0, 1), V ∼ χ2
n be independent, then T = U/

√
V/n

has a tn distribution.

Definition 4.8. Let V ∼ χ2
n,W ∼ χ2

m be independent, then F = (V/n)/(W/m)
has an Fn,m distribution.

Remark. t2n = F1,n.

Example 4.2. Suppose X1, . . . , Xn ∼ N(µ, σ2) are i.i.d.. When σ2 is known,
we found a (1−α) confidence interval for µ that is [X̄−zα/2σ/

√
n, X̄+zα/2σ/

√
n]

noting Z =
√
n(X̄ −µ)/σ ∼ N(0, 1). What if we don’t know σ2? Recall that X̄

and σ̂2 = SXX/n are independent with X̄ ∼ N(µ, σ2/n) and SXX/σ
2 ∼ χ2

n−1.
Therefore, the random variable

T =

√
n(X̄ − µ)√

SXX/(n− 1)

is tn−1. Consequently we have

Pµ,σ2

(
−tn−1(α/2) ≤

√
n(X̄ − µ)√

SXX/(n− 1)
≤ tn−1(α/2)

)
= 1− α

which gives the (1− α) confidence interval[
X̄ −

√
SXX
n− 1

tn−1(α/2)√
n

, X̄ +

√
SXX
n− 1

tn−1(α/2)√
n

]

for µ. Suppose that we wish to test H0 : µ = µ0 with σ2 unknown, then under
H0,

T =

√
n(X̄ − µ0)√
SXX/(n− 1)

∼ tn−1

Therefore the test that rejects H0 when |T | > tn−1(α/2) has size α. This is
known as the t-test.

Note. Asymptotically, as n→∞, we have SXX/(n− 1) ≈ σ2 and tn−1(α/2)→
zα/2, so the t-test behaves just like the z-test for large n, or if we substitute
SXX/(n− 1) as an estimator for σ2. The t-test is useful in the situations where
n is small and X1, . . . , Xn are approximately normal.

4.4 Inferences in the Normal Linear Model

We wish to find a 1 − α confidence interval for one of the coefficients in the
linear model, WLOG β1. Note that

β1 − β̂1√
σ2((X>X)−1)11

∼ N(0, 1)

which is independent of nσ̂2/σ2 ∼ χ2
n−p. So, naturally, we want to consider

β̂1 − β1√
((X>X)−1)11

√
n− p
nσ̂2

=
(β̂1 − β1)/

√
σ2((X>X)−1)11√

nσ̂2/((n− p)σ2)
∼ tn−p
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The expression is independent of σ (yay), so we have

Pβ,σ2

(
−tn−p

(α
2

)
≤ β̂1 − β1√

((X>X)−1)11

√
n− p
nσ̂2

≤ tn−p
(α

2

))
= 1− α

Rearranging gives the 1− α confidence intervalβ̂1 − tn−p
(α

2

)√ ((X>X)−1)11σ̂2n

n− p
, β̂1 + tn−p

(α
2

)√ ((X>X)−1)11σ̂2n

n− p


What if we want a nice confidence set for the vector β? We have β̂ − β ∼
N(0, σ2(X>X)−1). As X has full rank, X>X is positive definite, so X>X =
UDU> where U is orthogonal and D diagonal with positive diagonal entries.
Define

√
X>X = U

√
DU> where (

√
D)ij =

√
Dij . Then (

√
X>X)2 = X>X

and
√
X>X(β̂−β) ∼ N(0, σ2I), hence ‖X(β̂−β)‖/σ2 = ‖

√
X>X(β̂−β)‖2/σ2 ∼

χ2
p is independent of nσ̂2/σ2 ∼ χ2

n−p. So

‖X(β̂ − β)‖2/p
nσ̂2/(n− p)

=
‖X(β̂ − β)‖2/(σ2p)

nσ̂2/((n− p)σ2)
∼ Fp,n−p

Consequently,

Pβ,σ2

(
‖X(β̂ − β)‖2/p
nσ̂2/(n− p)

≤ Fp,n−p(α)

)
= 1− α

This gives the 1− α confidence set{
β′ ∈ Rp :

‖X(β̂ − β)‖2/p
nσ̂2/(n− p)

≤ Fp,n−p(α)

}
which is essentially an ellipsoid.
How about confidence in predictions of the linear model? Suppose we have data
(x1, Y1), . . . , (xn, Yn) and wish to predict the response at a new input point
x∗ ∈ Rp.

Example 4.3. Again we imagine we are selling our souls to an insurance
company. Suppose we have fitted a linear model to historical data on insur-
ance claims and wish to predict insurance claims for a new customer x∗. If
Y ∗ = (x∗)>β + ε∗ with ε∗ ∼ N(0, σ2) independent of ε1, . . . , εn, then we may
want to obtain a 1− α confidence interval for the response EY ∗ = (x∗)>β. Or
we might want something even better: A random interval which contains Y ∗

with probability 1− α. This is called a prediction interval.

We have (x∗)>β̂ ∼ N((x∗)>β, σ2(x∗)>(X>X)−1x∗), so

((x∗)>β̂ − (x∗)>β)/
√
σ2(x∗)>(X>X)−1x∗√

nσ̂2/((n− p)σ2)
∼ tn−p

Again those σ cancels out and allows us to give the 1− α confidence interval(x∗)>β̂ ± tn−p
(α

2

)√ (x∗)>(X>X)−1x∗σ̂2n

n− p


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for (x∗)>β.
How about the prediction interval? Note that we have

Y ∗ − (x∗)>β̂ = (x∗)>(β − β̂) + ε∗ ∼ N(0, σ2(x∗)>(X>X)−1x∗ + σ2)

which means

(Y ∗ − (x∗)>β̂)/(σ
√

1 + (x∗)>(X>X)−1x∗)√
nσ̂2/((n− p)σ2)

∼ tn−p

Again cancelling σ gives the 1− α prediction interval(x∗)>β̂ ± tn−p
(α

2

)√ (1 + (x∗)>(X>X)−1x∗)σ̂2n

n− p


which, as one shall expect, is wider than the confidence interval.

4.5 Hypothesis Testing

Suppose we want to test H0 : β1 = 0 against H1 : β1 6= 0. We already know
that

I(Y ) =

β̂1 ± tn−p
(α

2

)√ ((X>X)−1)11σ̂2n

n− p


is a 1− α confidence interval for β1, therefore by Theorem 3.6, the acceptance
region

A = {y : 0 ∈ I(y)}

is a test of size α. In other words, we reject H0 when 0 falls outside the 1 − α
confidence interval. This is equivalent to say that we reject H0 when

|β̂1| > tn−p

(α
2

)√nσ̂2((X>X)−1)11

n− p

This is called the t-test.
There is, of course, nothing special about 0. The same procedure can give a
test of size α for H0 : β1 = β′1 for any constant β′1.
Now suppose that we wish to test the null hypothesis that a collection of coef-
ficients has no effect on the response. WLOG we take H0 : β1 = · · · = βp0 = 0
against H1 : (β1, . . . , βp0) ∈ Rp0 . We shall make use of the likelihood ratio test.
Write

X =
(
X0 X1

)
, β =

(
β0

β1

)
where X0 is an n× p0 matrix and β0 ∈ Rp0 . The null hypothesis means β0 = 0,
so under H0, Y = X1β

1 + ε. Let P = X(X>X)−1X> be the usual hat matrix
and P1 = X1(X>1 X1)−1X>1 . As X,P have full rank, so do X1, P1. Recall that
the maximum log-likelihood in the normal linear model is

sup
β∈Rp,σ2>0

`(β, σ2) = `(β̂, σ̂2) = −n
2

log

(
‖(I − P )Y ‖2

n

)
+ const.
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Hence, the GLR statistic is

2 log Λ = n

(
− log

(
‖(I − P )Y ‖2

n

)
+ log

(
‖(I − P1)Y ‖2

n

))
= n log

(
‖(I − P1)Y ‖2

‖(I − P )Y ‖2

)
Lemma 4.11. 1. (I − P )(P − P1) = 0.
2. P − P1 is an orthogonal projection with rank p0.

Proof. Simple verification noting that P1P = PP1 = P1.

So

‖(I − P1)Y ‖2

‖(I − P )Y ‖2
=
‖(I − P + P − P1)Y ‖2

‖(I − P )Y ‖2

=
‖(I − P )Y ‖2 + ‖(P − P1)Y ‖2 + 2(I − P )(P − P1)Y

‖(I − P )Y ‖2

= 1 +
‖(P − P1)Y ‖2

‖(I − P )Y ‖2

Note also that (P−P1)ε and (I−P )ε are independent since (P−P1)(I−P ) = 0,
so the statistic is in fact monotone in

F =
‖(P − P1)Y ‖2

‖(I − P )Y ‖2
p−1

0

(n− p)−1
=
‖(P − P1)ε‖2/p0

‖(I − P )ε‖2/(n− p)
∼ Fp0,n−p

This gives a test (called the F -test) of size α that rejects H0 when

‖(P − P1)Y ‖2

‖(I − P )Y ‖2
p−1

0

(n− p)−1
> Fp0,n−p(α)

Remark. 1. When p0 = 1, the F -test reduces to the t-test.
2. One can derive the power function for the test as well (exercise).

What if the predictors are categorical?

Example 4.4. Let Yi be the level of COVID-19 neutralising antibodies in a
subject i. Suppose we want to analyze its relation with the predictors zi ∈
{control, vaccine A, vaccine B} the treatment received. We can represent the
predictors by

xi,j = 1subject i received treatment j

and test the model Yi = α+β1xi,1 +β2xi,2 +β3xi,3 + ε. However, there is a big
problem with this model: The design matrix does not have full rank due to the
intercept term α. When there is a single categorical predictor, we can of course
solve this by simply removing the intercept term. But we can’t do that when
there is more than one categorical predictor. The solution to this problem is the
following: We apply a corner point constraint, i.e. choose a baseline category
(e.g. the control treatment) and set its coefficient to 0. The column space of
X remains the same no matter which category we choose as baseline, hence the
projection P and the fitted values do not depend on that.

34



4.6 Applications of Normal Linear Model

Special cases of normal linear model often pose practical importance. THe first
one of interest is the analysis of variance (ANOVA) model.

Example 4.5. Consider the usual situation where we’d like to model the level
of antibodies in patient receiving one of three treatments: central, vaccine A,
vaccine B. We can formulate the model in a new way other than the one we
did previously. Let Yij be the response for subject i in treatment group j and
we model Yij = α + µj + εij . where i ∈ {1, . . . , N} and j ∈ {1, 2, 3} and
εij ∼ N(0, σ2) are i.i.d.. We use the corner-point constraint µ1 = 0.
The ANOVA nest does the following: We want to test µ2 = µ3 = 0 against
H1 : µ2, µ2 ∈ R. The null hypothesis is saying that EYij = α for all i, j, i.e.
each treatment has the same mean response. We can view this as a special
case of the F -test by taking n = 3N and concatenating everything. The design
matrix then has the form

X =



1 0 0
...

...
...

1 0 0
1 1 0
...

...
...

1 1 0
1 0 1
...

...
...

1 0 1


Write X = (X1, X0) where X1 is the first column. Recall that the F -test uses
the statistic

‖(P − P1)Y ‖2/p0

‖(I − P )Y ‖2/(n− p)
which is referred to an Fp,n−p distribution. For the ANOVA test, P projects
onto the space of vectors in R3N which are constant over treatment groups.
Take Ȳj = N−1

∑N
i=1 Tij , then

PY = (Ȳ1, . . . , Ȳ1, Ȳ2, . . . , Ȳ2, Ȳ3, . . . , Ȳ3)>

In this case, P1 projects onto the space of constant vectors in R3N . Precisely
P1Y = (Ȳ , . . . , Ȳ )>, Ȳ = (3N)−1

∑
i,j Yij . The F statistic is then reduced to

the form 1

2

3∑
j=1

N(Ȳj − Ȳ )2

/ 1

3N − 3

N∑
i=1

3∑
j=1

(Yij − Ȳj)2


Of course, there is nothing special about 3 here. We can easily generalise this
to J ≥ 3 treatment groups where the test statistic has the form 1

J − 1

J∑
j=1

N(Ȳj − Ȳ )2

/ 1

JN − J

N∑
i=1

J∑
j=1

(Yij − Ȳj)2


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which can be seens as the fraction of “variance between treatments” and “vari-
ance within treatments”, hence the name ANOVA.

Remark. This is sometimes called one-way ANOVA. There is also two-way
ANOVA where a similar analysis is carried out in an experiment where groups
are defined according to 2 variables.

Example 4.6. Suppose we wish to analyse the response which is a student’s
performance in an exam. The attributes we are interested in are whether or
not the student has completed the revision supervisions and whether or not a
monetary incentive was given. Denote these attributes as (j, k) ∈ {0, 1}2, then
we naturally want to model this as Yijk = α+µj +λk + εijk where εijk are i.i.d.
N(0, σ2) and we use the corner point constraint µ0 = λ0 = 0. Then the 2-way
ANOVA test is the F test applied to H0 : µ1 = λ1 = 0 against H1 : µ1, λ1 ∈ R.

We normally want to centre the predictors

Yi = α+ β(xi − x̄) + εi, x̄ =
1

n

n∑
i=1

xi, ε ∼ N(0, σ2I)

which gives rise to what’s called a simple linear regression. In this case, the mle
actually takes a simple form. Recall that (α̂, β̂) minimises

S(α, β) =
∑
i=1

(Yi − α− β(xi − x̄))2

Differentiation gives α̂ = Ȳ and

β̂ =
SXY
SXX

, SXY =
∑
i

(Yi − Ȳ )(Xi − X̄), SXX =
∑
i

(Xi − X̄)2

We now turn to two-sample testing. Suppose that σ2 is fixed and that the
sequences Z1, . . . , Zn ∼ N(µ1, σ

2) and Z ′1, . . . , Z
′
m ∼ N(µ2, σ

2) are i.i.d. respec-
tively. Suppose also that the sequences (Zi) and (Z ′i) are independent. We wish
to test H0 : µ1 = µ2 against H1 : µ1 6= µ2. Indeed, we can view this as a special
case of an F -test in a linear model with

Y =



Z1

...
Zn
Z ′1
...
Z ′m


, X =



1 1
...

...
1 1
1 0
...

...
1 0


, β =

(
µ2

µ1 − µ2

)

which transforms the hypotheses to H0 : β2 = 0, H1 : β2 6= 0. Sadly though,
sometimes it is not really reasonable to assume they have normal distributions.
Suppose we just assume that Z1, . . . , Zn ∼ f1, Z

′
1, . . . , Z

′
m ∼ f2 are independent

and attempt to testH0 : f1 = f2 againstH1 : f1 6= f2. How do we, then, produce
a test with exact size α? Let T (z1, . . . , zn, z

′
1, . . . , z

′
m) be a test statistic. For

a permutation π of {1, . . . , n + m}, we can define Tπ = T ◦ π. Analogous to
Proposition 3.4, we have
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Lemma 4.12. If π1, . . . , πB are i.i.d. permutations drawn uniformly in SB,
then under H0 the sequence T, Tπ1

, . . . , TπB
is exchangable. Consequently, we

have PH0
(T = max∗{T, T1, . . . , TB}) = 1/(B + 1) where max∗ is just max but

break ties randomly.

So we can build a test with exact size α = 1/(B + 1) by rejecting H0 when
T = max∗{T, Tπ1

, . . . , TπB
}.
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