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0 What is Numerical Analysis?

Numerical analysis is the stufy of algorithms for problems in continuous mathe-
matics, i.e. to devise algorithms to approximate solution of continuous models.
In theory and in practice, what we want are finite dimensional procedures that
produces sufficiently close approximation to the solution of continuous (i.e. infi-
nite dimensional) problems. Of course, we want to algorithms to be fast, stable,
accurate (“consistent with the continuous model”). The study of the construc-
tion of these algorithms and, of course, explore the precise meanings of these
criteria, is the central focus of this subject.

The example of the problems we are interested in are algebraic equations, dif-
ferential equations and optimisation problems.

1 Polynomial Interpolation

Let P, [x] be the (linear) space of all real polynomials of degree at most n.

1.1 The Interpolation Problem

Given n + 1 distinct real points zg, ..., x, and real numbers fy, ..., f,, we seek
a polynomial p € P,[z] such that p(z;) = f; for all i. Such a polynomial is
called an interpolant of the points {(z;, f;) : 0 <4 <n}. A polynomial has n+1
degrees of freedom in terms of its coefficients, and there are n + 1 data points
we are using, which justifies why we are interested in this problem. Of course,
we can simply solve an n+ 1 dimensional linear equation to find the coeflicients,
but we don’t have to go through all that mess.

1.2 The Lagrange Formula

What’s better than having a nice, closed-form solution. So here goes:

p@) =" fili(@), Li(z) = [ ——
k=0

X — I
ik Tk 1

This is called the Lagrange formula. It is obvious that Ly(z;) = d;x, so it is a
interpolant of the points. Also, it is the interpolant, since the interpolent has to
be unique as a polynomial of degree n has at most n zeros unless it is identically
Zero.

What is the complexity of computing the Lagrange formula? By just staring we
can conclude that Ly requires O(n) to compute, so p requires O(n?).



1.3 Error Size

Let [a,b] be a closed interval, and let C|[a, b] denote the space of all continuous
functions [a,b] — R and let C*[a,b] denote the space of all functions [a,b] — R
that has continuous derivatives up to order s.

Theorem 1.1. Suppose we have f € C"[a,b] and xo,...,x, € |a,b] distinct.
Let p € Py [x] be the interpolant of (z;, f(x;)), then Vx € [a,b], 3¢ € [a,b] such
that

Remark. From the formula, we can see the error is smaller for large n if we fix
everything else, which is nice. Also, it can also depends on the “quality” of the
data (i.e. the precise position of the z;’s).

Proof. The formula is trivially true when x = z; for some i. Fix any other
x € [a,b] and define

[1imo(t — i) )
[Tiso(z —x:)

Observe now that ¢ vanishes at all z; and z, which constitute n + 2 distinct
points. So by Rolle’s theorem, ¢’ vanishes at a minimum of n+1 distinct points,
and thus ¢” vanishes at n distint points, etc.. Continuing this and we arrive at
the conclusion that ¢("*1) has a root in [a, b]. Say the root is &, then

olt) = 1(t) - (p(t> (@) - pla))

(n+1)!
[Ti—o(@ — 1)

Rearranging gives the result. O

0= ¢tV (€) = fUHI(E) — (f(x) — p(x))

How does sampling affect the quality of the interpolation though?

Example 1.1 (Runge’s Example). If we interpolate f(z) = (1 +2?)" ',z €
[—5, 5] at the equally-spaced points z; = —5+10;/n, then the term []}"_,(z—z;)
explodes near £5 and caused a huge error there which does not get solved for
large n.

A cleverer sampling is to take 2; = 5 cos((n—j)m/n) (the “Chebyshev points”),
which, as one can prove, minimises the maximum magnitude of that term.

1.4 Divided Differences

Definition 1.1. Given pairwise distinct points zg,...,z, € [a,b], we let p €
P, [z] interpolate f € Cla,b] at these points. The coefficient of 2™ in p is called
the divided difference f[xzo,...,x,] of degree n.

Explicitly,

n

f[$07~~~7ffn]:Zf(xk)kaixl

k=0 1k

by Lagrange’s formula. It is easy to verify that f[zo] = f(x0) and flxg,z1] =
(f(x0) = f(x1))/(xo — 21), which should convince you of the terminology.



Theorem 1.2. Suppose xg, ..., x,11 are pairwise distinct, then

fle1, ..., xna1] — flzo,...,
f[x()v"'vl'nJrl] — [ 9 n-+ ] [ n]
Tn+1 — o
Proof. Suppose p interpolates f in xg,...,x, and ¢ interpolates x1,...,ZTp41-
Then
(z — mo)gq(z) + (zny1 — 2)p(2)
Tn4+1 — Lo
interpolates f in xg,...,Zy+1. The theorem follows. O

So, naturally, we expect derivatives to play some role here.

Theorem 1.3. Let [a, ] be the smallest interval that contains the distinct points
X0y ..., Ty and f € C™[a,b]. Then there exists & € [a,b] such that

1

Proof. Suppose p interpolates f in xzq,...,z,. Then f — p has at least n + 1
zeros, so by Rolle’s theorem () —p(®) = f(") _plf[zq, ... x,] vanishes at some
¢ € [a,b]. Plugging in & gives the formula. O

1.5 Newton Interpolation

Theorem 1.4. Suppose xq,...,xT, are pairwise distinct, then

Pn(x) = flzo] + flwo, z1](x — 20) + -+ + flwo, ..., 24 1:[(30 — ;) € Pp(2)
=0

interpolates f at xq, ..., Ty.

Proof. Induction. This is obviously true for n = 0. Suppose it is true up to
n, let p,41 interpolates f at zg,...,2n+1. Then p,41 — p, has degree n + 1,
leading coefficient f[zg,...,%n+1], and vanishes at xg, ..., x,, therefore equals

flzoy -y Tny1] H(x — ;)

i=0
which gives the formula. O

Computing all the divided differences up to degree n costs O(n?) if we use
the recursion formula. Knowing the divided differences, we can then compute
the interpolant in O(n) by using the Horner scheme, i.e. by writing

Pu(x) = flzo] + (x = wo) (flwo, 1] + (w — 21) (flzwo, 21, 22] +---))

So in total, this algorithm has complexity O(n?), which is the same as Lagrange’s
formula. But each has advantages and disadvantages.

For Newton’s formula, having computed p, (z) for zy, ..., z,, we can easily add
in x,41 without having to recompute the interpolant. This comes in handy
when we want to refine our estimation.

On the other hand, since we have a simple formula for Lagrange’s method, it
is better when we wish to manipulate the interpolation polynomial as part of
a larger expression, which comes in handy when we are dealing with numerical
differentiation and numerical integration.



2 Orthogonal Polynomials

2.1 Orthogonality in General

Definition 2.1. In general, an inner product is on a real vector space V' is any
(-,): V x V — R satisfying:
1. Symmetry: Va,y € V, (z,y) = (y, z).

2. Nonnegativity: Vo € V, (x,z) > 0 and equality holds iff z = 0.
3. Linearity: (-,-) is linear.

Definition 2.2. Given an inner product (-,-) on V', we say z,y € V are orthog-
onal if (z,y) = 0.

The vector space we are interested in is usually Cla,b] equipped with an
inner product of the form

b
(19) = [ w@)f@g(o) dz

where w : R — R>( is a fixed nonnegative continuous function with isolated
ZEros.

2.2 Orthogonal Polynomials

Given an inner product (-,-) in V' = P[] (the vector space of polynomials in ),
we seek a sequence pg, p1,... such that:

1. deg(pn) = n.
2. {pn,pm) =0 for all n < m.

Definition 2.3. This sequence is called orthogonal polynomials, and p, is called
the n'" orthogonal polynomial.

If we can find py, ..., pn, then they form an orthogonal basis for P, [z].

Theorem 2.1. There exists a unique monic orthogonal polynomial p,, of degree
n.

Proof. Induction. Obviously the only degree 0 monic orthogonal polynomial is

po(z) = 1. Suppose we have found py, . .., p,, then choose any monic polynomial
q of degree n + 1 and cast the Gram-Schmidt process
— (g,p
k)
Pnt1(z pk )

! ZO )
which is monic, has degree n + 1, and is orthogonal to pg, ..., pn.
To see the uniqueness, if we have another, say p,y1, then p,11 — ppy1 is or-
thogonal to po, ..., p,. But its degree is at most n, so it has to be 0, hence the
uniqueness. O

The proof also shows a way to construct orthogonal polynomials.

Example 2.1. Using the inner product

b
(fq) = / w(z) f(2)g(z) dz



[a,b] =[—1,1] and w = 1 gives the Legendre polynomials

1
po(a) = 1pa(a) = 2,pale) = 2 — £ poe) = 2 — S pae) = 2t — Sa 4 =
There are other examples, of course, like Chebyshev polynomials (with [a, b] =
[—1,1],w(z) = (1—2?)~1/?), Laguerre polynomials ([a, b] = [0, 00), w(z) = =),
2

Hermite polynomials [a,b] = (—00, 00), w(x) = e~ % etc..

2.3 A Three-Step Recurrence

Of course, we can use the Gram-Schmidt process shown earlier to compute the
orthogonal polynomials. But this is not a very good method, as it is not very
quick and the error can accumulate since the formula depends on all previously
computed polynomials. For certain scalar product, we have a nicer way.

Theorem 2.2. Suppose the scalar product on P[x] we defined satisfies (xp,q) =
(p, zq), then the monic orthogonal polynomials are given by the recurrence

p_1($) = 0,p0($) = 1?pﬂ+1(x) = (l‘ - ozn)pn(x) - ﬁnpn—l(x)

where
>0

(Pns2pn) 5 PnaPn)
<Pmpn> e <Pn—1,pn—1>

Proof. Just plugging in. O

Ay =

Example 2.2. Consider the Chebyshev polynomials T;, which arises from the

inner product .
o) = [ L0 g

They are, in fact, primarily defined by the relation T,,(cos @) = cos(nf), which
calculates to
To=1,Ty(z) =z, To(x) =222 — 1,...

They are, indeed, orthogonal polynomials to the inner product defined above as
whenever m # n,

1 T T ™
(T, Thn) = /71 Tn\(/l)ii(z)dx = /0 cos(n@) cos(md) df = 0

We also have the recurrence relation 7,41 (z) = 22T, (x) — Ty,—1(x). They are
not monic, but we can make them monic by dividing T}, by 2"~ .

2.4 Least-Square Polynomial Fitting

We are working in Cfa,b] equipped with an inner product (-,-). Given f €
Cla, b], we want to find p € P,,[x] so that ||f —p||*> = (f —p, f — p) is minimised.
We call such a minimiser p = p,.

Theorem 2.3. Suppose pg,p1,... are the orthogonal polynomials of {-,-), then

Pn=> ALpn), pr(z)

=0 (Pks PE)



Proof. For any p € P,[z], we can write it in terms of the orthogonal polynomials
p= Zk CLPk- SO

If=pl*= <f —> orpi, f — chpk>
k=0 k=0
= (1) =2 celpe )+ i (pe.pr)
k=0 k=0

We are essentially optimising this expression with respect to cg,...,c,. By
calculus or whatever, we find that ¢ = (f, px)/(pk, px) is the minimiser. O

The error of this approximation is then

Y N o = <f7pk>2
<f me pn> - <f7 f> kZ:O <pk;pk>

= <fa f> - <ﬁn7ﬁn>

which kind of looks like Pythagoras’ theorem (well, duh!). A rerrangement of
this also shows that (f — pn,Pn) = 0. Clearly, increasing n brings the error
down. But will it go to zero?

Theorem 2.4 (Weierstrass’ Theorem). Suppose f € Cla,b], then for any € > 0
there exists a polynomial p such that |f(x) — p(x)| < € for all x € [a, D).

Proof. Haha no. ]

Corollary 2.5. If the inner product is defined by

b
(g.1) = [ w)gla)h(z) ds
where w : [a,b] — Rxq is continuous and has isolated zeros, then ||f — pn||*> — 0
as n — oo.
Proof. For a polynomial p,
b 2 b
17 =0l = [ (@) = oo < (o 1) -] [ wie)as

which can be arbitrarily small by Weierstrass’ theorem. The corollary follows
by the definition of p,,. O

Theorem 2.6 (Parseval’s Identity). Suppose po,p1,... are orthogonal polyno-
mials of the inner product (-,-) in the form as in the preceding corollary, then

SRy

= (PkDk)

Proof. We already know

<f7pk>2 _ a2
<faf> _kZO <pk:7pk> - ”.f an

n

sending n — oo gives the result (as we all know, the corollary of a corollary is
a theorem). O



2.5 Least-Square Fitting to Discrete Function Values

Sometimes (or in real-life practice, always) we only know finitely many values
of a function f(z1),..., f(xm) at distinct z1, ..., 2, € [a,b]. In that case, we of
course want p € P, [z] that minimises >, (f(zx) — p(zx))?. As long as n < m,
we can take the inner product

m

(g,h) = glax)h(zx)

k=1

which naturally inherits most of the results from the continuous case. Of course,
the orthogonal polynomials can be calculated from the three-term recurrence
relation we found earlier.

2.6 Gaussian Quadrature

We again work in Cla, b] with inner product defined by the integral

b
(9. 1) = / w(a)g(x)h(x) de

where w : [a,b] — R>¢ is continuous and has isolated zeros. The aim is to
approximate integrals by finite sums

b v
[ v e =Y busten)
@ k=1

where v is a given number and we want to find by,...,b, (the “weights”) and
€1,...,¢, (the “nodes”) that can ensure high accuracy. This is known as a
quadrature formula.

There are many ways to make a quadrature formula. One of them is obtained
by requiring the approximation to be exact for any f € P,,[z] where m is as
large as possible. The result with the maximal m is called Gaussian quadrature.
It is obvious that m = 2v doesn’t work, since the formula fails to be exact if we
take p(z) = [[,_,(z — c)?. We shall show that the maximal m is 2v — 1. Let
Po,P1, - - - be the monic orthogonal polynomials.

Theorem 2.7. p, has n real distinct zeros in (a,b).

Proof. n =0 is trivial. For n > 1,

b
/ w(@)pn() dz = (po, pn) = 0

So p, has to change sign in (a,b) at least once. Suppose p,, changes sign at
@1y, 0m € (a,b), then in particular it vanishes there. So m < n. We shall
show that m = n which implies the theorem.

Define ¢(z) = H;"zl(:c — ¢;). Then g(z)p,(z) > 0 for all « € [a, b] by definition,
so w(z)q(x)pn(z) > 0 for all € [a,b] and it is not identically zero, hence
(¢,pn) >0 = m=degg>n = m=n. O



For distinct ¢y, ...,¢, € [a,b], we define the interpolatory weights

b
T —cj
bk:/ w(x)”Ck_CJ_dx
a J

Ak

Theorem 2.8. The quadrature formula with the interpolatory weight is exact
for all f € P,_1[z]. Moreover, if c1,...,c, are chosen to be the zeros of p,,
then it is exact for all f € Py, _1]x].

Proof. For f € P,_1[z], we have

v

UOEDIC | Py

k=1 j#k

by Lagrange’s formula. The claim follows directly.
Now assume ¢y, .. ., ¢, are the zeros of p,,. For f € Pg,_1[z], we write f = gp, +r
where ¢,r € P,_1[x], then

b

/abw(z)f(x) dz = (g,pv) + /abw(ac)r(x) dz :/ w(@)r(z) de

a

On the other hand,

> bif(er) =Y brlaler)py(cr) +r(cx) =Y bar(ck)

k=1 k=1 k=1
The two expressions are equal by the first part of the theorem. O
Example 2.3. Let [a,b] = [-1,1] and w = 1. Then the underlying orthog-

onal polynomials are the Legendre polynomials. The nodes of the Gaussian
quadratures are

v=1:¢1=0
—V3/3,¢0 =/3/3
v=3:c1=—-v15/5,¢c9 =0,c3 = V15/5

v=2:c

and so on.

We've got the full Gaussian quadrature formula now, which is exact on
Py, _1[x]. Naturally, the next question is, how do we analyse the error

b v
L) = [ wla)f@)de = Y bufle)
a k=1

that was committed via Gaussian quadrature or other kind of quadrature for-
mulas?



3 The Peano Kernel Theorem

The result that we shall discuss, which is somehow more general, provides a
way to estimate the error arised from numerical integration (or, actually, from
a wide class of linear functionals) via Gaussian quadrature or other quadrature
formulas that are exact on certain polynomials. Assume f € C™"1[a, b] for some
n such that P, [z] C ker L (e.g. n < 2v—1 in Gaussian quadrature). By Taylor’s
theorem

f@) =3 i@+ w0y ao

- (x —a)* 1
k=0

Then L(f) = L(r) where r is the remainder term

x b
r(z) = 7/ (z —0)" f D (9)dh = i/ (z — )" f" 1 (9) do

with
(x—0)", for x > 6
—9" =
(= Vb {0, forz <40

Definition 3.1. The Peano kernel is K(6) = L(z — (z — 0)).

Assuming everything is nice enough so that the integral over [a, b] commutes
with L, then essentially

=4 [ @ oma

This is known as the Peano Kernel Theorem, which allows us to obtain a bound
on L(f) given useful bounds on f(»+1),

Example 3.1. Consider the quadrature formula

' _ F(=1) +4£(0) + f(1)
/_1 f(z)de ~ 3

which is exact for polynomials up to degree 2. Then, by brutal calculation,

(1+6)2, for 6 € [-1,0]

1
K(G):L(xn—>(x—9)i):—39{(1_9)27f0r96 [0, 1]

So for f € C3[-1,1],

e " i "
LIy [ IKOI @10 g s 1770)

Note that the specific form of L is not of concern in our derivation of the
Peano Kernel Theorem. Indeed, all we need is that it is linear, that P,[z] C
ker L, and that it is nice enough to commute with the integral. So we naturally
want to use it on estimations to other linear functionals, like d/dz.

10



Example 3.2. We approximate a derivative f/(0) by the formula —(3/2) f(0) +
2f(1) = (1/2)f(2). Let L(f) = f'(0) = (=(3/2)£(0) + 2f(1) = (1/2)f(2)) be
the error arised from the formula which is zero over Py[z]. Therefore, for f €
C30,2], we have

1
3 sup |f"(0)]
0€[0,2]

1 2
L) =5 | K@) — 110 <

4 Ordinary Differential Equations

We wish to approximate the solution y : R>¢ — R to the initial value problem
y = f(t,y) subject to y(0) = yo. We will assume that f is sufficiently nice,
which in most situations means Lipschitz (for existence and uniqueness of an
exact solution) and analytic (since we love to Taylor expand). Our aim is
to approximate a solution y(t) that is continuous in ¢ by some data y, of a
discrete form, so that y,, =~ y(t,) for some 0 =ty < t; < ---. Naturally, we
would like the error (either pointwise or uniform) to converge quickly to 0 as
h = sup, (tn+1 — tn) — 0. We will also want the algorithm to obtain these
Yn's to be as efficient as possible. During our discussions in this section, we
will always take t, 11 — t,, to be constant over n unless otherwise specified, so
tnt1 — tp, = h for all n.

4.1 One-Step Methods

A one-step method is a recurrence y,+1 = ¢n(tn,yn) which allows y,1+1 to
depend only on t,, y,, h and the problem. An example of this is Euler’s method.
Suppose we know y(0) = yo and wish to approximate y at ¢t = h > 0, then
an obvious approach is to truncate its Taylor series y(h) = y(0) + hy'(0) =
Yo + hf(to,y0). So (taking t, = nh), we can use the recurrence y,1 = yn +

hf(@n, yn)-
The first thing we want to know is whether it converges. That is, given ¢* > 0,
we want to know if

I () — (b)) =
i () = )] ) =0

where y is the exact solution (assuming existence and uniqueness).
Theorem 4.1. Suppose there exists A > 0 such that

vt € [0,t%],v,w € RN, ||f(t,v) — f(t,w)| < v — w]|
then the Fuler method converges to the analytic solution.

Proof. The condition also implies the existence and uniqueness of a solution y
by Picard-Lindelof, so the notion of an analytic solution is well-defined.
Let e, = yn — y(tn) for 0 <n < ¢*/h. Then we have
lentill = [[Yn+1 — y(tnsa)|
= [|(yn + hf (s yn)) = (y(ta) + hy' (ta) + O(h?))]
< llell + hllf (tns yn) = f(tn y(E) | + 1O(R?)]]
< (L4 hA) [lenll + [OR?)]]

11



Consequently there exists C' > 0 such that

lenta < CR? jio(l +hA) = Ch2%))\71)+111 < %(1 + hA)" T
< % exp((n+ 1)hA) = % exp(tn1A)
< h% exp(t*A) — 0
as h — 0. O

4.2 Multi-Step Methods

Sometimes, we can get a better result by using multiple previous values, i.e.
assuming Yn, Yn+1, - - - , Yn+s—1 are computed, the iteration scheme

S S
> pynsi=hY_ouf(tatis Ynti)
1=0 1=0

(where ps = 1) is called an s-step method. We say the method is explicit

if o5, = 0, otherwise it is called implicit. Of course, explicit iterations are
computationally cheap, but implicit methods can be more accurate. For an
s-step method, we need s initial values yg,...,¥ys_1.

Example 4.1. We have seen the Euler method y,, 41 — yn = hf(tn, yn), and we
can also have the implicit Euler 4,11 — yn = Af(tnt1,Yn+1). We can combine

them to get the trapezoidal rule ¥, 11 — Yn = (B/2)(f(tns Yn) + f(Ent1s Ynt1)),
or in general the theta rule yp+1 — yn = R(Of (L, yn) + (1 — 0) f(tna1, Ynst1))-
There are also 2-steps rules, for example the 2-step Adams-Bashforth

3 1
Ynt2 — Ynt1 = h (Qf(tn+layn+1) - 2f(tmyn))

or the 2-step Adams-Moulton

E [ty tnya) + %f(tn+17yn+1) - lf(tnayn))

Ynt2 — Ynty1 = h (12 15

Our goal is of course to develop general theories about the convergence of
such schemes. We first introduce a measure of local accuracy for the method.

Definition 4.1. The order of the multistep method as defined above is the
largest integer p > 0 such that

szy(tnu) - hzoly/(tn+l) = O(h"*)
1=0 1=0

for all sufficiently smooth y as h — 0.

Almost always, like we did when dealing with Euler method, we’ll assume
that ¢;41 — ¢; is constant over .

12



Example 4.2. 1. For Euler’s method, we have

tnsn) = (ylta) + I/ (00)) = 312" (1) + O(1) = O(?)

So it has order 1.
2. For theta method, we again use Taylor expansion to estimate the local error
term and get

1
(9 _ 2) h2y//(tn) ( 6 — ) hB ///( n) + O(h4)
So it has order 1 except when § = 1/2 (trapezoidal rule), in which case it has

order 2.

All these look quite messy yet repetitive, so naturally we are motivated to
do something like

Theorem 4.2. Let p(w) = Y, pw', o(w) = Y, oyw!, then the multistep method
has order p iff p(e*) — zo(e*) = O(2P*1) as 2 — 0.

Proof. Good ol’ Taylor expansion allow us to write the local error term in the

form
S oo 1 S S 3 .
OTAPTRND SRY DoIES W ITRTS
1=0 k=1"" \I=0 =0

which is O(hPTY) iff 32, pp =0 and Y, 1kp, = kY, I* oy for k=1,...,p. On
the other hand,

p(e®) — zo( Zple - zZale
= Zpl + Z% (Zlkpl — kZlk_lal> P
1=0 k=1 " \I1=0 1=0

which is O(hPT1) iff the condition described earlier is satisfied. The theorem
follows. O

Example 4.3. The 2-step Adams-Bashforth has p( ) = —w,o(w) =
(3/2)w — (1/2), then easily p(e*) — za(e*) = (5/12)z3 + O(z )7 so it has or-
der 2.

Definition 4.2. We say that a polynomial obeys the root condition if all its
zeros reside in |w| < 1 and all zeros of unit modulus are simple.

Theorem 4.3 (The Dahlquist Equivalence Theorem). The multistep method is
convergent if and only if it has order p > 1 and the polynomial p obeys the root
condition.

Proof. Omitted. O
Example 4.4. For the Adams-Bashforth method

3 1
Yn+2 — Yn+1 = h (2f(tn+1vyn+1) - Qf(tmyn))

We have p(w) = (w — 1)w which satisfies the root condition and the recurrence
has order 2. Therefore it converges.
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Example 4.5. Consider the 2-step method
Yn+2 — 2yn+1 + Yn = 0

which has order 1 but p(w) = w? — 2w + 1 = (w — 1)? so the root condition is
not fulfilled, so it does not converge (which is pretty obvious since it does not
even take f into account).

Of course, it would be nice if we have a way to generate multistep methods

which are convergent and has high order. Recall that the method has order p if
p(e?) — zo(e*) = O(zPT) as z — 0. In particular, p(1) = 0. Suppose we have
chosen our favourite p with p(1) = 0 and p fulfills the root condition, how do
we choose our 0?7 Let s = degp. A natural choice of ¢ is then the truncation
of the Taylor series of p(w)/logw about w = 1 to the appropriate degree, i.e.
s — 1 for explicit methods and s for implicit methods. Say we are dealing with
an implicit method, then p(e*) — zo (%) = —20(|e* — 1|*T1) = O(2**2), which
means it has order s + 1.
Example 4.6. The choice p(w) = w* !(w — 1) corresponds to the Adams
methods. The explicit methods produced like described above are called Adams-
Bashforth methods and have order s. The implicit methods are Adams-Moulton
methods, which have order s 4+ 1. In this case, we can verify that s = 2 yields
the same method we stated before

5 2 1
Ynt2 — Yny1 = h (12f(tn+27tn+2) + gf(tn+17yn+1) - Ef(tn’ yn))

which has order 3.

An interesting special case of numerical approximation methods to ODEs
are called the BDF (backward differentiation formulae) methods, i.e. methods
of the form

S
Zplyn+l = hasf(tn+s>yn+8)a n=0,1,...
1=0
We will discuss why we like to consider this class of methods later.

Theorem 4.4. If we want the BDF method to have order s, then

s s -1
p(w) = o, Z %wsfl(w — 1o, = <Z ;)
=1

=1

Proof. Set w = €7, then we want
p(w) — osw®logw = O(|logw|*) = O(|Jw — 15T1)

as w — 1. Taylor expansion then shows that it is equivalent to say

o0

w— 1)
pw) 0. 3w LT = O 1)

=1
The conclusion follows. O

Example 4.7. BDF of order 1 is just implicit Euler. BDF of order 2 is, by
computation,
4 1 2
Yn+2 — gyn-l-l + gyn = ghf(tn+27yn+2)
Remark. BDF methods are convergent if and only if s < 6.

14



4.3 Runge-Kutta Methods

Recall that we have developed quadrature formulas

b v
/ @)z~ S bef(er)
a k=1

that can approximate integrals pretty well. Set [a,b] = [0,hl,w = 1,bp —
hbg, ¢, — hcy, transforms the appximation problem to

1 /" v
= f@)de = bif(ha)

of which the corresponding Gaussian quadrature has the form

where {h¢;} are the roots of the orthogonal polynomial of degree v with respect
to w = 1. Now suppose we want to solve y' = f(t),y(0) = yo, then the exact
solution at each step can be written in terms of the recursion

Y(tnsr) = y(ta) + / iy a

n

If we approximate the integral in question using a quadrature formula, then we
can obtain a time-stepping scheme of the form

Yn+1 = Yn + hz blf(tn + Clh)
=1

where h = t,,41 — t,, does not have to be constant.
What if f depends on y as well? The analytic solution should satisfy

Y(tnsr) = y(tn) + / "ty ()

n

If we plug in the quadrature directly, we end up with a recursion of the form

Yni1 = Yn +h Y bif(tn + cih,y(tn + cih))
=1

except that it doesn’t quite work since we don’t have information about y(t,, +
cih). The idea of the Runge-Kutta methods is to replace these unknown values
by suitable linear combinations of known data. That is, we are after a recursion
of the form

-1 -1
ky=f tn+cuhayn+hzal,jkj ,Zal,j =q
j=1 =1

Uni1 = Yn +h Y biki
=1

These are known as the v-stage explicit Runge-Kutta (RK) methods. a;; are
called RK coefficients, the choice of which depends on order considerations.
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Example 4.8. For v = 2, the method reduces to

kl = f(tna yn)v k2 = f(tn + 02h7y7l + Cth(tnvyn))
Taylor expanding ko around (t,,y,) gives

0 0
k2 = f(tnyyn) + hc2 i(tna yn) + i(tnu yn)f(tna yn) + O(h2)
ot oy
The 2-stage RK is yn4+1 = yn + hbiky + hboks. Observe that y” = fi(t,y) +

fyty)y = filt,y) + fu,(t,y) f(t,y), so indeed E = y(tni1) — (y(tn) + hbiky +
hbgkg) has

2

E=h(1—0b —b)y (t,) + %(1 — 2byc)y (tn) + O(R?)

Choosing by + by = 1,2by¢co = 1 can then yield a method of order 2. In fact,
this is the best we can ensure with 2-stage RK. Consider 3’ = y, y(0) = 1 which
has exact solution y(t) = ef. Then ky = el ky = et (1 + c2h), so

E = etnt1 —gln _ gln (hb1 + hby + h2b262)
= el (e? — 1 — h(by + by) — h2bycy)

h? W
— etn <h<1 = b1t bo) + 5 (1= 2baca) + - + 0<h4>)

which cannot be o(h3) however we choose by, ¢;.

A general v-stage Runge-Kutta method looks like

ko= f|tn+cahyn+ hzaz,jkj ,Zam‘ =a
j=1

j=1

Uni1 =Yn+h Y biki
=1

If a; ; = 0 for [ < j, then it gives the explicit RK as we stated before. Otherwise,
it is called an implicit RK.

4.4 Stiff Equations

Definition 4.3. We say that the ODE y' = f(¢,y) is stiff if we need to surpress
the value of h in some numerical method in order to maintain stability.

Consider the linear scalar system 3’ = Ay, y(0) = 1 for some A < 0 which has
solution y(t) = e*. This decays to 0 as t — oco. If we cooked up a numerical
method intending to solve this ODE, we of course also expect the sequence y,
tends to 0 as well. For example, Euler’s method have y, = (1 + hA)™ which
converges to 0 as n — oo if |1 + hA| < 1, i.e. h < 2/|A|. This is a quite harsh
restriction on the value of h.

However, if we consider the implicit Euler method, then the numerical solutions
are yp = (1 — hA)™" which is always stable for h > 0.
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Definition 4.4. Suppose we want to solve y' = Ay, y(0) = 1 with constant h
by a numerical method that produces the solution sequence {y,}nen. We call
the set D = {hA € C: y, — 0 as n — oo} the linear stability domain of the
method. We say the method is A-stable if C~ = {z € C: Rez < 0} C D.

Example 4.9. For Euler’s method, D ={hA € C: |1+ h\| <1} ={z € C:
|1 + z| < 1} which does not contain C~, hence Euler’s method is not A-stable.
For Implicit Euler, D = {hA € C: |1 —hA|7! <1} ={z € C: |1 —z| > 1} which
contains C~, hence is A-stable.

Example 4.10. Consider the trapezoidal rule

Ynt+1 = Yn + (h/2)(f(tna yn) + f(tn-‘rla yn—i—l))

The recursion for y' = Ay gives

{2+
Ynt1 =\ 570 Yo

So indeed we exactly have D = C~ and hence the trapezoidal rule is A-stable.

The A-stability analysis of multistep methods is considerably more compli-
cated. However, according to the second Dahlquist barrier, no multistep method
of order p > 3 can be A-stable, which is quite sad. Naturally, we want to get
around this by either choosing other definitions of stability or consider other
kind of methods. Indeed, stability properties of BDF methods, say, are satisfac-
tory for most stiff equations even though they might not be A-stable. Indeed,
the eigenvalues in many linear stiff systems are not just in C~ but also very far
away from the imaginary axis iR. In fact, all BDF methods of order at most 6
share the feature that D includes a wedge about —oo + 0¢. Such methods are
said to be Ag-stable.

Runge-Kutta methods, however, can potentially be A-stable in addition to hav-
ing high orders.

Example 4.11. Consider the 2-stage implicit RK
1
kl = f (tnayn + ih(kl - k2)>
ko= f t+gh Jrih(?)k + 5ko)
2 — n 3 s Yn 12 1 2

1
Yn+l = Yn + Zh(kl + 3k2)

We shall show that this method is A-stable in addition to having order 3. Ap-
plying the method to y' = Ay gives yp11 = r(h\)yn (s0 yn = (r(hX))™yo) where

_ 6+22
T 6 —4z+ 22

r(z)

This can be verified manually, best done on that night when you found out
your crush had caught feeling for somebody else. Anyhow, we have D = {z €
C : |r(2)] < 1}. Indeed, we shall show that |r(z)| < 1 implies z € C~. By
the maximum modulus principle, it suffices to show that |r(iz)] < 1 for any
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x € RU {oo}, which is easy enough to verify.

We shall then show that this method has order 3. The general case is a bit
complicated, so we restrict our attention to equations of the form ¢ = f(y).
Assuming the method is exact at step y,, then

2

ki=f+ %(kl —ka)fy + b (k1 — k2) fyy + O(R®)

32
2

h h
ko= f+ 5(3/?1 + 5k2) fy + @(3]61 + 5ka)? fyy + O(h?)

(For brevity, all functions quoted above are assumed to have been evaluated at
y =y(tn).) So ki, k2 = f 4+ O(h). Inserting this estimation back shows that in
fact ky = f + O(h?),ky = f + (2h/3) f,f + O(h?). Substituting it again gives

1
ki=f— 6h2f5f +O(n?)
2 2( D 2, 2 2 3
k2:f+§hfyf+h Efyf+§fuuf +O(h )
1 1
= Y1 =Y+ hf + SR f+ SR+ fuy %) + O
But we have v = f,y" = fyf,y""" = fof + fyy[?, so the method has order 3 by

Taylor’s theorem.

Example 4.12. It is possible to prove that the 2-stage Gauss-Legendre method

1 V3 1 1 V3

1 V3 1 V3 1

1

has order 4. It can be easily verified that for y' = Ay we have y,, = (r(hA))"yo

where
_ 12 + 62 + 22

Sy e
which allows us to prove that D D C~. So Gauss-Legendre method is A-stable
as well.

4.5 Implementation of ODE Methods

It all comes down to this: We have to write an algorithm to apply what we
have learnt mathematically about numerical methods in ODEs. But when we
do this, we can’t make the step size as an input as that wouldn’t be much of a
blackboxing. Instead, what we should working on is the error tolerance: Given
an error bound we are after, can we find a corresponding step size so as to
control the error?

The first investigation of ours is known as the Milne device. Suppose we wish
to monitor the error of the trapezoidal rule

Yn+1 — Yn = (h/2)(f(tnu yn) + f(tn+1a ynJrl))
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This method has order 2. More precisely, we have

ltwn) = (4(0) + 50/ (00) + o (00))) = =590 0) + O

2
The value erg = —1/12 is known as the error constant of trapezoidal tule.
Similarly, each multistep methods has its own error constant in an analogous
way. For example, the second order 2-step Adams-Bashforth method

h
Yn4+1 — Yn = 5(3f(tnayn) - f(tn—lyyn—l))

has error constant cap = 5/12. Notably, the error constant of a multistep
method is exactly the leading coefficient in the Taylor expansion of the expres-
sion in Theorem [£.21

The idea behind the Milne device is to use two multistep methods of the same
order, one explicit (predictor) and the other implicit (corrector), to estimate the
local error of the implicit method. How do we do this? In this example (second-
order 2-step Adams-Bashforth as predictor and trapezoidal rule as corrector),
we have

YAR & y(tnt1) — cash®y® ()
y;ffl ~Y(tny1) — CTRhSy(3)(tn)

Combining these two estimations gives

A YAR —yrly
yhB — yTR ~ (err — eap)PPy P (t,) = WPyO(t,) = Lt

CTR — CAB
Therefore,
TR 3, (3 yAfl ~ Yo 1. aB TR
Yokr = Yltr1) & —errh®y P (ta) & crr=r S = =2yt — yah)

which allows us to estimate the local error with no knowledge about the exact
solution. This (or rather the absolute value of this) is called the Milne device.
Note that since Adams-Bashforth is explicit, doing error control in this fashion
does not add a big computational cost. It is also clear why we want to use the
trapezoidal rule as chief output: It is A-stable.

We can, of course, use this method in other examples as well, e.g. the third-order
Adams-Bashforth

) 4 23
Yn+2 = Yn+1 + h (12f<tn17 ynfl) - gf(tn7 yn> + ]Qf(thrlaynJrl))

as predictor and third-order Adams-Moulton

1 2 5
Ynt2 = Yny1 +h (—uf(tm Yn) + gf(tn+1vyn+1) + 12f@n+2ayn+2)>

as corrector. In fact, the predictor is useful not just in the estimation of error,
but also as an initial guess when solving implicit corrector equations. Typically,
we only iterate the solving algorithm for the corrector equations at most twice
for nonstiff equations; But for stiff equations, we often require iteration to con-
vergence since we want to exploit the often superior stability of the corrector.
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Now we know how to approximate the local error, the natural question next is
then the details of the implementation. Usually, it is done as follows: Suppose
e > 0 is a tolerence of error (which usually depends on the step size h and the
prescribed tolerence of global error). If the estimated error (obtained from the
Milne device) is above ¢, then we reject the step and recommence the method
from the last step with a smaller h. If it is below € but above, say, ¢/10 (or some
other cleverly chosen quantities in (0, €)), then we simply continue the iteration.
If however it is below it, then we still accept the step (of course!) but increase
the step size, since we still want maximal efficiency under the constraint on
error.

For Runga-Kutta methods, the situation is, of course, much more complicated
as there is no single error constant that determines local growth of error. The
same philosophy, however, still applies and is known as embedded RK. As ex-
pected, we need two (typically explicit) RK methods, one of v stages and order
p and another of v + [ stages for [ > 1 and order p 4+ 1 such that the first v
stages of both methods are identical (so that the cost of computation is low).
For example, one can pick

kl = f(tna yn)
ks = f(tn + h,yn — hky + 2hksy)

where the two methods are
h
Unks = Y+ k2,0l y = g+ G (ko 4ks o+ k)

As one can verify (haha I won’t), the first method has order 2 and the second
has order 3. The estimation we can use is then yiﬂrl —yY(tnt1) = yg]ﬂ — yﬂrl
Another way to do error control is the Zadunaisky device. Suppose we aim to
approximate the solution to the ODE ¢’ = f(¢,y),y(0) = yo by a numerical
method of order p and that we have stored some past values y,,...,Yn—p. We
form an interpolating polynomial (possibly with vector coefficients) d € Py[z]
with d(t,—;) = pn—; for ¢ = 0,...,p and consider the differential equation
2'(t) = f(t,2)+d' (t)— f(t,d), 2(tn) = yn. This can be viewed as a perturbation
of the original ODE since d(t)—y(t) = O(hP*1) (thus d'(t)— f (¢, d) is expected to
be small). However, we can actually solve this equation: z(t) = d(t). Therefore,
when we compute y,4+1 with our numerical method, we can also use the same
numerical method but on this new ODE to obtain a numerical approximation
Zn+1 to z. The error z,41 — d(t,+1) is then a reasonable estimation of the error

Ynt1 — Y(tni1)

4.6 Solving Nonlinear Equations

If we want to use an implicit numerical method, we often have to solve a nonlin-
ear equation. For example, in an s-step method, we have to solve an equation
in the form

Ynts = Oshf(tnts, Ynts) +0
where v is a function of known values from preceding iterations. There are a
few ways to do this. One approach is functional iteration

yr[fisl] = JSh‘f(tn+8a yr[LjJrS) tv
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where y}ﬂs is provided by the predictor scheme. This is effective for non-

stiff equations but fails miserably for stiff ones since the convergence of this
scheme requires unpleasant restriction on h. For stiff equations, we often use
the Newton-Rhapson method

yoH = Bl Dyl ) ewll,)

where ¢(y) = y—oshf(tnts,y) —v (so the solution we want to solve now has the
form ¢ (yp+s) = 0). Why does this work? Well, it doesn’t always do. However,
in some nice cases, this does converge pretty fast to the actual value. This can,
of course, be justified from a Taylor expansion (welp) of ¥ around y,[ﬂs which
gives

0= 9(ynrs) ® D(t) + DU(urls,) Wnts — vty

Rearranging this gives the recursion. We also need to choose an initial value

y,&ois that is suitably close to y,+s so that everything is nice. In particular, we

will want D¢ is invertible in a suitable region containing y,+s and ygis.
There is another problem: Evaluating and inverting the derivative of ¥ at each

step is hugely expensive. So sometimes we modify the iteration to the form
j+1 j 0] \\— j
yits! = wl = (Dot ) el

i.e. fixing the derivative term. This discussion also suggest that we might also
need to explore cheap methods to solve linear equations, so that is what we shall
do.

5 Numerical Linear Algebra

5.1 LU Factorisation and its Generalisations

Definition 5.1. Let A be be a real square matrix. We say the matrices L, U
form an LU (Upper-Lower) factorisation of A if L is unit lower triangular, i.e.
it is lower triangular and L;; = 1 for all ¢, U is upper triangular, and A = LU.

If an LU factorisation A = LU is given, then we can calculate many things
with very low computational cost. For example, det A = (det L)(det U) is just
the product of diagonal entries of U, which is obviously a much faster method
than evaluating det A by Laplace expansion. Consequently, to check if A is
singular, we only have to look for zero entries in the diagonal of U. In addition,
if we want to solve the linear system Ax = b <= LUz = b, we can factor it
through the linear systems Ly = b, Ux = y, both are very easy to calculate since
they are triangular. By the same philosophy we can calculate A~! = U~!L~!
very cheaply as well.

So, how do we calculate the LU factorisation? Let’s work backwards: Suppose

we already have L with columns Iy, ...,l, and U with rows u] ,...,u, , then
uy .
A=LU= (i - )| |=>
uT k=1
n
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where for each k, lu] is a rank one (or zero in the degenerate case) matrix
having zeros in its first £k — 1 rows and columns. This decomposition gives an
obvious way to work from A to lj, ug. uf is simply the first row of A and [y
the first column of A divided by A; ;. Having found ulT and [y, we can form
the matrix A; = A — l;u] which has zeros in the first row and first column. It
then follows that u; can be taken as the second row of A; and Iy is the second
column scaled so that Ly = 1.

In general, we set Ag = A, A = A1 — lku;cr, u,;r the k' row of Aj_1 and I
the k' column of A;_; scaled appropriately so that Ly = 1. At each step,
the dominant cost is to evaluate [,u, which has complexity (n —k+1)2, so the
total cost of the algorithm is O(n?).

The LU factorisation has a canonical relation to the Gaussian elimination.
Indeed, since elementary row operations are essentially the operation of left-
multiplying with a unit lower triangular matrix, what we are doing is essentially
finding an upper triangular U and a bunch of unit lower triangular Lq,..., L,
such that L,,L;,_1---L1A = U, which can be written as A = LU where
L =1Ly'-- L;! is unit lower triangular. Gaussian elimination also has com-
plexity O(n?), but we prefer LU factorisation in many situations in numerical
analysis. This is because Gaussian elimination only solves one linear system
at a time while, for LU factorisation, we can repeatedly take advantage of the
simplified subsequent steps once we have obtained L and U.

The algorithm, however, does not always work: It fails precisely when normal-
ising lj, is not possible, i.e. (Ax—1)kr = 0. The solution to this is to employ a
method called pivoting, which modifies the algorithm as follows:

In each step, we find some p > k such that (Ax_1), 1 # 0. Let Py be the permu-
tation matrix that swaps k and p, i.e. P, =1—Ey 1 — Ep,+ E, , + Ei, (where
as usual E, ; is the matrix with entry 1 at ¢, j and 0 anywhere else). Then we
can take u; to be the k** row of PyAg_1,

1
(PrAk—1)k.k

and Ak == PkAk,1 - lku;—.
What would happen when we unroll the algorithm? Indeed,

(Pai---POA =Tl + - +lul By = (Pt - Post)li

Note that the first k¥ — 1 columns of [, are still zero, therefore if we let L be the
matrix whose columns are {.}, then we obtain an LU factorisation PA = LU
of PA where P = P,,_1 --- Py is a permutation matrix.

This new algorithm can still fail, since there can be some k where all entries in
the k" column are zero. But in this case, we can just choose [, = e}, (where e
is, as usual, the column vector with 1 at the k' entry and 0 elsewhere), u; the
k" row of Ap_; and P, = I. Easy to see that it works as expected.

In conclusion, for any matrix A, there exists a permutation matrix such that
PA has an LU factorisation.

Note that we are free to choose p > k when doing pivoting in each step. A
common choice is such that |(Ag—1)p, k| is maximum, which ensures in particular
that the entries of [;, are bounded above by 1 in magnitude. This gives a certain
numerical stability to the algorithm.

These are for general matrices, but when the matrix is nice, we can make things
even nicer.

Iy = (k' column of PyAp_1)
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Definition 5.2. A matrix A is symmetric if Ay; = A; k.

In the case where A is symmetric, since we know from linear algebra that A
can be diagonalised nicely, we certainly won’t be satisfied with just LU factori-
sation. We want a factorisation of the form A = LDLT where L is unit lower
triangular and D is diagonal. U = DL reduces it to LU factorisation.

Again, if [y, ..., are the columns of L, then the factorisation takes the form

A= Dyrlily
k=1

A very similar algorithm works: Set Ag = A and simply take [; to be the
k" column of Ay_1 scaled appropriately, Dy x = (Ag—1)kx and Ay = Ax_1 —
Dy i lil) .

Example 5.1. Let’s work with

2 4
A:A0:<4 11)

Casting the algorithm gives I; = (1,2) ", D11 = 2 and

0 0
Ay = Ay — Dyl = (0 3)

So indeed I = (0,1) T, Dy 5 =3 and

=666

is the factorisation we want.

Definition 5.3. A symmetric matrix A is positive definite if " Az > 0 for all

x # 0.

Theorem 5.1. A real symmetric matriz A is positive definite if and only if it
has an LDL" factorisation such the diagonal elements of D are all positive.

Proof. The “if” part is trivial. Casting the algorithm as described earlier gives
the converse. O

If A= LDLT is positive definite, we can define D'/2 by (D/?);; = \/Dy;.
This allows us to write A = LLT where L = LD'/2. This is known as the
Cholesky factorisation.

Another class of matrices of interest consists of the sparse matrices, i.e. systems
with very large dimension yet most entries vanish. This is significant in the
sense that we often need to solve sparse linear systems in numerical methods
for ODEs and PDEs.

Naturally, we will want the LU factorisation of a sparse matrix to inherit as
much of the sparsity as possible.

Theorem 5.2. Suppose A = LU is an LU factorisation, then all leading zeros
in the rows of A to the left of the diagonal are inherited by L and all the leading
zeros in the columns of A above the diagonal are inherited by U.
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Proof. Say Uy # 0 for all k. If A;; =0, then L; ;U1 =0 = L;; =0. If
A;2 =0, then L; ;U2 + L 2Us 2 =0 = L; 2 = 0. Continuing this process
shows the theorem. O

Definition 5.4. A matrix A is a banded matrix if there exists an integer r < n
such that A; ; = 0 for |i — j| > r.

That is, all nonzero entries of A are contained in a band along the diagonal.
Then, if A = LU is an LU factorisation of a banded matrix, then both L,U
inherit the same banded structure. Knowing this, if we want to calculate the
LU factorisation of an r-banded matrix, the complexity of the algorithm would
be just O(r?n) instead of O(n?), which is very helpful when r is small compared
to n (i.e. when the matrix is sparse enough).

How about general sparse matrices? There are a lot of methods in this direc-
tion, like efficient factorisation (which minimises the fill-in of zero entries), some
iterative methods that will be covered in Part IT Numerical Analysis, fast fourier
transforms, preconditioned conjugate gradients, multigrid techniques, and much
more.

A hugely powerful method of ordering pivots to minimise fill-in of sparse matri-
ces uses graph theory and many other cool stuff, but those are out of the scope
of this course.

5.2 QR Factorisation

We work in R" with the usual scalar product (u,v) = u'v.
Definition 5.5. A set of vectors {¢;} form an orthonormal set if {(g;,¢;) = J;;.
A square matrix @ is orthogonal if its columns form an orthonormal set, i.e.

QTQ=1I

In particular, if @ is orthogonal then it has determinant +1, and is invertible
with inverse Q.

Definition 5.6. For an mxn matrix A, a QR factorisation of A is a factorisation
A = QR where @ is m x m and orthogonal and R is m x n and upper triangular.
When m > n, a reduced QR factorisation is a factorisation A = QR where @ is
m X n with orthonormal columns and R is n X n and upper triangular.

If a QR factorisation A = QR is available, then we can solve Az = b by
Qy = b, Rz = y, both extremely easy and computationally efficient.
How do we interpret a (reduced) QR factorisation? Suppose m > n, ay,...,a,
are columns of A and ¢, ...,q, columns of @, then

k
ap = Z Rjrq;
j=1

So the k" column of A is a linear combination of the first & columns of Q.
This hints that we can conversely obtain a reduced QR factorisation from an
orthogonalisation process of the columns of A, in the case where they are linearly
independent.

Assume m > n and that the columns of A are linearly independent, we shall
describe an algorithm to compute a reduced QR factorisation of A. We can do
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this just by looking at the formula a; = Z;Ll R;rq;: It immediately gives ¢; =
ai/||a1] and R11 = |ja1]. Next, we find that b = a2 — (g1, a2)q1 is orthogonal
to q1. b # 0 as we assumed the columns of A to be linearly independent. So we
can set go = b/[|b]| and Ry 2 = (q1,a2), Ra2 = ||b]|. More generally, we use the
classic Gram-Schmidt algorithm: Set ¢1 = ag/||ai1|| and Ry = ||a1||. Having
computed ¢1,...,q;-1, set R; ; = (¢;,a;) for i <j—1,b; =a; — Zz;ll R; jqi,
q; = b;/lbj|l and R; ; = [|b;].

The total cost of this algorithm is O(n?m). However, there is a problem: When
we compute everything at finite arithmetic, small imprecisions in the calculation
of inner product can have a great influence on the numerical accuracy.
Another approach to view the factorisation problem is to take it as orthogonal
triangularisation: Repeatly multiply the original matrix by orthogonal matrices
until we get an upper triangular product. This certainly will produce a QR
transformation given that this process does terminate. So our goal is to find a
nice set of orthogonal matrices that does the trick efficiently.

Definition 5.7. An mxm Givens rotation matrix Q = QP4 = Q[P4(9) (where
1<p<q<nbe (—mn) with QP8 = QlPd — co59, QP = sing, QP =
—sin# and QE)]’-q] = 6;; whenever {i,j} Z {p,q}.

So a Givens rotation Q4 is just the natural extension of a rotation in the
2-dimension subspace of R™ spanned by {e,, e,}.

Example 5.2. For m =4,

cosf sinf 0 O 1 0 0 0

o2l _ | — sinf cosf 0 0 Ql24) _ 0 cosf@ 0 sinf
0 0 1 0]’ 0 0 1 0

0 0 0 1 0 —sinf 0 cosé

Theorem 5.3. Let A be an m x n matriz, then for every 1 <p < q < m,i €
{p,q} and 1 < j < n, there exists 0 € (—m, 7| such that QP4 = QP-4 (0) has:
1. (Q[p,q]A)i’j =0.

2. The rows of QYA coincides with the corresponding rows of A except for the
pt or ¢t row.

3. The p" and ¢'" rows of QP UA are linear combinations of the p" and ¢*"

rows of A.

Proof. The second and third statements are obviously true for any 6. Suppose
i=q. If Ap; = Ag; = 0 then any 0 would do. Otherwise, take 6 such that

Ap.j ,sinf = Aqg.j
/A2 2 / A2 2
Ap,j + Ath Ap,j + Aq,j

which works. For ¢ = p, we do a similar thing

A

cosf =

A

cosf= ——99  ginfh=——o=PI
/12 2 /12 2
Ap,j + Aq-,j Apyj + Aqyj
That’s it. O
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This provides an algorithm to triangularise a matrix, which is known as the
Given algorithm. In the procedure, we will always take (4, j) = (g, p).

Example 5.3. Suppose A is 3 x 3, then QZ3QM3I0M21 4 is upper triangular
by certain suitable choices of 6.

The order in which we apply the Givens rotations is important since we
don’t want to destroy the existing zeros. One way of achieving this would be to
follow the lexicographic order of [p, ¢] due to part 3 of the theorem. This shall
yield a QR factorisation of the form A = QR where Q is a product of (QP4)T.
We don’t always have to multiply it out — knowing @ in the form of a product
of orthogonal matrix already helps a lot in most applications.

The total cost of the algorithm is O(n?m) which is the same as Gram-Schmidt,
but it can be applied to more general settings.
Another useful set of orthogonal matrices is Householder reflections.

Definition 5.8. Let u € R™\ {0}. The m x m matrix I —2uu' /||ul|? is called
a Householder reflection.

One can easily verify that this is indeed orthogonal. Also, if H is the House-
holder reflection wrt u, then Hu = —u; If v € (span{u})*, then Hv = v. In
addition, if a,b € R™ has ||a|| = ||b|| and v = a — b, then Ha = b. In particular,
if we choose b = ||alle1 (so u = a — ||a||e1), then we have Ha = ||a|le;. This will
be the basis of the algorithm.

The Householder algorithm multiplies A by a sequence of Householder reflec-
tions so that each product induces zeros under the diagonal in a column. At the
start, we week a reflection that transforms the first column a; of A to a mul-
tiple of e;. Since the Householder reflection is orthogonal, this multiple must
be +||ay|le;. Previous discussions gives us the idea of choosing u = a1 & ||a1]|e1
which indeed gives the desired result. For numerical stability, we usually choose
the sign to be the sign of Ay;.

More generally, after the columns 1 to k — 1 have been processed and have zeros
under the diagonal, we would want to find a Householder reflection that cleans
up the sub-diagonal elements of the k" column as well. This is given by a
block-diagonal matrix (J ) where I is the (k—1) x (k—1) identity matrix and
Hisa (m—k+1)x (m—Ek+1) Householder reflection (in the subspace generated
by the last m — k + 1 coordinates) associated with @ = ay + sign(Axg)||ax | e
In practice, we don’t always have to write out H explicitly at each step if we
only wanted R: Let Ay.p ; denote the vector of size m — k 4 1 obtained from
rows k,...,m of column j of A, then in each step what we do reduces to the
recursion Ay j = Agim.j — 2(4" Ao )i/ ||@)? for j > k.

Example 5.4. Suppose we have

2 4 7
0 3 -1
A=|(0 0 2
0 0 1
0 0 -2
where the first two columns have already been processed. Then
2 5
az= | 1 = u=|1
-2 -2
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So we get the final result

cocoocow
oo whn
|
o

To recover @, we start with Q2 = I and for each step we replace 2 by
(I —2uu" /||u)|?)2 where u = (). Then we can say @ = Q. If we only need
Qb = Qb for some b, then the iteration can be simplified by initialising ¢ = b
and, in each stage, replacing ¢ by (I — 2uu'/||u||?)c. The whole algorithm,
again, costs O(n?m).
So, is Givens or Householder better? For non-sparse matrices, it is obviously
more convenient to use Householder reflections. But if A has many leading
zeros in its rows, then Givens rotations can be more efficient. For example, if
an n X n matrix A consisting of zeros underneath the first subdiagonal, then
we only need n — 1 Givens rotations to get what we want, reducing the cost to

O(n?).

5.3 Linear Least Squares

Suppose we have an m X n matrix A and a vector b € R™. The equation
Ax = b for x € R™ has, in general, no solution for n < m. In real life, we
often see problems in this form where n << m, e.g. in an n-variable linear
model with m observations. Since there is no exact solution, our focus turns to
optimising certain related quantities. In this section, we want to investigate the
least squares problem: Minimise ||Az — b]|.

Theorem 5.4. x € R" is a solution to the least squares problem iff AT (Ax —
b) = 0.

Proof. The “only if” direction follows from calculus. For the “if” part, suppose
AT(Az —b) =0 and u € R™, then

|| Au — b||2 = ||Az — bH2 +2(u — $)TAT(AJZ —b)+ || A(u — z)||?
= [[Az — 0| + | A(u — ) || > || Az — b|?

As desired. O

How do we solve the equation AT (Ax — b) = 0?7 Of course, we can attempt
to solve the equation AT Az = ATb. However, there are a few problems from a
numerical analyst’s point of view: Apart from the obvious issues that arise from
a singular AT A, we can also lose sparsity of A from forming A" A which largely
reduces efficiency. Also, calculating AT A can lose a lot of accuracy especially
when the entries have too large or too small absolute values.
How to do it in a numerically efficient way? We make use of the QR factorisation.
Suppose A is m x n with m > n and let A = QR be a reduced QR factorisation
where () is m X n has orthogonal columns and R is n X n upper triangular. We
know that x is a solution to the least squares problem iff Az —b is orthogonal to
all columns of A, so we only have to solve Rz = QT b which can be done easily.
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