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This document serves as a set of revision materials for the Cambridge Math-
ematical Tripos Part IB course Markov Chains in Michaelmas 2020. However,
despite its primary focus, readers should note that it is NOT a verbatim recall
of the lectures, since the author might have made further amendments in the
content. Therefore, there should always be provisions for errors and typos while

this material is being used.
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A Markov chain consists of a state space and a set of probabilities of going from
a state to another. We can either draw the transition as a directed graph with

*Based on the lectures under the same name taught by Dr. R. Bauerschmidt in Michaelmas

2020.



probability labels, or we can write out the transition matrix, with the ¢, j entry
taken to be the probability of going from state ¢ to state j. For example, we
can take the state space as {1,2,3} with transition rules drawn as the following

graph:
1/2 1
1/2
ROz

It then has transition matrix

1
2/3 1/3
1/2 1/2

Obvious we want the sum of each row to be 1 as you have to transit somewhere
(including your current location) from where you were.

We can have a more involved example. Consider the state space {0,...,6} with
transition rules

2/3 1 1 1

1/3 1/5
&@’;ﬁ\&/l/g > 1
1

There are many questions we can ask about a Markov chain. For example,
what is the probability of hitting one node from another eventually? In the
example above, some are obvious: The probability of hitting 6 eventually from
0is 1/5+ (1/5)? +--- = 1/4, and the probability of hitting 3 eventually from 0
is actually 1.

We can ask other questions. For example, what is the average number of steps
to get from 1 to 37 This turns out to be 3. Also, what is the long-run proportion
of time to spend on 2 if one starts at 1?7 It is 3/8 as one can verify.
Throughout this course, we will attempt to come up with systematic ways to
compute these things for a given Markov chain.

Another thing to observe is that in this specific example, we can group the states
into three groups: {0}, {1,2,3} and {4,5,6}. One can see that we cannot leave
a group and go back with positive probability. We call these communicating
classes of a Markov chain.

1 Definitions and Basic Properties

We will make the following standing assumptions: First, the state space I is a
countable set which we will almost always label as {1,2,...}. Also, we will be



working in a probability space (2, %, P) where all relevant random variables are
defined.

Definition 1.1. A sequence of random variables (X, )n=0,1,... is a Markov chain
if, for all n > 0 and g, ...,ip41 € 1,

]P[Xn+1 = Z‘nJr1|‘XPO = ’L.(), ey Xn = Zn} = P[XnJrl = in+1‘Xn = zn]

given that these conditional probabilities are well-defined.
A Markov chain is homogeneous if for all 4,j € I,

P[X i1 = j|Xn = i] = P[X; = j| Xo = i]

We are only interested in homogeneous Markov chains, so afterwards when
we mention a Markov chain, we always mean a homogeneous one.
Then, a Markov chain is characterised by the initial distribution A = (\;);er
given by A\; = P[Xy = ¢] and the transition matrix P = (p;;)i jer with p;; =
PLXy = j|Xo = 4.
Note that A is a distribution as \; is always nonnegative and sums up to 1. P,
at the same time, is a stochastic matrix, i.e. p;; is a distribution for every ¢ € I.

Definition 1.2. (X,,) is a Markov chain with initial distribution A and transi-
tion matrix P, or (X,,) ~ Markov(\, P) if the above properties hold.

Theorem 1.1. (X,,) ~ Markov(A, P) iff for alln >0 and ig,...,in, € 1,
]P[XO =10,...,Xp = ZTL] = Aiopioil C Dig_qin
Pretty obvious but let’s write this out.
Proof. Suppose (X,,) ~ Markov (A, P), then
P[Xo =ig,..., Xn = in)
=P[X,, = in|Xo =10,..., Xn-1 = in_1|P[Xo = i0,..., Xn_1 = in_1
= ]P)[Xn = Z‘n|)(n71 = infl]P[XO =g, .- 7Xn71 = infl]
= Pip_1in P[ X0 = d0,. .., Xp1 = in_1]
= = gDy Pin_yin
Conversely, assume this is true, then set n = 0 gives P[Xy = ip] = A0, and that

]P)[XO :iOa"'vX’n :Zn]
P[Xo =0, .., Xn—1 = tn_1]

PIX, =in|Xo =1t0,..., Xn-1 =in_1] =
= Pin_1in
=P[X,, = in|Xn-1 = in-1]
which are exactly what we need. O
Let &; be the vector that has 1 at i*" entry and 0 in other places.

Theorem 1.2. Let (X,,) ~ Markov(A, P), then conditioning on X, = 1,
(Xmtn)n>0 ~ Markov(d;, P) and is independent of Xo, ..., Xm.



Proof. It suffices to show that

(i) P[Xm =lmy ey Xingn = im+n|Xm = Z] = 5iimpimim+1 C Pimtn—1imn

(ii) For every event A determined by X7, ..., X,, and every event B determined
by Xm, Xm+1, ..., we have

P[AN B| X, = i] = P[A| X = i|P[B| X0 = i]

In other words, “independence of past and future given present”.
The previous theorem implies both for the elementary events

A={Xo =40, Xom =im} B={Xm = ims s Xt = imin}
Indeed, after multiplying the both sides by P[X,, = ], (i) becomes
PXon = im, - Xindn = mtn) = i Dimimsr = Pimsnrimin Pl Xm = 1]
and (ii) becomes
P[A N B] = PIAJP[B|X,,, = i] = 6, P[A]P|B]

which are obviously true due to the theorem. Decomposing every events into
elementary ones then proves the theorem. O

We say an array (\;) as a distribution if ), A\; = 1, and a measure if \; > 0
for all . When we mention arrays like these, we always mean row vectors. E| We
write (P");; = Pi(j") as convention. When \; > 0, we write P;[A] = P[A| X, = {].
So (Xn)n>0 ~ Markov(d;, P) under P;.

Theorem 1.3. Let (X,,)n>0 ~ Markov(X, P). Then for all n,m > 0, we have
(¢) PXy = j] = (AP™);.

(b) B[X, = ] = b}

Proof. Obvious. O

Example 1.1. Consider the general two-state Markov chain with

11—« o
P =
( 5 1- 5)
As P+ = PP, we have i} = iy B4pi7 (1 - ). Also iy +p{} =1, 50
p(171L+1) = pg?)(l —a— )+ 8. As one can verify oneself, this gives
P = ﬁ%+jﬁﬂ*a*@%ﬁa+ﬁ>o
1,ifa+B8=0

And this basically told us the explicit formula of P™, so this basic case of Markov
chain can be solved easily.

The general method to compute the transition probability pl(?) for an N

state Markov chain is just as what we expect. First, compute the eigenvalues

IStaggering, I know.



A1, ..., Ay of P. If the eigenvalues are all distinct, then P is diagonalisable so
we easily get

pg)zan?+~-~+aNA%

for some constants (ay) depending on ,j. If an eigenvalue \; has multiplicity
k, we can simply replace a; by a degree k polynomial in n. This can be justified
by considering the Jordan Normal form of P. In general, the eigenvalues are
not real numbers, but the values of pgy) will are of course always real (and most

of the times can be represented by trigonometric functions).
Example 1.2. Consider the transition matrix

1
P= 1/2 1/2
1/2 1/2

We shall compute p{”. Now det(AI—P) = (A—1)(4A2+1)/4, so the eigenvalues
are 1,i/2,—i/2. Therefore pY{) = a+ b(i/2)" + c¢(—i/2)"™ for some constants

a, b, c. Observe that
:I:i "_1( wni,,wn)
5) = gu (08 Lising

Therefore we can get rid of ¢ and write

(n) n 1 [ﬁco ™ St 7TTL:|
=a+ — S — in —
Pi1 2n 2 T
for some constants «, 8,v. Plugging in initial values reveals that o = 1/5,8 =
4/5,v = —2/5, so

Piv =5t 5.

— COS — — — sl —

) 1 1 |4 ™ 2 . 1n
5 2 5 2

Now we can compute many data out of a Markov chain, but as good math-
ematicians we realise that there can be more properties in a Markov chain that
can be explored.

2 Class Structure

Definition 2.1. For i,j € I, we say i leads to j (or sometimes i — j) if
P;[3n, X,, = j] > 0 for some n.
We say ¢ communicates with j (or sometimes i <> j) if ¢ — 7 and j — 1.

This definition, as were most definitions in maths, is motivated by a theorem.

Theorem 2.1. Fori # j the followings are equivalent:
(a)i—j.
(b) Diyin - Di,_qi, >0 for some iy, ... iy withiy =i and i, = j.

(c) pz(?) >0 for some n.

Proof. Quite obvious. O



Proposition 2.2. The relation <> is an equivalence relation.

Proof. Reflexivity and symmetry are straight from definition. Transitivity fol-
lows from the preceding theorem. O

Definition 2.2. The equivalence classes of <> is called the communicating
classes of the Markov chain.
A Markov chain is irreducible if there is only one communicating class in it.

Definition 2.3. A subset C' C I of the state space is closed if i € C and i — j
implies j € C.
A state ¢ € I is absorbing if {i} is closed.

Example 2.1. Take the Markov chain with transition matrix

1/2 1/2
1
1/3 1/3 1/3
1/2 1/2
1
1

By observation, the communicating classes are {1,2,3},{4},{5,6} and only
{5,6} is closed.

3 Hitting and Absorption Probabilities

Definition 3.1. Let (X,,) be a Markov chain.

Then hitting time H* of aset A C I is the random variable Q — {0,1,...}U{oo}
given by H4(w) = inf{n > 0: X,,(w) € A} where inf @ = 400 by convention.
The hitting probability of A is

hit = P;[H? < oo] = P;[hit A

If A is a closed class, hf‘ is called the absorption probability.
The mean hitting time is the expected time to reach A.
kX = E;[H”] = E[time to hit A]

3

Example 3.1. Consider the Markov chain with transition matrix

1
1/2 1/2
1/2 1/2
1

Observe that {1}, {4} are absorbing classes. Starting from 2, we want to know
the probability of absorption in {4} and the average time before the chain is
absorbed in {1} and {4}.

Let h; = hi* and k; = kY

Obviously hl = 0 and h4 = 1. We have h2 = h1/2+ h3/2 = h3/2 and h3 =
ho/2 4 ha/2 = ha/2 + 1/2, solving which gives hy = 1/3.

For k’s, we have k1 = kg = 0 and ky = 1 + k1/2 + k3/2 = 1 + k3/2, ks =
14+ ko/24+ky/2 =1+ ko/2. Solve for ks gives ko = 2.



We want to systematise our computation. This inspires the following theo-
rem:

Theorem 3.1. The vector h™* of hitting probabilities is the minimal nonnegative
solution to the system

ht =1, forie A

hit = Zjelpijhj‘, otherwise
We need it to be minimal in the sense that if x = (x;);ca is another nonnegative
solution, then x; > hiA foralliel.

Proof. h” is obviously a solution to the system. Indeed, if Xo = i € A it is
obvious. Otherwise Xy =i ¢ A, then by the Markov property,

Pi[HA < 00| X1 = j] = Pj[H* < o0] = At
So
ht = P;[HA < ]

= P[H* < oo|X; = j]P;[X; = j]
Jjer

= Z h?pij

JeI
To see it is minimal, let = be any nonnegative solution to the system. If i € A
we clearly have x; = 1 > 1= h#. Fori ¢ A,

;= sz'jwj = Zpijmj + Zpijxj

Jjel JjEA jgA
= Zpij + Zpij (Z Pjk + Zij%)
jeA jgA keA kg A
=Pi[X; € AJ+Pi[X1 ¢ A Xo € AJ+ > pipintn

JEAkEA

n

= Z]P’[Xt ¢ Afort <s,Xgs€ A+ Z Dij1Pjrjs " Pin_1PjnLin

s=1 j17--'7j71¢A
=Bi[H* <n]+ > PipPijs PinPinTin
Jiseesdn @A
> P;[H* < n]

So z; > P;,[H# > n] for all n, therefore

zi > lim Pi[H* <n] =P;[H* < o0] = b

Therefore h* is minimal.

To finish off the proof, observe that the system must has a solution since h4
is one, and the solution obtained in this way must be h* since the minimality
condition guaranteed uniqueness. O



Example 3.2. Consider our previous example with transition matrix

1
1/2 1/2
1/2 1/2
1

Then the system in the above theorem is

hy = hy
hy =1
ha =h1/2 + h3/2
hs = ho/2 + hy/2

which is what we obtained eariler except that it does not determine h;. By
the minimality condition we can then choose h; = 0 and get the results we got
earlier.

Example 3.3 (Gambler’s Ruin). Consider the Markov chain with NU{0} many
states where for any ¢, p; ;41 = p and p;+1,; = ¢ = 1 —p for some fixed p € (0, 1)
and pgo = 1. We want to know the absorption probability h; = hl{o}. We can
use this to model a casino, where a gambler with initial fortune ¢ wants to know
the probability of him going broke. By the theorem, the system we need is

ho = 1
hi = phiy1+qhi—1,1 >0

Assuming p # ¢, then one can easily get the general solution to be h; = A +
B(q/p)* for constants A, B. For p < ¢ (which is the actual situation in most
casino), then 0 < h; < 1 gives B = 0 and A = 1 which means h; = 1 for all i.
If p > q, then hg = 1 gives B=1— A, so

() a0
p p
As h; > 0 for all 7, we have A > 0. The minimality condition then gives A = 0,

so h; = (q/p)*.

If p = ¢ = 1/2, then the general solution for the recursion is h; = A 4+ Bi for
constants A, B. We can put in the initial conditions as usual and obtain h; = 1
for all 3.

Example 3.4 (Birth and Death Chain). Again take the state space as the
nonnegative integers. For ¢ > 0, we set p; ;41 = p1 and ps;—1 = q1 =1 —p1
where p; € (0,1) for all i. Set pgp = 1 as usual. We again want to know

the absorbing probability h; = h;-{o} which can be interpreted as the extinction
probability. Now the theorem told us

ho=1
hi = pihiz1 + qihi—1,1 >0



Consider u; = h;_1 — h;, then for i > 0,
Ditlit1 — qU; = pihi — pihit1 — qihi—1 + qihi = (pi + ¢ — 1)hy =0
So we have

qiqi—1 - q1
PiPi—1 " P1

K2

qi (%’%’—1 g1

Uiyl = —U; = ) Uy = Y1, Vi =
i PiPi—1 - "D1

Hence we have
hi=1—(ho—h))=1-Alyo+-+7%-1),0=1LA4A=u
If >7,7v = oo, then h; € [0,1] gives A = 0, so h; = 1 for all i. Otherwise
v =>_,7 € Ry, so by minimality A = ~~1. Hence,
Z?ii Vi
Z;io i

In particular, for any i, we always have h; € (0,1), so the population survives
or dies both with positive probability.

h =

What about the mean hitting time?
Theorem 3.2. The vector of mean hitting times k* = (k{*)icr is the minimal
solution to
kr=0,ie A
k=143 gamijkiid A

The proof is analogous to the previous theorem about hitting probability, as
one might have suspected.

Proof. The same idea as in hitting time works to show that k4 is indeed a
solution. If Xy =i € A then obvously k¥ = 0. Otherwise Xq =i ¢ A, so by
the Markov property

Ei[HA X, =j] = 1+ E;j[HY] =1+ k'
Therefore

k=B [HA) = Y B [HAX, = GIPX) = 5] =Y (L4 kpy =1+ D ki'py
JET jer jeI

To show this solution is minimal, assume z is any other nonegative solution,



thenxi:020:k;4foranyi€A. Fori ¢ A,

v =1+ Zpijxj
JgA

=1+ Zpij (1 + ijkxk>
igA kg A

=P;[HA > 1]+ P;[HA > 2] + Z DijPjkTk
JeA kg A

n
=Y PH >+ > D Pie T
s=1 j17---1jn¢A

n (o)
>N P[HA >8] > Y Pi[H > ]
s=1 s=1

= Ei[HA) =

which shows the minimality. The proof can be finished off in the same way as
we did for the previous theorem. O

4 Strong Markov Property

Definition 4.1. A random variable T = Q — {0,1,...} U {oc} is a stopping
time if the event {T" = n} only depends on Xy,...,X,.

Example 4.1. (a) The first passage time T; = inf{n > 1: X,, = j} is a
stopping time.

(b) The hitting time H* of a subset A C I is a stopping time.

(c) (non-example) The last exit time of a subset A C I, defined by L4 =
sup{n > 0: X,, € A} is in general not a stopping time.

Theorem 4.1 (Strong Markov Property). Let (X,)n>0 be Markov(\,P) and
T be a stopping time for (X,,). Then, conditional on T < oo and Xp = i, the
sequence (X14n)n>0 s Markov(d;, P) and independent of Xo, ..., Xr.

Proof. Let B be an event determined by Xo,..., X, then BN {T = m} is
determined by Xj,..., X;m. So

P{Xr =Jo,- -, Xr=n = Jn} N BNA{T = m} N {Xr = i}]
=P[X1 =jo,..., Xr=n = jn|P[BN{T =m} N{Xr =i}
Summing over m gives
P{X7r =jos. s Xren = Jn} N BNA{T < o0} N{ X1 =i}]
=PX7 =jo,.- s X1=n = ju|P[BN{T < 0o} N{Xr = i}]
If P[T < 0o, X7 = 14| > 0, we then have

]P[{XT :j07--~7XT=n :jn}mB‘T < oo, Xp = Z}
= P[XT = jo, - 7XT:n = ]n]P[B|T < OO,XT = Z]
As desired. O

10



Example 4.2 (Gambler’s Ruin Continued). Back to our previous example
where for ¢ > 0, p; ;41 =p and p;;—1 = ¢=1—p and pgo = 1. We previously
found the hitting probability of {0}. We now want to find the distribution of
time to hit it starting from 1. Let H; = inf{n >0: X, = j} and

oo

o(s) = E[SHO] = E[sH°1H0<OO] = Z s"P[Hy = n]

where s € [0,1). We claim that Eg[s™°] = ¢(s)2. To show this, we shall use
the strong Markov property. Conditional on H; < co under Py, we can write
Hy = Hy + Hy where Hy is the time it takes after H; to reach state 0. Since H;
is a stopping time, by applying Theorem on H; we get Hy is independent
of Hy as it only depends on (X g, 4n)n>0, SO

Ey[s70] = Eo[s™ |H; < co]E[s™0|Hy < oo]P[H; < o0
= Eo[s™ 111, <oo]Eo[s"™° | H < o]
= ¢(s)?
Our second claim is that ps¢(s)® — ¢(s) 4+ ¢s = 0. Conditional on X; = 2, we
write Hy = 1+ Hy where Hy is the time takes after 1 step to reach 0. Then Hy
under P[-| Xy = 2] is the same distribution as Hy under Py. So
¢(s) = Eq[s™]

= pE1[s"°| X1 = 2] + ¢E, [s"7°[ X, = 0]

= pEa[s" 01 X0 = 2 + g5

= psEi[s01X, = 2] +¢s

= psEy[sT°] 4 ¢s

= psé(s)” +gqs
which shows the claim. This means that
1+ +/1—4pgs?

=0, 0
6(0) = 0.6(s) = VP s>
since ¢(s) < 1 for all s and ¢ is continuous, only the minus case is possible in

the quadratic formula, so we get, for s > 0,

1—+/1— 4pqs?
sP[Hy = 1]+ s*P[Hy = 2] + - -- = ¢(s) = qu =qs+pg®s® +---
In particular, P[Hy = 1] = ¢,P[Hy = 2] = 0,.... In addition, as s — 17, we
have ¢(s) — Py [Hy < 0], so
1-/1-4 1,ifp <
]P)l[H()<OO]:7pq: ,1]'9_(]
2p a/p,ifp>q
which is our previous result. Also, in the case p < ¢,
 p(s)’ +q 1 1
E.[H Ei[Holg,<oo] = 1 =1 = =
1[Ho] = E1[Holpy<oo] = _1)1{1_¢() s—lgl—l—stqb(s) -2 q—p

11



5 Recurrence and Transience
Definition 5.1. Let (X,,) be a Markov chain. A state ¢ € I is recurrent if
P;[X,, = ¢ infinitely often] = 1

It is transient if
P;[X,, = ¢ infinitely often] = 0

Recall the first passage time to j is T; = inf{n > 1 : X,, = j}. Let f; =
P;[T; < oo] be the return probability to .

Theorem 5.1. If f; =1, then i is recurrent and

oo
> o) =oo
n=0

Otherwise, i is transient and

ipﬁ?) < oo
n=0

Corollary 5.2. Any state is either recurrent or transient, but not both.
Proof. Immediate from the theorem. O
To prove the theorem, we need to do some ground work. Inductively, we
define the rt" passage time to j to be Tj(o) =0 and
+1) . .
Tj(r ) = inf{n > Tj(r) +1: X, =4}

In particular, Tj(l) = T}. The length of the rth excursion is defined by

i =

g _ Tz'(r) - Ti(r_l)’ if Ti(r_l) <000
0, otherwise

Lemma 5.3. Forr =2,3,..., conditional on Ti(rfl) < 00, the length of the rt"
excursion SZ-(T) is independent of { X, 1 m < Ti(rfl)} and

P[5 = n|T" Y < o0] = Py[T; = n)
Proof. Quite obvious, but let’s write it. Conditional on Ti(rfl) < o0, by Theo-

rem we have

(X n>0 "~ Markov(zsi, P)

T.(T71)+n)

and is independent of Xy, ..., X ,-1). Now we can rewrite
(r _ . —
Si7 = 1nf{n > 1: XTI_(T_U_HL = Z}

which makes it the first passage time to i of (XT(T71>+n)nZ(). O

12



Denote by V; the total number of visits to i, that is

ZlX =i :sz[Xn:Z]:Zpgzl)
n=0 n—0

Lemma 5.4. Forr=0,1,2,..., we have P;[V; > r] = fT.

V; = le_zzma
n=0

Proof. Note that {V; > r} = {Ti(T) < oo} if X =1. Also note that P;[V; > 0] =
1. If P;[V; > r] = fI for some 7, then by Lemma
Pi[V; > r+1] =P[T" Y < o0
= IP’Z-[TZ-(T) < oo7S-(T+1) < o0
=P [T" < oo]P[S" T < oo|T") < 0]
=ffi=f"
We conclude the proof by induction. O
Proof of Theorem[5.1] If f; = P;[T; < oo] = 1, then by Lemmal[5.4]

Pi[Vi=00] = lim B;[V; >7] = lim 1 =1
T— 00

r—00

So i is recurrent and 3", p\™ = E,V; = oc.
Otherwise P;[T; < oo] < 1, in which case

S =EVi= SR> ZfT - 1_f
n=0 1

r=0

In particular P;[V; = oo] = 0, hence 4 is transient. O

Theorem 5.5. Recurrence and transience are class properties. That is, in any
communicating class, either all states there is recurrent or all are transient.

Proof. Let i,j € C and assume that ¢ is transient. Since ¢,j communicate,

there is some n, m such that p( " O,p(m) > 0. Then, for all » > 0 we have

Ji
ng'mH) > pgl)pgg)pgzn) Assuming the transience of 7, then

) < o )
T n+m-nr
an = (n) m) 2 Pii <00

i Yji  r=0
So j is transient. This is sufficient to imply the theorem. O

Definition 5.2. A recurrent class is a communicating class which contains a
recurrent state.

By the preceding theorem, any state in a recurrent class is recurrent.

Theorem 5.6. Fvery recurrent class is closed.

13



Proof. Let C be a class that is not closed, then thereis i € C,j ¢ C and m > 1
such that P;[X,, = j] > 0. Since C is a communicating class and j ¢ C,

P;[{ X = j} N {X,, = ¢ infinitely often}] = 0 < P;[X,,, = j]

So
P;[X,, = i infinitely often] = ZPi[{Xm = j} N{X,, = infinitely often}|
jel
< PiXp =4 =
JeI
So ¢ is transient, therefore not recurrent, as desired. O

Theorem 5.7. FEvery finite closed class is recurrent.
Note that infinite closed classes can be transient.

Proof. Start with any finite closed class C' and suppose Xy € C. Then by
pigeonhole principle there is some 7 € C' such that

0 < P[X,, = i infinitely often]
= P[X,, = ¢ for some n|P;[X,, = i infinitely often]

by Theorem Hence P;[X,, = ¢ infinitely often] > 0, which means that ¢ is
not transient. So ¢ is recurrent, therefore C' is recurrent. O

Corollary 5.8. Finite classes are recurrent if and only if they are closed.
Proof. Combine Theorem [5.6] and Theorem O
Theorem 5.9. Suppose a Markov chain P is irreducible and recurrent. Then
P[T; < ool =1 foralljel.

Proof. Tt suffices to show that P;[T; < oo] = 1 for all i € I since that would
imply
P[T; < oo] = Y P[Xo = iJPi[T; < o0] = 1
iel
(m)

As P is irreducible, there is m such that p:;

i~ > 0. Since P is recurrent,

1 =P;[X,, = j infinitely often] < P;[X,, = j for some n > m + 1]
So it implies the right hand side is 1. Expanding it gives

1= ZIP’[Xn = j for some n > m + 1|X,,, = k|P;[X,, = k]

kel
= Z]Pk[Xn = j for some n > 1]p§.ZL)
kel
=Y BTy < oolply)
kel
Consequently Py[T; < oo] =1 for any k € I. This completes the proof. O
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6 Recurrence and Transience of Random Walks

Example 6.1 (Simple random walk on Z). Consider the Markov chain with
I = Z with p;i+1 = p,pii—1 = ¢ = 1 —p where p € (0,1). We shall try to
compute p(()f;[). If N is odd, then obviously p(()g) = 0 by a parity argument.
Otherwise N = 2n for some n € Z,

pOO - n p q - (n|)2p q
Stirling’s formula gives n! ~ v/2rne™"n" for large n which gives

(2n) _ VAmn (2n)?"

00 2mn  n2n

(pg)" = \%(429(1)”

where C' is a constant we do not really care about at the moment. In the
symmetric case p = ¢ = 1/2, we have p(()%n) ~ C/y/n > C/(2y/n) for n > ny for
some ng. Hence

so the random walk is recurrent. Otherwise p # ¢, in which case r = 4pq <
(2p +2¢)/2 = 1 by AM-GM, so pé%") < 7" for n > ng. Consequently > p(()z)
converges, therefore this random walk is transient. Hence symmetric random
walks on Z is recurrent while asymmetric ones are transient.

Example 6.2 (Simple symmetric random walk on Z?). Take I = Z? and

1/4,if i —jl =1
pi]:{/ i — i

0, otherwise

We will use a nice trick, which sadly doesn’t work in high dimensions in general.
Suppose Xy = 0 and write X;& as the orthogonal projections of X,, onto the
diagonal lines y = +z. Now X are independent symmetric random walks in
27127, Also X, = 0 iff X = 0. So by Stirling’s approximation.

2n 2
(2n) _ 2n 1 g
Poo = = n 2 n
for some constant C. But then by summing them up we know this random walk

is also recurrent.

Some naive kids will then conjecture that any symmetric random walks on
Z" is recurrent. Sadly, this is not the case.

Example 6.3 (Simple symmetric random walk on Z?). Consider I = Z3 and

_{1/6, if )i — 4] =1

Pij = 0, otherwise

15



Again pgg) = 0 for odd N. All walks from 0 to 0 must take the same number

of steps in directions +e;, so

(2n) o N
Poo ~ = Z <i7iaj7j’k7k) <6>

0,5, k>0,i+j+k=n

(2n> <1>2n Z ( n )2<1>2n
" 2 1,5,k>0,i+j+k=n i,J,k 3

Now if n = 3m, it can be easily seen that (2 ;Lk) is at most ( " ) Also, we

have o
1 n
> Y (2) =1
o i,J,k) \3
§,§,k>0,i+j+k=n

by the multinomial theorem. These facts then implies that if n = 3m,

2n 3m
(2n) < 2n 1 3m 1 -~ —3/2
Poo = = <n) (2 m,m,m/) \ 3 n

In addition, we know that p(()%n) > (1/6)2p(()20n72), so we can modify our C by a

factor to obtain pé%") < Cn~3/? for large enough n, which shows
P <0y < oo
n n

Hence this random walk is transcient.

7 Invariant Measures

Definition 7.1. A measure is a tuple (\;);e; with A; > 0 for all ¢ € I.
A measure A is invariant (or stationary/equilibrium) if AP = A.

Theorem 7.1. Let (X,)n>0 ~ Markov(\, P). Suppose X is invariant. Then
(Xntm)n>0 is also Markov(A, P).

Proof. Quite obvious, but let’s check. For any ¢ we have, by definition,
PX,, =i =OAP™"); =X\

So the initial distribution of (X,+m)n>0 is A. Also, conditional on X, 4,, = 1,
by the Markokv property of (X,,), Xn+m+1 is independent of X,,,..., X;im
and it has distribution (p;;);er. O

Theorem 7.2. Suppose I is finite. If there is some i € I such that pz(-?)

asn — oo for any j € I, then (m;) is an invariant distribution.

— T
Proof. 1t is obviously a distribution as

2= limpl = lim > v =1

jeI jeI JeI

16



since [ is finite. To see it is invariant,

m = lim piy) = T pli ™ = tm > pipy =Y pey lim pli!

noyoo" i n—oo’
kel kel
= prjme = (7P);
kel
again because [ is finite. O

Remark. The theorem fails in general for infinite I. Take for example the simple
symmetric random walk on Z?. We have pl(-?) — 0 as n — oo for any i,j € Z¢

but (0,0,0,...) is not a distribution (even though it is invariant).

_(l1-« @
P‘(ﬁ 1@

Example 7.1. Take

We already know that

<n>_{ﬂ/(a+ﬂ)+a(1—a—5)"/(a+5),ifa+,8>o
Piim = 1 .
, otherwise

Soif a+ 8 ¢ {0,1}, we have pgq) — B/(a + B), similarly

n 1 B«
P _>a+ﬁ<ﬁ O[),n—>oo

Hence (8/(a+ B),a/(a+ B)) is an invariant distribution.

Usually we cannot easily compute the entries of P™ and take the limit to
find an invariant distribution. However, there is an obvious other way to get
one.

Example 7.2. Consider

0 1 0
P=|0 1/2 1/2
/2 0 1/2

So if we want mP = 7, it gives the set of linear equations

T = m3/2
Mo = T +7T2/2
T3 :7T2/2—|—7T3/2

which we can solve to get 71 = 1/5,m = w3 = 2/5 which is indeed an invariant
distribution.

Definition 7.2. For each state k € I, let 75 be the expected time spent in the
state i between two visits to k, so

W=Er Y lx,—i=E
n=0

Tk
E 1x,=i
1

n=

17



Theorem 7.3. Let P be irreducible and recurrent, then:

(a) vk =1.
(b) v* = (vF)icr is an invariant measure.
(c) 0 <~F < oo forallicl.

Proof. (a) is obvious. For (b), since P is recurrent, we know Py[T} < oo] = 1,
so for j # k,

Tk- o0
k
v; = Eg E Ix,=; = Eg E Lx,=jn<m,
n=1

n=1

oo
= Pi[Xp =j,n < T

n=1
=Y Bu[X1 =i, Xy = j,n < Ty
i€l n=1
=3 PulXno1 =in < TP[X, = | X1 =]
1€l n=1
(o)
= pij Y Pe[Xp 1 =i,n < Ty
i€l n=1
(o)
=> pij Y Erllx, ,=in<n]
el n=1
Tp—1
= piBe Y Ix,=i
icl n=0
= Zpij%k = (W’kp)j
i€l

For (c), as P is irreducible, there is n,m > 0 such that pl(-Z) > O,p,(gb) > 0. So

by (b) and (a),

1
vz kel = o > 01 =f 2ty = <15 <o
ik
As desired. O
This theorem has a partial inverse.

Theorem 7.4. Let P be irreducible and \ be an invariant measure with A\, = 1
for some k. Then \; > ~F for every i.
If in addition P is recurrent, then A = ~v*.

18



Proof. Since A is invariant, for j # k,

A=Y Xiupij
€I
= > NiuPinj +Pj
irk

= Z Z /\i2pi2i1 T Pkiy | Pirj + Phj
i17#k \i2#k

= Y NPinin Py
7;17---71'7175]‘3

+ | Prj + Z PriyPiyg + Z Pkin_1 """ Piziy Dixj
117k i1, in_17k
2 Prj + Z DhkiyPiyj + -+ Z Dkin_1 """ PiziyPirj
117k i15eenyin—17#k
=Pp[X1 =5, T > 1+ Pp[Xo =5, T > 2] + - + Py[X,, = 5, Tk > ]
_min{n,Tk}

=E Z 1x,,—j

m=1

_min{n,Tk -1}

=E, > dx,-

m=0

—F,n — 00

which proves the first part of the theorem. Now define y = A — v* which is
obviously also an invariant measure. As P is irreducible, for any 4, there is

some n such that pz(,:l) > 0, therefore

0=p = s > piply) = ni=0
G=I

Hence p = 0 which shows the second part. O

Example 7.3. 1. The simple symmetric random walk on Z is clearly irreducible
and recurrent. The measure m; = 1 for all ¢ € Z is invariant. By the theorem,
every invariant measure are of the form m; = a for all i € Z for some fixed a.
Consequently, there is no invariant distribution on this Markov chain.

2. (non-example) The simple symmetric random walk on Z3 has an invariant
measure, but is not recurrent.

Note that a recurrent ¢ € I does not necessarily have finite expected return
time m; = ]Ei [Tz]

Definition 7.3. A recurrent state ¢ € I is positive recurrent if m; < oo, and is
null recurrent otherwise.
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Theorem 7.5. Let P be irreducible, then the following are equivalent:
(a) Every state is positive recurrent.

(b) Some state is positive recurrent.

(¢) P admits an invariant distribution .

Moreover, when (c) holds, then m; = 1/7;.

Proof. (a) clearly implies (b). Assuming (b) and choose positive recurrent i € I.
We know that +* is an invariant measure and

Z'yji-:mi<oo

jel
Therefore m; = ’yji» /m; defines an invariant distribution.

Assuming (c), then VE € I, mp = >, ; m—pEZ) > 0 for some n as P is irreducible.
Fix any k and set \; = m;/m, then X is an invariant measure with A\, = 1,
therefore A > v* by Theorem So

_ k mo_ 1
D BED BEEE
1€l el

which means k is positive recurrent. Also, this means that if (c¢) holds, then P
has to be recurrent and the inequality has to be equality, that is my = 1/m,. O

Example 7.4. There exists Markov chains with more than one linearly in-
dependent invariant measures. Consider the general random walk on Z with
Dii+1 = DsDii—1 = ¢ = 1 — p where p ¢ {0,1/2,1}. Then the constant and
7i = (p/q)" are both invariant measures but they are linearly independent.

8 Convergence to Equilibrium

Theorem tells us that we might be able to obtain an invariant measure of a
(n)

Markov chain by looking at the limit p;;” as n — oo. Of course, this does not

always work.

Example 8.1 (Non-example). Take

()

then P™ does not converge as n — oo but it has an invariant distribution
(1/2,1/2). This is an example of what is called a periodic Markov chain.

But we want to find cases where it does work. The previous example moti-
vates the following definition.

Definition 8.1. A state i € I is aperiodic if p!™

i > 0 for sufficiently large n. P
is aperiodic if all ¢ € I are aperiodic.

Lemma 8.1. Let P be irreducible and some i € I is aperiodic, then for all

kel pgz) > 0 for sufficiently large n.

In particular, in an irreducible Markov chain, one state being aperiodic im-
plies all states being aperiodic.
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Proof. Choose r, s such that p(f)

;i > 0 and pl(-z) > 0. Then

P 2 pn ) > 0
for sufficiently large n. O

Turns out the condition of aperiodicity is already sufficient for us to get rid
of all such degeneracy as exhibited in the previous example.

Theorem 8.2. Let P be irreducible and aperiodic and suppose 7 is an invariant
distribution for P. Let A be any distribution and suppose (X,,) ~ Markov(\, P),
then for all j € I we have P[X,, = j] — m; as n — .

In particular, pgb) — mj as n — oo for any ¢,7 € I. The proof uses a very

interesting trick called coupling. Behold.

Proof. Let (Y;,) ~ Markov(w, P) and independent of (X,,). Fix a reference state
belandsetT =inf{n >1:X, =Y, =0b}. We claim that P[T < oco] = 1.

Now W,, = (X,,Y,) is a Markov chain (denoted by P) on the state space I x I
with transition probabilities

D(ik)(4,1) = DijPkl
and initial distribution ;\(i,k) = \;m,. As P is irreducible and aperiodic, the
preceding lemma implies that ﬁg?}c)(j’ n > 0 for sufficiently large n. In particular,
P is irreducible. Also, it has invariant distribution 7(; )y = m;7%, which implies
that P is positive recurrent. In addition 7" is the first passage time of (W,,) to
(b,b). P[T < oo] = 1 since P is irreducible and recurrent. So by Theorem [4.1

PX, =i =PX, =i,n<T|+PX, =in>T]
(Xn =i,n <T]+PY, =in>T]

P
PX,=i,n<T|+m —PY, =in<T]

Therefore by rearranging,

PX, =i —m| = |PX, =i,n<T]—P[Y, =i,n < T
<Pn<T]—=0

as n — oo since P[T < oo] = 1. O

What would go wrong if the Markov chain is not aperiodic?

0 1
r=( )
We know that 7 = (1/2,1/2) is an invariant distribution. If X ~ Markov(dp, P)
and Y ~ Markov(m, P), then X,,,Y,, will never meet.

Example 8.2. Take as usual

We want to get a grip of what happens when X, is periodic (i.e. not aperi-
odic). We will not include proofs as they are not in the scope of this course, but
we will state some results and the ones who are interested can find out further
in J. R. Norris’s book.
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Lemma 8.3. Let P be irreducible. There exists an integer d > 1 and a partition
I=CyU---UCy_1 such that:

1. pz(;L) >0 only ifi € C, and j € Cry, for some r where the indices of Cy, are

taken modulo d.
2. For any r and i,j € C, we have pg;ld) > 0 for sufficiently large n.

Such a d is called the period of a periodic markov chain. The d = 1 case
corresponds to the aperiodic case.

Theorem 8.4. Let P be irreducible of period d with Cy,...,Cq—1 as in the
preceding lemma. Let A be a distribution with Y ;. Ai = 1. Suppose (Xp) ~
Markov (A, P), then forr =0,...,d—1 and j € C,,

) d
PXnatr =41 = —
mj
as n — oo where my is the expected return time to j.

This is a pretty intuitive generalisation of Theorem by setting d = 1.

9 Time Reversal

What if we reverse the time parameter in a Markov chain? Usually it will
result in an absolute mess, however, if we restrict the initial distribution to be
invariant, then we should be able to obtain something nontrivial (since at least
we know the distribution at each step).

Theorem 9.1. Let P be irreducible with an invariant distribution w. Sup-
pose (Xy)o<n<n s Markov(m, P) and set Y, = Xn_p, then (Y,)o<n<n ~
Markov(w,ﬁ) where P = (Dij) satisfying mip;ji = mipi;. In addition, P s irre-
ducible and has invariant distribution .

Proof. P is well-defined and is a stochastic matrix since m; # 0 for any j (as P
is irreducible). Indeed,

1 T
L _ T
E Pji = — E Tipij = =1
il Jier J

Also,

Zﬂjﬁij = Zm‘pij =T

JeI jeI
so 7 is indeed an invariant distribution for (V,,). Now
PYo =io,..., YN = in] =P[Xo =in,..., Xy =]
= TriniN’iN,1 o 'pilio

= Tiny_1Pin_1inPin_1in_2 """ Pirig

= TigDPigi1 """ Pin_1in
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which shows (Y,,) ~ Markov(r, P) due to Theorem [1.1
To see P is irreducible, for any i, j € I there is a sequence ig = @,41,...,inp = j
such that p; i, - - pi,_,4, > 0 by the irreducibility of P. So

. A _ Ty 0
Digiy " Pip_vin — = Pigir " Pip_rin >
Tin

which shows the irreducibility of P. O

Definition 9.1. A stochastic matrix P and a measure A\ are said to be in
detailed balance if V7,5 € I, \;p;; = Ajpji.

Lemma 9.2. If P, X\ are in detailed balance, then \ is invariant for P.
Proof. Just write it out: >, ; Aipij = D ;c; AjPji = Aj. O

Definition 9.2. Let P be irreducible and (X,,) ~ Markov (A, P). Then (X,,) is
reversible if the sequence (Xn_n)o<n<n is also Markov(A, P) for all N.

Theorem 9.3. Let P be irreducible and X\ be a distribution. Suppose (X,) ~
Markov (A, P), then the followings are equivalent:

(a) (X,) is reversible.

(b) P, X are in detailed balance.

Proof. Both (a) and (b) imply that A is invariant, so we might as well assume
that. By the preceding theorem, both conditions are equivalent to P = P. [

Example 9.1. Consider the Markov chain on {0,..., M} such that po1 =
P,P0,0 = ¢, Pm,m =P, pmyv—1 = qandfori € {1,...,M~1},p; iv1 =p,pii-1 =
q for some fixed p € (0,1),¢ = 1 —p. Then \jpii+1 = Aiy1piy1, it Ny =
C(p/q)" for some constant C. Choosing C' that normalises \; gives an invariant
distribution that is in detailed balance with P, so the chain started there is
reversible.

Example 9.2 (Random Walk on Graphs). For a finite connected graph, there
is a natural structure of Markov chain on it with transition probabilities (noting
a vertex is not neighbouring itself)

1/ degi, if 4, j are neighbours
pij = .
0, otherwise

This is known as a random walk on this graph. Easily P is irreducible by
connectedness and P is in detailed balance with (v;) = (degi) as vip;; = 1 =
Ujpji-

Example 9.3 (Non-example). Consider

0 2/3 1/3
Pr=[1/3 0 2/3
2/3 1/3 0

Then the distribution = = (1/3,1/3,1/3) is invariant but not reversible.
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10 The Ergodic Theorem

We want to study the long-term average behaviour of a Markov chain. Recall
the strong law of large numbers:

Theorem 10.1 (Strong Law of Large Numbers). Let (Y;)i=0,1,... be a sequence

)

of i.i.d. non-negative random variables, with EY; = p € [0, 00], then

Yi+---+Y,
Pg—ﬂuasn%oo =1
n

Proof. Omitted. O

The ergodic theorem is a sorta similar thing, but with some twists. Write
Vi(n) = Z;& 1x,=; as the number of visits to i before n‘" step, then

Theorem 10.2 (Ergodic Theorem). Let P be irreducible and \ be any distri-
bution. Take a Markov chain (X,,) ~ Markov(\, P), then

, 1
P[W(n)—)asn%oo}zl
n m;

Remark. 1. This does not follow directly from the law of large numbers as 1x, —;
are not i.i.d. random variables.
2. In particular, if P is positive recurrent, then we know that m; = 1/m;, so it

translated to v
P{i(n)%m asn%oo} =1
n

which is pretty intuitive.
Proof. If P is transient, then P[V; < oo] = 1 where V; = Y 7o 1x,=; is the
total number visits to i. Therefore m; = oo for any ¢, which means

[P{Vi(n)<vi—>0:1}:1

n n m;

as desired. If P is recurrent and A = §;, we shall show that

P[V;(ln) — my; asn—)oo] =1
Let SZ»(T) be the rt" excursion length between visits to i. We know Si(l), SZ@), -
are i.i.d. from Theorem Also ESi(T) = m,;, so by strong law of large numbers,

p (S84 s"
! n

— m; as n — oo)

To see this implies what we want, note that SZ-(I) + .- Sl-(vi(n)) > n and SZ-(I) +
--~S§Vi(n)71) < n — 1, so by dividing both sides of both inequalities by V;(n)
and using P[V;(n) — oo] = 1, we get the desired result.

For the general case for a recurrent P, note that we have P[T; < oo] = 1. There-
fore consider (X7, 4n)n>0 ~ Markov(d;, P) by Theorem 4.1} It is indepenedent
of Xo,..., X1, by the same theorem. The result then follows since the limit of
Vi(n)/n as n — oo is not affected if (X,,)n>0 is replaced by (Xr,4n)n>o0- O

24



Corollary 10.3. In the case where P is positive recurrent, for any bounded
function f: 1 — R,

n—1
P[;Zf(Xk)%fasn%oo] zl,f:Zm-f(i)
k=0

i€l

This gives us ways to estimate the theorectical average of f in the Markov
chain by observing how it runs.

Proof. WLOG |f| < 1. Then for any J C I we have

D MEOR f‘ - 1% () 100
k=0 icl
Vi(n Vi(n
<3 77(1 ) _r, +Z<7(1 ) +m)
icJ i¢J
ieJ i¢J

For any € > 0 choose J C I finite such that 3, ; m; < e (for example just take
J =1I) and a random variable N = N(w) large enough such that

P Z M—m <ef0rn2N] =1
ieJ
Therefore .
1 «— _
]P) —_ — =
[an(Xk) f<4eforn2N] 1
k=0
which shows the theorem. O

11 Another Application and Outlook

How can one obtain information about a Markov chain from the obseryations of
it? Suppose (X;)i=o,... »n is given as observations. For any candidate P = (p;;),
we define

1(P) = log(Pxox,Dx, X, -+ PXo_rX,) = D Nij(n)log(pi;)

i,J€1
where N;;(n) = ZZ;IO 1x,.=i,Xms1=j- The maximum likelihood estimator P=
P(n) is the maximiser of .

Lemma 11.1. We have p;;(n) = N;j(n)/Vi(n) where like in the last section
Vi(n) = 320 Lxe=i-

Proof. Use your favourite optimisation method, like Lagrange multipliers. [

Theorem 11.2. If P is positive recurrent, then

P[pi;(n) — pij as n — oo] =1
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Proof. Consider N;; = szl Y,,, where Y, is the indicator of the m*" transition
being from i to j and V; = V;(c0). By the Markov property, Y; are i.i.d. with
mean p;; and independent from V;. As P is positive recurrent, P[V;(n) —
00,n — o0] = 1, so the strong law of large numbers gives

Vi(n)
. 1
P | pij(n) = Vi) Z Y; > pijasn—oo| =1
¢ i=1
as desired. 0

The course is basically finished here. We might as well take a outlook on
the subject.
For an aperiodic and irreducible finite-state Markov chain, we have seen that
P[X,, = i] — m; asn — oo. Thus, conversely, to sample from a given distribution
7 (on say N states), one may try to find a Markov chain with 7 as its invariant
distribution and then run it for a long time. This is known as a Markov Chain
Monte Carlo (MCMC) studies in the 50s by Metropolis & Ulam. There are
different ways to find such a Markov chain. The most famous one is Metropolis’
algorithm originated from an article by Metropolis, Rosenbluth, Rosenbluth,
Teller & Teller (1953). We will not explain it here — you can look it up elsewhere.
There is another question of theoretical and practical relevance, which is the rate
of this convergence. For example, we might want to know more about

min{n : Z [P[X, =i —m1| < €}

This depends very much on the particular structure of the Markov chain and is
expected to be highly nontrivial. In fact, this is a subject of current research
interest.

There are other perspectives of Markov chains we can study, for example we
can look at random walks on groups, or consider continuous time and mixing
time of Markov chains.
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