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1 Vector Spaces and Subspaces

Let F' be an arbitrary field.

Definition 1.1. An F-vector space (or a vector space over F') is an abelian
group (V,+) equipped with a function F x V' — V,(A,v) — Av such that for
any v,v1,v2 € V, A\, u € F:

1. A(v1 + v2) = Avg + Avs.

2. ()\1 + )\2)1} = \v+ Aqu.

3. A(pv) = (Apw).

4. lv = .

This function is often called scalar multiplication of the vector space.

Example 1.1. 1. Take n € N. Then the set of n-tuples in F', denoted F™, is a
vector space under the operations

(@1, yzn)+ W1,y Un) = (@1 + Y1, o, T+ Yn)
Az, .o xn) = (A1, ..., Axy)

2. For any set X, write RX = {f : X — R}. It is a vector space over R via

(f1 + f2)(@) = fr(@) + fa(z), (M) () = Af(2)

3. The set My, . (F') consisting of F-valued n x m matrices is a vector space by
interpreting it as F™*™.,

Remark. The axioms of scalar multiplication imply that Ov = 0 for any v € V,
as one can check.

Definition 1.2 (Subspace). Let V be a vector space over F. A subset U C V
is a subspace of V (or U < V as vector spaces) iff U < V as subgroups and
Ve FueU Ml eU.

So basically, a subgroup U is a subspace if we can properly restrict the
original scalar product to make it a vector space over F' as well. One can also
check oneself that a subspace of a subspace is also a subspace of the original
space.



Example 1.2. Take V = RE. C(R) < V (the set of continuous functions
R — R) is a subspace of V, and the set of polynomials is a subspace of C'(R).
Take V = R3, then a line is a subspace iff it passes through the origin. A plane
is a subspace iff it passes through the origin as well.

Proposition 1.1. Let V be an F-vector space and U,W <V as vector spaces,
then UNW <V as vector spaces.

Proof. Just check. O

However, the union of two subspaces is generally not a subspace unless one
is contained in the other already.

Example 1.3. Take V = R? and U, W two axes, then (1,0) + (0,1) = (1,1) is
already not in the union.

Definition 1.3. Let V be an F-vector space. Let U, W < V. The sum of U
and Wistheset U+ W ={u+w:u e Uwe W}

Example 1.4. Take V = R? and U, W two axes again, then U + W = V.
Proposition 1.2. The sum of two subspaces is a subspace.
Proof. Obvious. O

Just to mention, one can easily check that U + W is the smallest subspace
of V containing U and W.

Definition 1.4. Let V be an F-vector space and U < V. The quotient space
V/U is the quotient group equipped with the scalar multiplication A(v + U) =
Av+U.

Proposition 1.3. This scalar multiplication is well-defined and makes V/U a
vector space.

Proof. Just check. O

2 Spans, Linear Independence and Steinitz Ex-
change Lemma

In this section, we shall characterise the properties of the dimension and basis
of a vector space.

Definition 2.1 (Span of a Family of Vectors). Let V' be a vector space over F'
and S C V. We define the span of S to be

i=1

(S) = span(S) = {Z)\ZS,L nmeN, N €Fs; € S}

That is, (S) consists of all possible (finite) linear combination of elements of
S. By convention, we say (&) = {0}. Note also that the span of S is essentially
the minimal subspace of V' containing S.



Example 2.1. 1. Take V = R? and

1 0 3
S = o1,(1],[-2
0 2 —4
then
a
(S) = b|:a,beR
2b

2. Take V = R™ and let e; be the vector in V that only has 1 at the i*" entry
and zero elsewhere, then ({e;} ;) =V.

3. Let V.=R¥ and S, : X — R be such that S,(y) = 1,—,. Then ({S;}secr)
are the set of functions f € RX that has finite support.

Definition 2.2. Let V be a vector space over F and S C V. We say S spans
Vif(Sy="V.

Example 2.2. Take V = R?, then any set of two non-parallel vectors would
span V.

Definition 2.3. A vector space V over a field F' is finite dimensional if there
is a finite S C V that spans V.

Example 2.3. The space V' = P[z] be the set of polynomials in R and V;, =
P,[z] be the set of real polynomials with degree at most n. Then V,, =
({1,z,...,2"}) is finite dimensional, but V is not finite dimensional as any
finite set of polynomials must be contained in V;, where n is the maximal degree
of polynomials in that set.

As N is well-ordered, there must be a minimum number of vectors that can
possibly span V. We then focus on how to capture this minimality.

Definition 2.4 ((Linear) Independence). Let V be a vector space over F. We
say {v1,...,v,} C V are (linearly) independent (or is a free family) if for any
)\1,...,)\n eF

> Avi=0 = Vi, A =0

i=1
On the other hand, this set is not linearly independent if there exists Ay, ..., A\, €
F not all zero such that Y ;" \jv; = 0.

Example 2.4. Let V = R3 and
v =(1,0,0)", 05 = (0,1,0) ", 03 = (1,1,0) ", vs = (0,1,1)

Then {vy,vs} is linearly independent. Note that vz € ({v1,v2}), so {v1,va,v3}
is not linearly independent. On the other hand, v4 ¢ ({v1,v2}), which as one
can verify means that {vy,ve,v4} is linearly independent.

Remark. If the family {v; }1<i<yp is linearly independent, then none of v, is zero.

Definition 2.5 (Basis). A subset S C V is a basis if it is linearly independent
and (S) =V.



Remark. When S spans V', we say that S is a generating family of V. So a basis
is just a linearly independent generating family.

Example 2.5. 1. Take V = R", then the family {e;}1<i<n where ¢; is the
vector having 1 at i*" entry and zero otherwise is a basis.

2. Take V = C over C, then {a} is a basis for any a # 0.

3. Take also V = C but over R, then {1,} is a basis.

4. Take V = P[z] be the set of polynomials in R and S = {z" : n > 0}. Then
S is a basis. Worth noting that |S| = oo in this case.

Lemma 2.1. IfV is a vector space over F, then {vy,...,v,} is a basis of V if
and only if for any vector v € V, there is a unique decomposition

n
v = E )\ivi
i=1

Remark. If the conditions are true, then the tuple (A1,...,A,) (ordered via the
ordering one chose on v;) is called the coordinate of v in the basis (v;).

Proof. Trivial. O

Lemma 2.2. If S is a finite set that spans V', then a subset of S is a basis of
V.

Proof. If S is independent, then we are done. Otherwise, there is some A # 0
and A\, such that there is v € S with
1
o+ E:,szozévzx > dww e (S\{v})

wes\{v} wes\{v}

Therefore S\ {v} also spans V. We can repeat this process and, by the well-
ordering of N, will reach a basis. O

Theorem 2.3 (Steinitz Exchange Lemma). Let V' be a finite dimensional vector

space over F, {vi,...,vm} C V linearly independent, {wi,...,w,} C V a
generating set, then:

1. m<n.

2. Up to relabeling, {v1,...,Um, Wmt1,.-.,Ws} spans V.

Proof. Suppose {v1,...,v,Wi41,...,w,} spans V for some ! < m, then

3ai, Bi € Fyoigs = > aqvi+ Y Byw

i<l i>l

But {v;} is linearly independent, so one of the f3; is nonzero. By relabelling

Biv1 # 0, then wiy1 € ({v1,..., 0,041, W2 ..., wy}), therefore the set of
vectors {vy, ..., U, V41, Witz - - ., Wy } also spans V. The theorem is then obvious
by induction. O

Corollary 2.4. Let V be a finite dimensional vector space, then any two bases
of V have the same cardinality.

Proof. Immediate. O



This corollary allows us to give a proper definition of the dimension of a
vector space. Before we step right into that, another corollary of Theorem [2.3
can help us to capture important properties of a finite dimensional vector space
that will come in handy in further discussions of basis.

Corollary 2.5. Let V' be a vector space with dim'V = n, then:

1. Any independent set of vectors has size at most n. The size is exactly n iff
this set is a basis.

2. Any spanning set has size at least n. The size is exactly n iff this set is a
basis.

Proof. Obvious. O

3 Basis, Dimension and Direct Sum
Definition 3.1. This cardinality is called the dimension dim V of V.

This is well-defined due to Corollary

Proposition 3.1. Let U, W be subspaces of V. If they are finite dimensional,
then so s U + W and

dim(U +W) =dimU + dimV — dim(U N W)

Proof. Pick abasis vy,...,v; of UNW. Extend it to a basis v1, ..., v, u1,..., Uy
of U and a basis v1,...,v,w1,...,w, of W, then {v;} U {u;} U{w;} is easily a
basis of U + W. The equality follows. O

Proposition 3.2. If V is a finite dimensional vector space and U <V, then
U,V/U are both finite dimensional and dimV = dim U+dim V/U. Furthermore,

dimV = dim U + dim V/U

Proof. 1t is obvious that U is finite dimensional. Choose a basis u1,...,u; and
extend it to a basis u1,...,u;, wiy1, ..., w, of V, then w41 +U, ..., w,+U can
be verified to be a basis of V/U. The statement is immediate. O

Remark. If U is a proper subspace of V, written U < V (meaning that U <V
and U # V), then the proposition gives us dim V/U # 0, so dimU < dim V.

Definition 3.2. Let V be a vector space and U, W < V. We say V is the
direct sum of U, W, written V = U & W, if every element v € V can be written
uniquely as v = u +w for u € U,w € W.

If this happens, then we say W is a direct complement of U in V.

Note that direct complement is not unique in general.

Example 3.1. Take U = Rx {0}, then both W = {0} xR and W’ = ({(1,1) "}
are direct complements of U.

Lemma 3.3. Let U W <V, then the followings are equivalent:

1. V=UsW.

2,V=U+W and UNW = {0}.

3. For any basis By of U and By of W, the union B = By U Bs is a basis of V.



Proof. Trivial. O
Definition 3.3. Let Vi,...,V; <V, then we define

l
Z%:{vl-l--'--l-vlIUjEVj,lﬁjgl}

The sum is direct, i.e.

iff vg + -+ v =]+ +v] implies v; = v} for any 1 < j <1 and v; € Vj.
Equivalently,

1 1
V:@Vi <~ VUGV,EI!(vl,...,vl)Evl><~-~><Vl,v:Zvi

i=1 i=1

Proposition 3.4. The followings are equivalent:
1.

2. For any 1,
vin [ D> Vi | ={0}
J#i
3. For any bases B; of V;, the union | J; B; is a basis of ), V;.
Proof. Trivial. O

4 Linear Maps, Isomorphisms and the Rank-
Nullity Theorem

Definition 4.1 (Linear Map). Let V,W are vector spaces over F, a function
a:V — W is linear if for any A\, Ao € F and vy,v9 € V,

oz()\lvl + )\21)2) = /\10[(1)1) + )\20&(1}2)

Example 4.1. 1. Let M be an m x n matrix, then o : R” — R™ via z — Mz
is a linear map.
2. The functional a : C([0,1]) — C1([0,1]) via

0= [ s
is a linear map.

3. Fix z € [a,b], then the evaluation map « : C([a,b]) — R via f — f(z) is a
linear map.

Remark. The identity map is a linear map. Composition of linear maps is also
a linear map.



Lemma 4.1. Let VW be vector spaces over F' and B a basis for V. Let
ag : B = W be a function, then there is a unique linear map o : V. — W that
extends ap.

Proof. For any (b;) € B, necessarily o (>, \ib;) = >, Aag(b;). This is sufficient.
O

Remark. This lemma is true for infinite dimensional vector spaces as well. Often,
to define linear map, we often just define its values on a basis and extend it by
this lemma.

Corollary 4.2. Two linear maps that agree on a basis are the same.
Proof. This is just the uniqueness statement. O

Definition 4.2. Let V, W be vector spaces over F'. A linear bijection o : V —
W is an isomorphism (of vector spaces). If such a map exists, then we say V, W
are isomorphic (as vector spaces), written as V = .

Remark. If o is an isomorphism, so is o~ *.

Lemma 4.3. = is an equivalence relation on the class of all vector spaces over
F.
Proof. Just check. O

Theorem 4.4. IfV is a vector space over F of dimension n, then V = F™.

Proof. Take a basis {b1,...,b,} of V| then
a(ziby + -+ xpby) = (21, .., 20)
is an isomorphism. O

Remark. Choosing a basis of V' is then just equivalent to choosing an isomor-
phism from V to F".

Theorem 4.5. Let V,W be finite dimensional vector spaces over F. Then
VW iffdmV =dmW

Proof. Any basis of V' induces a basis of W via the isomorphism, so they have
the same dimension. Therefore are both isomorphic to F™ where n = dimV =
dim W. |

Definition 4.3. Let o : V — W be a linear map. We define the kernel of a to
be kera = {v € V : a(v) = 0} and the image to be Ima = a(V) = {w € W :
Jv e V,alv) =w}.

Lemma 4.6. kera < V,Ima < W.
Proof. Obvious. O

Example 4.2. Take a : C*(R) — C*(R) by a(f)(t) = f"(t) + f(t). Then
ker v is spanned by ¢t — e' and ¢ — e~* and Ima = C*(R).

Theorem 4.7. Let VW be vector spaces over F and o : V. — W be linear,
then V/ker a = Im(a) via v + ker a — «(v).



Proof. Just check. O

Definition 4.4. The rank of « : V — W is r(a) = dimIm«a and nullity is
n(a) = dimker a.

Hence in the finite dimensional case, we can rewrite the preceding theorem
to get

Theorem 4.8 (Rank-Nullity Theorem). Let « : V. — W be linear where V is
finite dimensional. Then dimV = r(a) + n(a).

Proof. Follows from the preceding theorem. O

Corollary 4.9 (Classification of Isomorphism). Let VW be finite dimensional
vector spaces with dimV = dim W and o : V. — W be linear, then the followings
are equivalent:

1. « 1is injective.

2. « 1s surjective.

3. « is an isomorphism.

Proof. Follows immediately by considering dimensions. O
Example 4.3. Consider

x
V= yleR3:z+y4+2=0
z

We want to compute dim V. Consider a : R? — R via (z,y,2)" — z +y + 2,
then (o) = 1 and n(a) =V, so dimV = 3 — 1 = 2. Geometrically, V is just a
plane with normal (1,1,1) .

5 Linear Maps and Matrices

The set of linear maps from V to W is a vector space over the same field F.

Definition 5.1. Let V, W be vector spaces over F. We define
LV,W)={a:V — W, linear}

to be the vector space of linear maps from V' to W under the operations («a +

B)(v) = a(v) + B(v) and (Aa)(v) = Aa(v).

It is easy to verify that this is indeed a vector space. There is a very impor-
tant theorem

Proposition 5.1. If VW are finite dimensional, so is L(V,W) and we have
dim L(V, W) = (dim V') (dim W).

Definition 5.2. An m X n matrix over F is an array with m rows and n
columns with entries in F. As a convention, for a matrix A we write A =
(aij)lgistSan = (Aij)lgigm,lgjgn where i refers to the row number and j
the column number. We write M,, ,(F') to denote the set of m x n matrices
over F.



Note that we can (and often) identify vectors in R™ as m x 1 matrices.

Proposition 5.2. M, ,(F) is a vector space over F' under (a;;) + (bij) =
(aij + b”) and )\(aij) = ()\aij).

Proof. Trivial. O
Proposition 5.3. dim M,, ,(F) = mn.

Proof. The set {(0iadj5) : 1 < a < m,1 < b < n} with size mn is a basis of
My (F). O

We want to represent linear maps by matrices. For V, W vector spaces over
F of finite dimensions n,m, we choose ordered bases B = (by,...,b,),C =
(c1,...,¢m) for V, W respectively. For v € V, its coordinate under B is [v]p =
(vi,...,v,) where v = ), v;b; is the unique decomposition of v in this basis.
Similarly, the coordinate of w € W under C is [w]c = (wi,...,wy,) where
w =Y, w;c; is the unique decomposition of w under C.

Definition 5.3. The matrix of «: V' — W in the bases B, C' is the matrix

([a]B.c)is = ([a(bj)le)i € Minxn(F)
If the bases are understood, we often write ([a]p,c)i;j as ;.

Definition 5.4. For matrices M € M, x,(F) and N € M, »;(F), their matrix
product is the m x [ matrix defined by (MN);; = (3°, MixNk;j)ij-

The particular case where NV is a column vector exhibits how m x n matrices
induce linear maps F™ — F™.

Lemma 5.4. For anyv € V,
[a(v)le = [elB.clv]B
Proof. Linearity. O
We already know that composition of linear maps is linear, what’s more is

Lemma 5.5. Let U, V, W be finite dimensional vector spaces over F' with chosen
bases A, B, C respectively. Let 5:U —V and a: V — W be linear maps, then

[aoflac =[a]BclBlan

Proof. Linearity again. O

Proposition 5.6. We have L(V,W) = M, «n(F) via o — [&]p,c where B is
a basis of V and C' is a basis of W.

Proof. Just check.

Proof of Proposition[5.1 Simple corollary of the preceding proposition. O

10



Remark. Let a: V — W be linear. The diagram

V 2 W

wmsl lWH[w]c

Fn F?n
la]B,c

commutes.

Example 5.1. Let a: V — W be linear and Y < V a subspace. Let B be a
basis of V extending a basis B’ of Y and C' a basis of W extending a basis C’ of
Z > a(Y). Then the entries of [o]p ¢ that are relevant to B’ C B,C’ C C are
exactly [a|ly_z]pr.cr. So if we rearrange the bases so that B’ are in the front
of B and C" in the front of C, then the matrix will look like

lo]p.c = ( [a|Y—>g}B/,C' | I >

Proposition 5.7. Let a : V. — W be linear and «(Y) < Z < W, then «
induces a map & : V)Y - W/Z viav+Y — a(v) + Z.

Proof. Trivial. O

6 Change of Basis and Equivalent Matrices

Consider vector spaces V,W and B = {v1,...,v,},B" = {v],...,v,} bases of
V,C=A{wy,...,w,},C'={wl,...,w,}. Let «: V — W be a linear map. We
want to study the relationship between [a]p.c and [a]p/ .

Definition 6.1. For a vector space V with bases B = {vy,...,v,},B" =
{v],...,v},}, the change of basis matrix from B’ to B is P = (p;j)1<i,j<n given
by pij = ([vj]B):-

Indeed P = [idV]B’,B-
Lemma 6.1. [v]p = P[v]p'.
Proof. P[v]p = [idv]p, plv]s = [idv(v)]p = [v]s. O

Remark. Let P be the change of basis matrix from B’ to B, then P is invertible
and P! is the change of basis matrix from B’ to B.

So for the problem we stated at the start of this section, we write P =
[idV]B’,B and Q = [idw]cl’c, then

Proposition 6.2. Let A = [a]p.c, A’ = [a]p,cr and P,Q be as above, then
A = Q-'AP.

Proof. For any v € V| we evaluate
AP[]p = [a]p,c[v]e = [a(v)lc = Qla(v)]lc = Qla]p ¢ [v]p = QA'[v]p

So AP = QA’, which means A’ = Q1 AP. O

11



Definition 6.2 (Equivalent Matrices). Two matrices A, A" € M, ,(F) are
equivalent if A’ = Q~'AP for some Q € My, m, P € My, invertible.

Remark. As one can check, this defines an equivalent relation.

Proposition 6.3. Let V. W be vector spaces over F' and dimV = n,dimW =
m. Let a:V — W be linear. Then there exists bases B of V and C of W such

that
lals.c = (240
“B.C=\"0 0

where I, is the identity matriz of dimension r =n — n(«).

Proof. Fix a basis v,41,...,v, of ker « and extend it to a basis B = {v1,...,v,}.
It is easy to see that a(v1),...,a(v,) gives a basis of Im« as it is a spanning
set that has the right size and that

ZNOZ(%‘) =0 = « (Z/\ivl) =0 = Z)\ivi Ekera = Vi,\; =0
i=1 i=1 i=1

Extend this to a basis C' of W, then [a]p ¢ can be easily seen to have the right
form. O

Remark. This provides another proof of the Rank-Nullity Theorem.

Corollary 6.4. Any m X n matriz is equivalent to a matriz in the form illus-
trated in the preceding proposition.

Proof. Immediate. O

Definition 6.3. Let A € M« (F). The column rank r(A) of A is the dimen-
sion of the subspace spanned by the columns of A in F™. Similarly, the row
rank of A is the column rank of A7

Remark. If « is a linear map represented by A with respect to some basis, then
r(a) =r(A).

Proposition 6.5. Two matrices A, A’ of the same dimension are equivalent iff

r(A) =r(A).
Proof. Direct consequence of Proposition [6.3] and the preceding remark. O
Theorem 6.6. r(A) = r(AT).

Proof. Let r = r(A), so there are some invertible @, P of the right sizes such
that
1. |0
—1 o r
QAP = < |0 )
which is an m x n matrix. But then
T AT(HT)—1 T AT(H-1\T -1 T I, |0
PTAT(QT) ' =PTAT(Q ) = (@'AP)T = (10

as an n X m matrix. So r(AT) =r =r(A). O

12



In the case where o : V. — V is an endomorphism, the change of basis
formula becomes A’ = P~ AP where P is the change of basis matrix and A’, A
are the matrices of a in the two different bases. This induces the following
definition.

Definition 6.4. Let A, A’ be square matrices. We say A, A’ are similar (or
conjugate) if there is an n x n invertible square matrix P such that A’ = P~*AP

This notion is central to the study of diagonalisation and spectral theory.

7 Elementary Equations and Elementary Matri-
ces

Definition 7.1. An elementary column operation on an m X n matrix A are
one of the followings:

(i) Swap columns %, j with i # j.

(i) Multiply the entire column ¢ by A € F'\ {0}.

(iii) Add A times column 4 to column j where A € F.

We can do row operations in a analogous (transposed) way. Something
remarkable is that these operations are invertible. Instead of find the inverses
one-by-one, we realise these operations via the action of elementary matrices.
Let E;; be the matrix with 1 on the 4, j entry and zero anywhere else, we have:

Definition 7.2 (Elementary Matrices). The elementary matrices are Tj; =
I—ElZ—EJJ—‘y-E”—‘y-EJZ for i 7& j, Mi,)\ = I—f—()\—l)EU for A 7é 0 and
Ci,j7,\ =1+ )\Eij.

Then, we easily see that T;; corresponds to column (row) operation (i), M; x
to operation (ii) and C; ; » to operation (iii) via the operation of multiplying A
with the correspondinng matrix from the right (left).

12\ /0 1\ (2 1
3 4 1 0/ \4 3
Constructive Proof of Proposition[6.3. It suffices to show that we can get from

any matrix to
I. |0
010

via elementary column and row operations. Start with a matrix A. If A =0
then we are done. Otherwise pick a;; = A # 0 and swap rows ¢ and 1 and
then columns j and 1, after which A is at position 1,1. Then multiply column
1 by A~ So we get 1 at position 1,1. Now we clean up row 1 and column
1 via operation (iii) (both row and column). Afterwards we can perform the
same procedure on the submatrix by removing the first row and column. By
induction we can get the desired form at the end. O

Example 7.1.

There are a few variations on these row and column operations. The first
one is Gauss’ pivot algorithm. If one use only row operations, then one will
reach the “row echelon form” (which we will define later) in the following way:

13



Assume a;; # 0 for some i. Otherwise just move on by deleting the first zero
columns. Then swap rows ¢ and 1 and divide row 1 by A = a;; to get 1 at
position 1,1 and use (iii) to clean up the first column. And one can move on
with the same method to the submatrix removing the first row and first column.
Do this repeatedly and at the end we can get a matrix satisfying:

1. For any ¢ here exists k(i) > 4 such that a;; = 0 for any j < k(¢).

2. k(i) is increasing in i.

3. Row k(i) equals ep(;).

And matrices satisfying these conditions are called matrices in row echelon form.
Note that the operations above is exactly what we will get when solving a linear
system of equations. So this can be an algorithm of doing that, which is now
known as Gauss’ pivot algorithm (or Gaussian elimination).

Another variation is the following:

Lemma 7.1. We can obtain the identity matriz from any invertible square
matriz via column operations only.

By transpose, we can replace column operations by row operations.

Proof. We argue by induction on the k where we can guarantee to transform A

to the form
I, 0O
* %

The initial case is obvious. Suppose we can do this for some k, we shall show
that we can do this for k£ + 1. Now there must be some j > k such that
ar+1,; = A # 0. Otherwise the vector ejy; is not in the span of the column
vectors of A, contradiction. So we swap columns k 4+ 1 and j and then divide
column k£ 4+ 1 by A. This gets us 1 at position £+ 1,k + 1. Then we can clean
up the row k + 1 by this 1, which completes the induction process. O

This immediately provides an algorithm (a quite cost-effective one) for com-
puting the inverse. As one can see, this algorithm is analogous to the algorithm
of solving a nonsingular linear system. Also,

Proposition 7.2. Any invertible matriz is a product of elementary matrices.

Proof. Writing the operations in the preceding lemma as a product of elemen-
tary matrices representing the operations gives the inverse of that matrix. But
any invertible matrix is the inverse of its own inverse. O

8 Dual Space and Dual Maps

Definition 8.1. Let V be a vector space over F, we define the dual space V*
of V to be the set of linear maps from V to F, i.e. V* = L(V, F).
We call linear maps V' — F' as linear forms.

Example 8.1. 1. The map tr : M, ,(F) — F via A = (a;;) — >, ai is a
linear form, so tr € (M, ,(F))*.
2. For a function f :€ C*°([0,1],R), we can define the map Ty : C*°([0,1],R)

via

Ty(6) = / f(@)é(x) da
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An interesting thing is, if we are given all information about 7, can we re-
cover f?7 The answer is yes and is left as an exercise. This idea comes from
quantum mechanics, where you only get the information about 7 by physical
measurements but you want information about f.

There is a natural way of finding a basis for the dual space.

Lemma 8.1. Let V be a vector space over F with a finite basis B = {e1,...,en},
then there exists a basis for V* given by B* = {ey,...,€,} where €;(3, a;e;) =
a; forl1 <j<n.

Definition 8.2. The basis B* in the preceding lemma is called the dual basis.

Remark. If we introduce the Kronecker delta

1,ifi=j
0ij = .
0, otherwise

then we can define €; by extending €;(e;) = d;;.

Proof. If there is some \; € F such that Zj Aje; = 0, then in particular the
evaluation of the left hand side at e; is zero for each . But €j(e;) =0,s0 A; =0
for each 1.

To see this is spanning, one just observe that o = > . a(e;)e; for any linear

form o. ! ]

Corollary 8.2. IfV is finite dimensional, then dim V* = dim V.

Remark. It is convenient to think of V* as the space of row vectors of length
n over F. Indeed, if we have a basis {e;} of V and the corresponding dual
basis {¢;} for V*, then via calculation we can obtain a(x) = ), a;x; where
a=) a6 and x =), x;e;.

Definition 8.3. If U C V is a subset of the vector space V', then the annihilator
of U is
U°={aecV":VYueUa(u) =0}

Lemma 8.3. U° < V* and if U < V and dimV is finite, then dimV =
dim U + dim U°.

Proof. Quite obvious that U° < V*. To see the identity, write n = dim V' and
extend a basis {e1,...,ex} of U to a basis {e1,...,e,} of V. Let {e1,...,€,}
be the dual basis. Then it becomes obvious that U° = ({€g41,...,€n}), which
gives the identity. O

Lemma 8.4. Let V,W be vector spaces over F' and oo € L(V,W). Then the
map o : W* — V* sending € to € o o 1s linear.

Proof. Obvious. O
Definition 8.4. This map a* is called the dual map of «.

Proposition 8.5. Let V,W be finite dimensional vector spaces over F with
bases B,C. Let B*,C* be the dual bases of V*,W*, then [oa*]c+ p+ = [a] j ¢-
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Proof. Just write it down. O

Lemma 8.6. Let E,F be bases of V and P = [id|p g be the change-of-basis
matriz from F to E. Let E*, F* be the corresponding dual bases, then the
change-of-basis matriz from F* to E* is (P~™1)T.

Proof. We have
id]pe e = [id] g p = (P7") "

as desired. O

9 Properties of the Dual Map and Double Dual

Lemma 9.1. Let V,W be vector spaces over F and o € L(V,W). Let a* €
L(W*,V*) be the dual map, then:

1. kera* = (Ima)®, so o is injective iff v is surjective.

2. Ima* < (ker«)® with equality if V,W are finite dimensional, in which case
it implies that o is surjective iff a is injective.

This is very important as it shows how we can understand « from «o*, which
is often simpler.

Proof. 1. Pick e € W*, then € € kera* iff a*(¢) =0 iff eoa =0 iff € € (Im)°.
2. We first show that Ima* < (ker«)°. Indeed, for any € € Ima*, we have
e = a*(¢) = ¢ o« for some ¢ € W*. But then for any u € kera we have
€(u) = ¢ o a(u) = ¢(0) = 0, which means € € (ker «)°. In finite dimension, pick
bases B, C of V,W and we get
dimIma® =r(a*) =r([a*]c-p~) = r([a]gﬁc)
=r(lelgc) =r(a)
=dimV — dimker «

= dim(ker @)°
So they have the same dimension, hence equal. O

We now turn to a very important concept known as double dual. V* is a
vector space too, so we can also construct its dual

V= LV F) = (V*)

Why is it important? Well, not much in finite dimensions, but in infinite di-
mensonal spaces, it is very hard to find obvious relations between V and V*.
However, there is a canonical embedding of V into V**. Indeed, pick v € V,
consider ¥ : V* — F via € — €(v), which is a well-defined element of V**. Quite
ironically, our first theorem on this topic is about finite-dimensional spaces.

Theorem 9.2. IfV is finite dimensional, then this operation”: V. — V** we
just described is an isomorphism of vector spaces.

So we can just identify V** with V.
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Proof. Linearity is standard. To see it is injective, let e € V' \ {0} and extend
{e} to a basis {e,eq,...,e,} of V. So the dual basis (e, ea, ..., €,) would have
é(e) = e(e) = 1. Therefore " has trivial kernel, hence injective. It then follows
that it is an isomorphism as dim V' = dim V* = dim V**. O

Remark. In further linear analysis and functional analysis, we will see that "
remains injective for a huge class of infinite dimensional vector spaces (those
of interests are often space of functions). And there are many of them (called
reflexive spaces) where "is actually an isomorphism. The theories emerged from
here have numerous applications in analysis.

Lemma 9.3. Let V' be a finite dimensional vector space over F' and U < V.
DefineU ={t:uec U} <V**. Then U =U°° = (U°)°.

Thus we can identify U°° with U too.
Proof. Trivial. O

Lemma 9.4. Let V be finite dimensional vector space over F and Uy,Us <V,
then:

1. (U1 + Ug)o = Uf ﬂU2°.

2. (U1NnUy)° =Uy +U3.

Proof. Just write it out. O

10 Bilinear Forms

Definition 10.1. Let U,V be vector spaces over F', then ¢ : U x V — F is a
bilinear form if ¢(u,-) € V* and ¢(-,v) € U* for any u € Ujv € V.

We write ¢1, € L(U,V*) to be the map u +— ¢(u,-) and ¢ € L(V,U*) to be
v — ¢(-,v) respectively, so we have ¢ (u)(v) = ¢(u,v) = dr(v)(u).

Example 10.1. 1. The map V x V* — F' via (v,6) — 60(v) is a bilinear form.
2. The scalar product on F™, that is

Z1 Y1

n
) = inyi
=1

Ln Yn

is a bilinear form.
3. Take U =V = C([0, 1], R), then

(f.9) / f(Hg(t) at

is a bilinear form.

Definition 10.2. Take a basis B = {e1,...,epn} of U and C = {f1,..., fn}
basis of V and ¢ : U x V' — F a bilinear form, then the matrix of ¢ with respect
to B,C is

(9]0 = (¢(ei, fi))1<icma<j<n
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Lemma 10.1. We have ¢(u,v) = [u]}[¢]5.clv]lc for anyu € Uv € V.
Proof. If u =73, Aie; and v =}, u; f;, then by linearity,

Su,v) =D > Nipdles, f;) = [u] gl s.cvle

i=1 j=1
by simple expansion. O

Remark. The matrix [¢]p, ¢ is the unique matrix such that the previous lemma
holds.

Lemma 10.2. Take a basis B = {e1,...,en} of U and the dual basis B* =
{€1,...,em} of U*. Similarly take a basis C = {f1,..., fn} of V and the dual
basis {n1,...,mn} of V*. If A= [¢|p,.c where ¢ : U xV — F is a bilinear form,
then [d)R}C,B* = A and [¢L]B,C* = AT.

Proof. Pretty much from definition. O

Definition 10.3. ker ¢y, is called the left kernel of ¢ and ker ¢y is called the
right kernel of ¢.
¢ is nondegenerate if both kernels are zero. Otherwise, we say ¢ is degenerate.

Lemma 10.3. Let B,C be bases of U,V respectively and ¢ : U x V. — F be
bilinear. Let A = [¢]p,c, then ¢ is nondegenerate iff A is invertible.

Proof. Immediate from the preceding lemma. O

Corollary 10.4. If ¢ is nondegenerate, then dimU = dim V.

Proof. All invertible matrices are square. O

Example 10.2. So the dot product on R™ is nondegenerate.

Corollary 10.5. If U,V are finite dimensional vector spaces over F, then
choosing a nondegenerate bilinear form U x V. — F is just choosing an iso-
morphism ¢ : U — V*.

Proof. Obvious. O

Definition 10.4. For T C U, we define T+ = {v € V : Vt € T, ¢(t,v) = 0} and
for S C V we define +S = {u € U : Vs € S, ¢(u, s) = 0}

Of course we want to change the basis.

Proposition 10.6. Let B, B’ be bases of U and P = [id]p/ g and C,C’ be
basis of V and Q = [id]cr.c and let ¢ : U x V — F be a bilinear form. Then
[él.cr = PT[d]5.cQ-

Proof. We have

$(u,v) = [u] gl ,clo)e = (Plulp) " [¢],c(Qler) = [ (PT¢],cQ)v]or
So necessarily [¢]p.cr = P [¢]5.cQ. O
Lemma 10.7. The rank of the matriz of ¢ is invariant under change of basis.
Proof. Immediate. O
Definition 10.5. The rank r(¢) of ¢ is the rank of its matrix in any basis.
Remark. We have r(¢) =r(ér) = r(ér).
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11 Trace and Determinant

Definition 11.1. Let A € M, (F) = M, »(F) be a square n x n matrix. The
trace of A is defined to be

Remark. The map sending a matrix to its trace is a linear form.

Lemma 11.1. tr(AB) = tr(BA).

Proof. Write stuff out. O
Corollary 11.2. Similar matrices have the same trace.

Proof. tr(P~1AP) = tr(APP~!) = tr(A). O

Definition 11.2. If a : V — V is linear, then tra = tr[a]p for any choice of
basis B of V. It is well-defined by the preceding corollary.

Lemma 11.3. Let o : V — V be linear and o : V* — V* be the dual map,
then tra = tra*.

Proof. Choose any basis B of V, then
tra = trfa]p = tr[a]g = trla*] g = tra®
as desired. 0

Recall that we can decompose any permutation ¢ € S, into a product of
transpositions.

Definition 11.3. The signature of a permutation is the (necessarily unique)
homomorphism € : S, — {1,—1} that sends any transposition to —1.

This map € is well-defined as we know that the parity of the number of
transpositions that builds up a permutation is fixed.

Definition 11.4. Let A = (a;;) € M,,(F). We define the determinant of A as

det A = Z G(U)ag(l)1ag(2)2 © Qo (n)n
o€Sy

Example 11.1. For n = 2, we have

d a1 a2
et = (11022 — 412021
a21 Aa22

Lemma 11.4. If A = (a;;) is an upper (resp. lower) triangular matriz, i.e.
a;j =0 fori>j (resp. i < j), then det A =0.

Proof. The only permutation o such that o(j) < j (resp. o(j) > j) for all j is
the identity. O

Lemma 11.5. det A =det AT.

Proof. For any o € S,, we know that e(o) = e(c™1). O
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Definition 11.5. A volumn form d in F™ is a function (F™)™ — F such that:

1. Tt is multilinear: For any ¢ € {1,...,n} and v1,...,0;—1,Vi41,...,0n € F™,
the map
v d(v1, ., Vi1, 0, Vi1, -, Uy € FT)
is linear.
2. It is an alternating form: If v; = v; for some i # j, then d(vy,...,v,) = 0.

What we want to prove that there is only one volumn form (up to multi-
plicative constant). If this is true, then it necessarily equals det in the following
way:

Lemma 11.6. det is a volumn form via the obvious identification M, (F) =
(F™)™ by grouping the n column vectors as a tuple.

Proof. det is linear as it is linear in any entry. It is an alternating form as e
sends any transposition to —1. O

Lemma 11.7. Let d be a volumn form, then swapping two entries changes the
S1gn.

Proof. Forany i # j, d(vi,...,0i,...,0j,...,0n)+d(V1, ..., 05, ..., V5 ..., ) =
d(’Ul,...,’Ui—FUj,...,Ui—‘r’l)j,...,’l}n):0. O

Corollary 11.8. For any o € S,, and volume form d,
Ad(Vgyy -y 0g,) = €(o)d(vy,. .., vp)
Proof. Just decompose ¢ into transpositions. O

Theorem 11.9. Let A € M, (F) and let A® be the it" column of A. For any
volumn form d, we have

d(AM . AM)Y = det(A)d(er, . . ., en)
where (e;); = J;;.
This is what we wanted.
Proof. Just expand using linearity and the preceding corollary. O

Corollary 11.10. det is the unique volumn form that maps (ey,...,e,) to 1.

12 Some Properties of Determinant

Lemma 12.1. Let A, B be sqaure matrices, then det(AB) = det(A) det(B).

Proof. Direct expansion does the trick, but alternatively we can define d4 via
da(B) = det(AB) which is obviously a volume form. Therefore ds(B) =
da(I)det(B) = det(A) det(B). O

Definition 12.1. Let A € M, (F). We say A is singular if det A = 0, otherwise
we say A is nonsingular.

Lemma 12.2. If A is invertible then it is non-singular.
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Proof. Suppose B is an inverse of A, then det(A) det(B) = det(AB) = det(I) =
1 # 0 therefore det A # 0. O

Remark. In particular det(A~1) = (det A)~! if A is invertible.

Theorem 12.3. Let A € M, (F), the followings are equivalent:

1. A is invertible.

2. A is non-singular.

3. r(A) =n.

Proof. We just need to show (ii) implies (iii) since we have already done all
others. Suppose r(A) < n, then dimspan(A™®) ... A™) < n, so there is some
A1,..., A, not all zero such that El MA® = 0. In particular, there is some
j such that A; # 0 and hence ¢; = —Z#j()\i/)\j)A(i). Expand det A using
multilinearity gives a linear combination of determinants with repeated entries,
which is zero as det is an alternating form. O

Remark. By the theorem, it follows easily that the equation Ax = y where
A€ M,(F),z,y € F" has a unique solution iff det A # 0.

Lemma 12.4. Similar matrices have the same determinant.
Proof. det(PAP™!) = det(P)det(A)det(P)~! = det(A). O
Therefore the following definition makes sense.

Definition 12.2. If & : V — V be an endomorphism, then det a = det[ap, g]
for any B basis of V.

Theorem 12.5. det : L(V, V) — F satisfies:

1. det(idv) =1.

2. det(a o B) = det(S) det(«).

3. det o # 0 iff v is invertible. If indeed det a # 0, then det(a™!) = (det o) ~?.

Proof. Choose any basis and the rest follows from previous discussions. O

Lemma 12.6. Let A € My(F),B € M|(F),C € My (F). Consider

Mya(F) > M = (%‘%)

Then det M = (det A)(det B).

Proof. Write n = k + 1 and M = (m;;). Observe that m,;); = 0 if i < k and
o(i) > k. So for my(1)1 -+ My(n)n # 0, we must have the decomposition oy o 02
such that oy fixes anything but 1,..., %k and o5 fixes anything but £+ 1,...,n.
But then for such o, we have my(jy; = aq,(j); for any j € {1,...,k} and
My (j)j = boy(s)s Where s = j —k for any j € {k+1,...,n}. Observe also that
€(0) = e(o1)e(02), therefore

det M = Z €(0)Mo(1)1*** Mo(n)n

oESy

= Y e(0)e(02)a0, (1)1 oy (k)bo(1)1 - bo(t
01E€8Sk,02€8;

= Z €(01)a0, (1)1 *** Aoy (k)k Z €(02)boy (1)1 Doy (1)
01€Sk 02€S5;

= (det A)(det B)
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as desired. O

Corollary 12.7. If Ay,..., A are square matrices, then

Al *
A
det ) = (det Ay )(det Ag) - - - (det Ay)
0 Ag
Proof. Induction on k. O
In particular,
)\1 *
A2
det ) = A1 Mg
0 Ak

Remark. Why is it called a volume from? Consider the map (R3)? — F via

(a,b,¢) = a- (b x ¢) which is an example of a volume form. We know that
geometrically this gives the (signed) volume of the parallelopiped formed by
a,b,c.

13 The Adjugate Matrix

Given a square matrix A € M, (F) with columns A®. If we swap two neigh-
bouring columns (or rows), then det A changes sign.

Remark. We can prove properties of determinant using the decomposition of A
into elementary matrices.

A column expansion is a strategy to compute the determinant of a matrix
by using its linkage to some of its submatrices.

Definition 13.1. Let A € M, (F) and pick i,j € {1,...,n}. We define A5 €

A,,_1(F) to be the matrix obtained by deleting the i*" row and j** column from
A.

Example 13.1. Take

1 2 -7
A=(2 1 0
-3 6 1

Then

1 -7
Aﬁ?(2 0)

Lemma 13.1 (Expansion of Determinant). Let A € M, (F).
1. We have the expansion along the j*" column

det A = Z(*l)ﬂrjaij det A{}
i=1
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2. We have the expansion along the ith row
det A = Z(*l)ﬂrjaij det Az/j
j=1

Example 13.2. Take
1 2 -1
A=(3 -1 1
4 2 =7

So expanding along the second column gives

det A = —(2) det (Z _17> + (—1) det G :;) — 2det <§ —11>

Proof. Suffices to show the first part. Pick 1 < j < n and write A = (a;5), AU =
> aije;. Then

n
det A = det <A<1>, Y aije, . ,A<”)>
=1

= Zaij det(A(l), N TR ,A(n))
i=1

= ai(—1) " det(e;, AD, ..., AM)
=1

1 % - %
= Zaij(—l)j_l(—l)i_l det | .
i=1 : 3
0
= Z(—l)i+jaij det A;J
i=1
as desired. O

Definition 13.2. Let A € M,,(F), then the adjugate matrix adj A of A is the
n X n matrix with entries

(adj A)j; = (=1)"" det A5 = det(AM), ..., AUTY e, AUFD . Alm)

Theorem 13.2. Let A € M,(F), then adj(A)A = (det A)I where I is the
identity matrix.

In particular A=! = (det A)~!adj A whenever A is invertible.

Proof. For any j, the preceding lemma translates to

det A = Z(adj A)ijai; = (adj(A)A);;

i=1
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Now for j < k, let A’ be the matrix obtained by putting A®*) in the place of
AU then

0 = det(4)
=det(AW, .. AR AW A

= det (A(l), . ,Zaikei, AW ,A(”)>
i=1

aikdet(A(l),...,ei,...,A(k),...,A("))

-

©
I
—

aix,(adj A)ji

Il
e
g 1=

= (a

i(A)A) ik
which implies the result. O

Proposition 13.3. Let A € M,(F) be invertible, and let b € F™, then the
unique solution to Ax = b is given by

_ 1
T det A

T; det A;,

where A;, is the matriz obtained by replacing the it" column of A by b.

Proof. As A is invertible, such an x exists and is unique. Let x be a solution,
then note that

det(Az,) = det(AM, ... AGD p AGHD A
=det(AW .. ACTD Ag, ACHD A

n
=det [ AW, .., AT N " A0 AGHD Al

Jj=1

I
NE

zjdet(AW . AGTD AG)AGHD DA )

<.
I
—

I
NE

xj@-j det A

<.
Il
—

Q.

et A

just as we wanted. O

14 Eigenvectors, Eigenvalues and Diagonal Ma-
trices
This is the first step into the wonderful land of diagonalisation of endomor-

phisms. Consider a vector space V over F' with dimV = n < oo and let
«a:V = V be an endomorphism. The general problem is whether we can find
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a basis B of V such that [o]p is in a nice enough form. In other words, by our
change-of-basis formula, we want to know when can a matrix be conjugate to
another matrix in a nice form.

Definition 14.1. 1. « € L(V) = L(V,V) is diagonalisable if there exists a
basis B of V such that [a]p is diagonal, i.e. ([o]g):; = 0 for i # j.

2. a € L(V) is triangulable if there exists a basis B of V such that [a]p is
(upper) triangular.

Remark. A matrix is diagonalisable (resp. triangulable) iff it is conjugate to a
diagonal (resp. triangular) matrix.

Definition 14.2. 1. A € F' is an eigenvalue of « if a(v) = Av for some v # 0.
2. v € V is an eigenvector of « if v # 0 and there exists some A € F' such that
a(v) = Av.

3. Va={veV:alv) =} <V is called the eigenspace of « associated to A.

Lemma 14.1. If « € L(V) and XA € F, then X is an eigenvalue iff det(a —
Aidy) = 0.

Proof. Follows from the fact that matrices with nonzero determinant have zero
kernel. O

Remark. If a(v;) = Av; for v; # 0, then completing it into a basis B =
{vi,...,05,...,0n} of V gives ([a]p)i; = Adjj.

Recall that for a field F', a polynomail in F'is f(t) = apt™ 4+ -+ ag € F[t]
with a; € F. Let deg f be the largest m such that a,, # 0, then we know that
deg(f + g) < max{deg f,deg g} and deg(fg) = deg(f) + deg(g). We say A is a
root of fiff f(A) =0, and g(¢t) divides f(¢) if there is some ¢(t) € F[t] such that
f(t) = g(t)q(t).

Lemma 14.2. If X is a root of f, then x — X divides f.
Proof. Write f(t) = f(t) — f(\) and factrorise. O

Remark. We say )\ is a root of multiplicity & if (£ — A\)* divides f but (t — \)k*!
does not.

Example 14.1. f(t) = (¢t — 1)%(t — 2)3 has roots 1 with multiplicity 2 and 2
with multiplicity 3.

Corollary 14.3. A polynomial of degree n has at most n roots, counted with
multiplicity.

Proof. Induction. O

Corollary 14.4. For polynomials f1, fo of degree less than n with f1(t;) = fa(t;)
for distinct tq, ..., t,, then fi = fs.

Proof. deg(f1 — f2) < n. O

Theorem 14.5 (Fundamental Theorem of Algebra). Any polynomial f € CJt]
of positive degree has a root.

Proof. Omitted. O
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Consequently, f has exactly deg f many roots counted with multplicity. This
means that any f € C[¢] can be written as

fO) =c[Jt=2)* e, A € Clas €N,y = deg f
=1

i=1
Definition 14.3. For oo € L(V), the characteristic polynomial of « is x(t) =
det(a — tidy) € F'[t].

Remark. Conjugate matrices then have the same characteristic polynomial.

Theorem 14.6. o € L(V) is triangulable iff

n

Xa(t) = cH(t - \i)

i=1
for some ¢, \; € F.
Consequently, any matrix in C is triangulable.

Proof. The “only if” part is trivial. For the “if” direction, we do induction on
n=dimV. The n =1 case is trivial. For n > 1, there is A such that x,(\) =0
by assumption. Let {v1,...,vr} be a basis of U = V) and extend it to a basis
B ={vy,...,v,} of V. We then have

[OZ} o )\Ik *
=0 |C
So the induced endomorphism & : V/U — V/U has matrix C' under the basis
{vk4+14U,...,v,+U}. Then by the induction hypothesis, we can choose another

set of basis {041 +U,...,0,+U} so that C is triangular. Hence « is triangular
under the basis {v1, ..., Uk, k41, ..., 0n . This completes the proof. O

Lemma 14.7. Suppose V' is a vector space over F =R or C such that dimV =
n < oo and suppose o € L(V') is an endomorphism with matriz A. Say xa(t) =
(=1)™" + ¢ 1t" L4 F e, then cg =det A, ¢, = (1)L tr A.

Proof. det A = xa(0) = ¢g. For c¢,_1, note that the statement is true for
triangular A, so we are done by the preceding theorem. O

15 Diagonalisation Criterion and Minimal Poly-
nomial
For a polynomial p(t) € F[t] in the form p(t) = ant™ + -+ + ag for a; € F and

A € M,(F), we define p(A) = a, A" + --- + agl. Similarly for a € L(V), we
write p(a) = a,a™ + - -+ +agidy where o' is o composed with itself for i times.

Theorem 15.1. Let V be a finite-dimensional vector space over F and a €
L(V). Then « is diagonalisable iff there exists a polynomial p € F[t] which is
the product of distinct linear factors in F[t] such that p(a) = 0.
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Proof. Suppose « is diagonalisable with distinct eigenvalues Aq, ..., Ax which
might or might not have unit multiplicity. Then take p(t) = (t— A1) - (£ — Ax).
Let B be the basis in which « is diagonal, then for any v € B we have a(v) = A\jv
for some 4, which means (a— A; idy )v = 0. Then note that the factors a—\; idy
always commute with each other, which means p(a)v = 0 for all v € B, hence
p(a) = 0.

Conversely, suppose p(a) = 0 for some p(t) = (t — A1) -+ (t — Ap) with A; # A;
whenever i # j. Let V, = ker(a — \;idy). We claim that V = @, V)\,. Indeed,
take

t— N

A — N

q;(t) =
i
Then g¢;(X\;) = &;5. Consider q(t) = q1(t) + --- + gr(t), then ¢ has degree at
most k£ — 1 and ¢(A\;) = 1 for all 4, which then means ¢(t) = 1 for all ¢. Let
7 = qj(a) € L(V), then by construction 71 + - - - + 7 = ¢(a) = idy. Now,

_
Hi;éj()‘j = Ai)

This means that for any j, 7;(v) € V), for any v, so V' is indeed the sum of all
V-

It remains to prove that the sum is direct. Take v € Vi, N3 ,,; Vi, then since
RS VAJ,

(@ = Ajidy)g;(a)(v) = p(e)(v) =0

ﬂ'j(’l))—l 4)\j7)\iv—v
i#]

But also v € Zi# Vi,, so mj(v) = 0, which implies v = 0, so the sum is direct,
and hence « is diagonalisable. O

Remark. We have shown in part of our proof above that if Aq,..., Ay are k
distinct eigenvalues of a, then the sum ), Vy, is always direct. So the only way
diagonalisation fails is when the sum of eigenspaces is properly contained in V.

Corollary 15.2. If A € M,,(C) has finite order, then A is diagonalisable.
Proof. t™ — 1 is the product of t — ¢J, where ¢/, are the m*" roots of unity. [J

Theorem 15.3 (Simultaneous Diagonalisation). Let o, 8 € L(V') be diagonal-
isable, then «, B are simultaneously diagonalisable, that is there exists a basis in
which both matrices are diagonal, iff o, B commudte.

Proof. If there is a basis B in which [a]p = Dy, [8]p = D3 are diagonal matrices,
then obviously D;, Do commutes, thus so does o and (3.

Conversely, if a, 3 are diagonalisable and commute, then V' = €, Vi, where \;
are distinct eigenvalues of a. Now B(V;) < V), since for any v € V), we have
aof(v) = foa(v) = B(Ajv) = \;jB(v). Take a polynomial p that is the product
of distinct linear factors such that p(3) = 0. Consequently p(B|v, ) = 0, so
Blv,, is diagonalisable. Then the union of bases in Vj, so that S|y, is diagonal
is a basis of V' that makes «, 8 both diagonal. O

Recall that we can do division algorithm on polynomials, so if we have
a(t),b(t) € Ft] for nonconstant b, we have ¢(t),r(t) € F[t] such that degr <
degb and a = gb+ 7.
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Definition 15.1. Let V be a vector space over F' and o € L(V). A polynomial
mq(t) € F[t] is a minimal polynomial of « if my(«) = 0 and deg m,, is minimal.

Remark. This is well-defined as there must exists a polynomial m(t) € F[t]
such that m(a) = 0 by considering the linearly dependent set {id, «, ..., oz”2}
in L(V).

Note also that we have defined it as “the” minimal polynomial instead of

[Pk

a” minimal polynomial. To justify it, we have

Lemma 15.4. For « € L(V), let my, be a minimal polynomial of « and p(t) €
F[t], then p(a) = 0 iff ma|p.

In particular, minimal polynomial is unique up to a nonzero constant.

Proof. The “if” direction is trivial. For the “only if” direction, we can write
p = maq + r for some polynomials ¢,r with degr < degm,. r(a) = 0 by
assumption, so by minimality of degm, we must have r = 0, i.e. my|p. O

Example 15.1. Consider V = F? and

NARER

They ma =t —1 and mp = (t — 1)%. Consequenly A is diagonalisable but B is
not.

16 Cayley-Hamilton Theorem and Multiplicity
of Eigenvalues

Theorem 16.1 (Cayley-Hamilton Theorem). Let V' be a finite dimensional
vector space over F and o € L(V) with characteristic polynomial xo(t) =
det(a — tid), then xqo(a) =0.

Consequently, mq|Xa-
Proof for FF'=C. We know that « is triangulable, so there is a basis B such

that it has matrix
ay *

[alp =

0 an

Therefore xo(t) = (t —a1)--- (t — ayn) (up to sign). But then easily xq(a) =
Xa(la]B) = 0. O

Proof for the General Case. For A € M, (F), we write
(=1)"xa(t) = det(tid —A) = t" + ap_1t"" -+ ag
for some a; € F. Now if adj(tid —A) = B,,_1t" ! +- .. By for matrices B;, then

(t id 7A) (Bn_ltn71 + - Bo) = (tn + an_ltnfl cee a()) id
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Equating the coefficients gives
ld = Bn—l, Ap—1 ld = Bn_Q — ABn_l, ...,Qp ld = *ABn
Therefore
(_1)nXA(A) =A"+ an—lAnil <~ 4apid
= A"By_1+ A" (Bp_2 — AB,_1) + -+ + A°(—ABy)
=0
by telescoping. O

Definition 16.1. Let oo € L(V) and A an eigenvalue of «, then the algebraic
multiplicity ay of A is the multiplicity of A as a root of x(t).
The geometric multiplicity gy of A is dim ker(a — Aid).

Remark. Obviously ay, gy > 1.
Lemma 16.2. g) < a,.
Proof. Let {v1,...,vg, } be a basis of V) = ker(aw—\id) and extend it to a basis

B = {v;} of V. Then
[ Aidg, =
lo]s = ( 0 A1>

det(or — Aid) = det ((A a 6) idy, A, * tid) = (A=1)"xa, (1)

for some A;. Then

which implies the claim. O

Lemma 16.3. Let A be an eigenvalue of o and write ¢y as the multiplicity of
A as a root of the minimal polynomial my. Then 1 < cy < ay.

Proof. c¢x < ay is obvious as m|xq. To see ¢y > 1, as A is an eigenvalue, we can
find v # 0 such that a(v) = Av, so a?(v) = Av. Hence 0 = mq(a)v = (mq(N))v
which means mq(A\) = 0, hence ¢y > 1. O

Example 16.1. 1. Consider
1 0 -2
A=10 1 1
0 0 2
then ya(t) = (t—1)2(t—2). Soma(t) is either (t—1)2(t—2) or (t—1)(t—2) by
the preceding lemma. Indeed the latter works and has a smaller degree, hence

ma(t) = (t —1)(t —2).
2. Let A be the Jordan block

Then as one can check, gy = 1,a) = c) = n.
3. Take A = \id, then gy =a) =n and c) = 1.
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Lemma 16.4. Take F' = C, V a finite dimensional vector space over F and
a € L(V), then the followings are equivalent:

(i) « is diagonalisable.

(i) For any eigenvalue A of a we have ay = gy.

(iii) For any eigenvalue A of o we have ¢y = 1.

Proof. We already know that (i) is equivalent to (iii) by Theorem[15.1} To see (i)
is equivalent to (ii), let A1,..., Ax be distinct eigenvalues of . We have already
seen that « is diagonalisable iff V =@, Vi,. But dimV =n =degxa =), ay,
by FTA and dim @, Vi, = >, gx. So a is diagonalisable iff >~ g5, = >, ay, iff
ax, = g, for all i by Lemma [16.2} O

17 The Jordan Normal Form

We are interested in how nice a matrix can an arbitrary o € L(C™) possibly
have.

Definition 17.1. Let A € M,,(C). We say A is in Jordan Normal Form (JNF)
if it is a block diagonal matrix

Jnl ()‘1)
an ()‘2)

for {\;} € C not necessarily distinct, Y. n; = n and J,(\) € M,(C) are Jordan

blocks of the form
A1

Jr(A) = .
Al
A
Theorem 17.1. Every matriz A € M, (C) is similar to a matriz in JNF which
is unique up to reordering the Jordan blocks.

Proof. Omitted. O
Example 17.1. For n = 2, the possible JNFs are simply (A, A1, As € F, A1 #

A2)
(5 %) 3G

with minimal polynomials (t — A1)(t — A\2),t — A, (t — \)? respectively.
For n = 3, the JNFs (and their respective minimal polynomials) are, up to
reordering of the blocks, (A, A1, A2, A3 € F', A1, A2, A3 all distinct)

)\1 )\1
AQ : (t—)\l)(t—)\z)(t—)\g); AQ : (t—)\l)(t—)\g)
)\3 >\2

A\ A
Ao 1] (=)= )% A C(t—N)
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A A1
A L] (=N Al
A A

Theorem 17.2 (Generalised Eigenspace Decomposition). Let V' be a finite
dimensional vector space over C and o € L(V). Let Ay,...,\; be distinct
eigenvalues of a such that ma(t) = (£ — A1)t -+ (t — A\ )%, then

k
V=DV V; = ker((a - A;id)*)

i=1
Here V; is called the generalised eigenspace.

Remark. When o is diagonalisable, then ¢; = 1 for all j, consequently V =
@D, ker(a — A;id) as we already know.

Proof. Define p;(t) = [],;(t — A:), then {p;} has no common factor, so we
can find q1,...,qx such that ¢gip1 + -+ qepr = 1. Define 7; = ¢;p;(a), then
it follows that », m; = id. Also (a — A;id)®m; = 0, so Imm; C Vj, hence V' is
the sum of all V;. To see this sum is direct, simply observe that m7; = d;;7;
for all 4, j, so |y, = d;;id. This completes the proof. O

Remark. 1. This decomposition allows us to reduce the proof of JNF to just
one eigenvalue, which can be done via the study of nilpotent matrices. E| The
relation is found from the observation

0 Imfk .
itk <
(Jm(N\) — Xid)F = <0 0 ) ! m

0, otherwise

2. We can very easily compute ay, gy and cy if we know the JNF. Indeed, a)
is the sum of sizes if the blocks with eigenvalue A, gy is the number of Jordan
blocks with eigenvalue A\ and c) is the size of the largest Jordan block with
eigenvalue A. This can (sometimes) be used to compute the JNF as well.

0 -1
=)
We want to find a basis in which A is in JNF. Now x4(t) = ma(t) = (t — 1)2,
so the JNF is in the form
11
b )

We want the basis, which naturally consists of eigenvectors. Indeed, ker(A—id) is
spanned by (1,—1)". Choose vy such that (A — id)vy = vy, which is nonunique
but we can take vy = (—1,0)T. So take the basis {v1,vs} works. To put it

concretely,
P AU A VA TS A
T \-1 0 0 1/\-1 o0

IThat is if you want to do it the linear algebra way — I like the C[X]-module approach
more.

Example 17.2. Take
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18 More on Bilinear Forms

Guess what? We are back to bilinear forms again! But this time, we are
interested in bilinear forms ¢ : V' x V — F for a finite dimensional vector space
V over F. For a basis B of V, we write [¢]p = [¢]B,B-

Lemma 18.1. Let B, B’ be bases of V and P = [id|p: g, then [¢|pr = P [¢|pP.
Proof. Proposition [10.6] O
Definition 18.1. Matrices A, B € M, (F) are congruent if there is invertible
P such that A= PTBP.

Remark. Easily congruence is an equivalence relation.

Definition 18.2. A bilinear form ¢ in V' is symmetric if ¢(u,v) = ¢(v,u) for
any u,v € V.

Remark. ¢ is symmetric iff [¢]p is symmetric in some basis B.
If we want to diagonalise ¢, then it has to be symmetric by the preceding lemma.

Definition 18.3. A map @ : V — F is a quadratic form iff there exists a
bilinear form ¢ : V' x V — F such that Q(u) = ¢(u,u).

Remark. If B = {e;}; and A = [¢]p = (d(ei,€5))i,, then for u = >, xie; we
have

Qu) =9 (ﬁ: xieiazn:xiei> = iixiwjd)(ei,@j) =2 Az
i=1 i=1

i=1 j=1

where # = (z1,...,2,)". Also observe that " Az = 2" Sz where S = (A +
AT)/2 is symmetric.

Proposition 18.2. IfQ : V x V — F is a quadratic form, then there exists a
unique symmetric bilinear form ¢ : V. xV — F such that Q(u) = ¢(u,u) for all
ueV.

Proof. We know that Q(u) = v(u, u) for some bilinear 1. Take ¢ = (¢ +T)/2
where 9 " (u,v) = 9(v,u) works. To see it is unique, just observe that for a
symmetric ¢,

Q(u + U) - ¢(u +v,u+ U) = QS(U, u) + 2¢(u7 'U) + ¢(U7 ’U)
which implies that necessarily ¢(u,v) = (Q(u+v) — Q(u) — Q(v))/2 (known as

the polarisation identity), so in particular ¢ is uniquely determined. O

Theorem 18.3 (Diagonalisation of Bilinear Forms). Let ¢ : V xV — F be a
symmetric bilinear form and dimV < oo, then there exists a basis of V such
that [@]p is diagonal.

Proof. We proceed by induction on n = dim V. If ¢(u,u) = 0 for any u € V,
then ¢ is identically zero by the polarisation identity. Otherwise, we can always
find u € V' \ {0} such that ¢(u,u) # 0. Write u = e; and define

U=({e})" ={veV:g(er,v) =0} =kerd(es,")

SodimU =n—1and U+e; = U ®e;. Pick a basis {eg,...,e,} of U such that
¢|u is diagonal in this basis, which is possible by induction hypothesis. Then ¢
is diagonal in {e1,...,e,}. O
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Example 18.1. Take V = R? and
Qz) = 2] + a3+ 233% + 2x120 + 22173 — 22073

By inspection, if we take

then Q(x) = 2" Az. Of course, we can follow the algorithm illustrated in the
proof. We can alternatively complete the square to get

Q(x) = 3 4+ 22 + 223 + 22120 + 22123 — 22073
= (CEl + T2 —+ 1’3)2 + (1’3 — 2%2)2 — (2%2)2

then under the new basis induced by the change of variables ©f = 21 + z3 +
X3, Th = T3 — 22, Th = 29, A has the matrix

1 0 0
A=101 0
0 0 -1

More concretely, we have A’ = PT AP where

1 1 1
P=10 -2 1
0 -2 0

19 Sylvester’s Law, Sesquilinear Forms

We start by looking at some immediate corollaries of Theorem [I8:3]

Corollary 19.1. For a finite dimensional complex vector space V and a sym-
metric bilinear form ¢ on V, there is a basis B of V' such that

oo =5 o)

Proof. Square roots always exist as F' = C. O

where r = 1(P).

Corollary 19.2. FEvery symmetric matriz in C is congruent to a unique matriz

of the form
I, 0
0 0

Proof. Immediate. O

Corollary 19.3. If F =R, dimV =n < co and ¢ a symmetric bilinear form
of V, then there exists a basis {v1,...,v,} of V such that
Ip
—I,
0
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Proof. Every positive number in R has a square root. O

Definition 19.1. s(¢) = p — ¢ is called the signature of the real symmetric
bilinear form ¢.

To see it is well-defined,

Theorem 19.4 (Sylvester’s Law of Inertia). If a real symmetric bilinear form

¢ has

(6] = —I [0l = —Iy
0 0

thenp=1p,q=¢.

Definition 19.2. Let ¢ be a real symmetric bilinear form. We say that ¢ is
positive semidefinite if ¢(u,u) > 0 for any v € V, and is positive definite if
¢(u,u) > 0 for any w € V \ {0}. Similarly, ¢ is positive semidefinite if Yu €
V,é(u,u) < 0 for any u € V, and negative definite if Vu € V' \ {0}, ¢(u, u) < 0.

Example 19.1. The matrix
I, 0
is always positive semidefinite, and is positive definite iff p = n.

Proof. Indeed p is the largest dimension of subspace of V' in which ¢ is positive
definite. Similarly g is the largest dimension of a subspace in which ¢ is negative
definite. These descriptions are independent of the choice of basis, so we are
done. O

Definition 19.3. The kernel of the bilinear form ¢ : V x V. — F is the set
K(p)={veV:YueV o(u,v) =0}

Remark. 1. dim K(¢) + r(¢) = 0.

2. For F = R, we now know from the preceding theorem that there is a subspace
T of dimension n — (p + ¢q) + min{p, ¢} such that ¢|r = 0. More over, this can
easily be shown to be the largest dimension such that such a subspace T exists.

Recall that the standard inner product on C", that is

n
<£L’, y> = Z ZiYi
=1

is not a bilinear form.

Definition 19.4. Let V, W be vector spaces over C. A map ¢: V xW — C is
a sesquilinear form if for any w € W, ¢(-, w) is linear and for any v € V, A1, A2 €
(C, wy,wy € W,

P(v, Miwi + Aswa) = Aid(v, w1) + Aad(v, wo)

Definition 19.5. With notation as above, for bases B = {v1,...,v,,} of V and
C ={wi,...,w,} of W, the matrix of ¢ is (¢|,c)i; = (¢(vi, w;)).
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Lemma 19.5. ¢(v,w) = [v] 3[¢]p,cw]e-

Proof. Expand. O
Lemma 19.6. If B, B’ are bases of V and C,C" of W and P = [idy|p: 5,Q =
idw]cr,c, then [¢]p.cr = PT[¢]p,cQ

Proof. Analogous to the bilinear case. O

20 Hermitian Forms and Real Skew-Symmetric
Forms

Definition 20.1. A sesquilinear form ¢ : V x V — C is called Hermitian if
$(u,v) = ¢(v, u).

Remark. In particular, ¢(u,u) = ¢(u,u), so ¢(u,u) is real. Moreover, for any
A € C we have ¢(\u, Mu) = |M?@(u,u). Therefore it makes sense to talk about
positive/negative (semi)definite Hermitian forms.

Lemma 20.1. A sesquilinear form ¢ : V x V. — C is Hermitian iff for any
. T

basis B of V, [¢]p = [¢]5-

Proof. If ¢ is Hermitian, then write A = [¢p]p = (ai;)i; = (¢(es, €5))i,; where

we have aj; = ¢(ej,e;) = ¢(ei,ej) = aij. Conversely if [¢p]p = A with A =
(aij)ij = AT and u = > Aies, v =Y, jie;, then

n

du,v) =6 [ D Niew, Y mjes | =D Niftjai
i=1 Jj=1 =1 j=1
= Z Z Xiujaji

=1 j=1
=0 | Dmies 2 Nies
j=1 i=1
= ¢(Uv ’LL)
So ¢ is Hermitian. O

The polarisation identity becomes

Blu,0) = (Qu+0) = Qu—v) +iQu-+iv) — iQ(u— iv))
for a Hermitian ¢ and Q(w) = ¢(w,w).

Theorem 20.2 (Hermitian Formulation of Sylvester’s Law). Let V' be an n-
dimensional vector space over C and ¢ : V x V. — C a Hermitian form on V,
then V' has a basis {v1,...,v,} such that

[l5 = —1y
0

where p,q depends only on ¢.
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The proof is nearly identical to what we did for the real symmetric case.

Proof. If ¢ = 0 then we are done. Otherwise, by the polarisation identity,
there exists e; # 0 such that ¢(ej,e1) # 0. Set v; = e1//|¢(e1,e1)|, then
we get ¢(v1,v1) = £1. Consider W = {w € V : ¢(v,w) = 0}, then easily
V = ({v1}) ® W. Then we can do induction on the dimension to show that ¢
is diagonal in some basis, which implies the existence of p,q. The uniqueness
follows from the observation that p (resp. ¢) is the minimal dimension of a
subspace on which ¢ is positive (resp. negative) definite. O

Definition 20.2. Let V be a vector space over R. A bilinear form on a real
vector space is skew-symmetric if ¢(u,v) = —¢p(v,u) for all u,v € V.

Remark. 1. For any u € V, ¢(u,u) = —¢(u, u) therefore ¢(u,u) = 0.
2. The definition is equivalent to say that for any basis B of V' we have [¢]p =

~[¢l5-
3. For any A € M, (R), we can decompose it
A+ AT A-AT

A
5 2

into symmetric and skew-symmetric parts.

Theorem 20.3 (Sylvester Form). Let ¢ be a skew-symmetric bilinear form
over a real vector space V with dimV = n < oo, then there is a basis B =
{v1, W1, o, Uy Wiy Vo1, - - - Un } of V' such that

A

Ga=l ’A:(—Ol é)

where there are m copies of A.

Proof. Induction on n. If ¢ = 0, then we are done. Otherwise ¢ # 0, so there
is some vy, w; such that ¢(vy,wq) # 0. After rescaling we might as well assume
that ¢(vy,w1) = 1, so correspondingly ¢(wi,v1) = —1. We know that vy, w;
has to be linearly independent as ¢ is skew-symmetric. Let U = ({v1,v2}) and
W ={veV:¢,v)=¢(w,v) =0}, then V=U @ W. We are then done
since we can use induction hypothesis on W and [¢|y] = A. O

Corollary 20.4. Skew-symmetric bilinear forms have even rank.
Proof. Immediate. O

Definition 20.3. Let V be a vector space over R (resp. C). An inner product
on V is a positive definite symmetric (resp. Hermitian) form ¢ on V. The pair
(V, ¢) is then called a real (resp. complex) inner product space.

Sometimes we write (u,v) = ¢(u,v) if it is understood.
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Example 20.1. In R", the usual real scalar product is an inner product.
In C", the usual complex scalar product is an inner product.
In C([0,1],C) (over C), the form

(f.9) = / FO)gDw(t) dt

is an inner product for any w € C([0,1],R4).

Definition 20.4. Let (-,-) be an inner product, its induced norm is [jv|| =
V (v, v).

Remark. ||v|| > 0 and the equality holds iff v = 0.

21 Gram-Schmidt and Orthogonal Complement

Here we only interested in inner product spaces over F' = R or C.
Lemma 21.1 (Cauchy-Schwartz Inequality). |(u,v)| < [Jul/||v].
In particular, equality hold iff u, v are linearly dependent.
Proof. For t € F, expanding (tu — v,tu — v) > 0 gives
0 < [t?[lull* — 2Re(t(u, v)) + [|v]|?

Picking t = (u,v)/||u/|?> ends the proof. O

Corollary 21.2 (Triangle Inequality). ||u+ v|| < |jul + ||v]-

Consequently || - || is a indeed a norm.
Proof. Square both sides and use Cauchy-Schwartz. O
Definition 21.1. Fix an inner product (-,-). A set {e1,...,ex} of vectors in

V is orthogonal if (e;,e;) = 0 for ¢ # j and orthonormal if in addition they all
have norm 1, that is (e;, e;) = d;;.

Note that both notion depends on our choice of inner product.

Lemma 21.3. A set of orthogonal vectors eq, ..., e, has to be linearly indepen-
dent. In fact, if v="7", \ie; then X\; = (v,¢;)/|e;]|.

Proof. Immediate from bilinearity. O

Lemma 21.4 (Parseval’s Identity). If V is a finite dimensional inner product
space and eq, ..., ey, is an orthonormal basis, then

n

(u,v) = Z(u,@)(v,ei}

i=1

Proof. Obvious from the preceding lemma. O

In particular, in an orthogonal basis, [|[v||? = 3, |(v,e;)|?. Does an orthogo-
nal basis always exist?
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Theorem 21.5 (Gram-Schmidt Orthogonalisation). If we have an inner prod-
uct space V' and a sequence of linearly independent vectors (v;);er € V where
I ={1,2,...} (which may or may not terminate), then there exists a sequence
(ei)icr of orthonormal vectors such that (vy,...,vk) = {e1,...,ex) foranyk € I.

Proof. We shall define (e;) inductively on k. For k = 1, just take ey = vy /||v1]|-

Say we have found ey, ..., e, then define
k
;o _ 1
€pi1 = Vk+1 — (Vky1,€i)ei, epq1 = Wek—kl
i=1 k+1

This is well-defined as (v;) is linearly independent (so e}, # 0) and it is easy
to verify that (vi,...,vg+1) = (e1,...,exy1). This completes the proof. O

So not only does there exists such a set of orthonormal vectors, we also get
an algorithm to compute it.

Corollary 21.6. Let V' be a finite dimensional inner product space, then any
orthonormal set of vectors can be extend to an orthonormal basis of V.

Proof. Extend it to a basis, then apply the Gram-Schmidt algorithm (which
fixes the original set). O

Note. A matrix A € M,, ,(F) has orthogonal columns if ATA = I.

Definition 21.2. A € M,(R) is orthogonal if ATA=1. Aec M,(C) is unitary
if ATA=1.

Proposition 21.7. Any nonsingular A € M, (R) (resp. M, (C)) can be written
as A = RT where T is upper-triangular and R is orthogonal (resp. unitary).

Proof. Do Gram-Schmidt on columns of A. O

Definition 21.3. Let V' be an inner product space and Vi, Vo < V. We say V'
is the orthogonal sum of Vi, Vs (written as V = Vi, @+ V3) if V =V} @ V5 and
Yo, € Vi,ve € Vi, we have (v1,v9) = 0.

Definition 21.4. Let V be an inner product space and W < V. We define
Wt ={veV :vweW,(v,w) =0}

Lemma 21.8. W @& W =V if V is finite dimensional.

Proof. Clearly W+ < V and by definition the sum W + W= is direct and
orthogonal. So it suffices to show that V = W 4 W+, which is obvious since we
can obtain a basis of W+ of the right size by extending an orthonormal basis
on W orthonormally to V. O

22 Orthogonal Complement and Adjoint Map

Definition 22.1. Suppose V = U & W. The projection operator m# = my :
V — W into W is defined via u + w + w for any v € U,w € W.

Easy to see that 7 is linear and 72 = 7
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Remark. We have my = id —myy.

Of course, in the case where U = W, we can have something better.

Lemma 22.1. Let V be an inner product space and W <V finite dimensional
subspace of V', then:

(a) If {e;} is an orthonormal basis of W, then Vv € V,m(v) = (v, e;)e;.

(b) Vv e Viw e W, |lv—n(v)]] < ||lv—wl| with equality iff w = w(v).

Proof. Just observe that v —7(v) € W+ which is known to be a complementary
subspace of W. This gives (a) immediately, and for (b) we have ||v — wl||? =
lv = 7(v) +7(v) — wl* = lv = 7(V)[|> + [l7(v) — w[* > [Jv — 7 (v)]]>. 0

Proposition 22.2. Let V,W be finite dimensional inner product spaces and
a € L(V,W). Then there is a unique linear map o : W — V such that
Yo € Viw € W, {a(v),w) = (v,a*(w)). Moreover, if B,C are orthonormal

bases of V,W, then [a*]c.p = ([oz]B’C)T
Proof. Brute-force computation. O
Definition 22.2. This map «* is called the adjoint of «.

Remark. One might notice that we used the same notation for adjoint and dual

of a map. This (intentional) abuse of notation can be justified by considering

the linear isomorphisms ¢Ypy : V. — V* ¢pw : W — W* via ¢Ypy(v) =
1

(-,v), Yrw(w) = (,w) which immediately satisfies Xdioint = YRV © Xiyal ©
YRW-

W* Qdual Vv

Xadjoint
Definition 22.3. Let V be an inner product space. A map « € L(V) is self-
adjoint if & = a*, i.e. Yo,w € V, {a(v), w) = (v, a(w)).
It is called an isometry if a* o v = id, or {a(v), a(w)) = (v, w) for any v,w € V.
Remark. By the polarisation identity, cv is an isometry iff ||a(v)| = ||v| for any
veV.

Lemma 22.3. Let V be a finite dimensional inner product space over R (resp.
C). Then o € L(V) is self-adjoint iff for any orthonormal basis B of V, [a]p
is symmetric (resp. Hemitian). It is an isometry iff for any orthonormal basis
B of V, |a]p is orthonormal (resp. unitary).

Proof. Immediate. O

The collection of isometries are naturally subgroups of L(V).

Definition 22.4. Let V be a finite dimensional inner product space over a field
F =R or C. The subgroup of isometries {o € L(V) : a* o = id} < L(V)
is called the orthogonal group O(V') of V when F' = R and the unitary group
U(V) of V when F = C.

Remark. Fix an orthonormal basis {e;} of V. Then there is a one-to-one cor-
respondence between the isometries in V' and the orthonormal bases of V' via
a+ {ale)}.
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23 Spectral Theory

Spectral Theory is the study of spectrum (eigen-stuff) of operators, which is
very important in boths maths and physics. Fix an inner product space V.
Recall that an opeator o € L(V) is self-adjoint if o = a*.

Lemma 23.1. A self-adjoint opeator o € L(V') has real eigenvalues and eigen-
vectors with different eigenvalues are orthogonal.

Proof. If v # 0 and a(v) = v, then A[[v]|? = (Av,v) = (a(v),v) = (v,a(v)) =
(v, \(V)) = Al|v]|?,s0 A=A = NeR.

Now if v,w # 0, A # p have a(v) = \, a(w) = pw, then A\, p € R and hence
Mo, w) = {a(v), w) = (v, a(w)) = (v, m0) = B(v, w) = plo,0) => (v,0) =0
since A # pu. O

Theorem 23.2 (Spectral Theorem for Self-Adjoint Operators in Finite Dimen-
sions). Let V' be a finite dimensional inner product space over F =R or C and
a € L(V) is self-adjoint. Then V has an orthonormal basis of eigenvectors of
a.

Consequently, o can be diagonalised in an orthonormal basis of V.

Proof. We proceed by induction on n = dim V. n =1 is trivial. Now assume it
is true for n — 1. Let A be a root of x4 (exists by FTA). A € R by the preceding
lemma, so a — Aidy is indeed a (singular) linear map V' — V, therefore we can
choose v € V'\ {0} such that a(v) = \v. Normalise v. Let U = ({v})* < V, then
a(U) < U since {a(u),v) = (u,a(v)) = (u, \w) = Mu,v) = 0 for any u € U.
Also dimU = n — 1. Adding v to a basis of U as in the induction hypothesis
then gives an orthonormal basis of V' consists of eigenvectors of a. O

Corollary 23.3. IfV is a finite dimensional inner product space and o € L(V')
is self-adjoint, then V is the orthogonal direct sum of all the eigenspaces of c.

Proof. Follows directly. O

Recall that o € L(V) is an isometry iff a* o = id. It is called unitary when
V' is a vector space over C.

Lemma 23.4. Let V be a complex inner product space and o € L(V') be unitary.
Then:

(i) All eigenvalues of « are in the unit circle S*.

(ii) Eigenvectors with distinct eigenvalues are orthogonal.

Proof. If v # 0,a(v) = A we have A # 0 as a # 0 and that A||v? = (a(v),v) =
(v,a7 (V) = (L, \"Hw)) = A7 v)|?, 50 M =1 = X e SL

Now if v, w # 0 and a(v) = A, a(w) = pw for A # p, then AM(v, w) = (a(v),w) =
(v, (w)) = (v, p ™ w) = g7 v, w) = plv,w) = (v,w) =0. O

Theorem 23.5 (Spectral Theorem for Unitary Operators in Finite Dimen-
sions). Let V' be a finite dimensional inner product space over F = C and
a € L(V) is unitary. Then V has an orthogonal basis of eigenvectors of a.

Equivalently, o can be diagonalised in an orthonormal basis.

Proof. Same idea as in the case for self-adjoint operators. O
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Sadly, we cannot tell the same tale for real orthogonal matrices since it can
have complex eigenvalues.

24 Application to Bilinear Form

We want to analyse bilinear forms by our study in spectral theory.

Corollary 24.1. Let A € M, (F) for F =R (resp. C) be a symmetric (resp.
Hermitian) matriz, then there is an orthogonal (resp. unitary) matriz P such
that PT AP is a real diagonal matriz.

Proof. Just take P to be the basis of orthonormal eigenvectors that spans V
which exists by spectral theorem. O

Corollary 24.2. Let V' be a finite dimensional inner product space over F =R
(resp. C) and ¢ : V x V. — F be a symmetric bilinear (resp. Hermitian) form.
Then there is an orthogonal basis of V' in which ¢ is diagonal.

Proof. Follows directly from the preceding corollary and the change-of-basis
formula for bilinear/sesquilinear forms. O

Remark. The diagonal entries in above corollaries are, of course, the eigenvalues.

Corollary 24.3 (Simultaneous Diagonalisation). Let V' be a finite dimensional
inner product space over F =R (resp. C) and ¢,vp : V x V. — F be symmetric
bilinear (resp. Hermitian) forms. Assume ¢ is positive definite, then there exists
a basis of V' in which both are diagonalised.

Proof. Define a new scalar product by (v,w) = ¢(v,w) which works as ¢ is
positive definite. Then just take the basis to be the basis in which v is diagonal
under this new inner product. O

Note that in this new basis that we described, ¢ is actually represented by
the identity matrix.

Corollary 24.4. Let A, B € M,,(F) where FF =R (resp. C). Suppose they are
both symmetric (resp. Hermitian) and assume that for any v # 0,z Az > 0,
then there exists Q € M, (F) such that both QT AQ and Q" BQ are diagonal.

Proof. Just a restatement of the preceding corollary. O
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