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1 Vector Spaces and Subspaces

Let F be an arbitrary field.

Definition 1.1. An F -vector space (or a vector space over F ) is an abelian
group (V,+) equipped with a function F × V → V, (λ, v) 7→ λv such that for
any v, v1, v2 ∈ V, λ, µ ∈ F :
1. λ(v1 + v2) = λv1 + λv2.
2. (λ1 + λ2)v = λ1v + λ2v.
3. λ(µv) = (λµv).
4. 1v = v.
This function is often called scalar multiplication of the vector space.

Example 1.1. 1. Take n ∈ N. Then the set of n-tuples in F , denoted Fn, is a
vector space under the operations

(x1, . . . , xn) + (y1, . . . , yn) = (x1 + y1, . . . , xn + yn)

λ(x1, . . . , xn) = (λx1, . . . , λxn)

2. For any set X, write RX = {f : X → R}. It is a vector space over R via

(f1 + f2)(x) = f1(x) + f2(x), (λf)(x) = λf(x)

3. The set Mn,m(F ) consisting of F -valued n×m matrices is a vector space by
interpreting it as Fn×m.

Remark. The axioms of scalar multiplication imply that 0v = 0 for any v ∈ V ,
as one can check.

Definition 1.2 (Subspace). Let V be a vector space over F . A subset U ⊂ V
is a subspace of V (or U ≤ V as vector spaces) iff U ≤ V as subgroups and
∀λ ∈ F, u ∈ U, λu ∈ U .

So basically, a subgroup U is a subspace if we can properly restrict the
original scalar product to make it a vector space over F as well. One can also
check oneself that a subspace of a subspace is also a subspace of the original
space.
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Example 1.2. Take V = RR. C(R) ≤ V (the set of continuous functions
R → R) is a subspace of V , and the set of polynomials is a subspace of C(R).
Take V = R3, then a line is a subspace iff it passes through the origin. A plane
is a subspace iff it passes through the origin as well.

Proposition 1.1. Let V be an F -vector space and U,W ≤ V as vector spaces,
then U ∩W ≤ V as vector spaces.

Proof. Just check.

However, the union of two subspaces is generally not a subspace unless one
is contained in the other already.

Example 1.3. Take V = R2 and U,W two axes, then (1, 0) + (0, 1) = (1, 1) is
already not in the union.

Definition 1.3. Let V be an F -vector space. Let U,W ≤ V . The sum of U
and W is the set U +W = {u+ w : u ∈ U,w ∈W}.

Example 1.4. Take V = R2 and U,W two axes again, then U +W = V .

Proposition 1.2. The sum of two subspaces is a subspace.

Proof. Obvious.

Just to mention, one can easily check that U +W is the smallest subspace
of V containing U and W .

Definition 1.4. Let V be an F -vector space and U ≤ V . The quotient space
V/U is the quotient group equipped with the scalar multiplication λ(v + U) =
λv + U .

Proposition 1.3. This scalar multiplication is well-defined and makes V/U a
vector space.

Proof. Just check.

2 Spans, Linear Independence and Steinitz Ex-
change Lemma

In this section, we shall characterise the properties of the dimension and basis
of a vector space.

Definition 2.1 (Span of a Family of Vectors). Let V be a vector space over F
and S ⊂ V . We define the span of S to be

⟨S⟩ = span(S) =

{
n∑
i=1

λisi : n ∈ N, λi ∈ F, si ∈ S

}

That is, ⟨S⟩ consists of all possible (finite) linear combination of elements of
S. By convention, we say ⟨∅⟩ = {0}. Note also that the span of S is essentially
the minimal subspace of V containing S.
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Example 2.1. 1. Take V = R3 and

S =


1
0
0

 ,

0
1
2

 ,

 3
−2
−4


then

⟨S⟩ =


 a
b
2b

 : a, b ∈ R


2. Take V = Rn and let ei be the vector in V that only has 1 at the ith entry
and zero elsewhere, then ⟨{ei}ni=1⟩ = V .
3. Let V = RX and Sx : X → R be such that Sx(y) = 1x=y. Then ⟨{Sx}x∈R⟩
are the set of functions f ∈ RX that has finite support.

Definition 2.2. Let V be a vector space over F and S ⊂ V . We say S spans
V if ⟨S⟩ = V .

Example 2.2. Take V = R2, then any set of two non-parallel vectors would
span V .

Definition 2.3. A vector space V over a field F is finite dimensional if there
is a finite S ⊂ V that spans V .

Example 2.3. The space V = P[x] be the set of polynomials in R and Vn =
Pn[x] be the set of real polynomials with degree at most n. Then Vn =
⟨{1, x, . . . , xn}⟩ is finite dimensional, but V is not finite dimensional as any
finite set of polynomials must be contained in Vn where n is the maximal degree
of polynomials in that set.

As N is well-ordered, there must be a minimum number of vectors that can
possibly span V . We then focus on how to capture this minimality.

Definition 2.4 ((Linear) Independence). Let V be a vector space over F . We
say {v1, . . . , vn} ⊂ V are (linearly) independent (or is a free family) if for any
λ1, . . . , λn ∈ F

n∑
i=1

λivi = 0 =⇒ ∀i, λi = 0

On the other hand, this set is not linearly independent if there exists λ1, . . . , λn ∈
F not all zero such that

∑n
i=1 λivi = 0.

Example 2.4. Let V = R3 and

v1 = (1, 0, 0)⊤, v2 = (0, 1, 0)⊤, v3 = (1, 1, 0)⊤, v4 = (0, 1, 1)⊤

Then {v1, v2} is linearly independent. Note that v3 ∈ ⟨{v1, v2}⟩, so {v1, v2, v3}
is not linearly independent. On the other hand, v4 /∈ ⟨{v1, v2}⟩, which as one
can verify means that {v1, v2, v4} is linearly independent.

Remark. If the family {vi}1≤i≤n is linearly independent, then none of vi is zero.

Definition 2.5 (Basis). A subset S ⊂ V is a basis if it is linearly independent
and ⟨S⟩ = V .
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Remark. When S spans V , we say that S is a generating family of V . So a basis
is just a linearly independent generating family.

Example 2.5. 1. Take V = Rn, then the family {ei}1≤i≤n where ei is the
vector having 1 at ith entry and zero otherwise is a basis.
2. Take V = C over C, then {a} is a basis for any a ̸= 0.
3. Take also V = C but over R, then {1, i} is a basis.
4. Take V = P[x] be the set of polynomials in R and S = {xn : n ≥ 0}. Then
S is a basis. Worth noting that |S| = ∞ in this case.

Lemma 2.1. If V is a vector space over F , then {v1, . . . , vn} is a basis of V if
and only if for any vector v ∈ V , there is a unique decomposition

v =

n∑
i=1

λivi

Remark. If the conditions are true, then the tuple (λ1, . . . , λn) (ordered via the
ordering one chose on vi) is called the coordinate of v in the basis (vi).

Proof. Trivial.

Lemma 2.2. If S is a finite set that spans V , then a subset of S is a basis of
V .

Proof. If S is independent, then we are done. Otherwise, there is some λ ̸= 0
and λw such that there is v ∈ S with

λv +
∑

w∈S\{v}

λww = 0 =⇒ v =
1

λ

∑
w∈S\{v}

λww ∈ ⟨S \ {v}⟩

Therefore S \ {v} also spans V . We can repeat this process and, by the well-
ordering of N, will reach a basis.

Theorem 2.3 (Steinitz Exchange Lemma). Let V be a finite dimensional vector
space over F , {v1, . . . , vm} ⊂ V linearly independent, {w1, . . . , wn} ⊂ V a
generating set, then:
1. m ≤ n.
2. Up to relabeling, {v1, . . . , vm, wm+1, . . . , wn} spans V .

Proof. Suppose {v1, . . . , vl, wl+1, . . . , wn} spans V for some l < m, then

∃αi, βi ∈ F, vl+1 =
∑
i≤l

αivi +
∑
i>l

βiwi

But {vi} is linearly independent, so one of the βi is nonzero. By relabelling
βl+1 ̸= 0, then wl+1 ∈ ⟨{v1, . . . , vl, vl+1, wl+2 . . . , wn}⟩, therefore the set of
vectors {v1, . . . , vl, vl+1, wl+2 . . . , wn} also spans V . The theorem is then obvious
by induction.

Corollary 2.4. Let V be a finite dimensional vector space, then any two bases
of V have the same cardinality.

Proof. Immediate.
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This corollary allows us to give a proper definition of the dimension of a
vector space. Before we step right into that, another corollary of Theorem 2.3
can help us to capture important properties of a finite dimensional vector space
that will come in handy in further discussions of basis.

Corollary 2.5. Let V be a vector space with dimV = n, then:
1. Any independent set of vectors has size at most n. The size is exactly n iff
this set is a basis.
2. Any spanning set has size at least n. The size is exactly n iff this set is a
basis.

Proof. Obvious.

3 Basis, Dimension and Direct Sum

Definition 3.1. This cardinality is called the dimension dimV of V .

This is well-defined due to Corollary 2.4.

Proposition 3.1. Let U,W be subspaces of V . If they are finite dimensional,
then so is U +W and

dim(U +W ) = dimU + dimV − dim(U ∩W )

Proof. Pick a basis v1, . . . , vl of U∩W . Extend it to a basis v1, . . . , vl, u1, . . . , um
of U and a basis v1, . . . , vl, w1, . . . , wn of W , then {vi} ∪ {ui} ∪ {wi} is easily a
basis of U +W . The equality follows.

Proposition 3.2. If V is a finite dimensional vector space and U ≤ V , then
U, V/U are both finite dimensional and dimV = dimU+dimV/U . Furthermore,

dimV = dimU + dimV/U

Proof. It is obvious that U is finite dimensional. Choose a basis u1, . . . , ul and
extend it to a basis u1, . . . , ul, wl+1, . . . , wn of V , then wl+1+U, . . . , wn+U can
be verified to be a basis of V/U . The statement is immediate.

Remark. If U is a proper subspace of V , written U < V (meaning that U ≤ V
and U ̸= V ), then the proposition gives us dimV/U ̸= 0, so dimU < dimV .

Definition 3.2. Let V be a vector space and U,W ≤ V . We say V is the
direct sum of U,W , written V = U ⊕W , if every element v ∈ V can be written
uniquely as v = u+ w for u ∈ U,w ∈W .
If this happens, then we say W is a direct complement of U in V .

Note that direct complement is not unique in general.

Example 3.1. Take U = R×{0}, then bothW = {0}×R andW ′ = ⟨{(1, 1)⊤}⟩
are direct complements of U .

Lemma 3.3. Let U,W ≤ V , then the followings are equivalent:
1. V = U ⊕W .
2., V = U +W and U ∩W = {0}.
3. For any basis B1 of U and B2 of W , the union B = B1 ∪B2 is a basis of V .
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Proof. Trivial.

Definition 3.3. Let V1, . . . , Vl ≤ V , then we define

l∑
i=1

Vi = {v1 + · · ·+ vl : vj ∈ Vj , 1 ≤ j ≤ l}

The sum is direct, i.e.
l∑
i=1

Vi =

l⊕
i=1

Vi

iff v1 + · · · + vl = v′1 + · · · + v′l implies vj = v′j for any 1 ≤ j ≤ l and vj ∈ Vj .
Equivalently,

V =

l⊕
i=1

Vi ⇐⇒ ∀v ∈ V,∃!(v1, . . . , vl) ∈ V1 × · · · × Vl, v =

l∑
i=1

vi

Proposition 3.4. The followings are equivalent:
1.

l∑
i=1

Vi =

l⊕
i=1

Vi

2. For any i,

Vi ∩

∑
j ̸=i

Vj

 = {0}

3. For any bases Bi of Vi, the union
⋃
iBi is a basis of

∑
i Vi.

Proof. Trivial.

4 Linear Maps, Isomorphisms and the Rank-
Nullity Theorem

Definition 4.1 (Linear Map). Let V,W are vector spaces over F , a function
α : V →W is linear if for any λ1, λ2 ∈ F and v1, v2 ∈ V ,

α(λ1v1 + λ2v2) = λ1α(v1) + λ2α(v2)

Example 4.1. 1. Let M be an m× n matrix, then α : Rn → Rm via x 7→Mx
is a linear map.
2. The functional α : C([0, 1]) → C1([0, 1]) via

α(f)(x) =

∫ x

0

f(t) dt

is a linear map.
3. Fix x ∈ [a, b], then the evaluation map α : C([a, b]) → R via f 7→ f(x) is a
linear map.

Remark. The identity map is a linear map. Composition of linear maps is also
a linear map.
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Lemma 4.1. Let V,W be vector spaces over F and B a basis for V . Let
α0 : B → W be a function, then there is a unique linear map α : V → W that
extends α0.

Proof. For any (bi) ∈ B, necessarily α (
∑
i λibi) =

∑
i λα0(bi). This is sufficient.

Remark. This lemma is true for infinite dimensional vector spaces as well. Often,
to define linear map, we often just define its values on a basis and extend it by
this lemma.

Corollary 4.2. Two linear maps that agree on a basis are the same.

Proof. This is just the uniqueness statement.

Definition 4.2. Let V,W be vector spaces over F . A linear bijection α : V →
W is an isomorphism (of vector spaces). If such a map exists, then we say V,W
are isomorphic (as vector spaces), written as V ∼=W .

Remark. If α is an isomorphism, so is α−1.

Lemma 4.3. ∼= is an equivalence relation on the class of all vector spaces over
F .

Proof. Just check.

Theorem 4.4. If V is a vector space over F of dimension n, then V ∼= Fn.

Proof. Take a basis {b1, . . . , bn} of V , then

α(x1b1 + · · ·+ xnbn) = (x1, . . . , xn)

is an isomorphism.

Remark. Choosing a basis of V is then just equivalent to choosing an isomor-
phism from V to Fn.

Theorem 4.5. Let V,W be finite dimensional vector spaces over F . Then
V ∼=W iff dimV = dimW

Proof. Any basis of V induces a basis of W via the isomorphism, so they have
the same dimension. Therefore are both isomorphic to Fn where n = dimV =
dimW .

Definition 4.3. Let α : V →W be a linear map. We define the kernel of α to
be kerα = {v ∈ V : α(v) = 0} and the image to be Imα = α(V ) = {w ∈ W :
∃v ∈ V, α(v) = w}.

Lemma 4.6. kerα ≤ V, Imα ≤W .

Proof. Obvious.

Example 4.2. Take α : C∞(R) → C∞(R) by α(f)(t) = f ′′(t) + f(t). Then
kerα is spanned by t 7→ et and t 7→ e−t and Imα = C∞(R).

Theorem 4.7. Let V,W be vector spaces over F and α : V → W be linear,
then V/kerα ∼= Im(α) via v + kerα 7→ α(v).
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Proof. Just check.

Definition 4.4. The rank of α : V → W is r(α) = dim Imα and nullity is
n(α) = dimkerα.

Hence in the finite dimensional case, we can rewrite the preceding theorem
to get

Theorem 4.8 (Rank-Nullity Theorem). Let α : V → W be linear where V is
finite dimensional. Then dimV = r(α) + n(α).

Proof. Follows from the preceding theorem.

Corollary 4.9 (Classification of Isomorphism). Let V,W be finite dimensional
vector spaces with dimV = dimW and α : V →W be linear, then the followings
are equivalent:
1. α is injective.
2. α is surjective.
3. α is an isomorphism.

Proof. Follows immediately by considering dimensions.

Example 4.3. Consider

V =


xy
z

 ∈ R3 : x+ y + z = 0


We want to compute dimV . Consider α : R3 → R via (x, y, z)⊤ 7→ x + y + z,
then r(α) = 1 and n(α) = V , so dimV = 3− 1 = 2. Geometrically, V is just a
plane with normal (1, 1, 1)⊤.

5 Linear Maps and Matrices

The set of linear maps from V to W is a vector space over the same field F .

Definition 5.1. Let V,W be vector spaces over F . We define

L(V,W ) = {α : V →W , linear}

to be the vector space of linear maps from V to W under the operations (α +
β)(v) = α(v) + β(v) and (λα)(v) = λα(v).

It is easy to verify that this is indeed a vector space. There is a very impor-
tant theorem

Proposition 5.1. If V,W are finite dimensional, so is L(V,W ) and we have
dimL(V,W ) = (dimV )(dimW ).

Definition 5.2. An m × n matrix over F is an array with m rows and n
columns with entries in F . As a convention, for a matrix A we write A =
(aij)1≤i≤m,1≤j≤n = (Aij)1≤i≤m,1≤j≤n where i refers to the row number and j
the column number. We write Mm,n(F ) to denote the set of m × n matrices
over F .
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Note that we can (and often) identify vectors in Rm as m× 1 matrices.

Proposition 5.2. Mm,n(F ) is a vector space over F under (aij) + (bij) =
(aij + bij) and λ(aij) = (λaij).

Proof. Trivial.

Proposition 5.3. dimMm,n(F ) = mn.

Proof. The set {(δiaδjb) : 1 ≤ a ≤ m, 1 ≤ b ≤ n} with size mn is a basis of
Mm,n(F ).

We want to represent linear maps by matrices. For V,W vector spaces over
F of finite dimensions n,m, we choose ordered bases B = (b1, . . . , bn), C =
(c1, . . . , cm) for V,W respectively. For v ∈ V , its coordinate under B is [v]B =
(v1, . . . , vn) where v =

∑
i vibi is the unique decomposition of v in this basis.

Similarly, the coordinate of w ∈ W under C is [w]C = (w1, . . . , wm) where
w =

∑
i wici is the unique decomposition of w under C.

Definition 5.3. The matrix of α : V →W in the bases B,C is the matrix

([α]B,C)ij = ([α(bj)]C)i ∈Mm×n(F )

If the bases are understood, we often write ([α]B,C)ij as αij .

Definition 5.4. For matrices M ∈Mm×n(F ) and N ∈Mn×l(F ), their matrix
product is the m× l matrix defined by (MN)ij = (

∑
kMikNkj)ij .

The particular case where N is a column vector exhibits how m×n matrices
induce linear maps Fn → Fm.

Lemma 5.4. For any v ∈ V ,

[α(v)]C = [α]B,C [v]B

Proof. Linearity.

We already know that composition of linear maps is linear, what’s more is

Lemma 5.5. Let U, V,W be finite dimensional vector spaces over F with chosen
bases A,B,C respectively. Let β : U → V and α : V →W be linear maps, then

[α ◦ β]A,C = [α]B,C [β]A,B

Proof. Linearity again.

Proposition 5.6. We have L(V,W ) ∼= Mm×n(F ) via α 7→ [α]B,C where B is
a basis of V and C is a basis of W .

Proof. Just check.

Proof of Proposition 5.1. Simple corollary of the preceding proposition.
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Remark. Let α : V →W be linear. The diagram

V W

Fn Fm

α

v 7→[v]B w 7→[w]C

[α]B,C

commutes.

Example 5.1. Let α : V → W be linear and Y ≤ V a subspace. Let B be a
basis of V extending a basis B′ of Y and C a basis of W extending a basis C ′ of
Z ≥ α(Y ). Then the entries of [α]B,C that are relevant to B′ ⊂ B,C ′ ⊂ C are
exactly [α|Y→Z ]B′,C′ . So if we rearrange the bases so that B′ are in the front
of B and C ′ in the front of C, then the matrix will look like

[α]B,C =

(
[α|Y→Z ]B′,C′ ∗

0 ∗

)
Proposition 5.7. Let α : V → W be linear and α(Y ) ≤ Z ≤ W , then α
induces a map ᾱ : V/Y →W/Z via v + Y 7→ α(v) + Z.

Proof. Trivial.

6 Change of Basis and Equivalent Matrices

Consider vector spaces V,W and B = {v1, . . . , vn}, B′ = {v′1, . . . , v′n} bases of
V , C = {w1, . . . , wn}, C ′ = {w′

1, . . . , w
′
n}. Let α : V →W be a linear map. We

want to study the relationship between [α]B,C and [α]B′,C′ .

Definition 6.1. For a vector space V with bases B = {v1, . . . , vn}, B′ =
{v′1, . . . , v′n}, the change of basis matrix from B′ to B is P = (pij)1≤i,j≤n given
by pij = ([v′j ]B)i.

Indeed P = [idV ]B′,B .

Lemma 6.1. [v]B = P [v]B′ .

Proof. P [v]B′ = [idV ]B′,B [v]B′ = [idV (v)]B = [v]B .

Remark. Let P be the change of basis matrix from B′ to B, then P is invertible
and P−1 is the change of basis matrix from B′ to B.

So for the problem we stated at the start of this section, we write P =
[idV ]B′,B and Q = [idW ]C′,C , then

Proposition 6.2. Let A = [α]B,C , A
′ = [α]B′,C′ and P,Q be as above, then

A′ = Q−1AP .

Proof. For any v ∈ V , we evaluate

AP [v]B′ = [α]B,C [v]B = [α(v)]C = Q[α(v)]C′ = Q[α]B′,C′ [v]B′ = QA′[v]B′

So AP = QA′, which means A′ = Q−1AP .
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Definition 6.2 (Equivalent Matrices). Two matrices A,A′ ∈ Mm,n(F ) are
equivalent if A′ = Q−1AP for some Q ∈Mm,m, P ∈Mn,n invertible.

Remark. As one can check, this defines an equivalent relation.

Proposition 6.3. Let V,W be vector spaces over F and dimV = n, dimW =
m. Let α : V →W be linear. Then there exists bases B of V and C of W such
that

[α]B,C =

(
Ir 0
0 0

)
where Ir is the identity matrix of dimension r = n− n(α).

Proof. Fix a basis vr+1, . . . , vn of kerα and extend it to a basis B = {v1, . . . , vr}.
It is easy to see that α(v1), . . . , α(vr) gives a basis of Imα as it is a spanning
set that has the right size and that

r∑
i=1

λiα(vi) = 0 =⇒ α

(
r∑
i=1

λivi

)
= 0 =⇒

r∑
i=1

λivi ∈ kerα =⇒ ∀i, λi = 0

Extend this to a basis C of W , then [α]B,C can be easily seen to have the right
form.

Remark. This provides another proof of the Rank-Nullity Theorem.

Corollary 6.4. Any m× n matrix is equivalent to a matrix in the form illus-
trated in the preceding proposition.

Proof. Immediate.

Definition 6.3. Let A ∈Mm×n(F ). The column rank r(A) of A is the dimen-
sion of the subspace spanned by the columns of A in Fn. Similarly, the row
rank of A is the column rank of AT .

Remark. If α is a linear map represented by A with respect to some basis, then
r(α) = r(A).

Proposition 6.5. Two matrices A,A′ of the same dimension are equivalent iff
r(A) = r(A′).

Proof. Direct consequence of Proposition 6.3 and the preceding remark.

Theorem 6.6. r(A) = r(AT ).

Proof. Let r = r(A), so there are some invertible Q,P of the right sizes such
that

Q−1AP =

(
Ir 0
0 0

)
which is an m× n matrix. But then

P⊤A⊤(Q⊤)−1 = P⊤A⊤(Q−1)⊤ = (Q−1AP )⊤ =

(
Ir 0
0 0

)
as an n×m matrix. So r(A⊤) = r = r(A).
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In the case where α : V → V is an endomorphism, the change of basis
formula becomes A′ = P−1AP where P is the change of basis matrix and A′, A
are the matrices of α in the two different bases. This induces the following
definition.

Definition 6.4. Let A,A′ be square matrices. We say A,A′ are similar (or
conjugate) if there is an n×n invertible square matrix P such that A′ = P−1AP

This notion is central to the study of diagonalisation and spectral theory.

7 Elementary Equations and Elementary Matri-
ces

Definition 7.1. An elementary column operation on an m × n matrix A are
one of the followings:
(i) Swap columns i, j with i ̸= j.
(ii) Multiply the entire column i by λ ∈ F \ {0}.
(iii) Add λ times column i to column j where λ ∈ F .

We can do row operations in a analogous (transposed) way. Something
remarkable is that these operations are invertible. Instead of find the inverses
one-by-one, we realise these operations via the action of elementary matrices.
Let Eij be the matrix with 1 on the i, j entry and zero anywhere else, we have:

Definition 7.2 (Elementary Matrices). The elementary matrices are Tij =
I − Eii − Ejj + Eij + Eji for i ̸= j, Mi,λ = I + (λ − 1)Eij for λ ̸= 0 and
Ci,j,λ = I + λEij .

Then, we easily see that Tij corresponds to column (row) operation (i), Mi,λ

to operation (ii) and Ci,j,λ to operation (iii) via the operation of multiplying A
with the correspondinng matrix from the right (left).

Example 7.1. (
1 2
3 4

)(
0 1
1 0

)
=

(
2 1
4 3

)
Constructive Proof of Proposition 6.3. It suffices to show that we can get from
any matrix to (

Ir 0
0 0

)
via elementary column and row operations. Start with a matrix A. If A = 0
then we are done. Otherwise pick aij = λ ̸= 0 and swap rows i and 1 and
then columns j and 1, after which λ is at position 1, 1. Then multiply column
1 by λ−1. So we get 1 at position 1, 1. Now we clean up row 1 and column
1 via operation (iii) (both row and column). Afterwards we can perform the
same procedure on the submatrix by removing the first row and column. By
induction we can get the desired form at the end.

There are a few variations on these row and column operations. The first
one is Gauss’ pivot algorithm. If one use only row operations, then one will
reach the “row echelon form” (which we will define later) in the following way:

13



Assume ai1 ̸= 0 for some i. Otherwise just move on by deleting the first zero
columns. Then swap rows i and 1 and divide row 1 by λ = ai1 to get 1 at
position 1, 1 and use (iii) to clean up the first column. And one can move on
with the same method to the submatrix removing the first row and first column.
Do this repeatedly and at the end we can get a matrix satisfying:
1. For any i here exists k(i) ≥ i such that aij = 0 for any j < k(i).
2. k(i) is increasing in i.
3. Row k(i) equals ek(i).
And matrices satisfying these conditions are called matrices in row echelon form.
Note that the operations above is exactly what we will get when solving a linear
system of equations. So this can be an algorithm of doing that, which is now
known as Gauss’ pivot algorithm (or Gaussian elimination).
Another variation is the following:

Lemma 7.1. We can obtain the identity matrix from any invertible square
matrix via column operations only.

By transpose, we can replace column operations by row operations.

Proof. We argue by induction on the k where we can guarantee to transform A
to the form (

Ik 0
∗ ∗

)
The initial case is obvious. Suppose we can do this for some k, we shall show
that we can do this for k + 1. Now there must be some j > k such that
ak+1,j = λ ̸= 0. Otherwise the vector ek+1 is not in the span of the column
vectors of A, contradiction. So we swap columns k + 1 and j and then divide
column k + 1 by λ. This gets us 1 at position k + 1, k + 1. Then we can clean
up the row k + 1 by this 1, which completes the induction process.

This immediately provides an algorithm (a quite cost-effective one) for com-
puting the inverse. As one can see, this algorithm is analogous to the algorithm
of solving a nonsingular linear system. Also,

Proposition 7.2. Any invertible matrix is a product of elementary matrices.

Proof. Writing the operations in the preceding lemma as a product of elemen-
tary matrices representing the operations gives the inverse of that matrix. But
any invertible matrix is the inverse of its own inverse.

8 Dual Space and Dual Maps

Definition 8.1. Let V be a vector space over F , we define the dual space V ∗

of V to be the set of linear maps from V to F , i.e. V ∗ = L(V, F ).
We call linear maps V → F as linear forms.

Example 8.1. 1. The map tr : Mn,n(F ) → F via A = (aij) 7→
∑
i aii is a

linear form, so tr ∈ (Mn,n(F ))
∗.

2. For a function f :∈ C∞([0, 1],R), we can define the map Tf : C∞([0, 1],R)
via

Tf (ϕ) =

∫ 1

0

f(x)ϕ(x) dx

14



An interesting thing is, if we are given all information about Tf , can we re-
cover f? The answer is yes and is left as an exercise. This idea comes from
quantum mechanics, where you only get the information about Tf by physical
measurements but you want information about f .

There is a natural way of finding a basis for the dual space.

Lemma 8.1. Let V be a vector space over F with a finite basis B = {e1, . . . , en},
then there exists a basis for V ∗ given by B∗ = {ϵ1, . . . , ϵn} where ϵj(

∑
i aiei) =

aj for 1 ≤ j ≤ n.

Definition 8.2. The basis B∗ in the preceding lemma is called the dual basis.

Remark. If we introduce the Kronecker delta

δij =

{
1, if i = j

0, otherwise

then we can define ϵj by extending ϵj(ei) = δij .

Proof. If there is some λj ∈ F such that
∑
j λjϵj = 0, then in particular the

evaluation of the left hand side at ei is zero for each i. But ϵj(ei) = 0, so λi = 0
for each i.
To see this is spanning, one just observe that α =

∑
j α(ej)ϵj for any linear

form α.

Corollary 8.2. If V is finite dimensional, then dimV ∗ = dimV .

Remark. It is convenient to think of V ∗ as the space of row vectors of length
n over F . Indeed, if we have a basis {ei} of V and the corresponding dual
basis {ϵi} for V ∗, then via calculation we can obtain α(x) =

∑
i αixi where

α =
∑
i αiϵi and x =

∑
i xiei.

Definition 8.3. If U ⊂ V is a subset of the vector space V , then the annihilator
of U is

U◦ = {α ∈ V ∗ : ∀u ∈ U,α(u) = 0}

Lemma 8.3. U◦ ≤ V ∗ and if U ≤ V and dimV is finite, then dimV =
dimU + dimU◦.

Proof. Quite obvious that U◦ ≤ V ∗. To see the identity, write n = dimV and
extend a basis {e1, . . . , ek} of U to a basis {e1, . . . , en} of V . Let {ϵ1, . . . , ϵn}
be the dual basis. Then it becomes obvious that U◦ = ⟨{ϵk+1, . . . , ϵn}⟩, which
gives the identity.

Lemma 8.4. Let V,W be vector spaces over F and α ∈ L(V,W ). Then the
map α∗ :W ∗ → V ∗ sending ϵ to ϵ ◦ α is linear.

Proof. Obvious.

Definition 8.4. This map α∗ is called the dual map of α.

Proposition 8.5. Let V,W be finite dimensional vector spaces over F with
bases B,C. Let B∗, C∗ be the dual bases of V ∗,W ∗, then [α∗]C∗,B∗ = [α]⊤B,C .
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Proof. Just write it down.

Lemma 8.6. Let E,F be bases of V and P = [id]F,E be the change-of-basis
matrix from F to E. Let E∗, F ∗ be the corresponding dual bases, then the
change-of-basis matrix from F ∗ to E∗ is (P−1)⊤.

Proof. We have
[id]F∗,E∗ = [id]⊤E,F = (P−1)⊤

as desired.

9 Properties of the Dual Map and Double Dual

Lemma 9.1. Let V,W be vector spaces over F and α ∈ L(V,W ). Let α∗ ∈
L(W ∗, V ∗) be the dual map, then:
1. kerα∗ = (Imα)◦, so α∗ is injective iff α is surjective.
2. Imα∗ ≤ (kerα)◦ with equality if V,W are finite dimensional, in which case
it implies that α∗ is surjective iff α is injective.

This is very important as it shows how we can understand α from α∗, which
is often simpler.

Proof. 1. Pick ϵ ∈W ∗, then ϵ ∈ kerα∗ iff α∗(ϵ) = 0 iff ϵ ◦ α = 0 iff ϵ ∈ (Imα)◦.
2. We first show that Imα∗ ≤ (kerα)◦. Indeed, for any ϵ ∈ Imα∗, we have
ϵ = α∗(ϕ) = ϕ ◦ α for some ϕ ∈ W ∗. But then for any u ∈ kerα we have
ϵ(u) = ϕ ◦ α(u) = ϕ(0) = 0, which means ϵ ∈ (kerα)◦. In finite dimension, pick
bases B,C of V,W and we get

dim Imα∗ = r(α∗) = r([α∗]C∗,B∗) = r([α]⊤B,C)

= r([α]B,C) = r(α)

= dimV − dimkerα

= dim(kerα)◦

So they have the same dimension, hence equal.

We now turn to a very important concept known as double dual. V ∗ is a
vector space too, so we can also construct its dual

V ∗∗ = L(V ∗, F ) = (V ∗)∗

Why is it important? Well, not much in finite dimensions, but in infinite di-
mensonal spaces, it is very hard to find obvious relations between V and V ∗.
However, there is a canonical embedding of V into V ∗∗. Indeed, pick v ∈ V ,
consider v̂ : V ∗ → F via ϵ 7→ ϵ(v), which is a well-defined element of V ∗∗. Quite
ironically, our first theorem on this topic is about finite-dimensional spaces.

Theorem 9.2. If V is finite dimensional, then this operationˆ: V → V ∗∗ we
just described is an isomorphism of vector spaces.

So we can just identify V ∗∗ with V .
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Proof. Linearity is standard. To see it is injective, let e ∈ V \ {0} and extend
{e} to a basis {e, e2, . . . , en} of V . So the dual basis (ϵ, ϵ2, . . . , ϵn) would have
ê(ϵ) = ϵ(e) = 1. Thereforeˆhas trivial kernel, hence injective. It then follows
that it is an isomorphism as dimV = dimV ∗ = dimV ∗∗.

Remark. In further linear analysis and functional analysis, we will see that ˆ
remains injective for a huge class of infinite dimensional vector spaces (those
of interests are often space of functions). And there are many of them (called
reflexive spaces) whereˆis actually an isomorphism. The theories emerged from
here have numerous applications in analysis.

Lemma 9.3. Let V be a finite dimensional vector space over F and U ≤ V .
Define Û = {û : u ∈ U} ≤ V ∗∗. Then Û = U◦◦ = (U◦)◦.

Thus we can identify U◦◦ with U too.

Proof. Trivial.

Lemma 9.4. Let V be finite dimensional vector space over F and U1, U2 ≤ V ,
then:
1. (U1 + U2)

◦ = U◦
1 ∩ U◦

2 .
2. (U1 ∩ U2)

◦ = U◦
1 + U◦

2 .

Proof. Just write it out.

10 Bilinear Forms

Definition 10.1. Let U, V be vector spaces over F , then ϕ : U × V → F is a
bilinear form if ϕ(u, ·) ∈ V ∗ and ϕ(·, v) ∈ U∗ for any u ∈ U, v ∈ V .

We write ϕL ∈ L(U, V ∗) to be the map u 7→ ϕ(u, ·) and ϕR ∈ L(V,U∗) to be
v 7→ ϕ(·, v) respectively, so we have ϕL(u)(v) = ϕ(u, v) = ϕR(v)(u).

Example 10.1. 1. The map V × V ∗ → F via (v, θ) 7→ θ(v) is a bilinear form.
2. The scalar product on Fn, that is

x1...
xn

 ,

y1...
yn


 7→

n∑
i=1

xiyi

is a bilinear form.
3. Take U = V = C([0, 1],R), then

(f, g) 7→
∫ 1

0

f(t)g(t) dt

is a bilinear form.

Definition 10.2. Take a basis B = {e1, . . . , em} of U and C = {f1, . . . , fn}
basis of V and ϕ : U×V → F a bilinear form, then the matrix of ϕ with respect
to B,C is

[ϕ]B,C = (ϕ(ei, fj))1≤i≤m,1≤j≤n

17



Lemma 10.1. We have ϕ(u, v) = [u]⊤B [ϕ]B,C [v]C for any u ∈ U, v ∈ V .

Proof. If u =
∑
i λiei and v =

∑
j µjfj , then by linearity,

ϕ(u, v) =

n∑
i=1

n∑
j=1

λiµjϕ(ei, fj) = [u]⊤B [ϕ]B,C [v]C

by simple expansion.

Remark. The matrix [ϕ]B,C is the unique matrix such that the previous lemma
holds.

Lemma 10.2. Take a basis B = {e1, . . . , em} of U and the dual basis B∗ =
{ϵ1, . . . , ϵm} of U∗. Similarly take a basis C = {f1, . . . , fn} of V and the dual
basis {η1, . . . , ηn} of V ∗. If A = [ϕ]B,C where ϕ : U ×V → F is a bilinear form,
then [ϕR]C,B∗ = A and [ϕL]B,C∗ = A⊤.

Proof. Pretty much from definition.

Definition 10.3. kerϕL is called the left kernel of ϕ and kerϕR is called the
right kernel of ϕ.
ϕ is nondegenerate if both kernels are zero. Otherwise, we say ϕ is degenerate.

Lemma 10.3. Let B,C be bases of U, V respectively and ϕ : U × V → F be
bilinear. Let A = [ϕ]B,C , then ϕ is nondegenerate iff A is invertible.

Proof. Immediate from the preceding lemma.

Corollary 10.4. If ϕ is nondegenerate, then dimU = dimV .

Proof. All invertible matrices are square.

Example 10.2. So the dot product on Rn is nondegenerate.

Corollary 10.5. If U, V are finite dimensional vector spaces over F , then
choosing a nondegenerate bilinear form U × V → F is just choosing an iso-
morphism ϕL : U → V ∗.

Proof. Obvious.

Definition 10.4. For T ⊂ U , we define T⊥ = {v ∈ V : ∀t ∈ T, ϕ(t, v) = 0} and
for S ⊂ V we define ⊥S = {u ∈ U : ∀s ∈ S, ϕ(u, s) = 0}

Of course we want to change the basis.

Proposition 10.6. Let B,B′ be bases of U and P = [id]B′,B and C,C ′ be
basis of V and Q = [id]C′,C and let ϕ : U × V → F be a bilinear form. Then
[ϕ]B′,C′ = P⊤[ϕ]B,CQ.

Proof. We have

ϕ(u, v) = [u]⊤B [ϕ]B,C [v]C = (P [u]B′)⊤[ϕ]B,C(Q[v]C′) = [u]⊤B′(P⊤[ϕ]B,CQ)[v]C′

So necessarily [ϕ]B′,C′ = P⊤[ϕ]B,CQ.

Lemma 10.7. The rank of the matrix of ϕ is invariant under change of basis.

Proof. Immediate.

Definition 10.5. The rank r(ϕ) of ϕ is the rank of its matrix in any basis.

Remark. We have r(ϕ) = r(ϕR) = r(ϕL).
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11 Trace and Determinant

Definition 11.1. Let A ∈ Mn(F ) = Mn,n(F ) be a square n × n matrix. The
trace of A is defined to be

trA =

n∑
i=1

Aii

Remark. The map sending a matrix to its trace is a linear form.

Lemma 11.1. tr(AB) = tr(BA).

Proof. Write stuff out.

Corollary 11.2. Similar matrices have the same trace.

Proof. tr(P−1AP ) = tr(APP−1) = tr(A).

Definition 11.2. If α : V → V is linear, then trα = tr[α]B for any choice of
basis B of V . It is well-defined by the preceding corollary.

Lemma 11.3. Let α : V → V be linear and α∗ : V ∗ → V ∗ be the dual map,
then trα = trα∗.

Proof. Choose any basis B of V , then

trα = tr[α]B = tr[α]⊤B = tr[α∗]B∗ = trα∗

as desired.

Recall that we can decompose any permutation σ ∈ Sn into a product of
transpositions.

Definition 11.3. The signature of a permutation is the (necessarily unique)
homomorphism ϵ : Sn → {1,−1} that sends any transposition to −1.

This map ϵ is well-defined as we know that the parity of the number of
transpositions that builds up a permutation is fixed.

Definition 11.4. Let A = (aij) ∈Mn(F ). We define the determinant of A as

detA =
∑
σ∈Sn

ϵ(σ)aσ(1)1aσ(2)2 · · · aσ(n)n

Example 11.1. For n = 2, we have

det

(
a11 a12
a21 a22

)
= a11a22 − a12a21

Lemma 11.4. If A = (aij) is an upper (resp. lower) triangular matrix, i.e.
aij = 0 for i > j (resp. i < j), then detA = 0.

Proof. The only permutation σ such that σ(j) ≤ j (resp. σ(j) ≥ j) for all j is
the identity.

Lemma 11.5. detA = detA⊤.

Proof. For any σ ∈ Sn we know that ϵ(σ) = ϵ(σ−1).
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Definition 11.5. A volumn form d in Fn is a function (Fn)n → F such that:
1. It is multilinear: For any i ∈ {1, . . . , n} and v1, . . . , vi−1, vi+1, . . . , vn ∈ Fn,
the map

v 7→ d(v1, . . . , vi−1, v, vi+1, . . . , vn ∈ Fn)

is linear.
2. It is an alternating form: If vi = vj for some i ̸= j, then d(v1, . . . , vn) = 0.

What we want to prove that there is only one volumn form (up to multi-
plicative constant). If this is true, then it necessarily equals det in the following
way:

Lemma 11.6. det is a volumn form via the obvious identification Mn(F ) =
(Fn)n by grouping the n column vectors as a tuple.

Proof. det is linear as it is linear in any entry. It is an alternating form as ϵ
sends any transposition to −1.

Lemma 11.7. Let d be a volumn form, then swapping two entries changes the
sign.

Proof. For any i ̸= j, d(v1, . . . , vi, . . . , vj , . . . , vn)+d(v1, . . . , vj , . . . , vi, . . . , vn) =
d(v1, . . . , vi + vj , . . . , vi + vj , . . . , vn) = 0.

Corollary 11.8. For any σ ∈ Sn and volume form d,

d(vσ1
, . . . , vσn

) = ϵ(σ)d(v1, . . . , vn)

Proof. Just decompose σ into transpositions.

Theorem 11.9. Let A ∈ Mn(F ) and let A(i) be the ith column of A. For any
volumn form d, we have

d(A(1), . . . , A(n)) = det(A)d(e1, . . . , en)

where (ei)j = δij.

This is what we wanted.

Proof. Just expand using linearity and the preceding corollary.

Corollary 11.10. det is the unique volumn form that maps (e1, . . . , en) to 1.

12 Some Properties of Determinant

Lemma 12.1. Let A,B be sqaure matrices, then det(AB) = det(A) det(B).

Proof. Direct expansion does the trick, but alternatively we can define dA via
dA(B) = det(AB) which is obviously a volume form. Therefore dA(B) =
dA(I) det(B) = det(A) det(B).

Definition 12.1. Let A ∈Mn(F ). We say A is singular if detA = 0, otherwise
we say A is nonsingular.

Lemma 12.2. If A is invertible then it is non-singular.
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Proof. Suppose B is an inverse of A, then det(A) det(B) = det(AB) = det(I) =
1 ̸= 0 therefore detA ̸= 0.

Remark. In particular det(A−1) = (detA)−1 if A is invertible.

Theorem 12.3. Let A ∈Mn(F ), the followings are equivalent:
1. A is invertible.
2. A is non-singular.
3. r(A) = n.

Proof. We just need to show (ii) implies (iii) since we have already done all
others. Suppose r(A) < n, then dim span(A(1), . . . , A(n)) < n, so there is some
λ1, . . . , λn not all zero such that

∑
i λiA

(i) = 0. In particular, there is some
j such that λj ̸= 0 and hence cj = −

∑
i ̸=j(λi/λj)A

(i). Expand detA using
multilinearity gives a linear combination of determinants with repeated entries,
which is zero as det is an alternating form.

Remark. By the theorem, it follows easily that the equation Ax = y where
A ∈Mn(F ), x, y ∈ Fn has a unique solution iff detA ̸= 0.

Lemma 12.4. Similar matrices have the same determinant.

Proof. det(PAP−1) = det(P ) det(A) det(P )−1 = det(A).

Therefore the following definition makes sense.

Definition 12.2. If α : V → V be an endomorphism, then detα = det[αB,B ]
for any B basis of V .

Theorem 12.5. det : L(V, V ) → F satisfies:
1. det(idV ) = 1.
2. det(α ◦ β) = det(β) det(α).
3. detα ̸= 0 iff α is invertible. If indeed detα ̸= 0, then det(α−1) = (detα)−1.

Proof. Choose any basis and the rest follows from previous discussions.

Lemma 12.6. Let A ∈Mk(F ), B ∈Ml(F ), C ∈Mk,l(F ). Consider

Mk+l(F ) ∋M =

(
A C
0 B

)
Then detM = (detA)(detB).

Proof. Write n = k + l and M = (mij). Observe that mσ(i)i = 0 if i ≤ k and
σ(i) > k. So for mσ(1)1 · · ·mσ(n)n ̸= 0, we must have the decomposition σ1 ◦ σ2
such that σ1 fixes anything but 1, . . . , k and σ2 fixes anything but k + 1, . . . , n.
But then for such σ, we have mσ(j)j = aσ1(j)j for any j ∈ {1, . . . , k} and
mσ(j)j = bσ2(s)s where s = j − k for any j ∈ {k + 1, . . . , n}. Observe also that
ϵ(σ) = ϵ(σ1)ϵ(σ2), therefore

detM =
∑
σ∈Sn

ϵ(σ)mσ(1)1 · · ·mσ(n)n

=
∑

σ1∈Sk,σ2∈Sl

ϵ(σ1)ϵ(σ2)aσ1(1)1 · · · aσ1(k)kbσ2(1)1 · · · bσ2(l)l

=
∑
σ1∈Sk

ϵ(σ1)aσ1(1)1 · · · aσ1(k)k

∑
σ2∈Sl

ϵ(σ2)bσ2(1)1 · · · bσ2(l)l

= (detA)(detB)
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as desired.

Corollary 12.7. If A1, . . . , Ak are square matrices, then

det


A1 ∗

A2

. . .

0 Ak

 = (detA1)(detA2) · · · (detAk)

Proof. Induction on k.

In particular,

det


λ1 ∗

λ2
. . .

0 λk

 = λ1 · · ·λk

Remark. Why is it called a volume from? Consider the map (R3)3 → F via
(a, b, c) 7→ a · (b × c) which is an example of a volume form. We know that
geometrically this gives the (signed) volume of the parallelopiped formed by
a, b, c.

13 The Adjugate Matrix

Given a square matrix A ∈ Mn(F ) with columns A(i). If we swap two neigh-
bouring columns (or rows), then detA changes sign.

Remark. We can prove properties of determinant using the decomposition of A
into elementary matrices.

A column expansion is a strategy to compute the determinant of a matrix
by using its linkage to some of its submatrices.

Definition 13.1. Let A ∈ Mn(F ) and pick i, j ∈ {1, . . . , n}. We define Aîj ∈
An−1(F ) to be the matrix obtained by deleting the ith row and jth column from
A.

Example 13.1. Take

A =

 1 2 −7
2 1 0
−3 6 1


Then

A3̂2 =

(
1 −7
2 0

)
Lemma 13.1 (Expansion of Determinant). Let A ∈Mn(F ).
1. We have the expansion along the jth column

detA =

n∑
i=1

(−1)i+jaij detAîj
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2. We have the expansion along the ith row

detA =

n∑
j=1

(−1)i+jaij detAîj

Example 13.2. Take

A =

1 2 −1
3 −1 1
4 2 −7


So expanding along the second column gives

detA = −(2) det

(
3 1
4 −7

)
+ (−1) det

(
1 −1
4 −7

)
− 2 det

(
1 −1
3 1

)
Proof. Suffices to show the first part. Pick 1 ≤ j ≤ n and write A = (aij), A

(j) =∑
i aijei. Then

detA = det

(
A(1), . . . ,

n∑
i=1

aijei, . . . , A
(n)

)

=

n∑
i=1

aij det(A
(1), . . . , ei, . . . , A

(n))

=

n∑
i=1

aij(−1)j−1 det(ei, A
(1), . . . , A(n))

=

n∑
i=1

aij(−1)j−1(−1)i−1 det


1 ∗ · · · ∗
0
... Aîj
0


=

n∑
i=1

(−1)i+jaij detAîj

as desired.

Definition 13.2. Let A ∈ Mn(F ), then the adjugate matrix adjA of A is the
n× n matrix with entries

(adjA)ji = (−1)i+j detAîj = det(A(1), . . . , A(j−1), ei, A
(j+1), . . . , A(n))

Theorem 13.2. Let A ∈ Mn(F ), then adj(A)A = (detA)I where I is the
identity matrix.

In particular A−1 = (detA)−1 adjA whenever A is invertible.

Proof. For any j, the preceding lemma translates to

detA =

n∑
i=1

(adjA)ijaij = (adj(A)A)jj
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Now for j < k, let A′ be the matrix obtained by putting A(k) in the place of
A(j), then

0 = det(A′)

= det(A(1), . . . , A(k), . . . , A(k), . . . , A(n))

= det

(
A(1), . . . ,

n∑
i=1

aikei, . . . , A
(k), . . . , A(n)

)

=

n∑
i=1

aik det(A
(1), . . . , ei, . . . , A

(k), . . . , A(n))

=

n∑
i=1

aik(adjA)ji

= (adj(A)A)jk

which implies the result.

Proposition 13.3. Let A ∈ Mn(F ) be invertible, and let b ∈ Fn, then the
unique solution to Ax = b is given by

xi =
1

detA
detAîb

where Aîb is the matrix obtained by replacing the ith column of A by b.

Proof. As A is invertible, such an x exists and is unique. Let x be a solution,
then note that

det(Aîb) = det(A(1), . . . , A(i−1), b, A(i+1), . . . , A(n))

= det(A(1), . . . , A(i−1), Ax,A(i+1), . . . , A(n))

= det

A(1), . . . , A(i−1),

n∑
j=1

xjA
(j), A(i+1), . . . , A(n)


=

n∑
j=1

xj det(A
(1), . . . , A(i−1), A(j), A(i+1), . . . , A(n))

=

n∑
j=1

xjδij detA

= xi detA

just as we wanted.

14 Eigenvectors, Eigenvalues and Diagonal Ma-
trices

This is the first step into the wonderful land of diagonalisation of endomor-
phisms. Consider a vector space V over F with dimV = n < ∞ and let
α : V → V be an endomorphism. The general problem is whether we can find
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a basis B of V such that [α]B is in a nice enough form. In other words, by our
change-of-basis formula, we want to know when can a matrix be conjugate to
another matrix in a nice form.

Definition 14.1. 1. α ∈ L(V ) = L(V, V ) is diagonalisable if there exists a
basis B of V such that [α]B is diagonal, i.e. ([α]B)ij = 0 for i ̸= j.
2. α ∈ L(V ) is triangulable if there exists a basis B of V such that [α]B is
(upper) triangular.

Remark. A matrix is diagonalisable (resp. triangulable) iff it is conjugate to a
diagonal (resp. triangular) matrix.

Definition 14.2. 1. λ ∈ F is an eigenvalue of α if α(v) = λv for some v ̸= 0.
2. v ∈ V is an eigenvector of α if v ̸= 0 and there exists some λ ∈ F such that
α(v) = λv.
3. Vλ = {v ∈ V : α(v) = λv} ≤ V is called the eigenspace of α associated to λ.

Lemma 14.1. If α ∈ L(V ) and λ ∈ F , then λ is an eigenvalue iff det(α −
λ idV ) = 0.

Proof. Follows from the fact that matrices with nonzero determinant have zero
kernel.

Remark. If α(vj) = λvj for vj ̸= 0, then completing it into a basis B =
{v1, . . . , vj , . . . , vn} of V gives ([α]B)ij = λδij .

Recall that for a field F , a polynomail in F is f(t) = ant
n + · · ·+ a0 ∈ F [t]

with ai ∈ F . Let deg f be the largest m such that am ̸= 0, then we know that
deg(f + g) ≤ max{deg f, deg g} and deg(fg) = deg(f) + deg(g). We say λ is a
root of f iff f(λ) = 0, and g(t) divides f(t) if there is some q(t) ∈ F [t] such that
f(t) = g(t)q(t).

Lemma 14.2. If λ is a root of f , then x− λ divides f .

Proof. Write f(t) = f(t)− f(λ) and factrorise.

Remark. We say λ is a root of multiplicity k if (t−λ)k divides f but (t−λ)k+1

does not.

Example 14.1. f(t) = (t − 1)2(t − 2)3 has roots 1 with multiplicity 2 and 2
with multiplicity 3.

Corollary 14.3. A polynomial of degree n has at most n roots, counted with
multiplicity.

Proof. Induction.

Corollary 14.4. For polynomials f1, f2 of degree less than n with f1(ti) = f2(ti)
for distinct t1, . . . , tn, then f1 = f2.

Proof. deg(f1 − f2) < n.

Theorem 14.5 (Fundamental Theorem of Algebra). Any polynomial f ∈ C[t]
of positive degree has a root.

Proof. Omitted.
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Consequently, f has exactly deg f many roots counted with multplicity. This
means that any f ∈ C[t] can be written as

f(t) = c

n∏
i=1

(t− λi)
αi , c, λi ∈ C, αi ∈ N,

n∑
i=1

αi = deg f

Definition 14.3. For α ∈ L(V ), the characteristic polynomial of α is χα(t) =
det(α− t idV ) ∈ F [t].

Remark. Conjugate matrices then have the same characteristic polynomial.

Theorem 14.6. α ∈ L(V ) is triangulable iff

χα(t) = c

n∏
i=1

(t− λi)

for some c, λi ∈ F .

Consequently, any matrix in C is triangulable.

Proof. The “only if” part is trivial. For the “if” direction, we do induction on
n = dimV . The n = 1 case is trivial. For n > 1, there is λ such that χα(λ) = 0
by assumption. Let {v1, . . . , vk} be a basis of U = Vλ and extend it to a basis
B = {v1, . . . , vn} of V . We then have

[α]B =

(
λIk ∗
0 C

)
So the induced endomorphism ᾱ : V/U → V/U has matrix C under the basis
{vk+1+U, . . . , vn+U}. Then by the induction hypothesis, we can choose another
set of basis {ṽk+1+U, . . . , ṽn+U} so that C is triangular. Hence α is triangular
under the basis {v1, . . . , vk, ṽk+1, . . . , ṽn}. This completes the proof.

Lemma 14.7. Suppose V is a vector space over F = R or C such that dimV =
n <∞ and suppose α ∈ L(V ) is an endomorphism with matrix A. Say χα(t) =
(−1)ntn + cn−1t

n−1 + · · ·+ c0, then c0 = detA, cn−1 = (−1)n−1 trA.

Proof. detA = χA(0) = c0. For cn−1, note that the statement is true for
triangular A, so we are done by the preceding theorem.

15 Diagonalisation Criterion and Minimal Poly-
nomial

For a polynomial p(t) ∈ F [t] in the form p(t) = ant
n + · · ·+ a0 for ai ∈ F and

A ∈ Mn(F ), we define p(A) = anA
n + · · · + a0I. Similarly for α ∈ L(V ), we

write p(α) = anα
n+ · · ·+ a0 idV where αi is α composed with itself for i times.

Theorem 15.1. Let V be a finite-dimensional vector space over F and α ∈
L(V ). Then α is diagonalisable iff there exists a polynomial p ∈ F [t] which is
the product of distinct linear factors in F [t] such that p(α) = 0.
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Proof. Suppose α is diagonalisable with distinct eigenvalues λ1, . . . , λk which
might or might not have unit multiplicity. Then take p(t) = (t−λ1) · · · (t−λk).
Let B be the basis in which α is diagonal, then for any v ∈ B we have α(v) = λiv
for some i, which means (α−λi idV )v = 0. Then note that the factors α−λi idV
always commute with each other, which means p(α)v = 0 for all v ∈ B, hence
p(α) = 0.
Conversely, suppose p(α) = 0 for some p(t) = (t− λ1) · · · (t− λk) with λi ̸= λj
whenever i ̸= j. Let Vλi

= ker(α−λi idV ). We claim that V =
⊕

i Vλi
. Indeed,

take

qj(t) =
∏
i ̸=j

t− λi
λj − λi

Then qj(λi) = δij . Consider q(t) = q1(t) + · · · + qk(t), then q has degree at
most k − 1 and q(λi) = 1 for all i, which then means q(t) = 1 for all t. Let
πj = qj(α) ∈ L(V ), then by construction π1 + · · ·+ πk = q(α) = idV . Now,

(α− λj idV )qj(α)(v) =
1∏

i ̸=j(λj − λi)
p(α)(v) = 0

This means that for any j, πj(v) ∈ Vλj for any v, so V is indeed the sum of all
Vλi

.
It remains to prove that the sum is direct. Take v ∈ Vλj

∩
∑
i̸=j Vλi

, then since
v ∈ Vλj

,

πj(v) =
∏
i ̸=j

λj − λi
λj − λi

v = v

But also v ∈
∑
i ̸=j Vλi

, so πj(v) = 0, which implies v = 0, so the sum is direct,
and hence α is diagonalisable.

Remark. We have shown in part of our proof above that if λ1, . . . , λk are k
distinct eigenvalues of α, then the sum

∑
i Vλi

is always direct. So the only way
diagonalisation fails is when the sum of eigenspaces is properly contained in V .

Corollary 15.2. If A ∈Mn(C) has finite order, then A is diagonalisable.

Proof. tm − 1 is the product of t− ζjm where ζjm are the mth roots of unity.

Theorem 15.3 (Simultaneous Diagonalisation). Let α, β ∈ L(V ) be diagonal-
isable, then α, β are simultaneously diagonalisable, that is there exists a basis in
which both matrices are diagonal, iff α, β commute.

Proof. If there is a basis B in which [α]B = D1, [β]B = D2 are diagonal matrices,
then obviously D1, D2 commutes, thus so does α and β.
Conversely, if α, β are diagonalisable and commute, then V =

⊕
i Vλi

where λi
are distinct eigenvalues of α. Now β(Vλj

) ≤ Vλj
since for any v ∈ Vλj

we have
α◦β(v) = β ◦α(v) = β(λjv) = λjβ(v). Take a polynomial p that is the product
of distinct linear factors such that p(β) = 0. Consequently p(β|Vλi

) = 0, so
β|Vλi

is diagonalisable. Then the union of bases in Vλi
so that β|Vλi

is diagonal
is a basis of V that makes α, β both diagonal.

Recall that we can do division algorithm on polynomials, so if we have
a(t), b(t) ∈ F [t] for nonconstant b, we have q(t), r(t) ∈ F [t] such that deg r <
deg b and a = qb+ r.
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Definition 15.1. Let V be a vector space over F and α ∈ L(V ). A polynomial
mα(t) ∈ F [t] is a minimal polynomial of α if mα(α) = 0 and degmα is minimal.

Remark. This is well-defined as there must exists a polynomial m(t) ∈ F [t]

such that m(α) = 0 by considering the linearly dependent set {id, α, . . . , αn2}
in L(V ).

Note also that we have defined it as “the” minimal polynomial instead of
“a” minimal polynomial. To justify it, we have

Lemma 15.4. For α ∈ L(V ), let mα be a minimal polynomial of α and p(t) ∈
F [t], then p(α) = 0 iff mα|p.

In particular, minimal polynomial is unique up to a nonzero constant.

Proof. The “if” direction is trivial. For the “only if” direction, we can write
p = mαq + r for some polynomials q, r with deg r < degmα. r(α) = 0 by
assumption, so by minimality of degmα we must have r = 0, i.e. mα|p.

Example 15.1. Consider V = F 2 and

A =

(
1 0
0 1

)
, B =

(
1 1
0 1

)
They mA = t− 1 and mB = (t− 1)2. Consequenly A is diagonalisable but B is
not.

16 Cayley-Hamilton Theorem and Multiplicity
of Eigenvalues

Theorem 16.1 (Cayley-Hamilton Theorem). Let V be a finite dimensional
vector space over F and α ∈ L(V ) with characteristic polynomial χα(t) =
det(α− t id), then χα(α) = 0.

Consequently, mα|χα.

Proof for F = C. We know that α is triangulable, so there is a basis B such
that it has matrix

[α]B =

a1 ∗
. . .

0 an


Therefore χα(t) = (t − a1) · · · (t − an) (up to sign). But then easily χα(α) =
χα([α]B) = 0.

Proof for the General Case. For A ∈Mn(F ), we write

(−1)nχA(t) = det(t id−A) = tn + an−1t
n−1 · · ·+ a0

for some ai ∈ F . Now if adj(t id−A) = Bn−1t
n−1+ · · ·B0 for matrices Bi, then

(t id−A)(Bn−1t
n−1 + · · ·B0) = (tn + an−1t

n−1 · · ·+ a0) id
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Equating the coefficients gives

id = Bn−1, an−1 id = Bn−2 −ABn−1, . . . , a0 id = −ABn

Therefore

(−1)nχA(A) = An + an−1A
n−1 · · ·+ a0 id

= AnBn−1 +An−1(Bn−2 −ABn−1) + · · ·+A0(−AB0)

= 0

by telescoping.

Definition 16.1. Let α ∈ L(V ) and λ an eigenvalue of α, then the algebraic
multiplicity aλ of λ is the multiplicity of λ as a root of χα(t).
The geometric multiplicity gλ of λ is dimker(α− λ id).

Remark. Obviously aλ, gλ ≥ 1.

Lemma 16.2. gλ ≤ aλ.

Proof. Let {v1, . . . , vgλ} be a basis of Vλ = ker(α−λ id) and extend it to a basis
B = {vi} of V . Then

[α]B =

(
λ idgλ ∗
0 A1

)
for some A1. Then

det(α− λ id) = det

(
(λ− t) idgλ ∗

0 A1 − t id

)
= (λ− t)gλχA1(t)

which implies the claim.

Lemma 16.3. Let λ be an eigenvalue of α and write cλ as the multiplicity of
λ as a root of the minimal polynomial mα. Then 1 ≤ cλ ≤ aλ.

Proof. cλ ≤ aλ is obvious as mα|χα. To see cλ ≥ 1, as λ is an eigenvalue, we can
find v ̸= 0 such that α(v) = λv, so αp(v) = λpv. Hence 0 = mα(α)v = (mα(λ))v
which means mα(λ) = 0, hence cλ ≥ 1.

Example 16.1. 1. Consider

A =

1 0 −2
0 1 1
0 0 2


then χA(t) = (t−1)2(t−2). So mA(t) is either (t−1)2(t−2) or (t−1)(t−2) by
the preceding lemma. Indeed the latter works and has a smaller degree, hence
mA(t) = (t− 1)(t− 2).
2. Let A be the Jordan block

A =


λ 1

. . .
. . .

λ 1
λ


Then as one can check, gλ = 1, aλ = cλ = n.
3. Take A = λ id, then gλ = aλ = n and cλ = 1.
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Lemma 16.4. Take F = C, V a finite dimensional vector space over F and
α ∈ L(V ), then the followings are equivalent:
(i) α is diagonalisable.
(ii) For any eigenvalue λ of α we have aλ = gλ.
(iii) For any eigenvalue λ of α we have cλ = 1.

Proof. We already know that (i) is equivalent to (iii) by Theorem 15.1. To see (i)
is equivalent to (ii), let λ1, . . . , λk be distinct eigenvalues of α. We have already
seen that α is diagonalisable iff V =

⊕
i Vλi

. But dimV = n = degχα =
∑
i aλi

by FTA and dim
⊕

i Vλi =
∑
i gλ. So α is diagonalisable iff

∑
i gλi =

∑
i aλi iff

aλi = gλi for all i by Lemma 16.2.

17 The Jordan Normal Form

We are interested in how nice a matrix can an arbitrary α ∈ L(Cn) possibly
have.

Definition 17.1. Let A ∈Mn(C). We say A is in Jordan Normal Form (JNF)
if it is a block diagonal matrix

A =


Jn1

(λ1)
Jn2

(λ2)
. . .

Jnk
(λk)


for {λi} ∈ C not necessarily distinct,

∑
i ni = n and Jr(λ) ∈Mr(C) are Jordan

blocks of the form

Jr(λ) =


λ 1

. . .
. . .

λ 1
λ


Theorem 17.1. Every matrix A ∈Mn(C) is similar to a matrix in JNF which
is unique up to reordering the Jordan blocks.

Proof. Omitted.

Example 17.1. For n = 2, the possible JNFs are simply (λ, λ1, λ2 ∈ F, λ1 ̸=
λ2) (

λ1 0
0 λ2

)
,

(
λ 0
0 λ

)
,

(
λ 1
0 λ

)
with minimal polynomials (t− λ1)(t− λ2), t− λ, (t− λ)2 respectively.
For n = 3, the JNFs (and their respective minimal polynomials) are, up to
reordering of the blocks, (λ, λ1, λ2, λ3 ∈ F , λ1, λ2, λ3 all distinct)λ1 λ2

λ3

 : (t− λ1)(t− λ2)(t− λ3);

λ1 λ2
λ2

 : (t− λ1)(t− λ2)

λ1 λ2 1
λ2

 : (t− λ1)(t− λ2)
2;

λ λ
λ

 : (t− λ)
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λ λ 1
λ

 : (t− λ)2;

λ 1
λ 1

λ

 : (t− λ)3

Theorem 17.2 (Generalised Eigenspace Decomposition). Let V be a finite
dimensional vector space over C and α ∈ L(V ). Let λ1, . . . , λk be distinct
eigenvalues of α such that mα(t) = (t− λ1)

c1 · · · (t− λk)
ck , then

V =

k⊕
i=1

Vj , Vj = ker((α− λj id)
cj )

Here Vj is called the generalised eigenspace.

Remark. When α is diagonalisable, then cj = 1 for all j, consequently V =⊕
j ker(α− λj id) as we already know.

Proof. Define pj(t) =
∏
i ̸=j(t − λi)

ci , then {pj} has no common factor, so we
can find q1, . . . , qk such that q1p1 + · · · + qkpk = 1. Define πj = qjpj(α), then
it follows that

∑
j πj = id. Also (α − λj id)

cjπj = 0, so Imπj ⊂ Vj , hence V is
the sum of all Vj . To see this sum is direct, simply observe that πiπj = δijπi
for all i, j, so πi|Vj = δij id. This completes the proof.

Remark. 1. This decomposition allows us to reduce the proof of JNF to just
one eigenvalue, which can be done via the study of nilpotent matrices. 1 The
relation is found from the observation

(Jm(λ)− λ id)k =


(
0 Im−k

0 0

)
, if k < m

0, otherwise

2. We can very easily compute aλ, gλ and cλ if we know the JNF. Indeed, aλ
is the sum of sizes if the blocks with eigenvalue λ, gλ is the number of Jordan
blocks with eigenvalue λ and cλ is the size of the largest Jordan block with
eigenvalue λ. This can (sometimes) be used to compute the JNF as well.

Example 17.2. Take

A =

(
0 −1
1 2

)
We want to find a basis in which A is in JNF. Now χA(t) = mA(t) = (t − 1)2,
so the JNF is in the form (

1 1
0 1

)
We want the basis, which naturally consists of eigenvectors. Indeed, ker(A−id) is
spanned by (1,−1)⊤. Choose v2 such that (A− id)v2 = v1, which is nonunique
but we can take v2 = (−1, 0)⊤. So take the basis {v1, v2} works. To put it
concretely,

A =

(
1 −1
−1 0

)(
1 1
0 1

)(
1 −1
−1 0

)−1

1That is if you want to do it the linear algebra way – I like the C[X]-module approach
more.
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18 More on Bilinear Forms

Guess what? We are back to bilinear forms again! But this time, we are
interested in bilinear forms ϕ : V ×V → F for a finite dimensional vector space
V over F . For a basis B of V , we write [ϕ]B = [ϕ]B,B .

Lemma 18.1. Let B,B′ be bases of V and P = [id]B′,B, then [ϕ]B′ = P⊤[ϕ]BP .

Proof. Proposition 10.6.

Definition 18.1. Matrices A,B ∈ Mn(F ) are congruent if there is invertible
P such that A = P⊤BP .

Remark. Easily congruence is an equivalence relation.

Definition 18.2. A bilinear form ϕ in V is symmetric if ϕ(u, v) = ϕ(v, u) for
any u, v ∈ V .

Remark. ϕ is symmetric iff [ϕ]B is symmetric in some basis B.
If we want to diagonalise ϕ, then it has to be symmetric by the preceding lemma.

Definition 18.3. A map Q : V → F is a quadratic form iff there exists a
bilinear form ϕ : V × V → F such that Q(u) = ϕ(u, u).

Remark. If B = {ei}i and A = [ϕ]B = (ϕ(ei, ej))i,j , then for u =
∑
i xiei we

have

Q(u) = ϕ

(
n∑
i=1

xiei,

n∑
i=1

xiei

)
=

n∑
i=1

n∑
j=1

xixjϕ(ei, ej) = x⊤Ax

where x = (x1, . . . , xn)
⊤. Also observe that x⊤Ax = x⊤Sx where S = (A +

A⊤)/2 is symmetric.

Proposition 18.2. If Q : V × V → F is a quadratic form, then there exists a
unique symmetric bilinear form ϕ : V ×V → F such that Q(u) = ϕ(u, u) for all
u ∈ V .

Proof. We know that Q(u) = ψ(u, u) for some bilinear ψ. Take ϕ = (ψ+ψ⊤)/2
where ψ⊤(u, v) = ψ(v, u) works. To see it is unique, just observe that for a
symmetric ϕ,

Q(u+ v) = ϕ(u+ v, u+ v) = ϕ(u, u) + 2ϕ(u, v) + ϕ(v, v)

which implies that necessarily ϕ(u, v) = (Q(u+ v)−Q(u)−Q(v))/2 (known as
the polarisation identity), so in particular ϕ is uniquely determined.

Theorem 18.3 (Diagonalisation of Bilinear Forms). Let ϕ : V × V → F be a
symmetric bilinear form and dimV < ∞, then there exists a basis of V such
that [ϕ]B is diagonal.

Proof. We proceed by induction on n = dimV . If ϕ(u, u) = 0 for any u ∈ V ,
then ϕ is identically zero by the polarisation identity. Otherwise, we can always
find u ∈ V \ {0} such that ϕ(u, u) ̸= 0. Write u = e1 and define

U = ⟨{ei}⟩⊥ = {v ∈ V : ϕ(e1, v) = 0} = kerϕ(e1, ·)

So dimU = n− 1 and U + e1 = U ⊕ e1. Pick a basis {e2, . . . , en} of U such that
ϕ|U is diagonal in this basis, which is possible by induction hypothesis. Then ϕ
is diagonal in {e1, . . . , en}.
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Example 18.1. Take V = R3 and

Q(x) = x21 + x22 + 2x23 + 2x1x2 + 2x1x3 − 2x2x3

By inspection, if we take

A =

1 1 1
1 1 −1
1 −1 2


then Q(x) = x⊤Ax. Of course, we can follow the algorithm illustrated in the
proof. We can alternatively complete the square to get

Q(x) = x21 + x22 + 2x33 + 2x1x2 + 2x1x3 − 2x2x3

= (x1 + x2 + x3)
2 + (x3 − 2x2)

2 − (2x2)
2

then under the new basis induced by the change of variables x′1 = x1 + x2 +
x3, x

′
2 = x3 − 2x2, x

′
3 = 2x2, A has the matrix

A′ =

1 0 0
0 1 0
0 0 −1


More concretely, we have A′ = P⊤AP where

P =

1 1 1
0 −2 1
0 −2 0

−1

19 Sylvester’s Law, Sesquilinear Forms

We start by looking at some immediate corollaries of Theorem 18.3.

Corollary 19.1. For a finite dimensional complex vector space V and a sym-
metric bilinear form ϕ on V , there is a basis B of V such that

[ϕ]B =

(
Ir 0
0 0

)
where r = r(ϕ).

Proof. Square roots always exist as F = C.

Corollary 19.2. Every symmetric matrix in C is congruent to a unique matrix
of the form (

Ir 0
0 0

)
Proof. Immediate.

Corollary 19.3. If F = R, dimV = n < ∞ and ϕ a symmetric bilinear form
of V , then there exists a basis {v1, . . . , vn} of V such thatIp −Iq

0


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Proof. Every positive number in R has a square root.

Definition 19.1. s(ϕ) = p − q is called the signature of the real symmetric
bilinear form ϕ.

To see it is well-defined,

Theorem 19.4 (Sylvester’s Law of Inertia). If a real symmetric bilinear form
ϕ has

[ϕ]B =

Ip −Iq
0

 , [ϕ]B′ =

Ip′ −Iq′
0


then p = p′, q = q′.

Definition 19.2. Let ϕ be a real symmetric bilinear form. We say that ϕ is
positive semidefinite if ϕ(u, u) ≥ 0 for any u ∈ V , and is positive definite if
ϕ(u, u) > 0 for any u ∈ V \ {0}. Similarly, ϕ is positive semidefinite if ∀u ∈
V, ϕ(u, u) ≤ 0 for any u ∈ V , and negative definite if ∀u ∈ V \ {0}, ϕ(u, u) < 0.

Example 19.1. The matrix (
Ip 0
0 0

)
∈Mn(R)

is always positive semidefinite, and is positive definite iff p = n.

Proof. Indeed p is the largest dimension of subspace of V in which ϕ is positive
definite. Similarly q is the largest dimension of a subspace in which ϕ is negative
definite. These descriptions are independent of the choice of basis, so we are
done.

Definition 19.3. The kernel of the bilinear form ϕ : V × V → F is the set
K(ϕ) = {v ∈ V : ∀u ∈ V, ϕ(u, v) = 0}.

Remark. 1. dimK(ϕ) + r(ϕ) = 0.
2. For F = R, we now know from the preceding theorem that there is a subspace
T of dimension n− (p+ q) + min{p, q} such that ϕ|T = 0. More over, this can
easily be shown to be the largest dimension such that such a subspace T exists.

Recall that the standard inner product on Cn, that is

⟨x, y⟩ =
n∑
i=1

xiȳi

is not a bilinear form.

Definition 19.4. Let V,W be vector spaces over C. A map ϕ : V ×W → C is
a sesquilinear form if for any w ∈W , ϕ(·, w) is linear and for any v ∈ V, λ1, λ2 ∈
C, w1, w2 ∈W ,

ϕ(v, λ1w1 + λ2w2) = λ̄1ϕ(v, w1) + λ̄2ϕ(v, w2)

Definition 19.5. With notation as above, for bases B = {v1, . . . , vm} of V and
C = {w1, . . . , wn} of W , the matrix of ϕ is (ϕ]B,C)ij = (ϕ(vi, wj)).
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Lemma 19.5. ϕ(v, w) = [v]⊤B [ϕ]B,C [w]C .

Proof. Expand.

Lemma 19.6. If B,B′ are bases of V and C,C ′ of W and P = [idV ]B′,B , Q =
[idW ]C′,C , then [ϕ]B′,C′ = P⊤[ϕ]B,CQ̄

Proof. Analogous to the bilinear case.

20 Hermitian Forms and Real Skew-Symmetric
Forms

Definition 20.1. A sesquilinear form ϕ : V × V → C is called Hermitian if
ϕ(u, v) = ϕ(v, u).

Remark. In particular, ϕ(u, u) = ϕ(u, u), so ϕ(u, u) is real. Moreover, for any
λ ∈ C we have ϕ(λu, λu) = |λ|2ϕ(u, u). Therefore it makes sense to talk about
positive/negative (semi)definite Hermitian forms.

Lemma 20.1. A sesquilinear form ϕ : V × V → C is Hermitian iff for any

basis B of V , [ϕ]B = [ϕ]
⊤
B.

Proof. If ϕ is Hermitian, then write A = [ϕ]B = (aij)i,j = (ϕ(ei, ej))i,j where

we have aji = ϕ(ej , ei) = ϕ(ei, ej) = āij . Conversely if [ϕ]B = A with A =
(aij)ij = Ā⊤ and u =

∑
i λiei, v =

∑
i µiei, then

ϕ(u, v) = ϕ

 n∑
i=1

λiei,

n∑
j=1

µjej

 =

n∑
i=1

n∑
j=1

λiµ̄jaij

=

n∑
i=1

n∑
j=1

λ̄iµjaji

= ϕ

 n∑
j=1

µjej ,

n∑
i=1

λiei


= ϕ(v, u)

So ϕ is Hermitian.

The polarisation identity becomes

ϕ(u, v) =
1

4
(Q(u+ v)−Q(u− v) + iQ(u+ iv)− iQ(u− iv))

for a Hermitian ϕ and Q(w) = ϕ(w,w).

Theorem 20.2 (Hermitian Formulation of Sylvester’s Law). Let V be an n-
dimensional vector space over C and ϕ : V × V → C a Hermitian form on V ,
then V has a basis {v1, . . . , vn} such that

[ϕ]B =

Ip −Iq
0


where p, q depends only on ϕ.
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The proof is nearly identical to what we did for the real symmetric case.

Proof. If ϕ = 0 then we are done. Otherwise, by the polarisation identity,
there exists e1 ̸= 0 such that ϕ(e1, e1) ̸= 0. Set v1 = e1/

√
|ϕ(e1, e1)|, then

we get ϕ(v1, v1) = ±1. Consider W = {w ∈ V : ϕ(v, w) = 0}, then easily
V = ⟨{v1}⟩ ⊕W . Then we can do induction on the dimension to show that ϕ
is diagonal in some basis, which implies the existence of p, q. The uniqueness
follows from the observation that p (resp. q) is the minimal dimension of a
subspace on which ϕ is positive (resp. negative) definite.

Definition 20.2. Let V be a vector space over R. A bilinear form on a real
vector space is skew-symmetric if ϕ(u, v) = −ϕ(v, u) for all u, v ∈ V .

Remark. 1. For any u ∈ V , ϕ(u, u) = −ϕ(u, u) therefore ϕ(u, u) = 0.
2. The definition is equivalent to say that for any basis B of V we have [ϕ]B =
−[ϕ]⊤B .
3. For any A ∈Mn(R), we can decompose it

A =
A+A⊤

2
+
A−A⊤

2

into symmetric and skew-symmetric parts.

Theorem 20.3 (Sylvester Form). Let ϕ be a skew-symmetric bilinear form
over a real vector space V with dimV = n < ∞, then there is a basis B =
{v1, w1, . . . , vm, wm, v2m+1, . . . , vn} of V such that

[ϕ]B =


A

. . .

A
0

 , A =

(
0 1
−1 0

)

where there are m copies of A.

Proof. Induction on n. If ϕ = 0, then we are done. Otherwise ϕ ̸= 0, so there
is some v1, w1 such that ϕ(v1, w1) ̸= 0. After rescaling we might as well assume
that ϕ(v1, w1) = 1, so correspondingly ϕ(w1, v1) = −1. We know that v1, w1

has to be linearly independent as ϕ is skew-symmetric. Let U = ⟨{v1, v2}⟩ and
W = {v ∈ V : ϕ(v1, v) = ϕ(w1, v) = 0}, then V = U ⊕W . We are then done
since we can use induction hypothesis on W and [ϕ|U ] = A.

Corollary 20.4. Skew-symmetric bilinear forms have even rank.

Proof. Immediate.

Definition 20.3. Let V be a vector space over R (resp. C). An inner product
on V is a positive definite symmetric (resp. Hermitian) form ϕ on V . The pair
(V, ϕ) is then called a real (resp. complex) inner product space.

Sometimes we write ⟨u, v⟩ = ϕ(u, v) if it is understood.
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Example 20.1. In Rn, the usual real scalar product is an inner product.
In Cn, the usual complex scalar product is an inner product.
In C([0, 1],C) (over C), the form

⟨f, g⟩ =
∫ 1

0

f(t)g(t)w(t) dt

is an inner product for any w ∈ C([0, 1],R+).

Definition 20.4. Let ⟨·, ·⟩ be an inner product, its induced norm is ∥v∥ =√
⟨v, v⟩.

Remark. ∥v∥ ≥ 0 and the equality holds iff v = 0.

21 Gram-Schmidt and Orthogonal Complement

Here we only interested in inner product spaces over F = R or C.

Lemma 21.1 (Cauchy-Schwartz Inequality). |⟨u, v⟩| ≤ ∥u∥∥v∥.

In particular, equality hold iff u, v are linearly dependent.

Proof. For t ∈ F , expanding ⟨tu− v, tu− v⟩ ≥ 0 gives

0 ≤ |t|2∥u∥2 − 2Re(t⟨u, v⟩) + ∥v∥2

Picking t = ⟨u, v⟩/∥u∥2 ends the proof.

Corollary 21.2 (Triangle Inequality). ∥u+ v∥ ≤ ∥u∥+ ∥v∥.

Consequently ∥ · ∥ is a indeed a norm.

Proof. Square both sides and use Cauchy-Schwartz.

Definition 21.1. Fix an inner product ⟨·, ·⟩. A set {e1, . . . , ek} of vectors in
V is orthogonal if ⟨ei, ej⟩ = 0 for i ̸= j and orthonormal if in addition they all
have norm 1, that is ⟨ei, ej⟩ = δij .

Note that both notion depends on our choice of inner product.

Lemma 21.3. A set of orthogonal vectors e1, . . . , ek has to be linearly indepen-
dent. In fact, if v =

∑
i λiei then λi = ⟨v, ei⟩/∥ei∥.

Proof. Immediate from bilinearity.

Lemma 21.4 (Parseval’s Identity). If V is a finite dimensional inner product
space and e1, . . . , en is an orthonormal basis, then

⟨u, v⟩ =
n∑
i=1

⟨u, ei⟩⟨v, ei⟩

Proof. Obvious from the preceding lemma.

In particular, in an orthogonal basis, ∥v∥2 =
∑
i |⟨v, ei⟩|2. Does an orthogo-

nal basis always exist?
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Theorem 21.5 (Gram-Schmidt Orthogonalisation). If we have an inner prod-
uct space V and a sequence of linearly independent vectors (vi)i∈I ∈ V where
I = {1, 2, . . .} (which may or may not terminate), then there exists a sequence
(ei)i∈I of orthonormal vectors such that ⟨v1, . . . , vk⟩ = ⟨e1, . . . , ek⟩ for any k ∈ I.

Proof. We shall define (ei) inductively on k. For k = 1, just take e1 = v1/∥v1∥.
Say we have found e1, . . . , ek, then define

e′k+1 = vk+1 −
k∑
i=1

⟨vk+1, ei⟩ei, ek+1 =
1

|e′k+1|
e′k+1

This is well-defined as (vi) is linearly independent (so e′k+1 ̸= 0) and it is easy
to verify that ⟨v1, . . . , vk+1⟩ = ⟨e1, . . . , ek+1⟩. This completes the proof.

So not only does there exists such a set of orthonormal vectors, we also get
an algorithm to compute it.

Corollary 21.6. Let V be a finite dimensional inner product space, then any
orthonormal set of vectors can be extend to an orthonormal basis of V .

Proof. Extend it to a basis, then apply the Gram-Schmidt algorithm (which
fixes the original set).

Note. A matrix A ∈Mm,n(F ) has orthogonal columns if A⊤Ā = I.

Definition 21.2. A ∈Mn(R) is orthogonal if A⊤A = I. A ∈Mn(C) is unitary
if A⊤Ā = I.

Proposition 21.7. Any nonsingular A ∈Mn(R) (resp. Mn(C)) can be written
as A = RT where T is upper-triangular and R is orthogonal (resp. unitary).

Proof. Do Gram-Schmidt on columns of A.

Definition 21.3. Let V be an inner product space and V1, V2 ≤ V . We say V
is the orthogonal sum of V1, V2 (written as V = V1 ⊕⊥ V2) if V = V1 ⊕ V2 and
∀v1,∈ V1, v2 ∈ V2, we have ⟨v1, v2⟩ = 0.

Definition 21.4. Let V be an inner product space and W ≤ V . We define
W⊥ = {v ∈ V : ∀w ∈W, ⟨v, w⟩ = 0}.

Lemma 21.8. W ⊕⊥ W⊥ = V if V is finite dimensional.

Proof. Clearly W⊥ ≤ V and by definition the sum W + W⊥ is direct and
orthogonal. So it suffices to show that V =W +W⊥, which is obvious since we
can obtain a basis of W⊥ of the right size by extending an orthonormal basis
on W orthonormally to V .

22 Orthogonal Complement and Adjoint Map

Definition 22.1. Suppose V = U ⊕W . The projection operator π = πW :
V →W into W is defined via u+ w 7→ w for any u ∈ U,w ∈W .

Easy to see that π is linear and π2 = π
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Remark. We have πU = id−πW .

Of course, in the case where U =W⊥, we can have something better.

Lemma 22.1. Let V be an inner product space and W ≤ V finite dimensional
subspace of V , then:
(a) If {ei} is an orthonormal basis of W , then ∀v ∈ V, π(v) =

∑
i⟨v, ei⟩ei.

(b) ∀v ∈ V,w ∈W, ∥v − π(v)∥ ≤ ∥v − w∥ with equality iff w = π(v).

Proof. Just observe that v−π(v) ∈W⊥ which is known to be a complementary
subspace of W . This gives (a) immediately, and for (b) we have ∥v − w∥2 =
∥v − π(v) + π(v)− w∥2 = ∥v − π(v)∥2 + ∥π(v)− w∥2 ≥ ∥v − π(v)∥2.

Proposition 22.2. Let V,W be finite dimensional inner product spaces and
α ∈ L(V,W ). Then there is a unique linear map α∗ : W → V such that
∀v ∈ V,w ∈ W, ⟨α(v), w⟩ = ⟨v, α∗(w)⟩. Moreover, if B,C are orthonormal
bases of V,W , then [α∗]C,B = ([α]B,C)

⊤.

Proof. Brute-force computation.

Definition 22.2. This map α∗ is called the adjoint of α.

Remark. One might notice that we used the same notation for adjoint and dual
of a map. This (intentional) abuse of notation can be justified by considering
the linear isomorphisms ψR,V : V → V ∗, ψR,W : W → W ∗ via ψR,V (v) =
⟨·, v⟩, ψR,W (w) = ⟨·, w⟩ which immediately satisfies α∗

adjoint = ψ−1
R,V ◦ α∗

dual ◦
ψR,W .

W ∗ V ∗

W V

α∗
dual

ψR,W

α∗
adjoint

ψR,V

Definition 22.3. Let V be an inner product space. A map α ∈ L(V ) is self-
adjoint if α = α∗, i.e. ∀v, w ∈ V, ⟨α(v), w⟩ = ⟨v, α(w)⟩.
It is called an isometry if α∗ ◦α = id, or ⟨α(v), α(w)⟩ = ⟨v, w⟩ for any v, w ∈ V .

Remark. By the polarisation identity, α is an isometry iff ∥α(v)∥ = ∥v∥ for any
v ∈ V .

Lemma 22.3. Let V be a finite dimensional inner product space over R (resp.
C). Then α ∈ L(V ) is self-adjoint iff for any orthonormal basis B of V , [α]B
is symmetric (resp. Hemitian). It is an isometry iff for any orthonormal basis
B of V , [α]B is orthonormal (resp. unitary).

Proof. Immediate.

The collection of isometries are naturally subgroups of L(V ).

Definition 22.4. Let V be a finite dimensional inner product space over a field
F = R or C. The subgroup of isometries {α ∈ L(V ) : α∗ ◦ α = id} ≤ L(V )
is called the orthogonal group O(V ) of V when F = R and the unitary group
U(V ) of V when F = C.

Remark. Fix an orthonormal basis {ei} of V . Then there is a one-to-one cor-
respondence between the isometries in V and the orthonormal bases of V via
α↔ {α(ei)}.
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23 Spectral Theory

Spectral Theory is the study of spectrum (eigen-stuff) of operators, which is
very important in boths maths and physics. Fix an inner product space V .
Recall that an opeator α ∈ L(V ) is self-adjoint if α = α∗.

Lemma 23.1. A self-adjoint opeator α ∈ L(V ) has real eigenvalues and eigen-
vectors with different eigenvalues are orthogonal.

Proof. If v ̸= 0 and α(v) = λv, then λ∥v∥2 = ⟨λv, v⟩ = ⟨α(v), v⟩ = ⟨v, α(v)⟩ =
⟨v, λ(v)⟩ = λ̄∥v∥2, so λ = λ̄ =⇒ λ ∈ R.
Now if v, w ̸= 0, λ ̸= µ have α(v) = λv, α(w) = µw, then λ, µ ∈ R and hence
λ⟨v, w⟩ = ⟨α(v), w⟩ = ⟨v, α(w)⟩ = ⟨v, µw⟩ = µ̄⟨v, w⟩ = µ⟨v, w⟩ =⇒ ⟨v, w⟩ = 0
since λ ̸= µ.

Theorem 23.2 (Spectral Theorem for Self-Adjoint Operators in Finite Dimen-
sions). Let V be a finite dimensional inner product space over F = R or C and
α ∈ L(V ) is self-adjoint. Then V has an orthonormal basis of eigenvectors of
α.

Consequently, α can be diagonalised in an orthonormal basis of V .

Proof. We proceed by induction on n = dimV . n = 1 is trivial. Now assume it
is true for n− 1. Let λ be a root of χA (exists by FTA). λ ∈ R by the preceding
lemma, so α− λ idV is indeed a (singular) linear map V → V , therefore we can
choose v ∈ V \{0} such that α(v) = λv. Normalise v. Let U = ⟨{v}⟩⊥ ≤ V , then
α(U) ≤ U since ⟨α(u), v⟩ = ⟨u, α(v)⟩ = ⟨u, λv⟩ = λ̄⟨u, v⟩ = 0 for any u ∈ U .
Also dimU = n − 1. Adding v to a basis of U as in the induction hypothesis
then gives an orthonormal basis of V consists of eigenvectors of α.

Corollary 23.3. If V is a finite dimensional inner product space and α ∈ L(V )
is self-adjoint, then V is the orthogonal direct sum of all the eigenspaces of α.

Proof. Follows directly.

Recall that α ∈ L(V ) is an isometry iff α∗ ◦α = id. It is called unitary when
V is a vector space over C.

Lemma 23.4. Let V be a complex inner product space and α ∈ L(V ) be unitary.
Then:
(i) All eigenvalues of α are in the unit circle S1.
(ii) Eigenvectors with distinct eigenvalues are orthogonal.

Proof. If v ̸= 0, α(v) = λv we have λ ̸= 0 as α ̸= 0 and that λ∥v∥2 = ⟨α(v), v⟩ =
⟨v, α−1(v)⟩ = ⟨v, λ−1(v)⟩ = λ̄−1∥v∥2, so λλ̄ = 1 =⇒ λ ∈ S1.
Now if v, w ̸= 0 and α(v) = λv, α(w) = µw for λ ̸= µ, then λ⟨v, w⟩ = ⟨α(v), w⟩ =
⟨v, α−1(w)⟩ = ⟨v, µ−1w⟩ = µ̄−1⟨v, w⟩ = µ⟨v, w⟩ =⇒ ⟨v, w⟩ = 0.

Theorem 23.5 (Spectral Theorem for Unitary Operators in Finite Dimen-
sions). Let V be a finite dimensional inner product space over F = C and
α ∈ L(V ) is unitary. Then V has an orthogonal basis of eigenvectors of α.

Equivalently, α can be diagonalised in an orthonormal basis.

Proof. Same idea as in the case for self-adjoint operators.
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Sadly, we cannot tell the same tale for real orthogonal matrices since it can
have complex eigenvalues.

24 Application to Bilinear Form

We want to analyse bilinear forms by our study in spectral theory.

Corollary 24.1. Let A ∈ Mn(F ) for F = R (resp. C) be a symmetric (resp.
Hermitian) matrix, then there is an orthogonal (resp. unitary) matrix P such
that P⊤AP is a real diagonal matrix.

Proof. Just take P to be the basis of orthonormal eigenvectors that spans V
which exists by spectral theorem.

Corollary 24.2. Let V be a finite dimensional inner product space over F = R
(resp. C) and ϕ : V × V → F be a symmetric bilinear (resp. Hermitian) form.
Then there is an orthogonal basis of V in which ϕ is diagonal.

Proof. Follows directly from the preceding corollary and the change-of-basis
formula for bilinear/sesquilinear forms.

Remark. The diagonal entries in above corollaries are, of course, the eigenvalues.

Corollary 24.3 (Simultaneous Diagonalisation). Let V be a finite dimensional
inner product space over F = R (resp. C) and ϕ, ψ : V × V → F be symmetric
bilinear (resp. Hermitian) forms. Assume ϕ is positive definite, then there exists
a basis of V in which both are diagonalised.

Proof. Define a new scalar product by ⟨v, w⟩ = ϕ(v, w) which works as ϕ is
positive definite. Then just take the basis to be the basis in which ψ is diagonal
under this new inner product.

Note that in this new basis that we described, ϕ is actually represented by
the identity matrix.

Corollary 24.4. Let A,B ∈Mn(F ) where F = R (resp. C). Suppose they are
both symmetric (resp. Hermitian) and assume that for any x ̸= 0, x⊤Ax > 0,
then there exists Q ∈Mn(F ) such that both Q⊤AQ and Q⊤BQ are diagonal.

Proof. Just a restatement of the preceding corollary.
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