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1 Differential Geometry of Space Curves

1.1 Parameterized Curve by Arc Length

Definition 1.1. A parameterized curve C' is the image of a continuous map
[a,b] — R? sending t — z(t). We say C' is a differentiable parameterized curve
if each component z;(t) is differentiable. We say C is regular if z'(¢) # 0 for
any t.

A regular and differentiable curve is called smooth.

Since it is an applied course (sadly), we will assert that our curve is as
differentiable as we like.
To find the length of this curve, we partition the interval [a,b] by a =ty < t; <
to < -0 < tpo1 < tp, = b. We define the length [(C, P) with respect to this
partition P to be

UC.P) =Y laltinn) — a(t)
1=0

By some applied-maths-intuition nonsense, we get that if we make the differences
t;+1 — t; small enough, we are going to approach the length of the curve C,
independent of the way we approach the limit. So an applied mathematician
will then set



Definition 1.2. The length [(C) of the curve C is

lim 1(C,P)

ti+1 —t;—0

which, as that applied mathematician will discover joyfully, equals

Lﬂﬂmw
/Cds

Again by intuition we are gonna write ds = />, #2dt = />, dz2.

%

Sometimes we write it as

Definition 1.3. We define

Af@:l%ummwMt

for smooth curve C. And for piecewise smooth curve C = C1 UCy U --- U O,

we set N
fds= / fds

Example 1.1. 1. Let C be a circle of radius r > 0, so we can parameterize
it by (rcost,rsint,0),t¢ € [0,2n], and we unsurprisingly find that its length is
27r.

2. Take C' be the same circle as in 1, we have

b
/ r?yds :/ (rcost)?(rsint)rdt =0
C a

Proposition 1.1. The way we define curve integrals is independent of param-
eterization.

Example 1.2. If we parameterize the circle as (r cos(2t), rsin(2t),0),t € [0, 7],
we still get the same thing.

Proof. Let s1(t),s2(7),t € [a,b], T € [a, B] be two different parameterizations of
C, then there exists a function 7 — ¢(7) such that s, (t(7)) = s2(7). Assume that
dt/dr is nonzero and ¢(7) is a differentiable, invertible, and have differentiable
inverse, then we have

7d5710t

5/(7) = = = 5/ (O (7)

If dt/dr > 0, we have

/j |52/ (1) d7 = /j 51/ (t(T)|t' (1) dT = /ab |52/ (1)] dt

Similar for other cases. O



We now know the arc length is

(t) = / [6(w)| du

On a regular curve, ds/dt = |7(¢)] > 0, this tells us that we can indeed
parameterize each regular curve wrt arc length. This is done by observing
dt/ds = 1/|7(t)| which means we can write r(s) = r(¢(s)), where we have

dr  #(t)
ds |7

which is a unit vector. Therefore,
Lemma 1.2. Any smooth curve C has a parameterization r(s) such that

dr

—1=1
ds

Proof. Followed from above. O

1.2 Curvature and Torsion

Throughout this section, we are only interested in smooth curves C' parameter-
ized by arc length r(s).

Definition 1.4. The tangent vector is defined as t(s) = r'(s).
Note that ¢ is always unit as it is an arc length parameterization.
Definition 1.5. The curvature of r(s) is defined as k(s) = [t'(s)| = |r"'(s)]-

Note that if we differentiate ¢-¢ = 1, then we have ¢t-¢' = 0. This shows that
the unit vector in the direction ¢’ has a geometric interpretation as the normal
to a curve, so we define

Definition 1.6. The principal normal n is the (unit) vector such that t’ = kn.

Naturally, when we already have a pair of orthonormal vectors in R?, adding
a third one seems to be the next step to do.

Definition 1.7. In R3, the binormal b is defined as b =t x n.

Then the vectors t,n,b form an orthonormal basis for R3. Again we have
b-b' =0 asbis unit. But we also have t-b =0, we get t-b' = 0. Hence n, b’ are
parallel.

Definition 1.8. The torsion 7 is defined as such that b’ = —7n.

So we have got there

Intuitively and truthfully



Proposition 1.3. The curvature and torsion uniquely defines a curve up to
rigid motion.

Proof. Picard-Lindel6f Theorem. O

The Taylor expansion of r(t) around 0 shows
1
r(s) = 1(0) + st(0) + 55*n(0) + o(s?)

Now we turn to consider the circle of best fit around ry. Parameterize the circle
(with radiu r) by and expand to see that the second order term is somewhat
like s2n/(2r), so it is natural to define

Definition 1.9. The radius of curvature is defined as r = 1/k.

1.3 Bonus: Gaussian Curvature and Pizza

Choose a normal of a surface and consider planes containing that normal. We
can draw many curves on the surface now by considering the intersection of the
planes and the surface and measure their curvatures at that particular point.

Definition 1.10. The Gaussian curvature is defined as
KG = Kmamein
where K, .x and K,,;, are the maximal and minimal curvatures of such curves.

For example, a flat piece of paper has Kg = 0. Of course, we can define
this much more rigorously, but that is out of the scope of this course. For this
definition of surface curvature, Gauss proved that:

Theorem 1.4 (Theorema Egregium). The Gaussian curvature is invariant un-
der isometries.

So it is like when you bend a pizza isometrically, since it still has Gaussian
curvature 0 as it had before, the pizza has to be flopped up so as to be eaten.

2 Coordinates, Differentials and Gradients

2.1 Differentials and First-Order Changes

Recall that if f = f(uq,...,uy), then we write df = (9f/0u;) du; (the summa-
tion convention is being used). Those du; are formal objects called differential
forms which are quite abstract geometrical notions that are way beyond the
scope of this course. These differential forms are taken as linearly indepen-

dent the same way as vectors are. Similarly, if z = x(u,us,...,u,), then
dz = (0z/0u;) du;.

Example 2.1. If f(u,v,w) = u? — v? + €%, then df = 2udu — 2vdv + €% dw.
If z = (u?,v%,w?) 7, then dz = (2udu, 2vdv, 2wdw) .



Differential forms give a great tool to describe first-order changes. If we

perturb a multivariable function f(u1,...,u,), then we can have
of
f(ul +€1,...,Unp +En) = f(’Uq,...,un) + %61‘ +0(||§||)

We can get the chain rule “for free” by using this notion. Suppose we change

our coordinates by v; = v;(u1,...,un) and F(uy,...,uy,) = f(v1,...,0,), sO
oF of of Ov;
du; =dF =df = = dv; = =2 — du;
Usg “ f 6vj K 3vj 3u,~ b
Therefore

Theorem 2.1.
oF  Of Ov;

Ju; ~ v, O

Note that the summation convention is implicitly used.

2.2 Coordinates in Line Elements

Say u, v are coordinates for R? by relating them to Cartesians in the form x =
z(u,v),y = y(u,v) such that these smooth functions can be inverted smoothly
to give u = u(z,y),v = v(z,y).

Example 2.2. Consider the polar coordinate (r,6) with the relationship © =
rcosf,y = rsinf. We can invert to have r = /a2 + 32, tan = z/y.

Example 2.3. 1. The Cartesian coordinate in R? is z = x(z,y) = (z,y) . E|
Note that z,,z, give the standard basis, so dz = (dz,dy)".

2. The polar coordinate defined above, z = (rcos®,rsinf) ' has
z, = (cosf,sinf),z, = (—rsinf,rcosf)

which becomes an orthonormal basis (which depends on (7, 0)) if we normalize.
So the line element has

dz = c9s0 dr + 7 —sinf a0
sin 0 cos 6

So small change in the line element can result in a large change in the coordinate
df. The basis vectors above give the rotation basis.

Definition 2.1. We say u, v, w are set of orthogonal curvilinear coordinates for
B3 if the unit vectors ¢, = z.,/|z, ]l ¢, = 2,/llz, | €, = z,,/lz,, | always forms
a right-handed system of orthonormal vectors.

Definition 2.2. The scale factors are

o o
ou ov

IThis is not quite invertible at (z,y) = (0,0). Just saying.
2For future reference, any column vector in this course are implicitly written as per the
standard basis unless otherwise specified.

Oz

hu: %

7h'U: 7hw:




So the factors are the scaling factors for a little change in the corresponding
coordinates.

Definition 2.3. The cylindral polar coordinates are (p, @, z) where
2 =2(p, 6,2) = (pcos 6, psin g, 2)T
Definition 2.4. The spherical polar coordinates are (r,6, ¢) where
z=2z(r,0,¢) = (rcos¢sinf, rsin ¢sin b, r cos )
2.3 The Gradient Operator
For f:R3 — R, define the gradientof f, Vf, by
fl@+h) = f(z)+Vf(z) h+o(h)
Definition 2.5. The directional derivative of f in direction v by

D, f(z) = lim flz+ @2 — f(x)

So f(z +tv) = f(z) + tDy f(z) + oft).
So if we let h = tv, we have
flz+tv) = f(2) + Vf(z) tv+o(t)

So we have Vf(z) -v = D,f(z). By Cauchy-Schwartz, to maximize a dot
product we will have to make the two vectors parallel, so

Proposition 2.2. Vf(x) is the direction of greatest increase of f at x.
Proof. Cauchy-Schwartz. O

Example 2.4. 1. f(z) = |z|?/2, so
flz+h)=(x+h) (z+h)/2=f(z)+z-h+o(h)

Hence Vf(z) = z.
2. For generic curve t — z(t) and a function F', we want to evaluate (F oz)’, so

F(z(t 4 6t)) = F(z(t) + dz) = F(z(t)) + Vf(z(t)) - 6z + o(dz)

where dz = z(t + 0t) — z(t) = t2’(¢) + o(t). So plugging it in we have

dF
T VF(x(t)) - 2'(t)

3. Consider a surface in R® by S = {z : f(z) = 0} where f : R® — R. Take

curve t — z(t) such that z € S for all ¢, then 0 = 2/(¢) - VF(z(t)), so VF is

perpendicular to the tangent to the curve. Hence necessarily VF' is the normal

to S.



2.4 Computing the Gradient

For general orthogonal curvilinear coordinate, it might be hard to calculate V f
since we do not usually know how to change the coordinates to accomodate the
change h.

But it is easy in Cartesians. Just evaluating the directional derivatives at the
basis vectors reveals:

Proposition 2.3.
af /0x
Vf=|0f/0y
of/0z

Proof. We have
(Vf(z))i =Vf(z)- ei = De, f(z)
As desired. O

Example 2.5. Again we take f(z) = |z|?/2, then (Vf(z)); = x;, s0 Vf(z) =
as before.

In Cartesians, we know the line elements dz = dx;e; which allows us to
calculate easily. But we have df = D, f dz; in any coordinate. So immediately
we have

Proposition 2.4. df =V [ -dz

which is coordinate independent.
Proof. Just calculate the right hand side. O
Proposition 2.5. Let u,v,w be a set of curvilinear coordinates, then we have

rtof o 1of 1Of
V= e e T gt

Proof. df = Vf -dz independent of coordinate. We also know that dz =
hyey du+ hye, dv+hye, dw. Write Vf = (Vf)yew+ (Vf)vew + (V f)wew, then

Vfdz = ho(Vf)wdu+ by (V )y dv + he (V )y dw

In addition,

f of f
d d —dv + —
= T o0 1T 5 4
But they are equal. Since du, dv, dw are linearly independent, we have
190 f 19 f 19f
As desired. O

Example 2.6. 1. For cylindral coordinates (p, ¢, z), we have

of 19f  of
ap p+77 ¢+7ez

Vf= 9652



Then in the previous example where f(z) = |z|>/2 = (p* +2%)/2 = Vf =
pep +z2e; =2
2. For spherical coordinates (1,0, ), we can do the same thing,

_of 10f 1 of
vi= 8rel+ r 89@+ rsin 6 8¢e—¢
Using the same example f(z) =72/2 = Vf=re, =z.

Note. We talked about the functions about position vectors under different
coordinates,

fz) = fla(z,y,2)) = fz(r0,9))
So when we are talking about f, sometimes we are telling

f(xa Y, Z) = f(i(x’ya Z))’ f(T’ 0, p) = f(&(’/‘, G,p))

Or other coordinate we might find interesting. We are actually talking about a
pullback here which might be clear in a couple of years’ time.

3 Integration along Lines, Surfaces, and Vol-
umes

3.1 Line Integrals

Definition 3.1. For a vector field F(z) and a curve C where z(t) travels
through for ¢ € [a,b], we define the line integral

/CF-dx=/abF<x<t>>-fjdt

Example 3.1. Let

22y t t
F = Yz 701:[0,1]915'—) t 7021[071]9150—) t
2zx t t2

... We have
5 13

E~d£:*,/ Fode=—
Il 4" Je, 10

Hence in general line integrals between two points depends on path.

Example 3.2. In cylindral polars (p, ¢, z), we consider F = pzeg. Consider
the line C : [0,27] 3 t + (acost,asint,t)’. So p = a,¢ = z = t We have
F -dz = p?zd¢, therefore

2
/ F.dx = / a’tdt = 2a%7?
C 0

In those cases where C' is closed, we write

}[E-dg:/ﬁ-d@
C C

This is sometimes called the circulation of F' over C.



3.2 Conservative Forces and Exact Differentials
F - dz is an example of a differential form.

Definition 3.2. We say F - dz is exact if F'-dz = df for some scalar function
f. Equivalently, the differential form is exact iff F' = V f for a scalar function
f. In this case, we say F' is conservative.

Proposition 3.1. If F - dx is exact, then

fE-dgzo
C

Proof. By exactness, F = V f for a scalar function f. Suppose C : [a,b] > t —

z(t).

for any closed C'.

F.dz = bv t))-2'(t)dt = ' d t))dt = b =0
§Pda= [ Vi) 0= [ L) = fab) - fa) -

since z(b) = z(a). O

Remark. Consider the cylindral coordinate (p, ¢, z), suppose F - dx = d¢ and
C :[0,27] >t~ (cost,sint,0) ", then by calculation we have

%E-d@ZQﬂ'#O
c

It does not work! The reason for this is that ¢ € R/27xZ. So we are doing here
is taking ¢ as a multivalued function instead of an actual function.

Suppose we have a set of curvilinear coordinate (u,v,w) = (uy, ug,us), and
we have F - dz = 0;du; where §; = F - dz/du,;. If F -dz is exact and is the
differential df, then 6; = 0f/0u;, and

00,  0%f 2f 00,

TUJ' o aulau] n 8UJ3UZ o aiul

Definition 3.3. If the above condition is met, we say the differential form F'-dz
is closed.

So exact differentials are all closed.

Theorem 3.2. If the domain of the vector field is simply connected, then any
closed differential is exact.

Proof. Not gonna do it. O

Example 3.3. 1. The differential y dz — x dy is not closed hence not exact.

2. Consider C : [t1,t2] D t — (f,g,h) where f, g, h are completely unintelligi-
ble functions such that (f,g,h)(t1) = (f,g, h)(t2), then whatever they are, we
always have

]{ 3x?yda +23dy =0
c

As the integrand is exact.

10



Theorem 3.3. Suppose I - x = df, then consider C' from a from b, then we
have

| Er=10-r@
Proof. Obvious. O

Example 3.4. Suppose F' = mi and C' : [a,b] 5 t — z(t), we have

b 1 b
/Edg:m/ Eoddt= Lmla?
C a 2 a

If F = —VV, then we have the conservation of energy:

b
:/gu@:—wamﬁ
a e}

1
§m|£'|2
So V(z) + m|z|?/2 conserves.

3.3 Integration over Areas

We want to extend our definition of Riemannian integrals to R2. To do it, we
partition our region D into small cells A;; with area dA4;; diameter at most €
and pick points (z;,y;) € A;j.

Definition 3.4. We thus define the area integral by
wahﬂﬂé;ﬂ%ww&j

We say this integral exists if this limit is independent of the choice of the par-

tition Aij-

When the integral exists, the obivous choice is to split D into rectangular
cells and set ;11 = x; + dx,y;41 = y; + 0y such that 0 < dz,dy << e. Then
we may fix y first and take dx — 0, and then do dy — 0. That is, we split the
horizontal region by e-thin stripes and sum over the Riemann integrals in each
stripe. If we do this, then

/DfdA:/Y/myf(x,y)dxdy

where z, = {x : (z,y) € D}. If we do vertical stripes first, then we get stuff like

/DfdA/X/yzf(x,y)dydx

where y, = {y : (z,y) € D}. In short, we seem to have dA = da dy = dy dx

Theorem 3.4 (Fubini’s Theorem). If the integral exists (or under suitable con-
ditions), then

LﬂM=Lrjmwmw=L/fmw@m

x

11



Example 3.5. f(z) = xy? and D is the triangle joining (0,0), (0,1), (1,0).
Then we have

1 pl-y L(1— y)2y? 1
A = 2 = _—_— = —
/ fd / / g dedy / s W50

If we do y (vertical slices) first,

[ran= [ [ orapan= [ g

Recall that in the one dimensional case, we can do integrations by some
magical substitutions. Obviously we will wish to extend this technique to inte-
grations over higher dimensions.

Proposition 3.5 (Change of Variable). Let x = x(u,v),y = y(u,v) be a smooth
bijection D — D’ with smooth inverse, then

/ f(a,y) dzdy = / F((u,0), y(u, v))]J| dudo
D D’

where
Ty To

TS

1s the Jacobian.

Proof. Partition D using image of rectangular partition of D’. Then we have
/A fdA= ll_rg%z Fla(ui, vg), y(uiy;))0ATY
i,J

But 0A7Y ~ |J|0A};" by considering the area as local parallelograms and ex-
panding the Taylor series to first order. So we have this formula. O

Example 3.6. Consider z = pcos¢,y = psing for p > 0, then |J| = p, hence
dezdy = pdpde¢. Take D to be the region x > 0,y > 0, then this region is
mapped to the region ¢ € (0,7/2). So let

o0 2
I:/ e * dx
0
then

0o poo w/2
2/ / e pdxdy—/ / e ppdpdd)—z I:ﬁ

3.4 Integration over Volumes

For a bounded volume V in R3, define sets Vijr having volume §Vj;; which
partition V' and each is contained in a ball of radius at most e. Then we pick
some (z;,Y;, 2) in each cell V;j; and define the integral over the region V' as
Jim > f (i, y52) Vi
.5,k
If we use a rectangular parallelopiped partition, we find that dV = dadydz in
any order (by Fubini).

12



Example 3.7. 1. Consider the domain to be the tetrahedron V = {(z,y,z) €
R%O:x—i—y—i—zg 1}. So

1 1—z l—z—y 1
/dV:/ / / dzdydx = =
14 0 0 0 6

2. For a volumn V| we define the center of mass Acom by

1
Acom = M/ pxdV
%

where p is the density, M = pV is the mass and the integral is by component.
Consider the same tetrahedron as above and suppose p = 1. Hence M = 1/6,

T 1 1
ACOM:6/1 y dVv=-1|1
vVo\z 4\1

Proposition 3.6. Let x = z(u,v,w) (where x = (x,y,2)), denote the smooth
bijection with smooth inverse which connects the region V in the xyz space and
V' in the wvw space, then

///V f@y.2) dxdydz:// | G0 (0, 0), 20,0, 0)) ] dudo du

where
Ly LTy Tow
J= Yu Yo Yuw
Zu Ry 2w
Proof. Same (imprecise) idea. O

Example 3.8. If we use cylindral polars, we find dzdydz = pdpde¢dz, and if
we use spherical polars, we have dz dy dz = 2 sin 0 dr df d¢.

Example 3.9. 1. Consider a sphere with radius R, we want to find its volume.
If we do it with Cartesians, then

VRZ_22Z R2,Z2,y 4
/ / / dedydz = —7R3
VRZ 2 szzzfy 3
after a lot of useless effort.
So obviously we choose to use spherical polars, hence the volume is

27 T R 4
/ / / r?sinf@drdfdé = —wR?
o Jo Jo 3

after minimal effort.
2. A ball of radius b > 0 with cylinder with radius @ > 0 (and infinite length)
with @ > 0 removed. So maybe we will use some cylindral polars, so the volume

is
27 b2—p 4
/ / / pdzdpde = —7w(b? — a?)*/?
S 3

which was easy.

13



3.5 Bonus: Lebesgue Integral

If we want to find the area under a curve, we choose to slice up the horizontal
region (domain) of the function (Riemannian integration). But can we choose
to slice up the vertical region that is the range of the function? This is known
as the Lebesgue integration. Sometimes this is better. For example if we want
to integrate f(z) = lg, Riemannian integration would not work if we want to

evaluate )
/ f(z)da
0

But if we do it by Lebesgue intgeral, but since Q is countable E| this integral is
obviously 0.

3.6 Surface Integrals

Definition 3.5. Consider a map f : R® — R, then we can define a surface by
{z: f(z) =0}
In this case, the normal to the surface at z is V f(x).

Definition 3.6. A surface thus defined is called regular if V f # 0 everywhere
on the surface.

Example 3.10. Consider f(z,y,2) = 2% 4+ 3? + 2% — 1, then it defines the unit
sphere S2. Note that Vf = (2z,2y,22)" which is certainly normal to S%. It is
also regular.

In spherical polars, it is in the form f(r,6,¢) =r* — 1, so Vf = 2re, = 2z.

Some surfaces have a boundary, for example a hemisphere. In this case we
write 05 to be the boundary of S. In particular the boundary of a hemisphere
defined by 22 + 2 + 22 — 1 = 0 and z = 0 is the unit circle in the z — ¥ plane.
If a surface does not have a boundary, we say the boundary is empty. In this
case, we call such a surface closed.

Often easiest is to give a local coordinate u,v, so S = {z = z(u,v)}. In this

case, we define a normal as
ou v ou Ov

assuming it is well-defined. For regular surfaces, this is always well-defined. It
can define the normal consistenly (in terms of sign) or smoothly if the surface is
orientable (which we may not define rigourously, sadly). If the surface is indeed
orientable, we use the convention for the orientation of the boundary curve that
when we moving along the boundaries, normal vectors are on our left.

Example 3.11. Consider the hemisphere again using spherical polars S =
{(cos psinf,sinpsinf,cosf) : § € [0,7/2],¢ € [0,27]} By calculation we get
exactly the vector e, as the normal.

To calculate the area of a surface, we want to partition the surface by a
rectangularization of the u—v plane. So the area of the piece that might look like
a parallelogram when we zoom in have an approximated area of Judv||(dz/du) x
(0x/0v)]|, so the area is (from intuition):

3Hence of Lebesgue measure 0.
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Definition 3.7. The area of the surface S is

/dS /|dS| 833 ox

ov
Where we write dS = ndS.

dudv

Example 3.12. We (yet again) look at the hemisphere paramterized by S =
{(Rcos¢sinf, Rsin¢sin@, Rcosh) : 0 € [0,7/2],¢ € [0,27]}, so

/dS:/|d§|:/RQSin0d0d¢:2wR2
S S S

We want to use similar method to define the flux integral, which is like the
amount of fluid passing though the surface S in unit time.

Definition 3.8. We define the integral of f : R® — R to be

/sfds//sf(x(“’””ng < o

Suppose S : x = z(u,v),S" : & = &(4, v) are two different parameterizations
of the same surface S, then we have z(u,v) = Z(a(u,v),0(u,v)), where we
assume that @, u are smooth bijections with smooth inverse. So we have, by
calculus,

dudv

oz " Jz 0z  0x0(u,D)
ou’ v 0u D O(u,v)

/de //f uv’

So

&@

o

=// F(@((u,v), 5w, v))) % x giggzzg du dv
//f (i, v), (1w, v))) %x% ’gg“z; du dv
/S,f ‘% gi‘dﬂdv

://de’

Just as the Fundamental Theorem of Calculus told us that the integration over
a derivative depends only on its endpoints, the integral over a surface of some
sort of derivative will only depend on the boundary of the surface. E| Then, for
a vector field F', we define the flux integral of it over the surface S by

/Edﬁ:/ﬂndS
S S

4In fact, this is true in manifolds of even higher dimensions, which is known as Stokes’
Theorem.
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4 Divergence, Curl and Laplacian

4.1 Definitions
Definition 4.1. For a vector field F : R? — R3, we define the divergence

JF;
3:1:2-

divF =V .F=

where the summation convention applies.
Definition 4.2. For a vector field F : R? — R3, we define the curl

curl F =V X F = eijkgijei

where again the summation convention applies.

Definition 4.3. For a function f : R? = R, we define the Laplacian
0 f

Af=V2f =V (Vf) = 5=—

where yet again we have the summation convention.
Note. All these are in Cartesians.

Example 4.1. Consider the vector field F(z) = z, then V- F = 3. Also
(V X E)z = eijk% = eijk5jk = O, hence V x E = Q

Proposition 4.1. We have the following identities:

V(fg) = (Vg + f(Vyg)
V-(JE)=(Vf)- E+ f(V-E)
VX (fE)=(V[f)x E+ f(VxE)
VIE-G)=Ex(VXG)+GEx (VX FE)+(E-V)G+ (G- V)E
VX (FxG)=F(V-G)~G(V-F)+ (G V)F - (F-V)G
V- (FxG)=(VxF)-G-F-(VxG)
Proof. Trivial. O

Of course we want, can can compute these three quantities in curvilinear
coordinates, but we cannot do it directly since the basis vectors are not constant.
However we can expand everything and get

Proposition 4.2. For a vector field F under a curvilinear coordinate F =
Fuey + Fyey + Fyew,

1 9
Ve = i, 2 gy hehu)

uU,V,W
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cyc

1 (0 )
VXE= ) o <8v(h Fo) - aw(h”F”)>e“

U,v,W

And for a scalar function f,
cyc
0 [ hyhy Of
2 _ . u wi
VI e o e )

Proof. Trivial calculations. O

If one is bored, one can try and find the formulas for cylindral and spherical

coordinates:
1 Q 8 f L1 1 0%f s 0% f
pOp 8;) p2 042 | 022

b0 (W00, 10 (L ory 1 o
vf_r23r "o +r2sin989 Sme@@ +r28in98¢2

The reason why we need these notions is for the generalization of fundamental
Theorem of Calculus to general integrals, where some of these operators will be
used as a substituent of derivative.

The reason we need Laplacians is that the PDE V2f = 0, whose solutions are
called harmonic functions, is pretty important. One of their properties that
once they are twice differentiable (so as to let the equation make sense), then
they are infinitely differentiable. Even better, they are all analytic, i.e. can be
expressed in terms of power series.

V2f =

4.2 Relationships between the Operators

Proposition 4.3. Let f : R3 - R and F : R? = R3, then V x Vf = 0 and
V- (VxF)=0.

Proof. Trivial. O

Hence if F is conservative, then it has zero curl. The reverse implication is
true when the domain is simply connected. For example, if we take R3\{(0,0, 2) :
z € R} as our domain, then this is not simply connected, but R\ {(0,0,0)} is.
If there exists vector fields A such that F' = V x A, we say A is a vector potential
of F. Soif V-F =0, we say F is solenoidal. The existence of a vector potential
for F implies F is solenoidal. The reverse implication is true when the domain
is 2-connected, that is, it is simply connected and the second homotopy group
is trivial. For example, R? is 2-connected but R\ {(0,0,0)} is not.

4.3 Bonus: Topology via Calculus and de Rham Coho-
mology

If F is a vector field with simply connected domain, we know that V x F =0
implies that F is conservative. We can conversely use it to show that certain
domain is not simply connected.

17



Example 4.2. Suppose R\ {(0,0,2) : z € R} is simply connected. Then
consider the vector field

E: (—y,:mO)

1;2 + y2
So it is well defined and smooth on the said domain. It also has zero curl. So
exists scalar function f such that F = Vf, hence the line integral of it along
any loop is zero. However, let us consider the curve in the x — y plane:

cost
C:[0,27] >t — | sint
0
Then
/ F-dz=2r#0
C
Contradiction.

5 Integral Theorems

5.1 Green’s Theorem

Proposition 5.1 (Green’s Theorem). For continuously differentiable functions
P = P(z,y),Q = Q(x,y) and a bounded region A C R? with piecewise smooth
boundary 0A, we have

de—i—Qdy:// (8@_3P> dx dy
dA A\ Ox dy

where the direction of A is taken such that the region on the left of motion.

Note that the choice of direction is consistent with the convention we used
for surfaces in R if we consider the normal to be pointing out of paper. We shall
prove the case where A is rectangular, i.e. A = {(x,y):z € [a,b],y € [c,d]}.

Proof of Rectangular Case.

/A(gg—?;;) dxdy—/cd/abggdxdy—/ab/cdg];dydx
:/ch(b’y) —Q(a,y)dy—/abp(x’d) — P(z,c)dz
= Pdz+ Qdy

0A
As desired. O

The general case can be thought of gluing many rectangles together.

Example 5.1. Suppose @ = x/2, P = —y/2, then

?{ sz+Qdy:// dz dy = Area(A)
dA A

Let A be the ellipse 22/a? + y?/b? < 1, which by integrating the line integral
on the left, we get Area(A) = mab.

18



5.2 Stokes’ Theorem

Proposition 5.2. For a continuously differentiable vector field F and any ori-
entable surface S with piecewise smooth boundary, then

/VXBdﬁ:f Fde
S oS

The orientability is important since we will need a consistent choice of normal
on S that varies smoothly from point to point. So surfaces can be said to have
two sides, the inside and outside. An example of a non-orientable surface is the
Mobius strip.

Example 5.2. Consider a spherical cap
S = {z = (cos psin b, sin psinf, cos ) " : ¢ € [0,27],60 € [0,a]}

Let F(z) = (—2%y,0,0)T, so V x F = (0,0,2%)T. Now dS = e, sin# dfde. So

[ 27
/VXE'dEZ/ / (cos¢sin9)2cos9smod¢d9:gsm‘*a
S 0 0

T

Now 95 : [0,27] o t — (costsina,sintsina,cosa) ', we can calculate to find

]{ E~d@zzsin4a
as 4

Which is equal to the original value.

Example 5.3. If S is a closed surface, then its boundary is 0, hence by Stokes’
Theorem,

/ VxF-dS=0
S
which just looks like what we get when we integrate a closed loop.

Proposition 5.3. If F is continuously differentiable and

¢ Bodz=o
c

for any closed loop C, then VF = 0.
Hence zero circulation implies irrotaion.

Proof. Suppose F satisfies all conditions but V x F # 0, then there is a unit
vector k such that it is nonzero in the k£ direction, then if there is some € > 0
such that k- (V x F(x¢)) > €, then there is some 6 > 0 such that |z — 2¢| < 0
implies k- (V x F) >¢€/2 > 0.

Now consider the ball |z — zy| < ¢ and we choose a disk D inside it, we have

7{ Fdz
oD

Contradiction. O

0=

/VxF-dS‘ EEArea(D)>O
D 2
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Example 5.4. Let S, be any sufficiently nice surface contained inside a disk
with radius € > 0 centered at x = o with normal k. If

/SEVXFAS/SCVXF(xo>-dS+(/SEvX(FF(:co»ds)

= k- V x F(x0) Area(S,) +/S V x (E - F(zo)) - dS

Now we claim that the last term is o(Area(S)) as € — 0. Indeed,

/vX<FF<xo>>~ds]s/ ¥ x (E - F(zy))] - S
Se Se
< sup |V (E(z) ~ Elan)| Area(S)

= o(Area(S,))

As F' is continuously differentiable. Therefore by Stokes’ Theorem,

1 1
- Fodp= —— F.d
Area(S,) _7255 LraL Area(S,) /s VxE-dg

=k-V x F(xo) +0(1)

As e — 0. So the curl is the infinitesimal circulation around the normal k per
unit area.

5.3 Bonus: Mobius Band and Stokes’

We all know what a Mobius Band (or Mobius Strip) is. In particular, it is not
orientable since it only have one side. Consider F = (—y,z,0)" /(22 4+ y?), so
V x F = 0 whenever z2 + y? > 0. If we are given the parameterization

(14 5 cos §)cosu

S=<z(u,v)=| (14 Fcosg)sinu | :u € [0,27],v € [-1,1]

)
5 sin §

Then if we apply Stokes’ Theorem (which we should not), then

0:/V><E~d§:jl{ F-dx
s as

But the boundary, which is parameterized as
t
2
0,47] 5t — | 1+ 3 cosé) sin ¢

Then we have

Contradiction.
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5.4 Divergence Theorem

Proposition 5.4. Let F be a continuously differentiable vector field, and let V'
be a volume in R3 with piecewise regular boundary OV, then

/V-EdV:/ F-dS
v av

where the normal points out of the volume V.

Proposition 5.5. Let F be a continuously differentiable vector field in R?, and
let D be a subset of R? be a region with piecewise smooth boundary 0D, then

/V-EdAz/ F-nds
D aD

where npoints out of the region D.

Example 5.5. Let F(z) = z and V the cylinder, so
V={z=2xz(p,¢,2): 0<p<R0<¢<2m,—h<z<h}
So V- F = 3, hence

/V~EdV:3/dV=67rR2h
1% \%

As for the surface integral, we write OV = Sy US_ U S where Sy, S_ are the
top and lower disks, and S is the curved surface in between.

S ={Rep, + ze. : 2 € [=h, h], ¢ € [0, 2n]}
So dS = epRd¢dz, hence by calculation,
/ F-dS = 4rRh
s
Now Sy = {pe, £ he, : p € [0,R],¢ € [0,27]}. We will also find that dS; =
te.pdpdg.
/ F-dSy =R’
S4 -

So adding them together does give 6 R?h.

Proposition 5.6. If F is continuously differentiable and for all closed surfaces

S we have
/E-d§=0
S

Proof. Assume that it is not zero, so WLOG we can take a point x¢ such that
V-F(x9) = € > 0, then there is some § > 0 with |[z—z¢| < d = V-F(z) > €/2.
Take the volume V' to be the ball {z € R® : |z — x| < §} with boundary 9V,
then

Then V- F =0.

0:/ E-dﬁz/V-EdV>EVolume(V)>0
oV 14 2

by Divergence Theorem. Contradiction. O
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Example 5.6. Let V. be a volume contained inside a ball of radius € centered
at zo. Then

/ E~d§:/ V.-EdV
V. \Z

:/VZV~F(:EO)dV+(/VEV-FdV—/VEV-F(xO)dV>
= V- F Volume(V,) + (/V V-F—V~F(gco)dV>

But as we did before,

[ ¥ E =V Ean) ] < Volume(V) sup [V £(e) - ¥ - Flan)
Ve £€V5

= o(Volume(V.))

as € = 01. Hence

o

-dS

1
V.F = lim ———
Elzo) 0+ Volume(V,) /é,ve =
That is, V - F measures the infinitesimal flux per unit volume. Therefore V -
F(z9) > 0 means that the field is going out of o, and it being negative means
that the field is going into xo. If it is zero at that point, then the field is

incompressible there.

Example 5.7. 1. Take again F(z) = z and V. = {z : |z| < €}, then we
calculate

1
. F = 1. NVAlimal 1) F .
V- F(0) 50+ Volume(V,) /avg =
=3

as desired.
2. Call equations of the form

dp
o TV =0

as conservation laws. We claim that if |J| — 0 as |z| — oo, then the charge

Q) = [ plzav

remains constant. We differentiate to get

d@ dp
—~ = Z£q
:—/ V-Jdv
R3
= — lim V-Jdv
R—o0 |Z|<R
= — lim J-dS
R=00 J|z|=R

=0

So @ is constant.
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5.5 Bonus: Noether’s Theorem

If a system of differential equations admits a (translational, rotational, etc.)
symmetry, then something is conserved. It is a very pure theorem but has
significant physical meanings. So the conservation laws in mathematical physics
arises naturally from the time independence, spacial independence or directional
independence of a physical law. People who are interested can consult the book
Applications of Lie Groups to Differential Equations by Peter Oliver.

5.6 Sketch Proofs

Proof of Divergence Theorem in Convex Domains. Consider F' = F.e, and a
volume V with 0V = S, U S_ divided by a surface such that both Sy, S_
project to the same surface A on the x — y plane (which is possible since the
domain is convex). We describe the surfaces as

St ={z=z(z,y) = y D (z,y) € A}
gi('r7y)

g+(:r,y
:// ( aF ) dz dy
—(z,y)

// F.(2,y,9+(x,y)) — Fx(z,y,9-(z,y))) dz dy

Therefore

Now note that

—0g+/0x
dﬁ:%xa—&dxdy: —0g+ /0y | dzdy
or Oy 1

Now we need the normal to point out of V', hence on S..

—0g+/0x
dS =+ | —-90g+/0y | dzdy
1

So

OF,
Fre,-dS= //(Fz(ﬂf,y,ng(x’y)) — Fa(2,y,9-(2,y)dzdy = | —
ov A v z

Now we can do the same thing on Fye, and Fye;, so adding them up gives the
theorem by linearity. o O

Note that the same proof works for two dimensional case. Now we want
to proof Green’s Theorem by the divergence theroem in two dimensions. After
that we shall prove that Green’s Theorem implies Stokes’ Theorem.
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Proof of Green’s using Divergence. Consider the vector field F = (Q,—P), so
by Divergence Theorem,

//A (?jg> dxdy:/Av-EdA
:éAE.ﬂdS /
-1 <—QP>'(—yw§2>> ds
ngAde+Qdy

which is precisely Green’s. O

Proof of Stokes’ by Green’s. For A C R?,Q = Q(u,v), P = P(u,v), we have

//A (fo—%f) dudv:ﬁAPdu—i-de

Consider the surface S = {z(u,v) : (u,v) € A} and boundary 9S = {z(u,v) :
(u,v) € 9A}. Choose

{P — F(a(u,v)) - 0z/u
Q = F(z(u,v)) - 9z /v

Note that
oz Oz
Pdu+Qdv=F(a(u,v))- 5= du+ Ela(u,v)) - 5= dv
oz oz
= F(z(u,v)) <8u du + a—; dv)

= F(z(u,v)) - dz(u,v)

— Pdu—i—de:?{ F-d

0A oS
On the other hand, we can differentiate to get
0Q 0
u ou (E(z(u,v)) - 0z/0v)
o 8xj 8Fl 3%1 32.’%
" Ou dx; v * FZ@(“’”))auav
Similarly
opP 8.13]' an 8.131' 82:171‘
2 _ 2 r
dv v dx; du + File(w, U))avau

Now combining these two and using the symmetries in second partial derivatives,

Q@ _ob _ (Ox; OF, 0z;  dx; OF; O
<8u 81}) dudv = (8u Oxj Ov Ov Ox; 8u> dudv

—(VxE)- (af x a:c) du dv

ou  Ov
=(VxF)-ds
Combining this with Green’s Theorem gives the result. O
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6 Maxwell’s Equations

Just a little identity on Laplacian of vector fields

Proposition 6.1. We have
VPE=V(V-F)-Vx(VxEFE)

where (V2F); = V2F;

6.1 Introduction to Electromagnetism

We have the electric field E = E(z,t), the magnetic field B = B(z,t), charge
density p = p(z,t) and current density J = J(z,t). The Maxwell’s Equations
state that

V-E=¢'p

V-B=0

VXxE+90B/ot=0

V X B — poeo0E /0t = poJ
where €q is the permitivity and g is the permeability of free space with ppeg =
¢~2 where c is the speed of light. Take the divergence of the fourth equation

gives
0 ap
0—/14060§(vE)"_NOVJ:O_E"_VJ

6.2 Integral Forms of Maxwell’s Equations

If we integrate then first equation and use divergence theorem to integrate the
electric field over the flux of the boundary of a volume, we get

/ E.dgz/v.ﬂdvzl/pdvzg
v v € Jv €0

where @ is the total charge of the volume V. Do exactly the same thing with
th second equation then gives

/ §~d§:/V-ﬁdV:O
v %

which is saying that there is no magnetic monopoles since we cannot have a
singular pole that emit magnetic field out of a volume. In fact, if somewhere
there exists a magnetic monopole, then charges are necessarily quantized.

As for the third equation, we have

f E-dgz/wﬂdﬁ:—i/ﬁdﬁ
a5 s dt Js

So change in magnetic flux induces electric field. Similarly, in the fourth equa-
tion,

74 ﬂdz:/vxﬂdﬁ:uoeoi/ﬂ-d&uo/l-dﬁ
9s s dt Js s
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6.3 Electromagnetic Waves

In a free space, where p = J = 0, then

V2E = V(V-E) -V x (V x E)

9B
co-v (22

0
=5 (VxB)
OB

= Mo€o 012

1 0°E

— 0=VE-Goe

which is the wave equation of a wave with speed c. If we do the same thing to
B, we obtain

V2B = V(V-B) -V x (V x B)

6.4 Electrostatics and Magnitostatics

Assume that everything is time-independent, then t-derivatives are all 0, which
produces

V-E=¢'p

V-B=0

VxE=0

V x B = pod
So if we work in R3 which is 2-connected, we can write E = —V¢ and B =V x A4

for some ¢, A. ¢ is called the electric potential and A the magnetic potential.
So Maxwell’s equations reduce to

—V2¢=,0/60
V x (V x A) = poJ

The first one is called the Poisson’s Equation.

6.5 Gauge Invariance

In a 2-connected domain, we can always write B = V x A. But note that the
equation still holds by adding the gradient of some scalar function to A, so B
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is invariant under A — A + Vy for x = x(z,t). If we put the vector potential

into the third equation,
0B
V x <E + ) =0

ot
So we can write E = —V¢ — 0B/0t, so we have
9 P
V2 V-A) =1
81& ( 7) €0
And 96 924
A = =
Vx(VxA)+ V(a:e) 22 Lo
But by a known identity on curl of curl,
1024 1 0¢
—V2A+ = A=
V<A + 2 9 +v(28t+v > 1o
We now choose the scalar field x such that
1 0¢
V-A=0
EFTRIE
under A — A+ V. So we can get an equation similar to a wave equation
1 924
2 4
VA + 2o pod
and (92¢
1 P
— 2 _
V ¢ ta 2 8t2 €0

This trick is called the Lorenz gauge.

7 Poisson and Laplace Equations

7.1 The Boundary Value Problem

Many problems in mathematical physics can be reduced to the form:
Vip=F

where F' is known. This form of equations are called Poisson’s Equation. In
particular, if F' = 0, this is called Laplace’s Equation. We would want to solve
them in either all of R™ or on some domain 2 C R™. We are, sometimes, only
interested in the cases n = 2,3. Note that we require ¢ to be well-defined and
smooth on all of Q). For example, it is true that V2(1/|z|) = 0 for z # 0, however
it is not true for any domain containing 0. We would want to solve this PDE
subject to some boundary conditions, so ¢ will have predetermined behaviour
in 09 or as |z| — oo when working in R™.

Two widely studied boundary conditions are the Dirichlet Problem

Vi =F, onQ
f, on 09
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and the Neumann Problem

V2p=F, on Q

06/0n =n- Ve = g, on 9
Beware that we must interpret boundary data (or boundary conditions) cor-
rectly. We want ¢ or 0¢/9dn to approach the boundary data continuously as x

tends towards the boundary. So apart from requiring ¢ to be C? in €, it must
also extend to 92 continuously.

Example 7.1 (Non-example). If we want to solve the Navier-Stokes Equation

%%+@uvm—vv@=—VnVaQ=QML®=gﬂ@

but ignore the condition on continuous extension we said earlier, then the fol-
lowing solution satisfies the equation

0,ift >0

U= . =0
ug, if t =0

But obviously we are not getting a million for it.

Example 7.2. Let r = |z|, we consider the Dirichlet Problem

V2¢p=r, forr<a
¢o=1,forr=a

By symmetry, we want to write ¢ = ¢(r), so

1d d 3 A

r=V2%=—— <r2¢> — ¢=—-+B
dr

The boundary condition then implies

o(r)=1+ E(r2 —a?)

Consider now a generic linear problem, say Ly = F in Q and B¢ = f on
0f) where L, B are linear differential operators. Suppose ¢1, ¢ are solutions to
the system, then if we let ¢ = ¢1 — ¢, we have Lip = By = 0. If we can show
that this solves to ¥ = 0, then we know the uniqueness of the solution to our
original equation. So solution to a linear problem is unique iff the only solution
to the corresponding homogeneous problem is 0.

Proposition 7.1. Solution to the Dirichlet Problem is unique. Solution to the
Neumann Problem is unique up to a constant.

Proof. Consider the homogeneous problem

V2 =0, in
By =0, in 9Q
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where By = v in the Dirichlet case and By = 0v/0n in the Neumann case.
Consider

1¢] = /2 VyFdv >0

But we have
161 = [ V- @90 —0vteav

:/V-wvw)dv
Q

:/ YV - dS
onN
N

B 6Q¢@ds
=0

in both cases, Vi = 0 thoughout €2, so v is continuous throughout Q. So
for the Dirichlet Problem we have 1 = 0 and % is constant in the Neumann
Problem. O

Example 7.3. Consider the charge distribution (where r = z),

0,ifr<a

plz) = {F(?"), ifr>a

The corresponding potential ¢ for electric field £ = —V¢ would have
VQ(b _ _Ealp

On r < a, we have V2¢ = 0, so by symmetry, we write ¢ = ¢(r). Note that on
r =a, ¢ = ¢(a) is a constant. We can see that ¢(r) = ¢(a) on r < a actually
works, but by the preceding proposition, it is the solution on r < a, so £ =0
onr <a.

This looks like the Newton’s Shell Theorem.

7.2 Gauss’s Flux Method

There is a clever way to get particular solutions to Poisson’s Equation when
the forcing term has spherical symmetry. Suppose the forcing term is in the
form F(r) where r = |z|, and we are interested in a particular solution of the
equation V2¢ = F(r). We want to look for solutions of the form ¢ = ¢(r), in
which case V¢ = ¢'(r)e,. If we integrate this over the ball |z| < R, then since
VZ=V.V,

/ de:/ V2¢>dV:/ Vé-dS
lz|<R lz|<R lz|=R

by Divergence Theorem. Note that dS = e,dS, so

[ veuas= [ smas—om [ as—amrs(n)
|z|=R |z|=R

|z|=R
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Define
R) = F(r)dv
QR) /M (r)

then Q(R) = 47 R?¢/(R). If F is interpreted as the charge density, then we can
interpret Q(R) as total charge (or other stuff) inside the ball of radius R. We
can integrate this to get a particular solution. In particular, we observe that
¢'(R) = Q(R)/(47R?), which is just the inverse square law.

Example 7.4. Consider charge density

(r) po,ifr <a
)=
r 0, otherwise

The electric field corresponding to p satisfies V- E = ¢ 'p. In electrostatics,
E = —V¢ for a potential ¢, so we have

r
€0

Vi = -
By previous calculations

1 Q(R) Q(R) = 4tR3py/3,if R< a
4dmeg R2 1 Q = Q(a) = 4ma®py /3, otherwise

¢'(R) =

So for r > a, we have

1 1
471'607% — E(r) - :

4dmeg 12

or) =

Er

Let a — 0 in such a way that a®py remains constant (so we change pg), so Q
remains constant. Therefore the electric field induced by a point charge @ at
x = 0 would have

I Q 1 Q I Q

T Ireo 2T e @L o(z) = dreo |z|

for r > 0 and ¢(c0) = 0.

E(x)

Just an aside, if we want the existece of solutions to —V2¢ = ¢; *p(z), Gauss

proved that it suffices to consider equations of the form Ko = f which looks like
linear algebra, but in a infinite dimensional vector spaces, where we no longer
have sequential compactness. This induces the study of functional analysis and
operator theory.
Suppose we have F' = F(p) where p = 22 + y%. To solve VZp = F(p), it is
natural to try solutions of the form ¢ = ¢(p). In this case, Vo = ¢'(p)e,, so
obviously we want to integrate it over a cylinder V of height 1, V' = {0 < p <
RO<¢p<2mzy<z<z+1}, ase, Le,,

Q(R)
2TR

Q(R):/VFdV: [ Ve-as=g(Remr = (m)=

Note that by calculation we have

R R
ar) =2 [ Flopdr — &0 =4 [ Flondn
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Example 7.5. Due to conflicts of notation we write s> = 22 + y? instead of p
(as we want to do electromagnetism). Suppose we have charge density

(s) po, for s < a
S) =
r 0, otherwise

For electrostatic potential ¢, we still have —VZp = eglp, SO

1 R

¢'(R) = p(s)sds = {

€0R 0

—eg 'R 'poR?/2,if R<a
—ey 'R poa? /2, otherwise

Then shrink a — 0 with ppa? fixed, then we have E oc 57!

to the superposition a bunch of point charges in a line.

es, which is similar

7.3 The Superposition Principle

For a linear problem, we can (most of the time) solve them by their defining
property of being linear. Say if we have L, = F,,, then L(}_, ¥,) =Y, Fn.
This allows us to superpose solutions. If we write a forcing term F as > F), and
solve for 1, individually, then we can obtain the required solution by summing
up all of them.

Example 7.6. 1. Recall the solutions for an electric potential ¢ and electric
field E = —V¢. For charge distribution with spherical symmetry, can be found
by e.g. Gauss’s flux method. If we shrink the radius to 0, we obtain a point
charge @, for at a where

Qa 1

~ 4meo |z —

o(x)

and p(z) = Qu0(x —a). For consistency with Gauss’s Law, we shall (and indeed

can) obtain
v? EN =0(z —a)
dmlz—al) T T

Now consider the electric potential due to 2 charges Q,,@p at £ = a,b. The
charge distribution would be Q,d(z — a) + @»d(z — b), so we can superpose the
solutions correspondingly in Gauss’s Law to get the potential

Qg 1 QQ 1

" dmeg |z —da| | dmeg |z — ]

o(z)

2. We want to find the potential outside the solid sphere |z| < R of uniform
charge density po, from which several spheres |z —a;| < R; withi=1,2,...,n
are removed (given that the spheres do not cross the boundary). To find the
solution, we can superpose the solution for the charge distribution pg for |z| < R
and the solutions for the charge distribution —pq for |z —a;| < R;. So

2 i 4 4
o(z) = (@ _ ; e ) JQ = 2xRp0. Qi = xR0

1
dmeg |z — a;l 3 3

for |z| > R.
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7.4 Integral Solutions

In the examples above, we found solutions by superposing (or superimposing)
potentials corresponding to charges in different points, which gives solutions of

the form
Z 471'60 |x — az|

This leads to a more general form of superposition of potentials, by thinking of
each infinitesimal part as individual point charges, which is just a integral in

the following form:
Fy)
dV(y)
re |z — Yyl

Up to some factor.
Proposition 7.2. The unique solution to the Dirichlet problem

V2¢p=F, inR3
d(z) — 0 as |z] = o0

(Assuming F decreases sufficiently rapidly as |z| — 00) is

1 [ Fly

av
4r Jrs |z -y

o(z) = —

Proof. The solution can be verified by using

v <417T|xia|) =d(z—a)

And differentiating under the integral sign. O

To justify (in an applied way, of course) the identity used above, we use the
divergence theorem,

/CL‘ISR v (i«|) dv = /w—RV <i) .S

2
=—— e, dS
R? )= R

?47TR2

=47

which is true for any R > 0, so it is natural (or maybe not) to write the identity.
The solution can be regarded as the sum of contributions to the potential to
any possible volume elements (that actually contribute).

7.5 Harmonic Functions

If ¢ = ¢(z) satisfies Laplace’s Equation V2¢ = 0, then ¢ is harmonic.
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Proposition 7.3 (Mean-Value Property). If ¢ is harmonic on some open 2 C
R3, then
1

- /z_al_r o(z)ds

where a € ) and the ball centered at a with radius r is contained in €.

¢(a)

Proof. Define a function

1
- 4’/TT'2 /|¢1;_a|_7~ @(g) dS

1
- /m:r oz +a)dS

1 27 s
:W/ / o(a + re,)r sin0.do do
™ 0 0 -

f(r)

27 s
=% | /OW(Q—H"Q)SinGdeqS

So differentiating this gives

1 27 s
f’(r)zg/ / V(a+re,) - e,sinfdf de
o Jo

_ 1

T 42
1 2

= Vip(a+z)dV

- 2
Amre Jiz)<r

=0

/ Vola+z)-dS
|z|=r

So f is constant. Let r — 0 gives f = ¢(a). O

Proposition 7.4. For a smooth function ¢

Proof. Consider the function

R M C LI

then use the same trick as above, we have

) — / 2
gr) =13 mgrv p(x)dV
But
V2p(z)dV = V2p(a)dV + < / V2p(z) — VZp(a) dV)
|z|<r |z|<r lz|<r
473

= TV2<P(Q) +o(r?)
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asr — 0. So ,
¢(r) = SV%0(a) + olr)

But then ¢'(r) = ¢’(0)+r¢'(0) +o(r) by Taylor’s Theorem, so ¢'(0) = 0, ¢"'(0) =
371V29p(a). So

/ 29" (0) 2 o 2
9(r) = g(0) +7g'(0) + 77—+ 0(r") = =V p(a) + o(r”)
So taking the stated limit gives the solution. O

So the Laplacian measures how much the value of the function at the point
differs from the average of the values on the infinitesimal sphere centered at the
same point.

Proposition 7.5 (Maximum Principle). If ¢ is harmonic on an open, path-
connected 2 € R3, then there is an a € Q such that p(x) < ¢(a) throughout 2,
then ¢ is constant.

Proof. If ¢ is harmonic, then the mean-value property holds, so

p(a) = 47:62 /|xa|_e p(z)ds

for e sufficiently small. If p(z) < p(a) throughout Q, then

1
0= /|— (@) - p(z)dS

But the integrand is nonnegative, so we must have ¢(z) = ¢(a) for any z in
the sphere we are integrating, hence the ball enclosed. Now take any y € Q and
consider a path joining a and y. Then by compactness, there is a finite collection
of spheres in € whose interior covers the path. But then each adjascent two of
them will share at least one interior points, and if f achieve f(a) at that point,
then f(z) < f(a) for any z in each ball, so use the argument inductively gives

fly) = f(a). H

One can also prove the last part without introducing compactness: Assuming
that we have already shown that for any b € Q with ¢(b) = o = ¢(a), there
is some € > 0 such that ¢(z) = ¢(b) = « for any |z — b| < € (by e.g. the
first part of our proof above). Consider the set ¢ ~*({a}), which is closed by
continuity and open by above, which contradicts the path-connectedness (hence
connectedness) of €.

7.6 Bonus: Discrete Laplacian

If we have ¢ : Z™ — Z, we can define

n

1
Vipla) = 5= (elate) +ola—e)) - o)
i=1
We can show that if ¢ is harmonic and bounded, then it is constant. Indeed the
set ¢(Z"™) is finite if ¢ is bounded, hence has a least element. It is then trivial
to show, by following the grid, that ¢ attains the value of the least element

everywhere.
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8 Cartesian Tensors

In this section, we are only interested in the Cartesian coordinates in a right-
handed basis.

8.1 A Closer Look at Vectors

Given the basis, we can write z € R? in the form x;e; where the summation
convention is used. We should not identify the vector z with component x;
since we may want to choose another basis for certain purposes. But if we have
x = z,e; = e} for right-handed bases e;, €}, then

s ot N ) () ) o P P — o) b,
T; = x50 = xje; e =€ (mjej) =e; (xjﬁ) = zje; € = Rijxj, Rij = € - €;

Playing the same game yields x; = e; - e;x; = Rj;x’.. Combining them gives

/
e
z; = RjRjrxy, so 0 = (Rj; Rk — 5ik)xljwhich has to hold for any choice of
xy, therefore Rj; Rj, = 0i. If we set R to be the matrix with entries R;;, then
what we obtained above means R'R = I. So R € O(3). Now z;e; = zje} =
Rijxjgg = Rjixie;, S0 €; = Rjie;-, so R has to be in SO(3) since both bases are
right-handed. In summary, changing from {e;} to {e/} induces the change in
components by multiplication of a matrix in SO(3)7Ee. z, = Rjjz;. We call
such objects rank-1 tensors of vectors.

8.2 A Closer Look at Scalars

Consider ¢ = a - b. Using e; with a = a;e;,b = bje;, then 0 = a;bje; - e; =
a;b;0ij = a;b;. If we used another set of basis vectors a = ale},b = bje}, then
o' = aibl has

/ AN
g = aibi = RijajRikbk = Rinikajbk = 5jkajbk = ajbj =0

as one may have expected. Call such transformation of scalars rank-0 tensors.

8.3 A Closer Look at Linear Maps

Consider linear map T : R? — R? with z — y =T(z) =z~ (z-n)n which is jus
the projection of z down the plane with normal n. If we use basis {e,}, then

yiei = T(xje;) = ;T(¢;) = wj(e; — ninjei) = x;(0i5 — ninj)es
So y; = Tijx; where Tj; = §;; — nyn;. If we used another basis e}, we would
have got y; = T}’ where T}; = d;; — nin’,. Note that using nj = R;,n,, etc.,
we have

Ti/j = 0ij — RipRjqnpng = RipRjq(0pg — npng) = RipTpeRjq

So changing from one set of right handed orthonormal basis to another induces
change in components of linear map 7' (as a matrix) by T}; = RipRjTpq, or
T' = RTRT. We call objects changing like that to be rank-2 tensors.
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8.4 Cartesian Tensors of General Rank

Definition 8.1. An object with components Tj,...;, is called a tensor of rank
n if its component transform according to T3 ., = Ry j, --- Ry, j,Tj,...;, when
we change from one right-handed Cartesian basis {e;} to {e}} where det R =1

and R; ;, R; i, = 5l-piq for p, g, r distinct.

Note that R;;’s are rotation matrices.

Example 8.1. 1. If u;,,v;,,...,w;, are components of set of n vectors, then
Tiy i, = Uiy Vs, -+~ w;, is a tensor of rank n. Suppose we change from {e;} to
{el}, then

/ — / / / — . . . . . . PR . . . — . . DY . . . .
T3, i, = Uy Viy oo Wi, = Rigjug, Rigjugy - R gy, = Ry Ry, Ty,
2. The Kronecker delta d;; is a tensor of rank 2 as it is independent of choice

i — R R =8 =&
of basis. Indeed, we want R;pRjq0pq = RipRjp = 0i5 = (Sij.
3. The Levi-Civita epsilon again is independent of choice of basis, so €] ik = €ijk-
We have
/
Ripquerepqr = det(R)eijk = €ijk = €5k

So it is a tensor of rank 3.

4. Experimental evidence suggests a linear relationship between code j produced
in some medium that is exposed to electric field E. So a given Cartesian basis
{e;}, we must have numbers o;; such that J; = 0;;E;, so if we change basis
from {e;} to {e}}, then o}, B} = J; = Ri,J, = RipopeEq = RipRjqopeE}, s0

0i; = RipRjq0pq. So o is a tensor of rank 2. This is an example of something

called the quotient theorem, which will be proved at the end of the course.

Example 8.2 (Non-example). Not every array of numbers is a tensor. For
example, in some given basis {e;} we define an array

(aij) =

N &~ =

2 3
5 6
8 m
and a;; = 0 in any other choice of basis, then a;; is not the component of a

second rank tensor.

Definition 8.2. If a, b are rank-n tensors with components a;,...;,, , bs, ...i,,, then
the object a + b by (a + b)i,...i,, = @4..i, + biy...i,, is also a tensor of rank n. If
« is a scalar, then we can define the tensor aa by (aa);, ..., = aa;,...q, .

Definition 8.3. If U is a tensor of rank n and V' a tensor of rank m, then their
tensor product U ® V' is a tensor of rank m + n defined by

(U @V)iyingsgm = Uiyovvin Vit oo

Definition 8.4. Suppose n > 2 and T is a tensor of rank n, we can define a
new tensor of rank n — 2 by contraction on two indices (i.e. summing over two
chosen indices).
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It is easy to check that these are indeed all tensors. We say T, ...;, is sym-
metric in 41,492 if Tiyips, = Tigiy.i,- This is obviously well-behaved. Note
that we can generalize it to symmetries in any pair of indices. We say it is
antisymmetric in 41,492 if T3 4,4, = —Tigiy--i, - We say it is totally symmet-
ric if it is symmetric in each pair of indices, and totally antisymmetric if it is
antisymmetric in any two indices.

Example 8.3. Both d;; and a;a;ay are totally symmetric tensors. Also €, is
totally antisymmetric. In fact, one can see immediately that the Levi-Civita €
is the only antisymmetric tensor of rank 3 up to proportionality.

Also, there are no nonzero totally antisymmetric tensor of rank n > 4 in R3.

8.5 Tensor Calculus

We say T;,...;,, (z) is a tensor field of rank n if for each zy € R®, T}, .., (zo) is a
tensor of rank n. Note that z = R;;x; when we transform to one orthonormal
right-handed basis to the other. Also z; = Ry;z},. By the chain rule, 9/0z; =
(0w;/0x7)(0/0x;) = R0/ O;.

Proposition 8.1. Suppose T;,...; () is a tensor field of rank n, then

0 0
Ajl"'jmil"'in (g) = 6.23]'1 s W‘]mﬂlln (g)
is a tensor field of rank m + n.
Proof. From definition and chain rule. O

Example 8.4. 1. If ¢ is a scalar field, then components of V¢ changes according
to [Vol, = 0¢/0x; = R;j0¢/0x; = R;;[V|;, so V¢ is a rank 1 tensor field (or
vector field).

2. If v is a vector field, then using the same trick we can see that V- v is a rank
0 tensor (or scalar field).

3. If v is a vector field, so is V X v.

Example 8.5. Recall the divergence theorem for vector fields:

/V'EdV:/ F-ds
% v

/aFidV:/ vin; dS
v 0x; v

Turns out we can do this on tensor fields as well, where we have

/ iTzlzn dV = / Til...innik ds
v Oy, ov

which follows from the case for vector fields on the field

Equivalently (or not),

Vi, = iy biy - i, Thy i

n
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8.6 Tensors of Rank 2

An arbitrary rank-2 tensor 7T;; can be written as

1 1
Tij = 5 (Tij + Tji) + 5 (Lo — Tji) = Sij + A
So S;; is symmetric and A;; is antisymmetric. Note that S;; only has 6 indepen-
dent components, and A;; has 3 independent components. This is all consistent

since a rank 3 tensor has 9 = 6 + 3 independent components.

Proposition 8.2. A rank 2 tensor can be written as T;; = Si; + €;juwi where
Sij s symmetric and wi = €xpgIpg/2. Also, this decomposition is unique.

Proof. Just expand by taking S;; = (T;; + Tj;)/2 for existence. As for unique-
ness, suppose S;; + €;jpwr = Sij + €jLWE. But we can take the symmetric part
of each sides to get S;; = 9;;, hence wy = W,. O

Example 8.6. Suppose each point z in an elastic body undergoes small dis-
placement u(z), then consider two points, initially seperated by dz, then after
the displacement they are seperated by

w(z +0x) + z 4 0z —u(z) —z = oz + (u(z + dz) — u(z))

So the change in seperation would be x + dx — u(z). Now using Cartesian and
suffix notation, we have u;(z + dz) — w;(z) = dx;0u;/0x; + o(|0z|) We write
Ou;/0x; = e;; + €;j,wy, Where

eij = % <§;L; + 21:2> ,WE = %ekpqaup/ﬁxq = f%[v X u)g
e;; here is called the linear strain tensor. So we have
w(z +0z) — u(z) = e;0x; + [0z X w]; + o(|dz])
So e;; tells you how the material strains,

Suppose a body occupies a volume V has density p(z) and suppose each
point is rotating with angular velocity w through the origin, then the velocity
of the point z is w X . Then the total angular momentum is

L= [ s@ax )V = [ po)ax (@x v)av
1% 1%
Using a right-handed basis {e;} of R3, we have
L; = / plz)(zprpw; — xizjw;) dV = Ljjw;, I;; = / p(z)(zprrdi; — ziz;) dV
v %

where V = {(z1, 22, 23) : & = x;e; € V'}. If we change our basis to another {ei},
then we have (with z} = R;;z;)

= [ p@)ehais; ~ o) av

V/
— Ry Rj, /V P2) (54D — i) | T| AV
= RipquIpq

So I;; is really a tensor. We call it the inertial tensor.
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Example 8.7. Consider an ellipsoid

a3 N x3 N x3 1
a? b2 c?

with p(z) = po. By symmetry, if ¢ # j, then I;; = 0. Now

111 :po/ x%xi dv
1%

By using scaled spherical polars x; = arcos¢sinf,xo = brsin¢sinf,z3 =
crcosf, so dV = aber? sin § dr df de, we have

27 ™ 1
M
111:/ / / r2(b2sin2¢sin29—1—02COSQH)abCTQSinGde9d¢:E(bg—i-cg)
o Jo Jo
So 22
+c 0 0
M
(Iy)=—5| 0 a+c 0
0 0 a® 4+ b?

If in particular a = b = ¢, then I;; o d;;.

Proposition 8.3. If T;; is real and symmelric, then there exists choice of basis
in which T;; = 0 whenever ¢ # j.

Proof. In Vectors & Matrices. O

8.7 Isotropic Tensors

Definition 8.5. Say T;, is isotropic if T} . ; = Ti,...;, when transforming

from a basis to the other. That is, for any rotational R, we have

in

Ti i, = Riyjy - Ri3, Tjy g,

Example 8.8. 1. Scalars are isotropic.
2. 4;; is isotropic.
3. €% is also isotropic.

It turns out that we can classify all isotropic tensors in R3, and we can
generalise this to R™. We state this in the proposition below, which we shall
provide a partial proof.

Proposition 8.4. In R3:

1. All scalars are isotropic.

2. There are no nonzero isotropic rank-1 tensors (vectors).

3. Most general isotropic tensor of rank 2 is ad;; where « is a scalar.

4. Most general isotropic tensor of rank 3 is Be;j, where 8 is a scalar.

5. Most general isotropic tensor of rank 4 is ad;;0, + B0, + 0105, where
«, B, are scalars.

6. Tensors of higher rank is a linear combination of €’s and 0’s, e.g. 0;j€pgr 15
an isotropic rank 5 tensor.
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Proof. 1 is obvious.
For 2, assume v; is an isotropic tensor of rank 1, then v; = R;;v; for all choice
of rotation R. If we choose

-1 0 0
(Rj)=10 -1 0
0 0 1

then we immediately get v1 = vo = 0. Similarly v3 =0, so v = 0.
For 3, suppose Tj; is isotropic, then T;; = R;,R;415, for any rotation R. Choose

0 1 0
(Ry)=[-1 0 0
0 0 1

Then
To3 = RopR3;Tpq = Ro1R33T13 = —113,T13 = R1pR31pq = R1aR33T53 = T3

so we conclude 113 = To3 = 0. Now 111 = RipR141pq = Ta2, so T11 = Tro.
Consider another rotation matrix

then
T31 = R3pR14Tpq = R32R11Ro1 = —Ra1,T21 = Rop Ry Tpq = RosR11T31 = T34
So T31 = To; = 0. Lastly

T32 = R3pRogTpq = R3aR23T23 = 0,T12 = RipRagTpq = R11R23T13 =0

So in conclusion 7Tj; = 0 whenever ¢ # j Also T33 = R3,R341,q = R3oR32T0 =
T52, 50 111 = The = T33. Hence T;; = T116;5. Take o = T1; completes the proof.
4,5,6 can be proved by similar idea. O

Consider tensors of the form

Tiyoin = | f(r)ziy -z, AV
Vr

where 72 = zpTp and Vg is a ball of radius R centered at 0. Then when we go
to another frame of reference by R,

T ., = Rij - Rij, Tjyj, = Riyj, -+ Rij, /V fO g, - wy, AV
R

where 72 = r? since R is a rotation. Set y;, = Rj, ;. 7j, and do a change of

variable in this way, we get

Hl"'in = v f(’r,)yil yln dvzﬂlu.in
R

Since Vg is indeendent of rotation. So T' is indeed isotropic. Taking R — oo
allows us to view it as an integration over R3.
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Example 8.9. Consider
E' = / €7T5£L'i$j dV = Tuéij
R3

by our classification theorem. Also T;; = 4n/5, so T;; = 4md;;/15.

Example 8.10. The inertial tensor of a ball with radius R > 0 and constant
density pg, so

1;; = po/ Tpxp0i; — xpx; dV
Vr

The right hand side is the sum of two isotropic tensor of rank 2, so I;; = ad;;.
Contract on i,j gives a = 2M R? /5 where M = podmR3 /3.

8.8 Multilinear Maps and Quotient Theorem

Given some right-handed orthonormal basis, let T;; denote the components of
rank 2 tensor. Define a bilinear map ¢ : R® x R® — R by t(a, b) = Tj;a;b;, which
one can note is independent of the basis we chose hence the map is well-defined.
Conversely, for a bilinear ¢t : R? x R? — R, and we choose a certain basis {e:},
then we can write (g, b) = a;b;t(e;, e;), so T;; = t(es, e;) is a rank-2 tensor since
t is bilinear. This gives a one-to-one correspondence between bilinear maps and
rank-2 tensors. In particular, if a (bilinear) map (a, b) — Tj;a;b; is well-defined,
then Tj; is naturally a tensor.

In general, we can correspondingly identify a rank-n tensor in R® by multilinear
maps (R3)" — R.

Proposition 8.5 (Quotient Theorem). Given basis {e;}, let T;,...i, j,...j,, be
array of numbers such that vi,..., = Ti .ipjiojmWj1-jm 15 G tensor for any
tensor u, then T is a tensor.

Proof. Take uj,. F

L o — sl m 3
wjm = Cj, - Cft, where ¥ are vectors. So

Vigevsin = Ligoin i jm Gy 7 €,

is a tensor by hypothesis. Let al,...,a"™ be vectors, then we can contract v b
) ) )
vil...ina}l -+-a;j , which is a scalar that is independent of basis, so the map
1 n 1 n 1 n 1 m
(&7 e, ,C, 767) = n1"'inj1"‘jvnai1 o a’in g1 ij
is independent of choice of coordinates, so T is a tensor. O

Example 8.11. Recall linear strain tensor e;; = (Qu;/0x; + Ou;/0z;)/2 where
u(z) is the displacement of the particle at z of a body undergoing deformation.
Experimental evidence suggests a linear relationship between stresses (internal
forces) and strain. We measure stress using stress tensor o;;. There are 3* = 81
numbers c¢;;; such that 0;; = cjjrier;. This is just a generalization of Hookes’
Law to higher dimensions. Now if we know that ¢;;z; = ¢ we know that c¢;ju
is a tensor from the quotient theorem. In this case we call this array c;;; is the
stiffness tensor. For isotropic material, we know that c;jr = ad;;0 + B0 +
Y0105k, SO 0;5 = oeidij + Beij + vej; = aegrld;; + 2pe;; where p = 84 .
We can invert for e;; by contract on indices ¢,7, so opr = (3 + 2p)egk, so
erk = O/ (3 +2u). So 2ue;; = 045 — aokkdi;/ (3o + 2p).
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