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1 Differential Geometry of Space Curves

1.1 Parameterized Curve by Arc Length

Definition 1.1. A parameterized curve C is the image of a continuous map
[a, b] → R3 sending t 7→ x(t). We say C is a differentiable parameterized curve
if each component xi(t) is differentiable. We say C is regular if x′(t) ̸= 0 for
any t.
A regular and differentiable curve is called smooth.

Since it is an applied course (sadly), we will assert that our curve is as
differentiable as we like.
To find the length of this curve, we partition the interval [a, b] by a = t0 < t1 <
t2 < · · · < tn−1 < tn = b. We define the length l(C,P ) with respect to this
partition P to be

l(C,P ) =

n−1∑
i=0

|x(ti+1)− x(ti)|

By some applied-maths-intuition nonsense, we get that if we make the differences
ti+1 − ti small enough, we are going to approach the length of the curve C,
independent of the way we approach the limit. So an applied mathematician
will then set
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Definition 1.2. The length l(C) of the curve C is

lim
ti+1−ti→0

l(C,P )

which, as that applied mathematician will discover joyfully, equals∫ b

a

|x′(t)|dt

Sometimes we write it as ∫
C

ds

Again by intuition we are gonna write ds =
√∑

i ẋ
2
idt =

√∑
i dx

2
i .

Definition 1.3. We define∫
C

f ds =

∫ b

a

f(x(t))|ẋ(t)|dt

for smooth curve C. And for piecewise smooth curve C = C1 ∪ C2 ∪ · · · ∪ Cn,
we set ∫

C

f ds =

n∑
i=1

∫
Ci

f ds

Example 1.1. 1. Let C be a circle of radius r > 0, so we can parameterize
it by (r cos t, r sin t, 0), t ∈ [0, 2π], and we unsurprisingly find that its length is
2πr.
2. Take C be the same circle as in 1, we have∫

C

x2y ds =

∫ b

a

(r cos t)2(r sin t)r dt = 0

Proposition 1.1. The way we define curve integrals is independent of param-
eterization.

Example 1.2. If we parameterize the circle as (r cos(2t), r sin(2t), 0), t ∈ [0, π],
we still get the same thing.

Proof. Let s1(t), s2(τ), t ∈ [a, b], τ ∈ [α, β] be two different parameterizations of
C, then there exists a function τ → t(τ) such that s1(t(τ)) = s2(τ). Assume that
dt/dτ is nonzero and t(τ) is a differentiable, invertible, and have differentiable
inverse, then we have

s2
′(τ) =

ds1 ◦ t
dτ

= s1
′(t)t′(τ)

If dt/dτ > 0, we have∫ β

α

|s2′(τ)|dτ =

∫ β

α

|s1′(t(τ))|t′(τ) dτ =

∫ b

a

|s1′(t)|dt

Similar for other cases.
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We now know the arc length is

s(t) =

∫ t

t0

|ẋ(u)|du

On a regular curve, ds/dt = |ṙ(t)| > 0, this tells us that we can indeed
parameterize each regular curve wrt arc length. This is done by observing
dt/ds = 1/|ṙ(t)| which means we can write r(s) = r(t(s)), where we have

dr

ds
=

ṙ(t)

|ṙ(t)|

which is a unit vector. Therefore,

Lemma 1.2. Any smooth curve C has a parameterization r(s) such that∣∣∣∣drds
∣∣∣∣ ≡ 1

Proof. Followed from above.

1.2 Curvature and Torsion

Throughout this section, we are only interested in smooth curves C parameter-
ized by arc length r(s).

Definition 1.4. The tangent vector is defined as t(s) = r′(s).

Note that t is always unit as it is an arc length parameterization.

Definition 1.5. The curvature of r(s) is defined as κ(s) = |t′(s)| = |r′′(s)|.

Note that if we differentiate t · t = 1, then we have t · t′ = 0. This shows that
the unit vector in the direction t′ has a geometric interpretation as the normal
to a curve, so we define

Definition 1.6. The principal normal n is the (unit) vector such that t′ = κn.

Naturally, when we already have a pair of orthonormal vectors in R3, adding
a third one seems to be the next step to do.

Definition 1.7. In R3, the binormal b is defined as b = t× n.

Then the vectors t, n, b form an orthonormal basis for R3. Again we have
b · b′ = 0 as b is unit. But we also have t · b = 0, we get t · b′ = 0. Hence n, b′ are
parallel.

Definition 1.8. The torsion τ is defined as such that b′ = −τn.

So we have got there {
t′ = κn = κ(b× t)

b′ = −τn = τ(t× b)

Intuitively and truthfully
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Proposition 1.3. The curvature and torsion uniquely defines a curve up to
rigid motion.

Proof. Picard-Lindelöf Theorem.

The Taylor expansion of r(t) around 0 shows

r(s) = r(0) + st(0) +
1

2
s2κn(0) + o(s2)

Now we turn to consider the circle of best fit around r0. Parameterize the circle
(with radiu r) by and expand to see that the second order term is somewhat
like s2n/(2r), so it is natural to define

Definition 1.9. The radius of curvature is defined as r = 1/κ.

1.3 Bonus: Gaussian Curvature and Pizza

Choose a normal of a surface and consider planes containing that normal. We
can draw many curves on the surface now by considering the intersection of the
planes and the surface and measure their curvatures at that particular point.

Definition 1.10. The Gaussian curvature is defined as

KG = KmaxKmin

where Kmax and Kmin are the maximal and minimal curvatures of such curves.

For example, a flat piece of paper has KG = 0. Of course, we can define
this much more rigorously, but that is out of the scope of this course. For this
definition of surface curvature, Gauss proved that:

Theorem 1.4 (Theorema Egregium). The Gaussian curvature is invariant un-
der isometries.

So it is like when you bend a pizza isometrically, since it still has Gaussian
curvature 0 as it had before, the pizza has to be flopped up so as to be eaten.

2 Coordinates, Differentials and Gradients

2.1 Differentials and First-Order Changes

Recall that if f = f(u1, . . . , un), then we write df = (∂f/∂ui) dui (the summa-
tion convention is being used). Those dui are formal objects called differential
forms which are quite abstract geometrical notions that are way beyond the
scope of this course. These differential forms are taken as linearly indepen-
dent the same way as vectors are. Similarly, if x = x(u1, u2, . . . , un), then
dx = (∂x/∂ui) dui.

Example 2.1. If f(u, v, w) = u2 − v2 + ew, then df = 2udu− 2v dv + ew dw.
If x = (u2, v2, w2)⊤, then dx = (2udu, 2v dv, 2w dw)⊤.
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Differential forms give a great tool to describe first-order changes. If we
perturb a multivariable function f(u1, . . . , un), then we can have

f(u1 + ϵ1, . . . , un + ϵn) = f(u1, . . . , un) +
∂f

∂ui
ϵi + o(∥ϵ∥)

We can get the chain rule “for free” by using this notion. Suppose we change
our coordinates by vi = vi(u1, . . . , un) and F (u1, . . . , un) = f(v1, . . . , vn), so

∂F

∂ui
dui = dF = df =

∂f

∂vj
dvj =

∂f

∂vj

∂vj
∂ui

dui

Therefore

Theorem 2.1.
∂F

∂ui
=

∂f

∂vj

∂vj
∂ui

Note that the summation convention is implicitly used.

2.2 Coordinates in Line Elements

Say u, v are coordinates for R2 by relating them to Cartesians in the form x =
x(u, v), y = y(u, v) such that these smooth functions can be inverted smoothly
to give u = u(x, y), v = v(x, y).

Example 2.2. Consider the polar coordinate (r, θ) with the relationship x =

r cos θ, y = r sin θ. We can invert to have r =
√
x2 + y2, tan θ = x/y. 1

Example 2.3. 1. The Cartesian coordinate in R2 is x = x(x, y) = (x, y)⊤. 2

Note that xx, xy give the standard basis, so dx = (dx,dy)⊤.

2. The polar coordinate defined above, x = (r cos θ, r sin θ)⊤ has

xr = (cos θ, sin θ), xθ = (−r sin θ, r cos θ)

which becomes an orthonormal basis (which depends on (r, θ)) if we normalize.
So the line element has

dx =

(
cos θ
sin θ

)
dr + r

(
− sin θ
cos θ

)
dθ

So small change in the line element can result in a large change in the coordinate
dθ. The basis vectors above give the rotation basis.

Definition 2.1. We say u, v, w are set of orthogonal curvilinear coordinates for
R3 if the unit vectors eu = xu/∥xu∥, ev = xv/∥xv∥, ew = xw/∥xw∥ always forms
a right-handed system of orthonormal vectors.

Definition 2.2. The scale factors are

hu =

∣∣∣∣∂x∂u
∣∣∣∣ , hv =

∣∣∣∣∂x∂v
∣∣∣∣ , hw =

∣∣∣∣ ∂x∂w
∣∣∣∣

1This is not quite invertible at (x, y) = (0, 0). Just saying.
2For future reference, any column vector in this course are implicitly written as per the

standard basis unless otherwise specified.
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So the factors are the scaling factors for a little change in the corresponding
coordinates.

Definition 2.3. The cylindral polar coordinates are (ρ, ϕ, z) where

x = x(ρ, ϕ, z) = (ρ cosϕ, ρ sinϕ, z)⊤

Definition 2.4. The spherical polar coordinates are (r, θ, ϕ) where

x = x(r, θ, ϕ) = (r cosϕ sin θ, r sinϕ sin θ, r cos θ)

2.3 The Gradient Operator

For f : R3 → R, define the gradientof f , ∇f , by

f(x+ h) = f(x) +∇f(x) · h+ o(h)

Definition 2.5. The directional derivative of f in direction v by

Dvf(x) = lim
t→0

f(x+ tv)− f(x)

t

So f(x+ tv) = f(x) + tDvf(x) + o(t).

So if we let h = tv, we have

f(x+ tv) = f(x) +∇f(x) · tv + o(t)

So we have ∇f(x) · v = Dvf(x). By Cauchy-Schwartz, to maximize a dot
product we will have to make the two vectors parallel, so

Proposition 2.2. ∇f(x) is the direction of greatest increase of f at x.

Proof. Cauchy-Schwartz.

Example 2.4. 1. f(x) = |x|2/2, so

f(x+ h) = (x+ h) · (x+ h)/2 = f(x) + x · h+ o(h)

Hence ∇f(x) = x.
2. For generic curve t 7→ x(t) and a function F , we want to evaluate (F ◦x)′, so

F (x(t+ δt)) = F (x(t) + δx) = F (x(t)) +∇f(x(t)) · δx+ o(δx)

where δx = x(t+ δt)− x(t) = tx′(t) + o(t). So plugging it in we have

dF

dt
= ∇F (x(t)) · x′(t)

3. Consider a surface in R3 by S = {x : f(x) = 0} where f : R3 → R. Take
curve t 7→ x(t) such that x ∈ S for all t, then 0 = x′(t) · ∇F (x(t)), so ∇F is
perpendicular to the tangent to the curve. Hence necessarily ∇F is the normal
to S.
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2.4 Computing the Gradient

For general orthogonal curvilinear coordinate, it might be hard to calculate ∇f
since we do not usually know how to change the coordinates to accomodate the
change h.
But it is easy in Cartesians. Just evaluating the directional derivatives at the
basis vectors reveals:

Proposition 2.3.

∇f =

∂f/∂x∂f/∂y
∂f/∂z


Proof. We have

(∇f(x))i = ∇f(x) · ei = Deif(x)

As desired.

Example 2.5. Again we take f(x) = |x|2/2, then (∇f(x))i = xi, so ∇f(x) = x
as before.

In Cartesians, we know the line elements dx = dxiei which allows us to
calculate easily. But we have df = Deif dxi in any coordinate. So immediately
we have

Proposition 2.4. df = ∇f · dx

which is coordinate independent.

Proof. Just calculate the right hand side.

Proposition 2.5. Let u, v, w be a set of curvilinear coordinates, then we have

∇f =
1

hu

∂f

∂u
eu +

1

hv

∂f

∂v
ev +

1

hw

∂f

∂w
ew

Proof. df = ∇f · dx independent of coordinate. We also know that dx =
hueu du+hvev dv+hwew dw. Write ∇f = (∇f)ueu+(∇f)vev+(∇f)wew, then

∇f · dx = hu(∇f)u du+ hv(∇f)v dv + hw(∇f)w dw

In addition,

df =
∂f

∂u
du+

∂f

∂v
dv +

∂f

∂w
dw

But they are equal. Since du,dv,dw are linearly independent, we have

(∇f)u =
1

hu

∂f

∂u
, (∇f)v =

1

hv

∂f

∂v
, (∇f)w =

1

hw

∂f

∂w

As desired.

Example 2.6. 1. For cylindral coordinates (ρ, ϕ, z), we have

∇f =
∂f

∂ρ
eρ +

1

ρ

∂f

∂ϕ
eϕ +

∂f

∂z
ez
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Then in the previous example where f(x) = |x|2/2 = (ρ2 + z2)/2 =⇒ ∇f =
ρeρ + zez = x

2. For spherical coordinates (r, θ, ϕ), we can do the same thing,

∇f =
∂f

∂r
er +

1

r

∂f

∂θ
eθ +

1

r sin θ

∂f

∂ϕ
eϕ

Using the same example f(x) = r2/2 =⇒ ∇f = rer = x.

Note. We talked about the functions about position vectors under different
coordinates,

f(x) = f(x(x, y, z)) = f(x(r, θ, ϕ))

So when we are talking about f , sometimes we are telling

f̃(x, y, z) = f(x(x, y, z)),
˜̃
f(r, θ, ρ) = f(x(r, θ, ρ))

Or other coordinate we might find interesting. We are actually talking about a
pullback here which might be clear in a couple of years’ time.

3 Integration along Lines, Surfaces, and Vol-
umes

3.1 Line Integrals

Definition 3.1. For a vector field F (x) and a curve C where x(t) travels
through for t ∈ [a, b], we define the line integral∫

C

F · dx =

∫ b

a

F (x(t)) · dx
dt

dt

Example 3.1. Let

F =

x2yyz
2zx

 , C1 : [0, 1] ∋ t 7→

tt
t

 , C2 : [0, 1] ∋ t 7→

 t
t
t2


... We have ∫

C1

F · dx =
5

4
,

∫
C2

F · dx =
13

10

Hence in general line integrals between two points depends on path.

Example 3.2. In cylindral polars (ρ, ϕ, z), we consider F = ρzeϕ. Consider

the line C : [0, 2π] ∋ t 7→ (a cos t, a sin t, t)⊤. So ρ = a, ϕ = z = t We have
F · dx = ρ2zdϕ, therefore∫

C

F · dx =

∫ 2π

0

a2tdt = 2a2π2

In those cases where C is closed, we write∮
C

F · dx =

∫
C

F · dx

This is sometimes called the circulation of F over C.
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3.2 Conservative Forces and Exact Differentials

F · dx is an example of a differential form.

Definition 3.2. We say F · dx is exact if F · dx = df for some scalar function
f . Equivalently, the differential form is exact iff F = ∇f for a scalar function
f . In this case, we say F is conservative.

Proposition 3.1. If F · dx is exact, then∮
C

F · dx = 0

for any closed C.

Proof. By exactness, F = ∇f for a scalar function f . Suppose C : [a, b] ∋ t 7→
x(t).∮

C

F · dx =

∫ b

a

∇f(x(t)) · x′(t) dt =
∫ b

a

d

dt
f(x(t)) dt = f(x(b))− f(x(a)) = 0

since x(b) = x(a).

Remark. Consider the cylindral coordinate (ρ, ϕ, z), suppose F · dx = dϕ and
C : [0, 2π] ∋ t 7→ (cos t, sin t, 0)⊤, then by calculation we have∮

C

F · dx = 2π ̸= 0

It does not work! The reason for this is that ϕ ∈ R/2πZ. So we are doing here
is taking ϕ as a multivalued function instead of an actual function.

Suppose we have a set of curvilinear coordinate (u, v, w) = (u1, u2, u3), and
we have F · dx = θi dui where θi = F · dx/dui. If F · dx is exact and is the
differential df , then θi = ∂f/∂ui, and

∂θi
∂uj

=
∂2f

∂ui∂uj
=

∂2f

∂uj∂ui
=
∂θj
∂ui

Definition 3.3. If the above condition is met, we say the differential form F ·dx
is closed.

So exact differentials are all closed.

Theorem 3.2. If the domain of the vector field is simply connected, then any
closed differential is exact.

Proof. Not gonna do it.

Example 3.3. 1. The differential y dx− xdy is not closed hence not exact.
2. Consider C : [t1, t2] ∋ t 7→ (f, g, h) where f, g, h are completely unintelligi-
ble functions such that (f, g, h)(t1) = (f, g, h)(t2), then whatever they are, we
always have ∮

C

3x2y dx+ x3 dy = 0

As the integrand is exact.
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Theorem 3.3. Suppose F · x = df , then consider C from a from b, then we
have ∫

C

F · x = f(b)− f(a)

Proof. Obvious.

Example 3.4. Suppose F = mẍ and C : [a, b] ∋ t 7→ x(t), we have∫
C

F · dx = m

∫ b

a

ẍ · ẋdt = 1

2
m|ẋ|2

∣∣∣∣b
a

If F = −∇V , then we have the conservation of energy:

1

2
m|ẋ|2

∣∣∣∣b
a

=

∫
C

F · dx = − V (x(t))|ba

So V (x) +m|ẋ|2/2 conserves.

3.3 Integration over Areas

We want to extend our definition of Riemannian integrals to R2. To do it, we
partition our region D into small cells Aij with area δAij diameter at most ϵ
and pick points (xi, yj) ∈ Aij .

Definition 3.4. We thus define the area integral by∫
D

f dA = lim
ϵ→0

∑
i,j

f(xi, yj)δAij

We say this integral exists if this limit is independent of the choice of the par-
tition Aij .

When the integral exists, the obivous choice is to split D into rectangular
cells and set xi+1 = xi + δx, yj+1 = yj + δy such that 0 < δx, δy << ϵ. Then
we may fix y first and take δx → 0, and then do δy → 0. That is, we split the
horizontal region by ϵ-thin stripes and sum over the Riemann integrals in each
stripe. If we do this, then∫

D

f dA =

∫
Y

∫
xy

f(x, y) dxdy

where xy = {x : (x, y) ∈ D}. If we do vertical stripes first, then we get stuff like∫
D

f dA =

∫
X

∫
yx

f(x, y) dy dx

where yx = {y : (x, y) ∈ D}. In short, we seem to have dA = dxdy = dy dx

Theorem 3.4 (Fubini’s Theorem). If the integral exists (or under suitable con-
ditions), then∫

D

f dA =

∫
Y

∫
xy

f(x, y) dx dy =

∫
X

∫
yx

f(x, y) dy dx

11



Example 3.5. f(x) = xy2 and D is the triangle joining (0, 0), (0, 1), (1, 0).
Then we have∫

D

f dA =

∫ 1

0

∫ 1−y

0

xy2 dx dy =

∫ 1

0

(1− y)2y2

2
dy =

1

60

If we do y (vertical slices) first,∫
D

f dA =

∫ 1

0

∫ 1−x

0

xy2 dy dx =

∫ 1

0

x(1− x)3

3
dx =

1

60

Recall that in the one dimensional case, we can do integrations by some
magical substitutions. Obviously we will wish to extend this technique to inte-
grations over higher dimensions.

Proposition 3.5 (Change of Variable). Let x = x(u, v), y = y(u, v) be a smooth
bijection D → D′ with smooth inverse, then∫∫

D

f(x, y) dx dy =

∫∫
D′
f(x(u, v), y(u, v))|J |dudv

where

J =
∂(x, y)

∂(u, v)
=

∣∣∣∣xu xv
yu yv

∣∣∣∣
is the Jacobian.

Proof. Partition D using image of rectangular partition of D′. Then we have∫
A

f dA = lim
ϵ→0

∑
i,j

f(x(ui, vj), y(ui.yj))δA
x,y
ij

But δAx,y
ij ≈ |J |δAu,v

ij by considering the area as local parallelograms and ex-
panding the Taylor series to first order. So we have this formula.

Example 3.6. Consider x = ρ cosϕ, y = ρ sinϕ for ρ ≥ 0, then |J | = ρ, hence
dxdy = ρdρdϕ. Take D to be the region x > 0, y > 0, then this region is
mapped to the region ϕ ∈ (0, π/2). So let

I =

∫ ∞

0

e−x2

dx

then

I2 =

∫ ∞

0

∫ ∞

0

e−x2−y2

ρ dx dy =

∫ π/2

0

∫ ∞

0

e−ρ2

ρ dρ dϕ =
π

4
=⇒ I =

√
π

2

3.4 Integration over Volumes

For a bounded volume V in R3, define sets Vijk having volume δVijk which
partition V and each is contained in a ball of radius at most ϵ. Then we pick
some (xi, yj , zk) in each cell Vijk and define the integral over the region V as

lim
ϵ→0+

∑
i,j,k

f(xi, yj .zk)δVijk

If we use a rectangular parallelopiped partition, we find that dV = dxdy dz in
any order (by Fubini).
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Example 3.7. 1. Consider the domain to be the tetrahedron V = {(x, y, z) ∈
R3

≥0 : x+ y + z ≤ 1}. So∫
V

dV =

∫ 1

0

∫ 1−x

0

∫ 1−x−y

0

dz dy dx =
1

6

2. For a volumn V , we define the center of mass ∆COM by

∆COM =
1

M

∫
V

ρx dV

where ρ is the density, M = ρV is the mass and the integral is by component.
Consider the same tetrahedron as above and suppose ρ = 1. Hence M = 1/6,
so

∆COM = 6

∫
V

1

xy
z

 dV =
1

4

1
1
1


Proposition 3.6. Let x = x(u, v, w) (where x = (x, y, z)), denote the smooth
bijection with smooth inverse which connects the region V in the xyz space and
V ′ in the uvw space, then∫∫∫

V

f(x, y, z) dxdy dz =

∫∫∫
V ′
f(x(u, v, w), y(u, v, w), z(u, v, w))|J |dudv dw

where

J =

∣∣∣∣∣∣
xu xv xw
yu yv yw
zu zv zw

∣∣∣∣∣∣
Proof. Same (imprecise) idea.

Example 3.8. If we use cylindral polars, we find dxdy dz = ρdρdϕdz, and if
we use spherical polars, we have dxdy dz = r2 sin θ dr dθ dϕ.

Example 3.9. 1. Consider a sphere with radius R, we want to find its volume.
If we do it with Cartesians, then∫ R

−R

∫ √
R2−z2

−
√
R2−z2

∫ √
R2−z2−y2

−
√

R2−z2−y2

dxdy dz =
4

3
πR3

after a lot of useless effort.
So obviously we choose to use spherical polars, hence the volume is∫ 2π

0

∫ π

0

∫ R

0

r2 sin θ dr dθ dϕ =
4

3
πR2

after minimal effort.
2. A ball of radius b > 0 with cylinder with radius a > 0 (and infinite length)
with a > 0 removed. So maybe we will use some cylindral polars, so the volume
is ∫ 2π

0

∫ b

a

∫ √
b2−ρ2

−
√

b2−ρ2

ρdz dρdϕ =
4

3
π(b2 − a2)3/2

which was easy.

13



3.5 Bonus: Lebesgue Integral

If we want to find the area under a curve, we choose to slice up the horizontal
region (domain) of the function (Riemannian integration). But can we choose
to slice up the vertical region that is the range of the function? This is known
as the Lebesgue integration. Sometimes this is better. For example if we want
to integrate f(x) = 1Q, Riemannian integration would not work if we want to
evaluate ∫ 1

0

f(x) dx

But if we do it by Lebesgue intgeral, but since Q is countable 3 this integral is
obviously 0.

3.6 Surface Integrals

Definition 3.5. Consider a map f : R3 → R, then we can define a surface by
{x : f(x) = 0}.

In this case, the normal to the surface at x is ∇f(x).

Definition 3.6. A surface thus defined is called regular if ∇f ̸= 0 everywhere
on the surface.

Example 3.10. Consider f(x, y, z) = x2 + y2 + z2 − 1, then it defines the unit
sphere S2. Note that ∇f = (2x, 2y, 2z)⊤ which is certainly normal to S2. It is
also regular.
In spherical polars, it is in the form f(r, θ, ϕ) = r2 − 1, so ∇f = 2rer = 2x.

Some surfaces have a boundary, for example a hemisphere. In this case we
write ∂S to be the boundary of S. In particular the boundary of a hemisphere
defined by x2 + y2 + z2 − 1 = 0 and z = 0 is the unit circle in the x− y plane.
If a surface does not have a boundary, we say the boundary is empty. In this
case, we call such a surface closed.
Often easiest is to give a local coordinate u, v, so S = {x = x(u, v)}. In this
case, we define a normal as

∂x

∂u
× ∂x

∂v

/∥∥∥∥∂x∂u × ∂x

∂v

∥∥∥∥
assuming it is well-defined. For regular surfaces, this is always well-defined. It
can define the normal consistenly (in terms of sign) or smoothly if the surface is
orientable (which we may not define rigourously, sadly). If the surface is indeed
orientable, we use the convention for the orientation of the boundary curve that
when we moving along the boundaries, normal vectors are on our left.

Example 3.11. Consider the hemisphere again using spherical polars S =
{(cosϕ sin θ, sinϕ sin θ, cos θ) : θ ∈ [0, π/2], ϕ ∈ [0, 2π]} By calculation we get
exactly the vector er as the normal.

To calculate the area of a surface, we want to partition the surface by a
rectangularization of the u−v plane. So the area of the piece that might look like
a parallelogram when we zoom in have an approximated area of δuδv∥(∂x/∂u)×
(∂x/∂v)∥, so the area is (from intuition):

3Hence of Lebesgue measure 0.
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Definition 3.7. The area of the surface S is∫
S

dS =

∫
S

|dS| =
∫
S

∥∥∥∥∂x∂u × ∂x

∂v

∥∥∥∥ dudv

Where we write dS = n dS.

Example 3.12. We (yet again) look at the hemisphere paramterized by S =
{(R cosϕ sin θ,R sinϕ sin θ,R cos θ) : θ ∈ [0, π/2], ϕ ∈ [0, 2π]}, so∫

S

dS =

∫
S

|dS| =
∫
S

R2 sin θ dθ dϕ = 2πR2

We want to use similar method to define the flux integral, which is like the
amount of fluid passing though the surface S in unit time.

Definition 3.8. We define the integral of f : R3 → R to be∫
S

f dS =

∫∫
S

f(x(u, v))

∥∥∥∥∂x∂u × ∂x

∂v

∥∥∥∥ dudv

Suppose S : x = x(u, v), S′ : x̃ = x̃(ũ, ṽ) are two different parameterizations
of the same surface S, then we have x(u, v) = x̃(ũ(u, v), ṽ(u, v)), where we
assume that ũ, ũ are smooth bijections with smooth inverse. So we have, by
calculus,

∂x

∂u
× ∂x

∂v
=
∂x̃

∂ũ
× ∂x̃

∂ṽ

∂(ũ, ṽ)

∂(u, v)

So ∫
S

f dS =

∫∫
S

f(x(u, v))

∥∥∥∥∂x∂u × ∂x

∂v

∥∥∥∥ dudv

=

∫∫
S

f(x̃(ũ(u, v), ṽ(u, v)))

∥∥∥∥∂x̃∂ũ × ∂x̃

∂ṽ

∂(ũ, ṽ)

∂(u, v)

∥∥∥∥ dudv

=

∫∫
S

f(x̃(ũ(u, v), ṽ(u, v)))

∥∥∥∥∂x̃∂ũ × ∂x̃

∂ṽ

∥∥∥∥ ∣∣∣∣∂(ũ, ṽ)∂(u, v)

∣∣∣∣ dudv
=

∫∫
S′
f(x̃(ũ, ṽ))

∥∥∥∥∂x̃∂ũ × ∂x̃

∂ṽ

∥∥∥∥ dũdṽ

=

∫
S′
f dS′

Just as the Fundamental Theorem of Calculus told us that the integration over
a derivative depends only on its endpoints, the integral over a surface of some
sort of derivative will only depend on the boundary of the surface. 4 Then, for
a vector field F , we define the flux integral of it over the surface S by∫

S

F · dS =

∫
S

F · ndS
4In fact, this is true in manifolds of even higher dimensions, which is known as Stokes’

Theorem.
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4 Divergence, Curl and Laplacian

4.1 Definitions

Definition 4.1. For a vector field F : R3 → R3, we define the divergence

divF = ∇ · F =
∂Fi

∂xi

where the summation convention applies.

Definition 4.2. For a vector field F : R3 → R3, we define the curl

curlF = ∇× F = ϵijk
∂Fk

∂xj
ei

where again the summation convention applies.

Definition 4.3. For a function f : R3 → R, we define the Laplacian

∆f = ∇2f = ∇ · (∇f) = ∂2f

∂xi∂xi

where yet again we have the summation convention.

Note. All these are in Cartesians.

Example 4.1. Consider the vector field F (x) = x, then ∇ · F = 3. Also
(∇× F )i = ϵijk

∂Fk

∂xj
= ϵijkδjk = 0, hence ∇× F = 0.

Proposition 4.1. We have the following identities:

∇(fg) = (∇f)g + f(∇g)

∇ · (fF ) = (∇f) · F + f(∇ · F )

∇× (fF ) = (∇f)× F + f(∇× F )

∇(F ·G) = F × (∇×G) +G× (∇× F ) + (F · ∇)G+ (G · ∇)F

∇× (F ×G) = F (∇ ·G)−G(∇ · F ) + (G · ∇)F − (F · ∇)G

∇ · (F ×G) = (∇× F ) ·G− F · (∇×G)

Proof. Trivial.

Of course we want, can can compute these three quantities in curvilinear
coordinates, but we cannot do it directly since the basis vectors are not constant.
However we can expand everything and get

Proposition 4.2. For a vector field F under a curvilinear coordinate F =
Fueu + Fvev + Fwew,

∇ · F =
1

huhvhw

cyc∑
u,v,w

∂

∂u
(hvhwFu)
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∇× F =

cyc∑
u,v,w

1

hvhw

(
∂

∂v
(hwFw)−

∂

∂w
(hvFv)

)
eu

And for a scalar function f ,

∇2f =
1

huhvhw

cyc∑
u,v,w

∂

∂u

(
huhw
hu

∂f

∂u

)
Proof. Trivial calculations.

If one is bored, one can try and find the formulas for cylindral and spherical
coordinates:

∇2f =
1

ρ

∂

∂ρ

(
ρ
∂f

∂ρ

)
+

1

ρ2
∂2f

∂ϕ2
+
∂2f

∂z2

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin θ

∂2f

∂ϕ2

The reason why we need these notions is for the generalization of fundamental
Theorem of Calculus to general integrals, where some of these operators will be
used as a substituent of derivative.
The reason we need Laplacians is that the PDE ∇2f = 0, whose solutions are
called harmonic functions, is pretty important. One of their properties that
once they are twice differentiable (so as to let the equation make sense), then
they are infinitely differentiable. Even better, they are all analytic, i.e. can be
expressed in terms of power series.

4.2 Relationships between the Operators

Proposition 4.3. Let f : R3 → R and F : R3 → R3, then ∇ × ∇f = 0 and
∇ · (∇× F ) = 0.

Proof. Trivial.

Hence if F is conservative, then it has zero curl. The reverse implication is
true when the domain is simply connected. For example, if we take R3\{(0, 0, z) :
z ∈ R} as our domain, then this is not simply connected, but R3 \ {(0, 0, 0)} is.
If there exists vector fields A such that F = ∇×A, we say A is a vector potential
of F . So if ∇·F = 0, we say F is solenoidal. The existence of a vector potential
for F implies F is solenoidal. The reverse implication is true when the domain
is 2-connected, that is, it is simply connected and the second homotopy group
is trivial. For example, R3 is 2-connected but R3 \ {(0, 0, 0)} is not.

4.3 Bonus: Topology via Calculus and de Rham Coho-
mology

If F is a vector field with simply connected domain, we know that ∇× F = 0
implies that F is conservative. We can conversely use it to show that certain
domain is not simply connected.
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Example 4.2. Suppose R \ {(0, 0, z) : z ∈ R} is simply connected. Then
consider the vector field

F =
1

x2 + y2
(−y, x, 0)

So it is well defined and smooth on the said domain. It also has zero curl. So
exists scalar function f such that F = ∇f , hence the line integral of it along
any loop is zero. However, let us consider the curve in the x− y plane:

C : [0, 2π] ∋ t 7→

cos t
sin t
0


Then ∫

C

F · dx = 2π ̸= 0

Contradiction.

5 Integral Theorems

5.1 Green’s Theorem

Proposition 5.1 (Green’s Theorem). For continuously differentiable functions
P = P (x, y), Q = Q(x, y) and a bounded region A ⊂ R2 with piecewise smooth
boundary ∂A, we have∮

∂A

P dx+Qdy =

∫∫
A

(
∂Q

∂x
− ∂P

∂y

)
dxdy

where the direction of ∂A is taken such that the region on the left of motion.

Note that the choice of direction is consistent with the convention we used
for surfaces in R3 if we consider the normal to be pointing out of paper. We shall
prove the case where A is rectangular, i.e. A = {(x, y) : x ∈ [a, b], y ∈ [c, d]}.

Proof of Rectangular Case.∫∫
A

(
∂Q

∂x
− ∂P

∂y

)
dx dy =

∫ d

c

∫ b

a

∂Q

∂x
dxdy −

∫ b

a

∫ d

c

∂P

∂y
dy dx

=

∫ d

c

Q(b, y)−Q(a, y) dy −
∫ b

a

P (x, d)− P (x, c) dx

=

∮
∂A

P dx+Qdy

As desired.

The general case can be thought of gluing many rectangles together.

Example 5.1. Suppose Q = x/2, P = −y/2, then∮
∂A

P dx+Qdy =

∫∫
A

dx dy = Area(A)

Let A be the ellipse x2/a2 + y2/b2 ≤ 1, which by integrating the line integral
on the left, we get Area(A) = πab.
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5.2 Stokes’ Theorem

Proposition 5.2. For a continuously differentiable vector field F and any ori-
entable surface S with piecewise smooth boundary, then∫

S

∇× F · dS =

∮
∂S

F · dx

The orientability is important since we will need a consistent choice of normal
on S that varies smoothly from point to point. So surfaces can be said to have
two sides, the inside and outside. An example of a non-orientable surface is the
Mobius strip.

Example 5.2. Consider a spherical cap

S = {x = (cosϕ sin θ, sinϕ sin θ, cos θ)⊤ : ϕ ∈ [0, 2π], θ ∈ [0, α]}

Let F (x) = (−x2y, 0, 0)⊤, so ∇× F = (0, 0, x2)⊤. Now dS = er sin θ dθdϕ. So∫
S

∇× F · dS =

∫ α

0

∫ 2π

0

(cosϕ sin θ)2 cos θ sin θ dϕdθ =
π

4
sin4 α

Now ∂S : [0, 2π] ∋ t 7→ (cos t sinα, sin t sinα, cosα)⊤, we can calculate to find∮
∂S

F · dx =
π

4
sin4 α

Which is equal to the original value.

Example 5.3. If S is a closed surface, then its boundary is 0, hence by Stokes’
Theorem, ∫

S

∇× F · dS = 0

which just looks like what we get when we integrate a closed loop.

Proposition 5.3. If F is continuously differentiable and∮
C

F · dx = 0

for any closed loop C, then ∇F = 0.

Hence zero circulation implies irrotaion.

Proof. Suppose F satisfies all conditions but ∇ × F ̸= 0, then there is a unit
vector k such that it is nonzero in the k direction, then if there is some ϵ > 0
such that k · (∇× F (x0)) > ϵ, then there is some δ > 0 such that |x − x0| < δ
implies k · (∇× F ) > ϵ/2 > 0.
Now consider the ball |x− x0| < δ and we choose a disk D inside it, we have

0 =

∣∣∣∣∮
∂D

F dx

∣∣∣∣ = ∣∣∣∣∫
D

∇× F · dS
∣∣∣∣ ≥ ϵ

2
Area(D) > 0

Contradiction.
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Example 5.4. Let Sϵ be any sufficiently nice surface contained inside a disk
with radius ϵ > 0 centered at x = x0 with normal k. If∫

Sϵ

∇× F · dS =

∫
Sϵ

∇× F (x0) · dS +

(∫
Sϵ

∇× (F − F (x0)) · dS
)

= k · ∇ × F (x0)Area(Sϵ) +

∫
Sϵ

∇× (F − F (x0)) · dS

Now we claim that the last term is o(Area(Sϵ)) as ϵ→ 0. Indeed,∣∣∣∣∫
Sϵ

∇× (F − F (x0)) · dS
∣∣∣∣ ≤ ∫

Sϵ

|∇ × (F − F (x0))| · dS

≤ sup
x∈Sϵ

|∇ × (F (x)− F (x0))|Area(Sϵ)

= o(Area(Sϵ))

As F is continuously differentiable. Therefore by Stokes’ Theorem,

1

Area(Sϵ)

∮
∂Sϵ

F · dx =
1

Area(Sϵ)

∫
Sϵ

∇× F · dS

= k · ∇ × F (x0) + o(1)

As ϵ → 0. So the curl is the infinitesimal circulation around the normal k per
unit area.

5.3 Bonus: Mobius Band and Stokes’

We all know what a Mobius Band (or Mobius Strip) is. In particular, it is not
orientable since it only have one side. Consider F = (−y, x, 0)⊤/(x2 + y2), so
∇× F = 0 whenever x2 + y2 > 0. If we are given the parameterization

S =

x(u, v) =
(1 + v

2 cos
u
2 ) cosu

(1 + v
2 cos

u
2 ) sinu

v
2 sin

u
2

 : u ∈ [0, 2π], v ∈ [−1, 1]


Then if we apply Stokes’ Theorem (which we should not), then

0 =

∫
S

∇× F · dS =

∮
∂S

F · dx

But the boundary, which is parameterized as

[0, 4π] ∋ t 7→

(1 + 1
2 cos

t
2 ) cos t

(1 + 1
2 cos

t
2 ) sin t

1
2 sin

t
2


Then we have ∮

∂S

F · dx = 4π ̸= 0

Contradiction.
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5.4 Divergence Theorem

Proposition 5.4. Let F be a continuously differentiable vector field, and let V
be a volume in R3 with piecewise regular boundary ∂V , then∫

V

∇ · F dV =

∫
∂V

F · dS

where the normal points out of the volume V .

Proposition 5.5. Let F be a continuously differentiable vector field in R2, and
let D be a subset of R2 be a region with piecewise smooth boundary ∂D, then∫

D

∇ · F dA =

∫
∂D

F · n ds

where n points out of the region D.

Example 5.5. Let F (x) = x and V the cylinder, so

V = {x = x(ρ, ϕ, z) : 0 ≤ ρ ≤ R, 0 ≤ ϕ ≤ 2π,−h ≤ z ≤ h}

So ∇ · F = 3, hence ∫
V

∇ · F dV = 3

∫
V

dV = 6πR2h

As for the surface integral, we write ∂V = S+ ∪ S− ∪ S where S+, S− are the
top and lower disks, and S is the curved surface in between.

S = {Reρ + zez : z ∈ [−h, h], ϕ ∈ [0, 2π]}

So dS = eρR dϕdz, hence by calculation,∫
S

F · dS = 4πR2h

Now S± = {ρeρ ± hez : ρ ∈ [0, R], ϕ ∈ [0, 2π]}. We will also find that dS± =
±ezρdρdϕ. ∫

S±

F · dS± = πR2h

So adding them together does give 6πR2h.

Proposition 5.6. If F is continuously differentiable and for all closed surfaces
S we have ∫

S

F · dS = 0

Then ∇ · F = 0.

Proof. Assume that it is not zero, so WLOG we can take a point x0 such that
∇·F (x0) = ϵ > 0, then there is some δ > 0 with |x−x0| < δ =⇒ ∇·F (x) > ϵ/2.
Take the volume V to be the ball {x ∈ R3 : |x − x0| < δ} with boundary ∂V ,
then

0 =

∫
∂V

F · dS =

∫
V

∇ · F dV >
ϵ

2
Volume(V ) > 0

by Divergence Theorem. Contradiction.
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Example 5.6. Let Vϵ be a volume contained inside a ball of radius ϵ centered
at x0. Then∫

∂Vϵ

F · dS =

∫
Vϵ

∇ · F dV

=

∫
Vϵ

∇ · F (x0) dV +

(∫
Vϵ

∇ · F dV −
∫
Vϵ

∇ · F (x0) dV
)

= ∇ · F Volume(Vϵ) +

(∫
Vϵ

∇ · F −∇ · F (x0) dV
)

But as we did before,∣∣∣∣∫
Vϵ

∇ · F −∇ · F (x0) dV
∣∣∣∣ ≤ Volume(Vϵ) sup

x∈Vϵ

|∇ · F (x)−∇ · F (x0)|

= o(Volume(Vϵ))

as ϵ→ 0+. Hence

∇ · F (x0) = lim
ϵ→0+

1

Volume(Vϵ)

∫
∂Vϵ

F · dS

That is, ∇ · F measures the infinitesimal flux per unit volume. Therefore ∇ ·
F (x0) > 0 means that the field is going out of x0, and it being negative means
that the field is going into x0. If it is zero at that point, then the field is
incompressible there.

Example 5.7. 1. Take again F (x) = x and Vϵ = {x : |x| < ϵ}, then we
calculate

∇ · F (0) = lim
ϵ→0+

1

Volume(Vϵ)

∫
∂Vϵ

F · dS

= 3

as desired.
2. Call equations of the form

∂ρ

∂t
+∇ · J = 0

as conservation laws. We claim that if |J | → 0 as |x| → ∞, then the charge

Q(t) =

∫
R3

ρ(x, t) dV

remains constant. We differentiate to get

dQ

dt
=

∫
R3

∂ρ

∂t
dV

= −
∫
R3

∇ · J dV

= − lim
R→∞

∫
|x|<R

∇ · J dV

= − lim
R→∞

∫
|x|=R

J · dS

= 0

So Q is constant.
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5.5 Bonus: Noether’s Theorem

If a system of differential equations admits a (translational, rotational, etc.)
symmetry, then something is conserved. It is a very pure theorem but has
significant physical meanings. So the conservation laws in mathematical physics
arises naturally from the time independence, spacial independence or directional
independence of a physical law. People who are interested can consult the book
Applications of Lie Groups to Differential Equations by Peter Oliver.

5.6 Sketch Proofs

Proof of Divergence Theorem in Convex Domains. Consider F = Fzez and a
volume V with ∂V = S+ ∪ S− divided by a surface such that both S+, S−
project to the same surface A on the x − y plane (which is possible since the
domain is convex). We describe the surfaces as

S± = {x = x(x, y) =

 x
y

g±(x, y)

 : (x, y) ∈ A}

Therefore∫
V

∂Fz

∂z
dV =

∫∫
A

(∫ g+(x,y)

g−(x,y)

∂Fz

∂z
dz

)
dxdy

=

∫∫
A

(Fz(x, y, g+(x, y))− Fz(x, y, g−(x, y))) dxdy

Now note that

dS =
∂x

∂x
× ∂x

∂y
dxdy =

−∂g±/∂x
−∂g±/∂y

1

 dxdy

Now we need the normal to point out of V , hence on S±.

dS = ±

−∂g±/∂x
−∂g±/∂y

1

 dx dy

So∫
∂V

Fzez · dS =

∫∫
A

(Fz(x, y, g+(x, y))− Fz(x, y, g−(x, y))) dxdy =

∫
V

∂Fz

∂z
dV

Now we can do the same thing on Fyey and Fxex, so adding them up gives the
theorem by linearity.

Note that the same proof works for two dimensional case. Now we want
to proof Green’s Theorem by the divergence theroem in two dimensions. After
that we shall prove that Green’s Theorem implies Stokes’ Theorem.
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Proof of Green’s using Divergence. Consider the vector field F = (Q,−P ), so
by Divergence Theorem,∫∫

A

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫
A

∇ · F dA

=

∮
∂A

F · nds

=

∮
∂A

(
Q
−P

)
·
(
y′(s)
−x′(s)

)
ds

=

∮
∂A

P dx+Qdy

which is precisely Green’s.

Proof of Stokes’ by Green’s. For A ⊂ R2, Q = Q(u, v), P = P (u, v), we have∫∫
A

(
∂Q

∂u
− ∂P

∂v

)
dudv =

∮
∂A

P du+Qdv

Consider the surface S = {x(u, v) : (u, v) ∈ A} and boundary ∂S = {x(u, v) :
(u, v) ∈ ∂A}. Choose {

P = F (x(u, v)) · ∂x/∂u
Q = F (x(u, v)) · ∂x/∂v

Note that

P du+Qdv = F (x(u, v)) · ∂x
∂u

du+ F (x(u, v)) · ∂x
∂v

dv

= F (x(u, v)) ·
(
∂x

∂u
du+

∂x

∂v
dv

)
= F (x(u, v)) · dx(u, v)

=⇒
∮
∂A

P du+Qdv =

∮
∂S

F · dx

On the other hand, we can differentiate to get

∂Q

∂u
=

∂

∂u
(F (x(u, v)) · ∂x/∂v)

=
∂xj
∂u

∂Fi

∂xj

∂xi
∂v

+ Fi(x(u, v))
∂2xi
∂u∂v

Similarly
∂P

∂v
=
∂xj
∂v

∂Fi

∂xj

∂xi
∂u

+ Fi(x(u, v))
∂2xi
∂v∂u

Now combining these two and using the symmetries in second partial derivatives,(
∂Q

∂u
− ∂P

∂v

)
dudv =

(
∂xj
∂u

∂Fi

∂xj

∂xi
∂v

− ∂xj
∂v

∂Fi

∂xj

∂xi
∂u

)
dudv

= (∇× F ) ·
(
∂x

∂u
× ∂x

∂v

)
dudv

= (∇× F ) · dS

Combining this with Green’s Theorem gives the result.
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6 Maxwell’s Equations

Just a little identity on Laplacian of vector fields

Proposition 6.1. We have

∇2F = ∇(∇ · F )−∇× (∇× F )

where (∇2F )i = ∇2Fi

6.1 Introduction to Electromagnetism

We have the electric field E = E(x, t), the magnetic field B = B(x, t), charge
density ρ = ρ(x, t) and current density J = J(x, t). The Maxwell’s Equations
state that 

∇ · E = ϵ−1
0 ρ

∇ ·B = 0

∇× E + ∂B/∂t = 0

∇×B − µ0ϵ0∂E/∂t = µ0J

where ϵ0 is the permitivity and µ0 is the permeability of free space with µ0ϵ0 =
c−2 where c is the speed of light. Take the divergence of the fourth equation
gives

0 = µ0ϵ0
∂

∂t
(∇ · E) + µ0∇ · J =⇒ 0 =

∂ρ

∂t
+∇ · J

6.2 Integral Forms of Maxwell’s Equations

If we integrate then first equation and use divergence theorem to integrate the
electric field over the flux of the boundary of a volume, we get∫

∂V

E · dS =

∫
V

∇ · E dV =
1

ϵ0

∫
V

ρdV =
Q

ϵ0

where Q is the total charge of the volume V . Do exactly the same thing with
th second equation then gives∫

∂V

B · dS =

∫
V

∇ ·B dV = 0

which is saying that there is no magnetic monopoles since we cannot have a
singular pole that emit magnetic field out of a volume. In fact, if somewhere
there exists a magnetic monopole, then charges are necessarily quantized.
As for the third equation, we have∮

∂S

E · dx =

∫
S

∇× E · dS = − d

dt

∫
S

B dS

So change in magnetic flux induces electric field. Similarly, in the fourth equa-
tion, ∮

∂S

B · dx =

∫
S

∇×B · dS = µ0ϵ0
d

dt

∫
S

E · dS + µ0

∫
S

J · dS
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6.3 Electromagnetic Waves

In a free space, where ρ = J = 0, then

∇2E = ∇(∇ · E)−∇× (∇× E)

= 0−∇×
(
−∂B
∂t

)
=

∂

∂t
(∇×B)

= µ0ϵ0
∂2E

∂t2

=⇒ 0 = ∇2E − 1

c2
∂2E

∂t2

which is the wave equation of a wave with speed c. If we do the same thing to
B, we obtain

∇2B = ∇(∇ ·B)−∇× (∇×B)

= 0−∇×
(

1

c2
∂E

∂t

)
= − 1

c2
∂

∂t
(∇× E)

=
1

c2
∂2B

∂t2

=⇒ 0 = ∇2B − 1

c2
∂2B

∂t2

6.4 Electrostatics and Magnitostatics

Assume that everything is time-independent, then t-derivatives are all 0, which
produces 

∇ · E = ϵ−1
0 ρ

∇ ·B = 0

∇× E = 0

∇×B = µ0J

So if we work in R3 which is 2-connected, we can write E = −∇ϕ and B = ∇×A
for some ϕ,A. ϕ is called the electric potential and A the magnetic potential.
So Maxwell’s equations reduce to{

−∇2ϕ = ρ/ϵ0

∇× (∇×A) = µ0J

The first one is called the Poisson’s Equation.

6.5 Gauge Invariance

In a 2-connected domain, we can always write B = ∇ × A. But note that the
equation still holds by adding the gradient of some scalar function to A, so B
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is invariant under A 7→ A +∇χ for χ = χ(x, t). If we put the vector potential
into the third equation,

∇×
(
E +

∂B

∂t

)
= 0

So we can write E = −∇ϕ− ∂B/∂t, so we have

−∇2ϕ− ∂

∂t
(∇ ·A) = ρ

ϵ0

And

∇× (∇×A) +
1

c2
∇
(
∂ϕ

∂t

)
+

1

c2
∂2A

∂t2
= µ0J

But by a known identity on curl of curl,

−∇2A+
1

c2
∂2A

∂t2
+∇

(
1

c2
∂ϕ

∂t
+∇ ·A

)
= µ0J

We now choose the scalar field χ such that

1

c2
∂ϕ

∂t
+∇ ·A = 0

under A 7→ A+∇χ. So we can get an equation similar to a wave equation

−∇2A+
1

c2
∂2A

∂t2
= µ0J

and

−∇2ϕ+
1

c2
∂2ϕ

∂t2
=

ρ

ϵ0

This trick is called the Lorenz gauge.

7 Poisson and Laplace Equations

7.1 The Boundary Value Problem

Many problems in mathematical physics can be reduced to the form:

∇2ϕ = F

where F is known. This form of equations are called Poisson’s Equation. In
particular, if F ≡ 0, this is called Laplace’s Equation. We would want to solve
them in either all of Rn or on some domain Ω ⊂ Rn. We are, sometimes, only
interested in the cases n = 2, 3. Note that we require ϕ to be well-defined and
smooth on all of Ω. For example, it is true that∇2(1/|x|) = 0 for x ̸= 0, however
it is not true for any domain containing 0. We would want to solve this PDE
subject to some boundary conditions, so ϕ will have predetermined behaviour
in ∂Ω or as |x| → ∞ when working in Rn.
Two widely studied boundary conditions are the Dirichlet Problem{

∇2ϕ = F , on Ω

f , on ∂Ω
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and the Neumann Problem{
∇2ϕ = F , on Ω

∂ϕ/∂n = n · ∇ϕ = g, on ∂Ω

Beware that we must interpret boundary data (or boundary conditions) cor-
rectly. We want ϕ or ∂ϕ/∂n to approach the boundary data continuously as x
tends towards the boundary. So apart from requiring ϕ to be C2 in Ω, it must
also extend to ∂Ω continuously.

Example 7.1 (Non-example). If we want to solve the Navier-Stokes Equation

∂u

∂t
+ (u · ∇)u− ν∇2u = −∇p,∇ · u = 0, u(x, 0) = u0(x)

but ignore the condition on continuous extension we said earlier, then the fol-
lowing solution satisfies the equation

u =

{
0, if t > 0

u0, if t = 0
, p ≡ 0

But obviously we are not getting a million for it.

Example 7.2. Let r = |x|, we consider the Dirichlet Problem{
∇2ϕ = r, for r < a

ϕ = 1, for r = a

By symmetry, we want to write ϕ = ϕ(r), so

r = ∇2ϕ =
1

r2
d

dr

(
r2

dϕ

dr

)
=⇒ ϕ =

r3

12
− A

r
+B

The boundary condition then implies

ϕ(r) = 1 +
r

12
(r2 − a2)

Consider now a generic linear problem, say Lϕ = F in Ω and Bϕ = f on
∂Ω where L,B are linear differential operators. Suppose ϕ1, ϕ2 are solutions to
the system, then if we let ψ = ϕ1 − ϕ2, we have Lψ = Bψ = 0. If we can show
that this solves to ψ = 0, then we know the uniqueness of the solution to our
original equation. So solution to a linear problem is unique iff the only solution
to the corresponding homogeneous problem is 0.

Proposition 7.1. Solution to the Dirichlet Problem is unique. Solution to the
Neumann Problem is unique up to a constant.

Proof. Consider the homogeneous problem{
∇2ψ = 0, in Ω

Bψ = 0, in ∂Ω
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where Bψ = ψ in the Dirichlet case and Bψ = ∂ψ/∂n in the Neumann case.
Consider

I[ϕ] =

∫
Ω

|∇ψ|2 dV ≥ 0

But we have

I[ϕ] =

∫
Ω

∇ · (ψ∇ψ)− ψ∇2ψ dV

=

∫
Ω

∇ · (ψ∇ψ) dV

=

∫
∂Ω

ψ∇ψ · dS

=

∫
∂Ω

ψ
∂ϕ

∂n
dS

= 0

in both cases, ∇ψ = 0 thoughout Ω, so ψ is continuous throughout Ω. So
for the Dirichlet Problem we have ψ ≡ 0 and ψ is constant in the Neumann
Problem.

Example 7.3. Consider the charge distribution (where r = x),

ρ(x) =

{
0, if r < a

F (r), if r ≥ a

The corresponding potential ϕ for electric field E = −∇ϕ would have

∇2ϕ = −ϵ−1
0 ρ

On r < a, we have ∇2ϕ = 0, so by symmetry, we write ϕ = ϕ(r). Note that on
r = a, ϕ = ϕ(a) is a constant. We can see that ϕ(r) = ϕ(a) on r < a actually
works, but by the preceding proposition, it is the solution on r < a, so E ≡ 0
on r < a.
This looks like the Newton’s Shell Theorem.

7.2 Gauss’s Flux Method

There is a clever way to get particular solutions to Poisson’s Equation when
the forcing term has spherical symmetry. Suppose the forcing term is in the
form F (r) where r = |x|, and we are interested in a particular solution of the
equation ∇2ϕ = F (r). We want to look for solutions of the form ϕ = ϕ(r), in
which case ∇ϕ = ϕ′(r)er. If we integrate this over the ball |x| ≤ R, then since
∇2 = ∇ · ∇, ∫

|x|≤R

F dV =

∫
|x|≤R

∇2ϕdV =

∫
|x|=R

∇ϕ · dS

by Divergence Theorem. Note that dS = erdS, so∫
|x|=R

∇ϕ · dS =

∫
|x|=R

ϕ′(r) dS = ϕ′(R)

∫
|x|=R

dS = 4πR2ϕ′(R)
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Define

Q(R) =

∫
|x|≤R

F (r) dV

then Q(R) = 4πR2ϕ′(R). If F is interpreted as the charge density, then we can
interpret Q(R) as total charge (or other stuff) inside the ball of radius R. We
can integrate this to get a particular solution. In particular, we observe that
ϕ′(R) = Q(R)/(4πR2), which is just the inverse square law.

Example 7.4. Consider charge density

ρ(r) =

{
ρ0, if r ≤ a

0, otherwise

The electric field corresponding to ρ satisfies ∇ · E = ϵ−1
0 ρ. In electrostatics,

E = −∇ϕ for a potential ϕ, so we have

∇2ϕ = − ρ

ϵ0

By previous calculations

ϕ′(R) = − 1

4πϵ0

Q(R)

R2
, Q(R) =

{
4πR3ρ0/3, if R ≤ a

Q = Q(a) = 4πa3ρ0/3, otherwise

So for r > a, we have

ϕ′(r) = − 1

4πϵ0

Q

r2
=⇒ E(r) =

1

4πϵ0

Q

r2
er

Let a → 0 in such a way that a3ρ0 remains constant (so we change ρ0), so Q
remains constant. Therefore the electric field induced by a point charge Q at
x = 0 would have

E(x) =
1

4πϵ0

Q

r2
er =

1

4πϵ0

Q

|x|3
x, ϕ(x) =

1

4πϵ0

Q

|x|

for r > 0 and ϕ(∞) = 0.

Just an aside, if we want the existece of solutions to −∇2ϕ = ϵ−1
0 ρ(x), Gauss

proved that it suffices to consider equations of the form Kσ = f which looks like
linear algebra, but in a infinite dimensional vector spaces, where we no longer
have sequential compactness. This induces the study of functional analysis and
operator theory.
Suppose we have F = F (ρ) where ρ = x2 + y2. To solve ∇2φ = F (ρ), it is
natural to try solutions of the form φ = φ(ρ). In this case, ∇φ = φ′(ρ)eρ, so

obviously we want to integrate it over a cylinder V of height 1, V = {0 ≤ ρ ≤
R, 0 ≤ ϕ ≤ 2π, z0 ≤ z ≤ z0 + 1}, as eρ ⊥ ez,

Q(R) =

∫
V

F dV =

∫
∂V

∇φ · dS = φ′(R)2πR =⇒ φ′(R) =
Q(R)

2πR

Note that by calculation we have

Q(R) = 2π

∫ R

0

F (ρ)ρ dρ =⇒ φ′(ρ) =
1

R

∫ R

0

F (ρ)ρdρ
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Example 7.5. Due to conflicts of notation we write s2 = x2 + y2 instead of ρ
(as we want to do electromagnetism). Suppose we have charge density

ρ(s) =

{
ρ0, for s ≤ a

0, otherwise

For electrostatic potential φ, we still have −∇2φ = ϵ−1
0 ρ, so

φ′(R) = − 1

ϵ0R

∫ R

0

ρ(s)sds =

{
−ϵ−1

0 R−1ρ0R
2/2, if R ≤ a

−ϵ−1
0 R−1ρ0a

2/2, otherwise

Then shrink a → 0 with ρ0a
2 fixed, then we have E ∝ s−1es, which is similar

to the superposition a bunch of point charges in a line.

7.3 The Superposition Principle

For a linear problem, we can (most of the time) solve them by their defining
property of being linear. Say if we have Lψn = Fn, then L(

∑
n ψn) =

∑
n Fn.

This allows us to superpose solutions. If we write a forcing term F as
∑

n Fn and
solve for ψn individually, then we can obtain the required solution by summing
up all of them.

Example 7.6. 1. Recall the solutions for an electric potential ϕ and electric
field E = −∇ϕ. For charge distribution with spherical symmetry, can be found
by e.g. Gauss’s flux method. If we shrink the radius to 0, we obtain a point
charge Qa for at a where

ϕ(x) =
Qa

4πϵ0

1

|x− a|
and ρ(x) = Qaδ(x−a). For consistency with Gauss’s Law, we shall (and indeed
can) obtain

∇2

(
− 1

4π

1

|x− a|

)
= δ(x− a)

Now consider the electric potential due to 2 charges Qa, Qb at x = a, b. The
charge distribution would be Qaδ(x− a) +Qbδ(x− b), so we can superpose the
solutions correspondingly in Gauss’s Law to get the potential

ϕ(x) =
Qa

4πϵ0

1

|x− a|
+

Qb

4πϵ0

1

|x− b|

2. We want to find the potential outside the solid sphere |x| ≤ R of uniform
charge density ρ0, from which several spheres |x− ai| ≤ Ri with i = 1, 2, . . . , n
are removed (given that the spheres do not cross the boundary). To find the
solution, we can superpose the solution for the charge distribution ρ0 for |x| ≤ R
and the solutions for the charge distribution −ρ0 for |x− ai| ≤ Ri. So

ϕ(x) =
1

4πϵ0

(
Q

|x|
−

n∑
i=1

Qi

|x− ai|

)
, Q =

4

3
πR3ρ0, Qi =

4

3
πR3

i ρ0

for |x| > R.
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7.4 Integral Solutions

In the examples above, we found solutions by superposing (or superimposing)
potentials corresponding to charges in different points, which gives solutions of
the form ∑

i

Qi

4πϵ0

1

|x− ai|

This leads to a more general form of superposition of potentials, by thinking of
each infinitesimal part as individual point charges, which is just a integral in
the following form: ∫

R3

F (y)

|x− y|
dV (y)

Up to some factor.

Proposition 7.2. The unique solution to the Dirichlet problem{
∇2ϕ = F , in R3

ϕ(x) → 0 as |x| → ∞

(Assuming F decreases sufficiently rapidly as |x| → ∞) is

ϕ(x) = − 1

4π

∫
R3

F (y)

|x− y|
dV

Proof. The solution can be verified by using

∇
(
− 1

4π

1

|x− a|

)
= δ(x− a)

And differentiating under the integral sign.

To justify (in an applied way, of course) the identity used above, we use the
divergence theorem,∫

|x|≤R

∇2

(
1

|x|

)
dV =

∫
|x|=R

∇
(
1

r

)
· dS

= − 1

R2

∫
|x|=R

er · er dS

=
1

R2
4πR2

= 4π

which is true for any R > 0, so it is natural (or maybe not) to write the identity.
The solution can be regarded as the sum of contributions to the potential to
any possible volume elements (that actually contribute).

7.5 Harmonic Functions

If ϕ = ϕ(x) satisfies Laplace’s Equation ∇2ϕ = 0, then ϕ is harmonic.
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Proposition 7.3 (Mean-Value Property). If φ is harmonic on some open Ω ⊂
R3, then

φ(a) =
1

4πr2

∫
|x−a|=r

φ(x) dS

where a ∈ Ω and the ball centered at a with radius r is contained in Ω.

Proof. Define a function

f(r) =
1

4πr2

∫
|x−a|=r

φ(x) dS

=
1

4πr2

∫
|x|=r

φ(x+ a) dS

=
1

4πr2

∫ 2π

0

∫ π

0

φ(a+ rer)r
2 sin θ dθ dϕ

=
1

4π

∫ 2π

0

∫ π

0

φ(a+ rer) sin θ dθ dϕ

So differentiating this gives

f ′(r) =
1

4π

∫ 2π

0

∫ π

0

∇φ(a+ rer) · er sin θ dθ dϕ

=
1

4πr2

∫
|x|=r

∇φ(a+ x) · dS

=
1

4πr2

∫
|x|≤r

∇2φ(a+ x) dV

= 0

So f is constant. Let r → 0 gives f ≡ φ(a).

Proposition 7.4. For a smooth function φ

∇2φ = lim
r→0

6

r2

(
1

4πr2

∫
|x−a|=r

φ(x) dS − φ(a)

)
Proof. Consider the function

g(r) =
1

4πr2

∫
|x−a|=r

φ(x) dS − φ(a)

then use the same trick as above, we have

g′(r) =
1

4πr2

∫
|x|≤r

∇2φ(x) dV

But∫
|x|≤r

∇2φ(x) dV =

∫
|x|≤r

∇2φ(a) dV +

(∫
|x|≤r

∇2φ(x)−∇2φ(a) dV

)

=
4πr3

3
∇2φ(a) + o(r3)
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as r → 0. So
g′(r) =

r

3
∇2φ(a) + o(r)

But then g′(r) = g′(0)+rg′(0)+o(r) by Taylor’s Theorem, so g′(0) = 0, g′′(0) =
3−1∇2φ(a). So

g(r) = g(0) + rg′(0) + r2
g′′(0)

2
+ o(r2) =

r2

6
∇2φ(a) + o(r2)

So taking the stated limit gives the solution.

So the Laplacian measures how much the value of the function at the point
differs from the average of the values on the infinitesimal sphere centered at the
same point.

Proposition 7.5 (Maximum Principle). If φ is harmonic on an open, path-
connected Ω ∈ R3, then there is an a ∈ Ω such that φ(x) ≤ φ(a) throughout Ω,
then φ is constant.

Proof. If φ is harmonic, then the mean-value property holds, so

φ(a) =
1

4πϵ2

∫
|x−a|=ϵ

φ(x) dS

for ϵ sufficiently small. If φ(x) ≤ φ(a) throughout Ω, then

0 =
1

4πϵ2

∫
|x−a|=ϵ

φ(a)− φ(x) dS

But the integrand is nonnegative, so we must have φ(x) = φ(a) for any x in
the sphere we are integrating, hence the ball enclosed. Now take any y ∈ Ω and
consider a path joining a and y. Then by compactness, there is a finite collection
of spheres in Ω whose interior covers the path. But then each adjascent two of
them will share at least one interior points, and if f achieve f(a) at that point,
then f(x) ≤ f(a) for any x in each ball, so use the argument inductively gives
f(y) = f(a).

One can also prove the last part without introducing compactness: Assuming
that we have already shown that for any b ∈ Ω with φ(b) = α = φ(a), there
is some ϵ > 0 such that φ(x) = φ(b) = α for any |x − b| < ϵ (by e.g. the
first part of our proof above). Consider the set φ−1({α}), which is closed by
continuity and open by above, which contradicts the path-connectedness (hence
connectedness) of Ω.

7.6 Bonus: Discrete Laplacian

If we have φ : Zn → Z, we can define

∇2φ(a) =
1

2n

n∑
i=1

(φ(a+ ei) + φ(a− ei))− ϕ(a)

We can show that if φ is harmonic and bounded, then it is constant. Indeed the
set ϕ(Zn) is finite if ϕ is bounded, hence has a least element. It is then trivial
to show, by following the grid, that ϕ attains the value of the least element
everywhere.
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8 Cartesian Tensors

In this section, we are only interested in the Cartesian coordinates in a right-
handed basis.

8.1 A Closer Look at Vectors

Given the basis, we can write x ∈ R3 in the form xiei where the summation
convention is used. We should not identify the vector x with component xi
since we may want to choose another basis for certain purposes. But if we have
x = xiei = x′ie

′
i for right-handed bases ei, e

′
i, then

x′i = x′jδij = x′je
′
j · e′i = e′i · (x′je′j) = e′i · (xjej) = xje

′
i · ej = Rijxj , Rij = e′i · ej

Playing the same game yields xi = ei · e′jx′j = Rjix
′
j . Combining them gives

xi = RjiRjkxk, so 0 = (RjiRjk − δik)xk, which has to hold for any choice of
xk, therefore RjiRjk = δik. If we set R to be the matrix with entries Rij , then
what we obtained above means R⊤R = I. So R ∈ O(3). Now xiei = x′ie

′
i =

Rijxje
′
i = Rjixie

′
j , so ei = Rjie

′
j , so R has to be in SO(3) since both bases are

right-handed. In summary, changing from {ei} to {e′i} induces the change in

components by multiplication of a matrix in SO(3), i.e. x′i = Rijxj . We call
such objects rank-1 tensors of vectors.

8.2 A Closer Look at Scalars

Consider σ = a · b. Using ei with a = aiei, b = biei, then σ = aibjei · ej =

aibjδij = aibi. If we used another set of basis vectors a = a′ie
′
i, b = b′ie

′
i, then

σ′ = a′ib
′
i has

σ′ = a′ib
′
i = RijajRikbk = RijRikajbk = δjkajbk = ajbj = σ

as one may have expected. Call such transformation of scalars rank-0 tensors.

8.3 A Closer Look at Linear Maps

Consider linear map T : R3 → R3 with x 7→ y = T (x) = x− (x ·n)n which is jus
the projection of x down the plane with normal n. If we use basis {ei}, then

yiei = T (xjej) = xjT (ej) = xj(ej − ninjei) = xj(δij − ninj)ei

So yi = Tijxj where Tij = δij − ninj . If we used another basis e′i, we would

have got y′i = T ′
ijx

′
j where T ′

ij = δij − n′in
′
j . Note that using n′i = Ripnp, etc.,

we have

T ′
ij = δij −RipRjqnpnq = RipRjq(δpq − npnq) = RipTpqRjq

So changing from one set of right handed orthonormal basis to another induces
change in components of linear map T (as a matrix) by T ′

ij = RipRjqTpq, or

T ′ = RTR⊤. We call objects changing like that to be rank-2 tensors.
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8.4 Cartesian Tensors of General Rank

Definition 8.1. An object with components Ti1···in is called a tensor of rank
n if its component transform according to T ′

i1···in = Ri1j1 · · ·RinjnTj1···jn when
we change from one right-handed Cartesian basis {ei} to {e′i} where detR = 1
and RipirRiqir = δipiq for p, q, r distinct.

Note that Rij ’s are rotation matrices.

Example 8.1. 1. If ui1 , vi2 , . . . , win are components of set of n vectors, then
Ti1···ik = ui1vi2 · · ·win is a tensor of rank n. Suppose we change from {ei} to
{e′i}, then

T ′
i1···in = u′i1v

′
i2 · · ·w

′
in = Ri1j1uj1Ri2j2uj2 · · ·Rinjnujn = Ri1j1 · · ·RinjnTj1···jn

2. The Kronecker delta δij is a tensor of rank 2 as it is independent of choice
of basis. Indeed, we want RipRjqδpq = RipRjp = δij = δ′ij .
3. The Levi-Civita epsilon again is independent of choice of basis, so ϵ′ijk = ϵijk.
We have

RipRjqRkrϵpqr = det(R)ϵijk = ϵijk = ϵ′ijk

So it is a tensor of rank 3.
4. Experimental evidence suggests a linear relationship between code j produced
in some medium that is exposed to electric field E. So a given Cartesian basis
{ei}, we must have numbers σij such that Ji = σijEj , so if we change basis
from {ei} to {e′i}, then σ′

ijE
′
j = J ′

i = RipJp = RipσpqEq = RipRjqσpqE
′
j , so

σ′
ij = RipRjqσpq. So σ is a tensor of rank 2. This is an example of something

called the quotient theorem, which will be proved at the end of the course.

Example 8.2 (Non-example). Not every array of numbers is a tensor. For
example, in some given basis {ei} we define an array

(aij) =

1 2 3
4 5 6
7 8 π


and aij = 0 in any other choice of basis, then aij is not the component of a
second rank tensor.

Definition 8.2. If a, b are rank-n tensors with components ai1···in , bi1···in , then
the object a+ b by (a+ b)i1···in = ai1···in + bi1···in is also a tensor of rank n. If
α is a scalar, then we can define the tensor αa by (αa)i1···in = αai1···in .

Definition 8.3. If U is a tensor of rank n and V a tensor of rank m, then their
tensor product U ⊗ V is a tensor of rank m+ n defined by

(U ⊗ V )i1···inj1···jm = Ui1···inVj1···jm

Definition 8.4. Suppose n ≥ 2 and T is a tensor of rank n, we can define a
new tensor of rank n− 2 by contraction on two indices (i.e. summing over two
chosen indices).
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It is easy to check that these are indeed all tensors. We say Ti1···in is sym-
metric in i1, i2 if Ti1i2···in = Ti2i1···in . This is obviously well-behaved. Note
that we can generalize it to symmetries in any pair of indices. We say it is
antisymmetric in i1, i2 if Ti1i2···in = −Ti2i1···in . We say it is totally symmet-
ric if it is symmetric in each pair of indices, and totally antisymmetric if it is
antisymmetric in any two indices.

Example 8.3. Both δij and aiajak are totally symmetric tensors. Also ϵijk is
totally antisymmetric. In fact, one can see immediately that the Levi-Civita ϵ
is the only antisymmetric tensor of rank 3 up to proportionality.

Also, there are no nonzero totally antisymmetric tensor of rank n ≥ 4 in R3.

8.5 Tensor Calculus

We say Ti1···in(x) is a tensor field of rank n if for each x0 ∈ R3, Ti1···in(x0) is a
tensor of rank n. Note that x′i = Rijxj when we transform to one orthonormal
right-handed basis to the other. Also xj = Rkjx

′
k. By the chain rule, ∂/∂x′i =

(∂xj/∂x
′
i)(∂/∂xj) = Rij∂/∂xj .

Proposition 8.1. Suppose Ti1···in(x) is a tensor field of rank n, then

Aj1···jmi1···in(x) =
∂

∂xj1
· · · ∂

∂xjm
Ti1···in(x)

is a tensor field of rank m+ n.

Proof. From definition and chain rule.

Example 8.4. 1. If ϕ is a scalar field, then components of∇ϕ changes according
to [∇ϕ]′i = ∂ϕ/∂x′i = Rij∂ϕ/∂xj = Rij [∇ϕ]j , so ∇ϕ is a rank 1 tensor field (or
vector field).
2. If v is a vector field, then using the same trick we can see that ∇· v is a rank
0 tensor (or scalar field).
3. If v is a vector field, so is ∇× v.

Example 8.5. Recall the divergence theorem for vector fields:∫
V

∇ · F dV =

∫
∂V

F · dS

Equivalently (or not), ∫
V

∂Fi

∂xi
dV =

∫
∂V

vini dS

Turns out we can do this on tensor fields as well, where we have∫
V

∂

∂xik
Ti1···in dV =

∫
∂V

Ti1···innik dS

which follows from the case for vector fields on the field

vik = ai1bi2 · · · cinTi1···ik···in
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8.6 Tensors of Rank 2

An arbitrary rank-2 tensor Tij can be written as

Tij =
1

2
(Tij + Tji) +

1

2
(Tij − Tji) = Sij +Aij

So Sij is symmetric and Aij is antisymmetric. Note that Sij only has 6 indepen-
dent components, and Aij has 3 independent components. This is all consistent
since a rank 3 tensor has 9 = 6 + 3 independent components.

Proposition 8.2. A rank 2 tensor can be written as Tij = Sij + ϵijkωk where
Sij is symmetric and ωk = ϵkpqTpq/2. Also, this decomposition is unique.

Proof. Just expand by taking Sij = (Tij + Tji)/2 for existence. As for unique-

ness, suppose Sij + ϵijkωk = S̃ij + ϵijkω̃k. But we can take the symmetric part

of each sides to get Sij = S̃ij , hence ωk = ω̃k.

Example 8.6. Suppose each point x in an elastic body undergoes small dis-
placement u(x), then consider two points, initially seperated by δx, then after
the displacement they are seperated by

u(x+ δx) + x+ δx− u(x)− x = δx+ (u(x+ δx)− u(x))

So the change in seperation would be x+ δx− u(x). Now using Cartesian and
suffix notation, we have ui(x + δx) − ui(x) = δxj∂ui/∂xj + o(|δx|) We write
∂ui/∂xj = eij + ϵijkωk where

eij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, ωk =

1

2
ϵkpq∂up/∂xq = −1

2
[∇× u]k

eij here is called the linear strain tensor. So we have

u(x+ δx)− u(x) = eijδxj + [δx× ω]i + o(|δx|)

So eij tells you how the material strains,

Suppose a body occupies a volume V has density ρ(x) and suppose each
point is rotating with angular velocity ω through the origin, then the velocity
of the point x is ω × x. Then the total angular momentum is

L =

∫
V

ρ(x)(x× v) dV =

∫
V

ρ(x)(x× (ω × x)) dV

Using a right-handed basis {ei} of R3, we have

Li =

∫
V
ρ(x)(xkxkωi − xixjωj) dV = Iijωj , Iij =

∫
V
ρ(x)(xkxkδij − xixj) dV

where V = {(x1, x2, x3) : x = xiei ∈ V }. If we change our basis to another {e′i},
then we have (with x′i = Rijxj)

I ′ij =

∫
V′
ρ(x)(x′kx

′
kδij − x′ix

′
j) dV

= RipRjq

∫
V
ρ(x)(xkxkδpq − xpxq)|J |dV

= RipRjqIpq

So Iij is really a tensor. We call it the inertial tensor.
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Example 8.7. Consider an ellipsoid

x21
a2

+
x22
b2

+
x23
c2

= 1

with ρ(x) ≡ ρ0. By symmetry, if i ̸= j, then Iij = 0. Now

I11 = ρ0

∫
V

x22x
2
3 dV

By using scaled spherical polars x1 = ar cosϕ sin θ, x2 = br sinϕ sin θ, x3 =
cr cos θ, so dV = abcr2 sin θ dr dθ dϕ, we have

I11 =

∫ 2π

0

∫ π

0

∫ 1

0

r2(b2 sin2 ϕ sin2 θ+c2 cos2 θ)abcr2 sin θ dr dθ dϕ =
M

5
(b2+c2)

So

(Iij) =
M

5

b2 + c2 0 0
0 a2 + c2 0
0 0 a2 + b2


If in particular a = b = c, then Iij ∝ δij .

Proposition 8.3. If Tij is real and symmetric, then there exists choice of basis
in which Tij = 0 whenever i ̸= j.

Proof. In Vectors & Matrices.

8.7 Isotropic Tensors

Definition 8.5. Say Ti1···in is isotropic if T ′
i1···in = Ti1···in when transforming

from a basis to the other. That is, for any rotational R, we have

Ti1···in = Ri1j1 · · ·RinjnTj1···jn

Example 8.8. 1. Scalars are isotropic.
2. δij is isotropic.
3. ϵijk is also isotropic.

It turns out that we can classify all isotropic tensors in R3, and we can
generalise this to Rn. We state this in the proposition below, which we shall
provide a partial proof.

Proposition 8.4. In R3:
1. All scalars are isotropic.
2. There are no nonzero isotropic rank-1 tensors (vectors).
3. Most general isotropic tensor of rank 2 is αδij where α is a scalar.
4. Most general isotropic tensor of rank 3 is βϵijk where β is a scalar.
5. Most general isotropic tensor of rank 4 is αδijδkl + βδilδjk + γδikδjl where
α, β, γ are scalars.
6. Tensors of higher rank is a linear combination of ϵ’s and δ’s, e.g. δijϵpqr is
an isotropic rank 5 tensor.

39



Proof. 1 is obvious.
For 2, assume vi is an isotropic tensor of rank 1, then vi = Rijvj for all choice
of rotation R. If we choose

(Rij) =

−1 0 0
0 −1 0
0 0 1


then we immediately get v1 = v2 = 0. Similarly v3 = 0, so v = 0.
For 3, suppose Tij is isotropic, then Tij = RipRjqTpq for any rotation R. Choose

(Rij) =

 0 1 0
−1 0 0
0 0 1


Then

T23 = R2pR3qTpq = R21R33T13 = −T13, T13 = R1pR3qTpq = R12R33T23 = T23

so we conclude T13 = T23 = 0. Now T11 = R1pR1qTpq = T22, so T11 = T22.
Consider another rotation matrix

(Rij) =

1 0 0
0 0 1
0 −1 0


then

T31 = R3pR1qTpq = R32R11R21 = −R21, T21 = R2pR1qTpq = R23R11T31 = T31

So T31 = T21 = 0. Lastly

T32 = R3pR2qTpq = R32R23T23 = 0, T12 = R1pR2qTpq = R11R23T13 = 0

So in conclusion Tij = 0 whenever i ̸= j Also T33 = R3pR3qTpq = R32R32T22 =
T22, so T11 = T22 = T33. Hence Tij = T11δij . Take α = T11 completes the proof.
4,5,6 can be proved by similar idea.

Consider tensors of the form

Ti1···in =

∫
VR

f(r)xi1 · · ·xin dV

where r2 = xpxp and VR is a ball of radius R centered at 0. Then when we go
to another frame of reference by R,

T ′
i1···in = Ri1j1 · · ·RinjnTj1···jn = Ri1j1 · · ·Rinjn

∫
VR

f(r′)xj1 · · ·xjn dV

where r′2 = r2 since R is a rotation. Set yik = Rikjkxjk and do a change of
variable in this way, we get

T ′
i1···in =

∫
VR

f(r′)yi1 · · · yin dV = Ti1···in

Since VR is indeendent of rotation. So T is indeed isotropic. Taking R → ∞
allows us to view it as an integration over R3.
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Example 8.9. Consider

Tij =

∫
R3

e−r5xixj dV = T11δij

by our classification theorem. Also Tii = 4π/5, so Tij = 4πδij/15.

Example 8.10. The inertial tensor of a ball with radius R > 0 and constant
density ρ0, so

Iij = ρ0

∫
VR

xkxkδij − xkxj dV

The right hand side is the sum of two isotropic tensor of rank 2, so Iij = αδij .
Contract on i, j gives α = 2MR2/5 where M = ρ04πR

3/3.

8.8 Multilinear Maps and Quotient Theorem

Given some right-handed orthonormal basis, let Tij denote the components of
rank 2 tensor. Define a bilinear map t : R3×R3 → R by t(a, b) = Tijaibj , which
one can note is independent of the basis we chose hence the map is well-defined.
Conversely, for a bilinear t : R3 × R3 → R, and we choose a certain basis {ei},
then we can write t(a, b) = aibjt(ei, ej), so Tij = t(ei, ej) is a rank-2 tensor since
t is bilinear. This gives a one-to-one correspondence between bilinear maps and
rank-2 tensors. In particular, if a (bilinear) map (a, b) 7→ Tijaibj is well-defined,
then Tij is naturally a tensor.
In general, we can correspondingly identify a rank-n tensor in R3 by multilinear
maps (R3)n → R.

Proposition 8.5 (Quotient Theorem). Given basis {ei}, let Ti1···inj1···jm be
array of numbers such that vi1···in = Ti1···inj1···jmuj1···jm is a tensor for any
tensor u, then T is a tensor.

Proof. Take uj1···jm = c1j1 · · · c
m
jm

, where ck are vectors. So

vi1···in = Ti1···inj1···jmc
1
j1 · · · c

m
jm

is a tensor by hypothesis. Let a1, . . . , an be vectors, then we can contract v by
vi1···ina

1
i1
· · · anin , which is a scalar that is independent of basis, so the map

(a1, . . . , an, c1, . . . , cn) 7→ Ti1···inj1···jma
1
i1 · · · a

n
inc

1
j1 · · · c

m
jm

is independent of choice of coordinates, so T is a tensor.

Example 8.11. Recall linear strain tensor eij = (∂ui/∂xj + ∂uj/∂xi)/2 where
u(x) is the displacement of the particle at x of a body undergoing deformation.
Experimental evidence suggests a linear relationship between stresses (internal
forces) and strain. We measure stress using stress tensor σij . There are 3

4 = 81
numbers cijkl such that σij = cijklekl. This is just a generalization of Hookes’
Law to higher dimensions. Now if we know that cijkl = cijlk we know that cijkl
is a tensor from the quotient theorem. In this case we call this array cijkl is the
stiffness tensor. For isotropic material, we know that cijkl = αδijδkl + βδikδjl +
γδilδjk, so σij = αekkδij + βeij + γeji = αekkδij + 2µeij where µ = β + γ.
We can invert for eij by contract on indices i, j, so σkk = (3α + 2µ)ekk, so
ekk = σkk/(3α+ 2µ). So 2µeij = σij − ασkkδij/(3α+ 2µ).
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