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0 Introduction

Probablity theory is the mathematical formulation of randomness. Examples
include the modeling of random experiments like flipping a coin, throwing a die,
shuffle a deck, and so on. What we want to do is to develop a mathematical
framework to study randomness.

1 Definitions and Properties

Definition 1.1. Let Ω be a set, and F a set of subset of Ω. We call F a
σ-algebra on Ω if
1. Ω ∈ F .
2. A ∈ F =⇒ Ac ∈ F .
3. For any countable sequence (An)n∈N ∈ F , we have⋃

n∈N
An ∈ F
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If F is a σ-algebra, then a function P : F → [0, 1] is called a probablity measure
if
1. P(Ω) = 1.
2. For every sequence of disjoint sets (An)n∈N ∈ F , we have

P

(⋃
n∈N

An

)
=
∑
n∈N

P(An)

If P is a probablity measure, then we call (Ω,F ,P) a probablity space.

Remark. When Ω is countable, we usually take F = 2Ω.

Definition 1.2. The elements of Ω are called outcomes and the elements of F
are called events. If A ∈ F , we interpret P(A) as the probablity that A happens.
Note that we only talk about probablity of events instead of outcomes.

We will see later that if we take a random point from [0, 1], the probablity
of a certain point being taken is 0 (consequently any countable subset of [0, 1]).

Proposition 1.1. Let A,B ∈ F . 1. P(Ac) = 1− P(A).
2. P(∅) = 0.
3. A ⊂ B =⇒ P(B) ≥ P(A).
4. P(A ∪B) = P(A) + P(B)− P(A ∩B).

Proof. All follow from definition.

Example 1.1. 1. Rolling a fair die. So Ω = {1, 2, 3, 4, 5, 6} and F = 2Ω, and
∀A ⊂ Ω,P(A) = |A|/6.
2. Equality likely outcomes. Ω is just a finite set of size n > 0 and F = 2Ω,
and ∀A ⊂ Ω,P(A) = |A|/n. This is the model of a randomly chosen point of Ω.
Taking n = 6 gives the first example.
3. Picking balls from a bag. Suppose we have a bag with n labelled balls
1, 2, . . . n and indistinguishable by touch. We pick k ≤ n balls at random (i.e.
all outcomes are equally likely) without looking. Then Ω = {A ⊂ {1, 2, . . . , n} :
|A| = k} and F = 2Ω, so ∀A ⊂ Ω,P(A) = |A|/

(
n
k

)
.

4. A deck of cards. Suppose we have a well-shuffled (i.e. all possible ordering
of the cards are equally likely) deck of 52 cards (excluding jokers). So Ω =
S52,F = 2Ω and ∀A ⊂ Ω,P(A) = |A|/52!. Hence P(first two cards are aces) =
(4× 3× 50!)/52! = 1/221.
5. Largest digit. Consider a string of random digits (all outcomes equally
possible) 0, 1, . . . , 9 of length n. Take Ω = {0, 1, . . . , 9}n and F ,P as in before.
Let Ak = {no digit exceeds k} and Bk = {largest digit is k}. Since |Ak| = (k+
1)n we have |Bk| = |Ak \Ak−1| = (k+1)n−kn, so P(Bk) = ((k+1)n−kn)/10n.
6. Birthday problem. Suppose there are n people in the room. What is the
probability of at least two people sharing the same birthday, given that nobody
is born on 29 Feb and any other day in the year is equally probable. So Ω =
{1, 2, . . . , 365}n, and again F and P are taken as before (equally likely outcome).
Let A be the event that all birthdays are different, then

P(A) =
|A|
|Ω|

=
365× 364× . . . (365− n+ 1)

365n

Then the probablity of two having the same birthday is p = 1 − P(A). If you
take n = 22, then you get p ≈ .476, and when n = 23, p ≈ .507.
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2 Some Counting and Stirling’s Formula

2.1 Some Counting

If we have a finite set Ω, and let M be the number of ways of partition Ω into
k subsets S1, S2, . . . , Sk with |Sj | = nj with n1 + n2 + · · ·+ nk = |Ω|, then

M =

(
|Ω|

n1, n2, . . . , nk

)
=

|Ω|
n1!n2! · · ·nk!

We suddenly want to count the number of strictly increasing and nondecreasing
functions from the set {1, 2, . . . , k} to {1, 2, . . . , n}. Note that each strictly
increasing function in this way are uniquely identified by their image, so the
number of such functions equals

(
n
k

)
. 1 To count nondecreasing functions,

however, we cannot use this trick. Nonetheless, we can consider the bijection

{f nondecreasing : {1, 2, . . . , k} → {1, 2, . . . , n}} →

{f strictly increasing : {1, 2, . . . , k} → {1, 2, . . . , n+ k − 1}}

by assigning a function f in the previous set to the function g(i) = f(i) + i− 1.
So that number is

(
n+k−1

k

)
.

2.2 Stirling’s Formula

Definition 2.1. Let (an), (bn) be two positive sequences, we say an ∼ bn if
an/bn → 1 as n→∞.

Theorem 2.1 (Stirling).

n! ∼ nn
√

2πne−n

Proposition 2.2 (Weaker Statement of Stirling’s Formula). log(n!) ∼ n log n

Proof. Let `n = log(n!). So we have

`(n) = log 2 + log 3 + · · ·+ log n

Note that we have the trivial bound logbxc ≤ log x ≤ logbx+ 1c, hence

`n−1 ≤
∫ n

1

log x dx ≤ `n

So
n log(n)− n+ 1 ≤ `n ≤ (n+ 1) log(n+ 1)− n

The proposition follows.

Proof of Stirling’s Formula. Note that∫ b

a

f(x) dx =
f(a) + f(b)

2
(b− a)− 1

2

∫ b

a

(x− a)(b− x)f ′′(x) dx

1
(n
k

)
= 0 for k > n
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We take f = log we have∫ k+1

k

log xdx =
log(k) + log(k + 1)

2
+

1

2

∫ 1

0

x(1− x)

(x+ k)2
dx

Summing over k = 1, 2, . . . , n− 1 we have

n log n− n+ 1 = log(n!)− log n

2
+

n−1∑
k=1

ak

where

ak =
1

2

∫ 1

0

x(1− x)

(x+ k)2
dx

Note that it is easy to see the partial sum of ak converges, so we define A =
exp(1−

∑
k∈N ak) to have

n! = nn
√
ne−nA exp

( ∞∑
k=n

ak

)

Note that the last part goes to 1 as n→∞, so it remains to show A =
√

2π.
We claim that

2−2n

(
2n

n

)
∼ 1√

πn

since 2−2n
(

2n
n

)
∼
√

2/(A
√
n), it will prove what we want. Consider

In =

∫ π/2

0

cosn θ dθ

It is trivial to see that it equals I2n =
(

2n
n

)
π/22n+1 and I2n+1 = 22n

(
2n
n

)−1
/(2n+

1). We want to show that I2n/I2n+1 → 1 which will prove the result, but this
is obvious since In+2/In → 1 and In is decreasing.

3 Some Properties of Probability Measure and
More Counting

3.1 Elementary Results

Let (Ω,F ,P) be a probability space.

Proposition 3.1 (Countable Subadditivity). Let (An)n∈N ∈ F , then

P

(⋃
n∈N

An

)
≤
∞∑
n=1

P(An)

Proof. Consider B1 = A1 and Bn = An \ (A1 ∪ A2 ∪ · · · ∪ An−1). The result
follows.

P is upward continuous.
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Proposition 3.2. Suppose (An)n ∈ N ∈ F is increasing, then

P(An)→ P

(⋃
n∈N

An

)
as n→∞.

Proof. Consider B1 = A1 and Bn = An \ (A1 ∪ A2 ∪ · · · ∪ An−1). Note that
P(An) = P(B1) + · · ·+ P(Bn), so

P(An) =

n∑
k=1

P(Bk) = P

(
n⋃
k=1

Bn

)
= P

(
n⋃
k=1

An

)
→ P

(⋃
n∈N

An

)

As desired.

By taking complement, we know that P is also downward continuous.

Proposition 3.3 (Inclusion-Exclusion Principle). Let A1, A2, . . . , An be events,
then we have

P(A1 ∪ · · · ∪An) =

n∑
k=1

(−1)k+1
∑

1≤i1<···<ik≤n

P(Ai1 ∩ · · · ∩Aik)

Proof. Induction.

For the probability on finite sample space with equally likely outcomes, the
principle reduced to the known inclusion-exclusion principle on finite sets.

Corollary 3.4. Let A1, A2, . . . , An be sets, then we have

|A1 ∪ · · · ∪An| =
n∑
k=1

(−1)k+1
∑

1≤i1<···<ik≤n

|Ai1 ∩ · · · ∩Aik |

Proof. Follows directly.

Proposition 3.5 (Bonferroni Inequality). Truncating the inclusion-exclusion
formula after the nth term gives an overestimate if n is odd and underestimate
if n is even.

Proof. Trivial.

3.2 Counting by Inclusion-Exclusion

Inclusion-Exclusion allows us to do some more counting.
We want to count the number of surjections {1, 2, . . . , n} → {1, 2, . . . ,m} for
m ≤ n. Take Ω = {f : {1, 2, . . . , n} → {1, 2, . . . ,m}} and A be the set of
surjections. Let Ai = {f ∈ Ω : i /∈ Im f}, so A = Ac1∩· · ·∩Acm = (A1∪· · ·∪Am)c.
Now since we have |Ai1 ∩ · · · ∩ Aik | = (m− k)n, hence by Inclusion-Exclusion,
we have

|A| =
m∑
k=0

(−1)k
(
m

k

)
(m− k)n
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(Note that a complement has been taken.)
We now want to count the number of derangements of {1, 2, . . . , n}. Let Ω = Sn
and A be the set of derangements. Let Ai = {σ ∈ Ω : σ(i) = i}, so again
A = (A1 ∪ · · · ∪ An)c. But we have |Ai1 ∩ · · · ∩ Aik | = (n − k)!, so assume an
equally likely probability measure P, we then have

P(Ac) =

n∑
k=1

(−1)k+1n

k

(n− k)!

n!
=⇒ P(A) =

n∑
k=0

(−1)k
1

k!
→ 1

e

So asymptopically |A| ∼ n!/e.

3.3 Independence

Definition 3.1. A,B ∈ F are said to be independent if P(A)P(B) = (A ∩B).
A countable sequence (An)n∈N of events is independent if ∀k ≥ 2 and for any
set of indices i1, i2, . . . , ik we have

P(Ai1 ∩ · · · ∩Aik) = P(Ai1) · · ·P(Aik)

Remark. 1. Pairwise independence does not imply independence. Say we flip a
fair coin twice, then Ω = {(0, 0), (0, 1), (1, 0), (1, 1)} and A = {(0, 0), (0, 1)}, B =
{(0, 0), (1, 0)}, C = {(0, 1), (1, 0)}, then they are pairwisely independent but not
independent.
2. If A is independent of B, then A is also independence of Bc.

Definition 3.2. Let A,B be events such that P(B) > 0. The conditional
probability is defined as

P(A|B) =
P(A ∩B)

P(B)

In particular, P(A|B) = P(A) iff A,B are independent.

Proposition 3.6. Let (An)n∈N be a sequence of disjoint events, then

P

(⋃
n∈N

An

∣∣∣∣∣B
)

=
∑
n∈N

P(An|B)

Proof. Trivial.

So conditional probability measure is also a probability measure.

Theorem 3.7 (Law of Total Probability). Suppose (Bn)n∈N is a disjoint se-
quence of events such that P(Bn) > 0 for all n and

⋃
Bn = Ω. Then

P(A) =
∑
n∈N

P(A|Bn)P(Bn)

Proof. Obvious.

Theorem 3.8 (Bayes’ Formula). Let (Bn)n∈N be as above and P(A) > 0, then

P(Bn|A) =
P(A|Bn)P(Bn)∑
k P(A|Bk)P(Bk)
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Example 3.1 (False Positives for a Rare Condition). Consider a rare medical
condition A which affects 0.1% of the population and a medical test which
is positive for 98% of the people affected and 1% of those unaffected by the
condition. Take a random person, then we want to know the probablity that
he has condition A given that he was tested positive. Let A be the event of
individuals suffering from the condition and P be the individuals being tested
positive. Hence

P(A|P ) =
P(P |A)P(A)

P(P |Ac)P(Ac) + P(P |A)P(A)
≈ 8.9%

This may seems counterintuitive since this probability seems low, but the thing
is that P(P |Ac) >> P(P |A) since the medical condition is so rare.

Example 3.2 (Extra Knowledge Changes Probability). Consider the following
statements:
(a) I have 2 childrens, the elder of whom is a boy.
(b) I have 2 childrens, one of whom is a boy.
(c) I have 2 childrens, one of whom is a boy who is born on a Tuesday.
We assume equally likely distributions. Let GB denotes that the younger is a
girl and the elder is a boy. Similar for BG,BB,GG.

P(BB|a) = P(BB|BG ∪BB) =
1

2

P(BB|b) = P(BB|BG ∪GB ∪BB) =
1

3
Write TN be that there are two boy, the younger is born on Tuesday but the
elder is not, similar for (2-)combinations of T,N,G.

P(BB|c) = P(TT ∪ TN ∪NT |TT ∪ TN ∪NT ∪ TG ∪GT )

=
P(TT ∪ TN ∪NT )

P(TT ∪ TN ∪NT ∪GT ∪ TG)

=
13

27

Example 3.3 (Simpson’s Paradox). There are 50 men and 50 women applying
to a college.

All applicants Admitted Rejected Success Rate
State 25 25 50%
Indep 28 22 56%

Men Only Admitted Rejected Success Rate
State 15 22 41%
Indep 5 8 38%

Women Only Admitted Rejected Success Rate
State 10 3 77%
Indep 23 14 68%

So both men and women in state schools have higher acceptance rate, but the
overall acceptance rate of state schools is still lower than that in independent
schools. This is because the overall acceptance rate for women in this set of
data is larger and there are much more of them in independent schools than
state schools. Basically it is because A/B > a/b and C/D > c/d does not imply
(A+ C)/(B +D) > (a+ c)/(b+ d).
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4 Discrete Distributions

Definition 4.1. Let (Ω,F ,P) be a probability space where Ω is a countable
set (we will most likely take it as finite), Ω = {ω1, ω2, . . .} and F = 2Ω. In
order to determine P, it sufficed to determine all pi = P({ωi}). We call pi as a
discrete distribution.

Note that pi ≥ 0 and
∑
i pi = 1.

4.1 Examples of Useful Distributions

Definition 4.2. Ω = {0, 1} and p1 = p, p0 = 1− p gives the Bernoulli distribu-
tion Bern(p). This comes from flipped a p-coin.

Definition 4.3. Toss N p-coins and count the number of 1’s (heads). So
Ω = {0, 1, . . . , N} and

pk =

(
N

k

)
pk(1− p)N−k

this is called the Binomial distribution Bin(N, p).

Note that
N∑
i=0

pk =

N∑
i=0

(
N

k

)
pk(1− p)N−k = 1

by Binomial Theorem.

Definition 4.4. Consider k boxes and we throw N independent balls in them
randomly, and pi is the probability that one of the balls fall into box i. So
Ω = {(n1, n2, . . . , nk) ∈ Nk0 :

∑k
r=1 nr = N} and we have

P((n1, n2, . . . , nk)) =

(
N

n1, n2, . . . , nk

)
pn1

1 · · · p
nk

k

This is the multinomial distribution.

Definition 4.5. Toss a fair coin until we reach a head. So Ω = {1, 2, . . .} and

pk = P(tossed k coins until there is a head) = (1− p)k−1p

Sometimes we shift it by 1 and say Ω = {0, 1, . . .} and

pk = P(tossed k coins before there is a head) = (1− p)kp

This is called the geometric distribution Geom(p).

Definition 4.6. The Poisson distribution is used to model the number of oc-
curences of events in a given period of time. For example, number of customer
entering a shop in a day.
We take Ω = {0, 1, 2 . . .} and

P({k}) = e−λ
λk

k!

We call this the Poisson distribution Pois(λ) of parameter λ.
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Consider the partition of [0, 1] in n intervals of length 1/n and in each interval
customer arrives with probability p and at most n customers will arrive, then

P(k customers arrived) =

(
n

k

)
pk(1− p)n−k

which is Bin(n, p). But if we take p = λ/n, we have

Proposition 4.1. Bin(n, λ/n)→ Pois(λ) as n→∞.

Proof. Fix k, then

P({k}) =

(
n

k

)
λk

nk

(
1− λ

n

)n−k
=
λk

k!

n!

nk(n− k)!
(1 +

−λ
n

)n−k

→ λk
k!
e−λ

as n→∞, which is exactly the Poisson distribution.

4.2 Random Variables

Definition 4.7. Let (Ω,F ,P) be a probability space, a random variable X is
a function Ω→ R such that
1. ∀x ∈ R, {X ≤ x} = {ω ∈ Ω : X(ω) ≤ x} ∈ F . 2

Example 4.1. Given A ∈ F , the indicator of A is a function 1A : Ω → {0, 1}
with

1A(ω) =

{
1, if ω ∈ A
0, otherwise

This is a random variable

Definition 4.8. Let X be a random variable, then the probability distribution
function of X to be a function FX : R → [0, 1] given by FX(x) = P(X ≤ x) =
P({ω ∈ Ω : X(ω) ≤ x}).

Proposition 4.2. 1. FX(x)→ 1 as x→∞ and FX(x)→ 0 as x→ −∞.
2. FX is increasing.
3. FX is right continuous, that is,

lim
u→0+

FX(x+ u) = FX(x)

Proof. Immediate.

Definition 4.9. Let (Ω,F ,P) be a probability space and (X1, X2, . . . , Xn)
is called a random variable in Rn if it is a function Ω → Rn and for any
(x1, x2 . . . , xn) ∈ Rn,

{X1 ≤ x1, . . . , Xn ≤ xn} = {ω ∈ Ω : X1(ω) ≤ x1, . . . , Xn(ω) ≤ xn} ∈ F

Or equivalently, each Xi is a random variable in R.
2Sometimes we also write {X ∈ A} = {ω ∈ Ω : X(ω) ∈ A}
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4.3 Discrete Random Variables

Definition 4.10. We call X a discrete random variable if it is a real random
variable and the probablity space is discrete.
In this case, we define the function pk = P(X = x) = P({ω ∈ Ω : X(ω) = x})
as the probability mass function of X.

Definition 4.11. The discrete random variables X1, X2, . . . , Xn are indepen-
dent if

P(X1 = x1, . . . , Xn = xn) = P(X1 = x1) · · ·P(Xn = xn)

Example 4.2. If we toss a p-coin n times independently, then pω1,...,ωn
=∑n

k=1 p
ωk(1− p)1−ωk where (ω1, . . . , ωn) ∈ {0, 1}n.

Define Xk(ω1, . . . , ωn) = ωk, then P(Xk = 1) = p and P(Xk = 0) = p, so Xk

has distribution Bern(p). Furthermore, any Xk are independent.
For ω = ω1, . . . , ωn, let Sn(ω) =

∑
kXk(ω), so Sn counts the number of heads

and has distribution Bin(n, p) as we have P(Sn = k) =
(
n
k

)
pk(1− p)n−k.

4.4 Discrete Expectation

Consider a discrete probability space (Ω,F ,P) and a random variable X : Ω→
R, then

Definition 4.12. X is called nonnegative if X(Ω) ⊂ R≥0.

Definition 4.13. For a non-negative random variable X, the expectation of X
is the sum

E[X] =
∑
ω∈Ω

X(ω)P({ω})

Since X is nonnegative, this sum is either 0 or approaches +∞.

Lemma 4.3.
E[X] =

∑
x∈ΩX

xP(X = x)

Proof. Write ΩX = {X(ω) : ω ∈ Ω}, then we immediately have

Ω =
⋃

x∈ΩX

{X = x}

(
=
∐
x∈ΩX

{X = x}

)

from definition. Use this to expand the formula yields

E[X] =
∑
ω∈Ω

X(ω)P({ω})

=
∑
x∈ΩX

∑
ω∈{X=x}

xP({ω})

=
∑
x∈ΩX

x
∑

ω∈{X=x}

P({ω})

=
∑
x∈ΩX

xP(X = x)

As desired.
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As one may expect, the expectation can be interpreted as a weighted average
of the values taken by the random variable by the respective probabilities.

Example 4.3. 1. Suppose X ∼ Bin(n, p), then

E[X] =

n∑
k=0

k

(
n

k

)
pk(1− p)n−k

=

n∑
k=1

n

(
n− 1

k − 1

)
pk(1− p)n−k

= np

n−1∑
i=0

(
n− 1

i

)
pi(1− p)n−i−1

= np(p+ 1− p)n−1 = np

2. Suppose X ∼ Pois(λ), then

E[X] =
∞∑
n=0

n
λn

n!
e−λ

= λ

∞∑
n=1

λn−1

(n− 1)!
e−λ

= λ

Let X be a general random variable, we can try to define its expectation by
decomposing the positive and negative parts, that is

Definition 4.14. We decompose X into X+ = max{X, 0} = (X + |X|)/2 and
X− = max{−X, 0} = (|X| −X)/2, then X = X+ −X− and |X| = X+ + X−.
If either E[X+] or E[X−] is finite, we define E[X] = E[X+]− E[X−].
Also, if E[|X|] <∞, we call X integrable..

Lemma 4.4. We still have Lemma 4.3.

Proof. Direct calculation.

Proposition 4.5. 1. X ≥ 0 =⇒ E[X] ≥ 0. In particular, if X ≥ 0 and
E[X] = 0, then P(X = 0) = 1.
2. Let c ∈ R, then E[cX] = cE[X] and E[c + X] = + E[X]. In particular
E[c] = c.
3. Let X,Y be random variables, then E[X + Y ] = E[X] + E[Y ].

Proof. Trivial.

2 and 3 are called linearity of expectation. And in fact, we can extend it and
say for a sequence of random variables Xi we have E [

∑
nXn] =

∑
n E[Xn].

Proposition 4.6. 1. ∀A ∈ F , we have E[1A] = P(A).
2. (Law Of The Unconscious Statistician, LOTUS) Let g : R→ R be a function
and X a random variable, then

E[g(X)] =
∑
x∈ΩX

g(x)P(X = x)

12



3. If a random variable X only takes integral value, then

E(X) =

∞∑
k=1

P(X ≥ k) =

∞∑
k=0

P(X > k)

Proof. 1 is from definition. For 2, we have

E[g(X)] =
∑

y∈Ωg(X)

yP(Y = y)

=
∑

y∈Ωg(X)

yP({ω : g(X(ω)) = y})

=
∑

y∈Ωg(X)

yP({ω : X(ω) ∈ g−1({y})})

=
∑

y∈Ωg(X)

∑
x∈g−1({y})

yP(X = x)

=
∑
x∈ΩX

g(x)P(X = x)

3 is obvious since we can decompose X =
∑∞
k=1 1{X≥k}.

One of the usage of 1 above is to give the following proof of Inclusion-
Exclusion.

Another Proof of Inclusion-Exclusion. The indicator function satisfies 1Ac =
1− 1A, 1A1∩···∩An

= 1A1
· · · 1An

, therefore

1A1∪···∪An
= 1(Ac

1∩···∩Ac
n)c = 1−

n∏
i=1

(1− 1Ai
)

Expanding and taking expectation gives the result.

Definition 4.15. Let X be a random variable and n ∈ N, we call E[Xn] the
nth moment of X, if it is well-defined.

4.5 Variance

Definition 4.16. Let X be a random variable such that E[X] exists and is
finite, then the variance of X is defined as Var(X) = E[(X − E[X])2].

Intuitively, the variance is the measure of how “spread out” the random
variable is. So a smaller variance would mean that the random variable is
largely concentrated in its expected value. Indubitably Var(X) ≥ 0, so we can
define

Definition 4.17. The standard deviation is defined as SD(X) =
√

Var(X).

Proposition 4.7. 1. If Var(X) = 0, then P(X = E[X]) = 1.
2. Let c ∈ R, then Var(cX) = c2 Var(X).
3. Var(X) = E[X2]− (E[X])2.
4. ∀x ∈ R,Var(X) ≤ E[(X − x)2] and equality hold iff x = E[X].

13



Proof. Trivial.

Example 4.4. 1. For X ∼ Bin(n, p), we have

Var(X) = E[X2]− (E[X])2

= E[X(X − 1)] + E[X]− (E[X])2

=

n∑
k=0

k(k − 1)

(
n

k

)
pk(1− p)n−k + np− n2p2

= p2n(n− 1)

n∑
k=0

(
n− 2

k − 2

)
pk−2(1− p)n−k + np− n2p2

= np(1− p)

2. For X ∼ Pois(λ), we can calculate

Var(X) = E[X(X − 1)] + E[X]− (E[X])2

=

∞∑
k=0

k(k − 1)
λk

k!
e−λ + λ− λ2

= λ2 + λ− λ2

= λ

Definition 4.18. Let X,Y be two random variables, we define the covariance
to be

Cov(X,Y ) = E[(X − E[X])(Y − E[Y ])]

The covariance is a measure of the interdependence of X,Y .

Proposition 4.8. 1. Cov(X,Y ) = Cov(Y,X).
2. Cov(X,X) = Var(X).
3. Cov(X,Y ) = E[XY ]− E[X]E[Y ].
4. Suppose c is a constant, then Cov(cX, Y ) = cCov(X,Y ),Cov(c + X,Y ) =
Cov(X,Y ).
5. Var(X+Y ) = Var(X)+Var(Y )+2 Cov(X,Y ). Easy to generalize it to finite
sums
6. For any constant c, Cov(c,X) = 0.
7. Cov(X + Z, Y ) = Cov(X,Y ) + Cov(Z, Y ).

Proof. Trivial.

Definition 4.19. X,Y are called independent if P(X = x, Y = y) = P(X =
x)P(Y = y).

Proposition 4.9. Let X,Y be independent and f, g be nonnegative functions,
then E[f(X)g(Y )] = E[f(X)]E[g(Y )]

14



Proof.

E[f(X)g(Y )] =
∑
x,y

f(x)g(y)P(X = x, Y = y)

=
∑
x,y

f(x)g(y)P(X = x)P(Y = y)

=

(∑
x

f(x)P(X = x)

)(∑
y

f(y)P(Y = y)

)
= E[f(X)]E[g(Y )]

As desired.

In particular, if X,Y are independent, then Cov(X,Y ) = 0. The converse,
however, is not true.

Example 4.5 (Non-example). Let X1, X2, X3 ∼ Bern(1/2). Define Y1 = 2X1−
1, Y2 = 2X2 − 1, Z1 = Y1X3, Z2 = Y2X3. Now Cov(Z1, Z2) = 0 but Z1, Z2 are
not independent as E[Z1 = 0, Z2 = 0] = 1/2 6= 1/4 = E[Z1 = 0]E[Z2 = 0].

5 Inequalities

Theorem 5.1 (Markov’s Inequality). Suppose we have a nonnegative random
variable X, then for any a > 0,

P(X ≥ a) ≤ E[X]

a

Proof. Observe that X ≥ a1X≥a by checking each ω ∈ Ω, then we take expec-
tation to get the inequality.

Theorem 5.2 (Chebyshev’s Inequality). Let X be a random variable with finite
expectation, then for all a > 0,

P(|X − E[X]| ≥ a) ≤ Var(X)

a2

Proof.

P(|X − E[X]| ≥ a) = P((X − E[X])2 ≥ a2) ≤ Var(X)

a2

by Markov’s Inequality.

Theorem 5.3 (Cauchy-Schwarz Inequality). Let X,Y be random variables,
then E[|XY |] ≤

√
E[X2]E[Y 2]

Proof. It suffices to prove the case where X,Y are nonnegative, in which case
we can discard the absolute value. Also it is trivial when one of E[X2],E[Y 2]
is infinite, so we assume that they are finite afterwards. So E[XY ] ≤ (E[X2] +
E[Y 2])/2 is also finite. Also if E[X2]E[Y 2] = 0 then the (in)equality is trivial,
so we assume henceforth that they are both positive. There we have 0 ≤ (X −
tY )2 = X2 − 2tXY + t2Y 2, from where taking expectation on both sides then
yields E[X2]−2tE[XY ]+t2E[Y 2] ≥ 0 for any t. The inequality follows by taking
determinant, also equality happens iff X = tY for some t, i.e. X,Y are linearly
dependent.
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Theorem 5.4 (Jensen’s Inequality). Let f be a convex function defined on R,
that is for any x, y ∈ R, t ∈ [0, 1],

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

Then if X is a random variable,

E[f(X)] ≥ f(E[X])

Proof. A convex function is equal to the supremum of all lines lying below it.
That is, ∀m ∈ R,∃a, b ∈ R such that f(m) = am+ b and ∀x ∈ R, ax+ b ≤ f(x).
This is obvious by choosing x, y with x < m < y and apply the definition of
convex functions, whence ∃a ∈ R,

f(m)− f(x)

m− x
≤ a ≤ f(y)− f(m)

y −m

For any x it gives f(x) ≥ a(x−m) + f(m), so we just take b = −am+ f(m).
Now we go back to our proof. Let m = E[X], then we can choose a, b such
that f(X) ≥ aX + b and f(m) = am + b, taking expectation gives f(E[X]) =
aE[X] + b ≤ E[f(X)].

Obviously we want to know when does the equality case hold in Jensen’s
Inequality. Let f be a convex function, assume that ∃m ∈ R such that f(m) =
am+ b and f(x) > ax+ b for some a, b real. Suppose m = E[X], then consider
Y = f(X) − (aX + b) which is a nonnegative random variable. Assume that
E[f(X)] = f(E[X]), then E[Y ] = 0, so P(Y = 0) = 1, hence P(f(X) = aX+b) =
1, therefore P(X = m) = 1.

Corollary 5.5. Let f be convex and let x1, . . . , xn be real, then

1

n

n∑
k=1

f(xk) ≥ f

(
1

n

n∑
k=1

xk

)

Proof. Take X be a random variable taking values uniformly in x1, . . . , xn and
apply Jensen’s Inequality.

Corollary 5.6. For positive x1, . . . , xn,

1

n

n∑
k=1

xk ≥

(
n∏
k=1

xk

)1/n

Proof. Take f = − log.

6 Conditional Expectation

Definition 6.1. Let B be an event such that P(B) > 0 and let X be a random
variable, then we define

E[X|B] =
E[X · 1B ]

P(B)
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Proposition 6.1 (Law of Total Expectation). Let Ωn be a sequence of events
that partitions Ω, then

E[X] =
∑
n

E[X|Ωn]P(Ωn)

Proof. Write X =
∑
nX · 1Ωn

.

Definition 6.2. LetX1, . . . , Xn be random variables, then the joint distribution
is P(X1 = x1, . . . , Xn = xn), xi ∈ ωXi

. Given such a joint distribution, the
marginal distribution of Xi is defined as

P(Xi = xi) =
∑

j 6=i,xj∈ΩXj

P(X1 = x1, . . . , Xn = xn)

Definition 6.3. Let X,Y be random variables, then the conditional probability
given Y = y, y ∈ ΩY is defined by

P(X = x|Y = y) = P(X = x, Y = y)/P(Y = y)

Immediately

P(X = x) =
∑
y∈ΩY

P(X = x, Y = y) =
∑
y∈ΩY

P(X = x|Y = y)P(Y = y)

Note that if X,Y are independent, then

P(X + Y = z) =
∑
y∈ΩY

P(X + Y = z|Y = y)P(Y = y)

=
∑
y∈ΩY

P(X = z − y|Y = y)P(Y = y)

=
∑
y∈ΩY

P(X = z − y)P(Y = y)

Similarly

P(X + Y = z) =
∑
x∈ΩX

P(X = x)P(Y = z − x)

Example 6.1. Let X ∼ Pois(λ), Y ∼ Pois(µ), and X,Y are independent, then

P(X + Y = n) =

∞∑
r=0

P(X = r)P(X = n− r) = e−(λ+µ) (λ+ µ)n

n!

Definition 6.4. Let X,Y be random variables, The conditional expectation of
X given Y = y is defined to be the expectation of the conditional distribution
of X given Y = y, so

E[X|Y = y] =
E[X · 1Y=y]

P(Y = y)
=
∑
x∈ΩX

xP(X = x|Y = y)

Note that g(y) = E[X|Y = y] is a function in ΩY → R.
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Definition 6.5. The conditional expectation of X given Y is defined to be
E[X|Y ] = g(Y ) which is a random variable as a function of Y .

So obviously,

E[X|Y ] = g(Y )

=
∑
y∈ΩY

g(Y )P(1Y=y)

=
∑
y∈ΩY

1Y=yg(y)

=
∑
y∈ΩY

1Y=yE[X|Y = y]

Example 6.2. Toss a p-coin several times independently, so they produce a
sequence of random variables (Xi)i∈N ∼ Bern(p) and the number of heads are
distributed in Ym = X1 + X2 + · · · + Xm ∼ Bin(m, p) We want to calculate
E[Xi|Ym]. Note that E[Xi|Ym = r] = P(Xi = 1|Ym = r) = r/m, which means

E[Xi|Ym] =
Ym
m

Proposition 6.2. 1. ∀c ∈ R,E[cX|Y ] = cE[X|Y ],E[c|Y ] = c.
2.

E

[
n∑
i=1

Xi

∣∣∣∣∣Y
]

=

n∑
i=1

E[Xi|Y ]

3. E[E[X|Y ]] = E[X].

Proof. 1 and 2 are obvious. For 3,

E[E[X|Y ]] =
∑
y∈ΩY

P(Y = y)E[X|Y = y]

=
∑
y∈ΩY

∑
x∈ΩX

xP(X = x|Y = y)P(Y = y)

=
∑
x∈ΩX

xP(X = x)

= E[X]

As desired.

Intuitively we also have the following:

Proposition 6.3. 1. If X,Y are independent, then E[X|Y ] = E[X] which is
constant.
2. Suppose Y,Z are independent, then E[E[X|Y ]|Z] = E[X].
3. Let h : R→ R, then E[h(Y )X|Y ] = h(Y )E[X|Y ].

Proof. 1 is trivial.
For 2, we have E[X|Y ] is independent of Z, so E[E[X|Y ]|Z] = E[E[X|Y ]] = E[X]
by 1.
As for 3, we have E[h(Y )X|Y = y] = h(y)E[X|Y = y], the identity follows.

Corollary 6.4. E[E[X|Y ]|Y ] = E[X|Y ]

Proof. Take h(y) = E[X|Y = y] in Proposition 6.3.3.
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7 Random Walks

Definition 7.1. A random (or stochastic) process is a sequence of random
variables.

Definition 7.2. A random walk is a stochastic process (Xn)n∈N such that
X0 = x,Xn = x+Y1 + · · ·+Yn where x ∈ R and Yi are i.i.d. random variables.

Now we focus on the case where Yi is 1 with probability p and −1 with
probability 1 − p and x is an integer. We think of Xn as the fortune of a
gambler, and he gets it go up by 1 with probability p and lose with probability
q = 1− p. His objective is to get to a ∈ Z before he get to 0. We say this is the
event A. Let hx = P(A|X0 = x), then hx = phx+1 + (1− p)hx−1, pa = 1, p0 = 0.
For p = 1/2 = 1− p, we get hx = x/a which is perhaps not surprising.
For general p, by trying solutions of the form λx, we get pλ2− λ+ q = 0, which
has solutions λ = 1, q/p, and plugging in the boundary conditions yield

hx =
(q/p)x − 1

(q/p)a − 1

Now we want to estimate the expected time to absorption, that is the smallest
T with XT ∈ {0, a}. We write τx for such T with X0 = x. we have τx =
1 + pτx+1 + qτx−1, 0 < x < a, τ0 = τa = 0. For p = 1/2 = 1 − p, we get the
solution τx = x(a− x). For general p, we get the solution

τx =
1

q − p
x− a

q − p
(q/p)x − 1

(q/p)a − 1

8 Probability Generating Functions

8.1 Definitions and Examples

Definition 8.1. Let X random variable with ΩX ⊂ N, the Probability distri-
bution function as defined previously would be pr = P(X = r),∀r ∈ N. The
probability generating function (PGF) is defined to be

p(z) =

∞∑
r=0

prz
r = E[zX ]

For |z| ≤ 1, the series converges absolutely by comparison test, so this
function is well defined in the interval [−1, 1].

Theorem 8.1. The PGF uniquely determines the distribution of the random
variable.

Proof. Suppose
∞∑
r=0

prz
r =

∞∑
r=0

qrz
r
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Plugging in z = 0 gives p0 = q0. Suppose pr = qr for any r ∈ {1, 2, . . . , n}, we
can get

∞∑
r=n+1

prz
r =

∞∑
r=n+1

qrz
r

dividing both sides by zn+1 and sending z → 0 shows pn+1 = qn+1.

Theorem 8.2.
lim
z→1−

p′(z) = p′(1−) = E[X]

Proof. Assume first that E[X] <∞. For 0 < z < 1 we have

p′(z) =

∞∑
r=0

rprz
r−1 ≤

∞∑
r=0

rpr = E[X] =⇒ lim
z→1−

p′(z) ≤ E[X]

The limit exists since p′ is increasing. Also for any ε > 0, for large enough N
we have

N∑
r=0

rpr ≥ E[X]− ε

Now since p′(z) ≥
∑N
r=0 rprz

r−1, we have

lim
z→1−

p′(z) ≥
N∑
r=0

rpr ≥ E[X]− ε

Hence we must have p′(1−) = E[X].
Now if E[X] =∞, then ∀M ∈ N, for large enough N we have

N∑
r=0

rpr > M

Thus by the same argument p′(1−) ≥M , hence p′(1−) =∞.

Similarly and by induction, we have

p(k)(1−) = E[X(X − 1) · · · (X − k + 1)]

In particular
Var(X) = p′′(1−) + p′(1−)− (p′(1−))2

Also by simply differentiating we get pn = P(X = n) = P (n)(0)/n!.

Proposition 8.3. Let X1, . . . , Xn be independent random variables with PGFs
qi, then the PGF p of X1 + · · ·+Xn satisfies p =

∏
i qi.

Proof. Obvious.

In particular, if Xi’s are i.i.d., then p = qn.
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Example 8.1. 1. Let X ∼ Bin(n, p), then

p(z) = E[zX ] =

n∑
k=0

(
n

k

)
zkpk(1− p)n−k = (1− p+ zp)n

Therefore if we have independent random binomial variables X ∼ Bin(n, p), Y ∼
Bin(m, p), then E[zX+Y ] = (1 − p + pz)n+m, hence X + Y ∼ Bin(n + m, p) as
expected.
2. Let X ∼ Geom(p), then

p(z) = E[zX ] =

∞∑
r=0

zr(1− p)rp =
p

1− z(1− p)

3. Suppose X ∼ Pois(λ), then

p(z) =

∞∑
r=0

zre−λ
λr

r!
= e(z−1)λ

So for independent X ∼ Pois(λ), Y ∼ Pois(µ), we have E[zX+Y ] = e(z−1)(λ+µ),
so X + Y ∼ Pois(λ+ µ).

8.2 Summing up a Random Number of Random Variables

Suppose X1, X2, . . . be a sequence of i.i.d. random variables and N be a random
variable, independent of all Xi, taking value in N. Let Sn = X1 + · · ·+Xn and
we consider the random variable SN with SN (ω) = X1(ω) + · · · + XN(ω)(ω).
Legt q be the PGF of N and p the PGF of X1 and r be the PGF of SN , then
we have

r(z) = E[zSN ]

= E[zX1+···+XN ]

= E

[ ∞∑
n=0

zX1+···+Xn1(N=n)

]

=

∞∑
n=0

E[zX1+···+Xn1(N=n)]

=

∞∑
n=0

E[zX1+···+Xn ]P(N = n)

=

∞∑
n=0

p(z)nP(N = n)

= E[p(z)N ]

= q(p(z))

We can do it another way using conditional expectations. We have

r(z) = E[zSN ] = E[E[zX1+···+XN |N ]]

We have E[zX1+···+XN |N = n] = E[zX1 ]n = p(z)n, therefore E[zX1+···+XN |N ] =
p(z)N , hence r(z) = E[p(z)N ] = q(p(z)).
In particular, [SN ] = limz→1− r

′(z) = q′(p(1−))p′(1−) = E[N ]E[X1]. Similarly
Var(SN ) = E[N ] Var(X1) + Var(N)E[X1]2.
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8.3 Branching Processes

The branching processes is a family of stochastic process that is developed by Bi-
enaymé, Galton and Watson (therefore also called the Bienaymé-Galton-Watson
processes).
Suppose (Xn)n≥0 is a random process with X0 = 1 and Xn equals the number
of individials in generation n. The individual at time 0 produces a random
number of offspring with probability distribution P(X1 = k) = gk, k = 0, 1, . . .,
and every individual in the first generation produces an independent number
of offspring (which is independent for different individials in generation n) with
the same distribution. We call the distribution of X1 the offspring distribution.
Continuing this way, we consider a sequence (Yk,n)k≥1,n≥0 be i.i.d. as X1, then
we can write

Xn+1 =

{
Y1,n + · · ·+ YXn,n, if Xn ≥ 1

0, otherwise

So we can say Yk,n is the number of offspring of kth individual in generation n.

Theorem 8.4. E[Xn] = (E[X1])n,∀n ≥ 1.

Proof. We proceed by induction. n = 1 is obvious. We set µ = E[X1]. Suppose
E[Xn] = µn, then for n + 1, E[Xn+1] = E[E[Xn+1|Xn]]. But note that for any
m, we have

E[Xn+1|Xn = m] = E[Y1,n + · · ·+ Ym,n|Xn = m] = mµ

SO E[Xn+1|Xn] = Xnµ, therefore E[Xn+1] = µnµ = µn+1.

Theorem 8.5. Set G(z) = E[zX1 ] and Gn(z) = E[zXn ], then

Gn(z) = Gn−1(G(z)) = Gn(z)

Proof. Induction again. n = 1 is from definition. Now assuming the previous
cases, we have

Gn+1(z) = E[zXn+1 ] = E[E[zXn+1 |Xn]]

But now we have E[zXn+1 |Xn = m] = E[zX1 ]m by independence, therefore
E[zXn+1 |Xn] = G(z)Xn , hence

E[zXn+1 ] = E[G(z)Xn ] = Gn(G(z))

As wanted.

Certainly we would want to calculate the probability of extinction. Write q
as the probability that Xn = 0 for some n ≥ 1, and define qn be the probability
of Xn = 0. Let An = {Xn = 0}, then An ⊂ An+1 and by continuity of
probability measure we get

q = P

(⋃
n∈N

An

)
= lim
n→∞

P(An) = lim
n→∞

qn

But we know that for any n, qn = P(Xn = 0) = Gn(0), therefore qn+1 =
G(Gn(0)) = G(qn). So since qn does tends to a limit and G is continuous, we
have q = G(q).
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Another way to get qn+1 = G(qn) is by observing that we can also condition on

X1. Conditioning on X1 = m, we can write Xn+1 = X
(1)
n + · · · + X

(m)
n where

X
(i)
n are i.i.d. branching processes corresponding to the ith individual in the

first generation. So

qn+1 = P(Xn+1 = 0)

=
∑
m

P(Xn+1 = 0|X1 = m)P(X1 = m)

=
∑
m

P(X(1)
n + · · ·+X(m)

n |X1 = m)P(X1 = m)

=
∑
m

P(X(1)
n = · · · = X(m)

n = 0|X1 = m)P(X1 = m)

=
∑
m

qmn P(X1 = m)

= G(qn)

Theorem 8.6. The extinction probability q is the smallest non-negative solution
to the equation q = G(q). Also provided P(X1 = 1) ≤ 1 we have q ≤ 1 ⇐⇒
µ ≥ 1.

Proof. Let t be the smallest nonnegative solution to q = G(q), we will show
q = t. Note that q0 = 0 ≤ t, and if qn ≤ t, qn+1 = G(qn) ≤ G(t) = t since
G is increasing in [0, 1]. Hence 0 ≤ q ≤ t by Squeeze Theorem, so q = t by
minimality of t.
Now consider H(z) = G(z)−z, then H ′′(z) =

∑∞
r=2 r(r−1)grz

r−2. If we assume
g0 +g1 < 1 (trivial otherwise), then H ′′(z) > 0 for any z ∈ (0, 1), therefore H ′ is
strictly increasing in [0, 1], which means (by Rolle’s Theorem) that H can have
at most one solution other than 1 in [0, 1].
If H has no root in [0, 1), then since H(0) = G(0) ≥ 0, ∀z ∈ [0, 1], H(z) ≥ 0.
Now

H ′(1−) = lim
z→1−

H(1)−H(z)

1− z
= lim
z→1−

−H(z)

1− z
≤ 0

So µ = G′(1−) = H ′(1−) + 1 ≤ 1.
Otherwise, let r be a root of H in [0, 1), then G(r) = r. But G′ is strictly
increasing, so H ′ must have a root z in [r, 1) by Rolle’s. Hence G′(z) = 1, but
G′ is increasing, so µ = G′(1−) > G′(z) = 1.

9 Continuous Random Variables

For a probability space (Ω,F ,P) and X : Ω → R such that {X ≤ x} = {ω ∈
Ω : X(ω) ≤ x} ∈ F . Recall that ∀x ∈ R we defined the probability distribution
function F (x) = P(X ≤ x).

Proposition 9.1. 1. x ≤ y =⇒ F (x) ≤ F (y).
2. ∀a < b,P(a < X ≤ b) = F (b)− F (a).
3. F is right continuous and the left limits always exists as well. Also,

F (x−) = lim
y→x−

F (y) ≤ F (x)

23



4. We have
lim

x→−∞
F (x) = 0, lim

x→∞
F (x) = 1

Proof. Trivial.

Definition 9.1. X is a continuous random variable if F is continuous.

So for a continuous random variable X and any x ∈ R,

F (x−) = F (x) =⇒ P(X < x) = P(X ≤ x) =⇒ P(X = x) = 0

In this course, we shall only consider the case where F is also differentiable. Set
f(x) = F ′(x). Call f the probability density function of X.

Proposition 9.2. 1. f(x) ≥ 0.
2. ∫ x

−∞
f(y) dy = F (x)

In particular, ∫ ∞
−∞

f(y) dy = 1

Proof. Obvious.

Intuitively, for ∆x small, we have

P(x < X ≤ x+ ∆x) =

∫ x+∆x

x

f(y) dy ≈ f(x)∆x

which is like approximating a continuous random variable by the probability
density function of a discrete random variable.
Now define, as usual, X+ = max{X, 0} and X− = min{X, 0}.

Definition 9.2. Let Y ≥ 0 be a nonnegative continuous random variable, then
define

E[Y ] =

∫ ∞
0

yf(y) dy

And for g ≥ 0 we define, for any Y (not necessarily positive),

E[g(Y )] =

∫ ∞
−∞

g(y)f(y) dy

If at least one of E[X+],E[X−] is finite, we define

E[X] = E[X+]− E[X−] =

∫ ∞
−∞

xf(x) dx

Now the expectation is again a linear function from definition.

Proposition 9.3. Let X be nonnegative, then

E[X] =

∫ ∞
0

P(X ≥ x) dx
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Note that due to lack of measure theory some of the steps are not fully
justified.

First proof. Write

X =

∫ ∞
0

1X≥x dx

then taking expectation on both sides yields what we want.

Second proof.

E[X] =

∫ ∞
0

xf(x) dx

=

∫ ∞
0

∫ x

0

f(x) dy dx

=

∫ ∞
0

∫ ∞
y

f(x) dx dy

=

∫ ∞
0

P(X ≥ x) dx

As we wish.

Definition 9.3. The variance is also defined as Var(X) = E[(X − E[X])2].

Example 9.1. 1. The uniform distribution Unif(a, b) for a < b, where

f(x) =

{
1/(b− a), if x ∈ [a, b]

0, otherwise

Suppose X has density f , then

F (x) = P(X ≤ x) =

∫ x

−∞
f(x) dx =


0, if x < a

(x− a)/(b− a), if x ∈ [a, b]

1, if x > b

So we have

E[X] =

∫
R
xf(x) dx =

∫ b

a

xf(x) dx =
a+ b

2

2. The exponential distribution Exp(λ) has density function f(x) = λe−λx

where λ, x > 0. Therefore for x positive,

F (x) =

∫ x

0

λe−λx dx = 1− e−λx

and one can check that E[X] = λ−1.
The exponential distribution is kind of a limit of the geometric distribution. Let
T ∼ Exp(λ) and Tn = bnT c, so

P(Tn ≥ k) = P(T ≥ k/n) = e−kλ/n = (e−λ/n)k

So Tn is distributed geometrically with parameter pn = 1−e−λ/n, so as n→∞,
we have pn ∼ λ/n and Tn/n→ T . So the exponential distribution arises as the
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limit of a rescaled sequence of geometrics.
The exponential distribution also has the memoryless property, that is, for any
t, s ≥ 0,

P(T > s+ t|T > s) = P(T > t)

Conversely, if T has the memoryless property, then let g(t) = P(T > t) (which
is decreasing), then g(t + s) = g(t)g(s). Now g must be exponential in Q by
simple iteration. Also g is continuous, so g must be the exponential function
(with appropriate scalings), so T is distributed exponentially.

Theorem 9.4. Let X be a continuous random variable with density f . Let g
be a continuous, strictly monotone function with g−1 differentiable. Then g(X)
is a continuous random variable with density f(g−1(x))|dg−1(x)/dx|.

Proof. First assume that g is strictly increasing, then P(g(X) ≤ x) = P(X ≤
g−1(x)) = F (g−1(x)), so the density of g(X) would be

d

dx
F (g−1(x)) = f(g−1(x))

dg−1(x)

dx
= f(g−1(x))

∣∣∣∣dg−1(x)

dx

∣∣∣∣
As for g strictly decreasing, P(g(X) ≤ x) = P(X ≥ g−1(x)) = 1 − F (g−1(x)),
so then density is

d

dx
(1− F (g−1(x))) = −f(g−1(x))

dg−1(x)

dx
= f(g−1(x))

∣∣∣∣dg−1(x)

dx

∣∣∣∣
as desired.

Example 9.2. For µ ∈ R, σ > 0, we define the density of the normal distribu-
tion to be

f(x) =
1√

2πσ2
e−(x−µ)2/(2σ2)

We know how to integrate the Gaussian integral, so we can verify that this is
indeed a density. Now for a random variable X having this density, we have

E[X] =

∫ ∞
−∞

x√
2πσ2

e−(x−µ)2/(2σ2) dx = µ

So µ is actually the expected value. Also

Var(X) = E[(X − E[X])2] =

∫ ∞
−∞

(x− µ)2

√
2πσ2

e−(x−µ)2/(2σ2) dx = σ2

This is called the normal distribution N (µ, σ2). We call N (0, 1) the standard
normal. So the distribution and density of the standard normal would be

Φ(x) =

∫ x

−∞

e−t
2/2

√
2π

dt, φ(x) =
e−x

2/2

√
2π

If we have X ∼ N (µ, σ2), then for a, b ∈ R with a 6= 0, Y = aX + b would
have E[Y ] = aµ + b,Var(Y ) = a2σ2 (note that X needs not be normal to get
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these), we shall show that Y is also normal with Y ∼ N (aµ + b, a2σ2). Let
g(x) = ax+ b, then Y = g(X), we know that the density fY of Y has

fY (y) = f(g−1(Y ))

∣∣∣∣dg−1(y)

dy

∣∣∣∣ =
1√

2πa2σ2
e−(y−(aµ+b))2/(2a2σ2)

by some calculations. And this is what we wanted. So (X − µ)/σ ∼ N (0, 1).
More than 95% of the normal distribution lies within two standard deviations
of the mean, that is P(|(X − µ)/σ| < 2) = P(µ − 2σ < X ≤ µ + 2σ) ≥ 95%.
By some computer stuff or other calculation methods, P(|(X − µ)/σ| < 2) ≥
P(|(X − µ)/σ| < 1.96) ≈ 0.95

Definition 9.4. Let X be a continuous random variable with density f , the
median m of X is a number satisfying P(X > m) = P(X ≤ m) = 1/2.

The median always exists due to intermediate value theorem. For symmetric
distributions, i.e. f(µ+ x) = f(µ− x), then µ is its median.

10 Multivariate Distributions

10.1 Joint and Marginal Distributions

Let X be a continuous random variable has density f , then we know that

P(X ≤ x) =

∫ x

−∞
f(y) dy

It can be proved that this can generalize to an arbitrary (measurable) subsets
B ⊂ R, that is,

P(X ∈ B) =

∫
B

f(x) dx

Definition 10.1. For a tuple of random variables X = (X1, . . . , Xn) ∈ Rn
where Xi are continuous, X is said to have density f if

F (x1, . . . , xn) = P(X1 ≤ x1, . . . , Xn ≤ xn)

=

∫ x1

−∞
· · ·
∫ xn

−∞
f(y1, . . . , yn) dyn · · · dy1

So f(x1, . . . , xn) = ∂nF/(∂x1 · · · ∂xn). We can also generalize this to (measur-
able) subsets B ⊂ Rn by saying

P(X ∈ B) =

∫
B

f(x1, . . . , xn) dx1 · · · dxn

Let g : Rn → R+, we define

E[g(X)] =

∫
Rn

g(x1, . . . , xn)f(x1, . . . , xn) dx1 · · · dxn

Definition 10.2. We say X1, . . . , Xn are independent if P(X1 ≤ x1, . . . , Xn ≤
xn) = P(X1 ≤ x1) · · ·P(Xn ≤ xn).
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Theorem 10.1. Let X = (X1, . . . , Xn) have density f , then
1. If X1, . . . , Xn are independent and Xi has density fi, then

f(x1, . . . , xn) =

n∏
i=1

fi(xi)

2. Conversely, suppose we have the above formula for some nonnegative func-
tions fi, then X1 . . . , Xn are independent and have density functions propor-
tional to fi.

Proof. 1. We know

P(X1 ≤ x1, . . . , Xn ≤ xn) =

n∏
i=1

∫ x

−∞
fi(yi) dyi

=

∫ x1

−∞
· · ·
∫ xn

−∞

n∏
i=1

f(yi) dyn · · · dy1

2. By multiplying constant, we may assume that∫ ∞
−∞

fi(x) dx = 1

for all i. So for Bi ⊂ R (measurable),

P(X ∈ B1 × · · · ×Bn) =

∫
B1

· · ·
∫
Bn

n∏
i=1

f(yi) dyn · · · dy1

Now fix i and let Bj = R for any j 6= i, expanding the integral then gives

P(Xi ∈ Bi) = P(Xi ∈ Bi, Xj ∈ Bj , j 6= i) =

∫
Bi

fi(yi) dyi

So fi is the density of Xi. Independence follows.

Proposition 10.2. Let X = (X1, . . . , Xn) have density f , we have

P(Xi ≤ x) =

∫ x

−∞

∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1, . . . , xn) dx1 · · · dxi−1 dxi+1 · · · dxn dxi

So the density of Xi is

fXi
(x) =

∫ ∞
−∞
· · ·
∫ ∞
−∞

f(x1, . . . , xn) dx1 · · · dxi−1 dxi+1 · · · dxn

Proof. Obvious.

Definition 10.3. This is called the marginal density.

Definition 10.4. Let f, g be two densities on R, their convolution is defined as

(f ∗ g)(x) =

∫ ∞
−∞

f(x− y)g(y) dy

28



Let X,Y be two independent random variables with densities fX , fY , then

P(X + Y ≤ z) =

∫
R2

1x+y≤zfX,Y (x, y) dxdy

=

∫
x+y≤z

fX(x)fY (y) dxdy

=

∫ ∞
−∞

∫ z−x

−∞
fX(x)fY (y) dy dx

=

∫ ∞
−∞

∫ z

−∞
fX(x)fY (y − x) dy dx

=

∫ z

−∞

∫ ∞
−∞

fX(x)fY (y − x) dx dy

=

∫ z

−∞
(f ∗ g)(y) dy

So basically the convolution of fX and fY is the density of X + Y . There is
another way to obtain the same result, but it is not rigorous at all.

P(X + Y ≤ z) =

∫ ∞
−∞

P(X + Y ≤ z, y ∈ dy)

=

∫ ∞
−∞

P(X + y ≤ z, y ∈ dy)

=

∫ ∞
−∞

P(X ≤ z − y)P(y ∈ dy)

=

∫ ∞
−∞

FX(z − y)fY (y) dy

Just differentiating and changing the order gives the result.

10.2 Conditionals

Definition 10.5. Let X,Y be continuous random variables with joint density
fX,Y , then the conditional density of X given Y = y is

fX|Y (x|y) =
fX,Y (x, y)

fY (y)

Given that fY is nonzero.

Definition 10.6. The conditional expectation of X given Y is g(Y ) where

g(y) =

∫ ∞
−∞

xfX|Y (x|y) dx(= E(X|Y = y))

We write E[X|Y ] = g(Y ).

10.3 Law of Total Probability

Proposition 10.3 (Law of Total Probability).

fX(x) =

∫ ∞
−∞

fX|Y (x|y)fY (y) dy
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Proof. Plug in definition.

Example 10.1. Let X ∼ Exp(λ), Y ∼ Exp(µ) be independent. Set Z =
min(X,Y ). So

P(Z ≤ z) = 1− P(Z > z) = 1− P(X > z, Y > z)

= 1− P(X > z)P(Y > z) = 1− e−λze−µz = 1− e−(λ+µ)z

Therefore Z ∼ Exp(λ + µ). So by the same way, for Xi ∼ Exp(λi), then
min(X1, . . . , Xn) ∼ Exp(

∑
i λi)

10.4 Transformation of a Multidimensional Random Vari-
able

Theorem 10.4. Let X be a continuous random variable in D ⊂ Rd with density
fX . Let g be a bijection D → g(D) with continuous derivative on D and ∀x ∈
D,det g′ 6= 0. Set y = g(x) and Y = g(X), then the density of Y is given by

fY (y) = fX(x)|J | = fX(x)

∥∥∥∥∥
(
∂xi
∂yj

)d
i,j=1

∥∥∥∥∥
Proof. Omitted.

Example 10.2. Let X,Y ∼ N (0, 1) be independent, and R =
√
X2 + Y 2,Θ =

arg(X,Y ), so X = R cos Θ, Y = R sin Θ. So we want the joint density of (R,Θ).
We have

fR,Θ(r, θ) = fX,Y (x, y)|J | = rfX,Y (x, y) = rfX(x)fY (y) =
r

2π
e−r

2/2

So R,Θ are independent with Θ ∼ Unif(0, 2π) and R has density fR(r) =

re−r
2/2.

10.5 Order Statistics of a Random Sample

Let X1, . . . , Xn be i.i.d. with distribution F and density f . If we put them in
order from smallest to biggest, X(1) ≤ · · ·X(n), then Yi = X(i) is called the order
statistics. So P(Y1 ≤ x) = 1−P(Y1 > x) = 1− (1−F (x))n is the distribution of
Y1. The density then is nf(x)(1−F (x))n−1. Also P(Yn ≤ x) = (F (x))n, so it has
density nf(x)F (x)n−1. Now we want to find the joint density of (Y1, . . . , Yn).
Let x1 < · · · < xn, we have

P(Y1 ≤ x1, . . . , Yn ≤ xn) =
∑
σ∈Sn

P(X1 ≤ xσ(1), . . . Xn ≤ xσ(n))

= n!P(X1 ≤ x1, . . . Xn ≤ xn)

= n!

∫ x1

−∞
f(u1)

∫ x2

−∞
f(u2) · · ·

∫ xn

−∞
f(un) dun · · · du1

So by differentiating the density fY of Yi’s is fY (y1, . . . , yn) = n!f(y1) · · · f(yn)
for y1 < y2 < · · · < yn and 0 otherwise.
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Example 10.3. Let X1, . . . , Xn be i.i.d. Exp(λ) and Yi be the order statistics
and Z1 = Y1, Zi = Zi − Zi−1 for i = 2, . . . , n. Then

Z =

Z1

...
Zn

 = A

Y1

...
Yn

 , A =


1 0 0 . . . 0
−1 1 0 . . . 0
0 −1 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1


where we have detA = 1 and Yj =

∑j
i=1 Zi, so for yj =

∑j
i=1 zi, we have

fZ1,...,Zn
(z1, . . . , zn) = fY1,...,Yn

(y1, . . . , yn)|J |
= n!e−λy1 · · · e−λyn

= n!λne−λ(nz1+(n−1)z2+···+2zn−1+zn)

=

n∏
i=1

(n− i+ 1)λe−λ(n−i+1)z1

So (Z1, . . . , Zn) are independent exponentials with Zi ∼ Exp(λ(n− i+ 1)).

11 Generation of Random Variables

Example 11.1. Suppose U ∼ Unif(0, 1) and set Y = − logU , so P(Y ≤ x) =
P(U ≥ e−x) = 1− e−x which is Exp(1).

Theorem 11.1. Let X be a continuous random variable with distribution F
and U ∼ Unif(0, 1), then F−1(U) has the same distribution as X.

Proof. Obvious.

Another way to generate is called the rejection sampling. Suppose A ⊂ [0, 1]d

(measurable) and f(x) = 1A(x)/|A| where |A| is the volume of A. We want a
random variables X to have density f . Let Un be an i.i.d. sequence of d-
dimensional uniforms, i.e. Un = (Uk,n : k = 1, . . . , d) where Uk,n are i.i.d.
Unif[0, 1]. Let N = min{n ≥ 1 : Un ∈ A} and set X = UN .

Proposition 11.2. Let B ∈ [0, 1]d, then P(X ∈ B) = |B ∩A|/|A|.

Proof.

P(X ∈ B) =

∞∑
n=1

P(X ∈ B,N = n)

=

∞∑
n=1

P(Un ∈ A ∩B,Un−1 /∈ A, . . . , U1 /∈ A)

=

∞∑
n=1

|A ∩B|(1− |A|)n−1

=
|A ∩B|
|A|(

=

∫
B

f(x) dx

)
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As desired.

Let f be a bounded density on [0, 1]d−1, that is ∃λ, sup f ≤ λ and we want
to find X ∼ f . Consider A = {(x1, . . . , xd) ∈ [0, 1]d : xd ∈ f(x1, . . . , xn−1)/λ}.
Let Y = (X1, . . . , Xd) be uniform on A generated as above and set X =
(X1, . . . , Xd−1).

Proposition 11.3. X ∼ f .

Proof. Let B ⊂ [0, 1]d−1, then

P(X ∈ B) = P((X1, . . . , Xd) ∈ (B × [0, 1]) ∩A)

=
(B × [0, 1] ∩A)

|A|

=
1

|A|

∫
· · ·
∫

[0,1]d
1(B×[0,1])∩A((x1 · · ·xd)) dx1 · · · dxn

=
1

|A|

∫
· · ·
∫

[0,1]d
1B((x1, . . . , xd−1))

f(x1, . . . , xd−1)

λ
dx1 · · · dxn

=

∫
B

f(x) dx

which is what we wanted.

12 Moment Generating Functions

12.1 Moment Generating Function of One Random Vari-
able

Definition 12.1. Let X have density f , then the moment generating function
(MGF) is defined by

m(θ) = E[eθX ] =

∫ ∞
−∞

eθxf(x) dx

wherever it is finite.

Note that m(0) = 1.

Theorem 12.1. The MGF uniquely determines the distribution of random vari-
able provided it is defined on some open interval around 0.

Proof. Omitted.

Theorem 12.2. Suppose the MGF is defined for some open interval around 0,
then m(r)(0) = E[Xr].

Proof. Omitted as well.

Example 12.1. 1. Gamma distribution X ∼ Γ(n, λ) for n ∈ N, λ ≥ 0.

f(x) = e−λxλn
xn−1

(n− 1)!
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defined for x ≥ 0. For n = 1, we get Exp(λ). One can show by reduction
formula that this is indeed a density.
In this case, we have

m(θ) = E[eθX ]

=

∫ ∞
0

e−(λ−θ)x λn

(λ− θ)n
(λ− θ)n xn−1

(n− 1)!
dx

=

(
λ

λ− θ

)n
taking n = 1 then gives the MGF of the exponential. Suppose now that
X1, · · · , Xn are independent, then the MGF of the sum

m(θ) = E[eθ(X1+···+Xn)] = E[eθX1 ] · · ·E[eθXn ]

So if X ∼ Γ(n, λ), Y ∼ Γ(m,λ) are independent, then

E[eθ(X+Y )] =

(
λ

λ− θ

)n(
λ

λ− θ

)m
=

(
λ

λ− θ

)m+n

∼ Γ(n+m,λ)

In particular, if X1, . . . , Xn are i.i.d. Exp(λ), then X1 + · · ·+Xn ∼ Γ(n, λ).
2. Suppose X ∼ N (µ, σ2), then the MGF of X is

m(θ) = E[eθX ]

=

∫ ∞
−∞

eθx
1√

2πσ2
e−(x−µ)2/(2σ2) dx

= eµθ+θ
2σ2/2

After some completing square and calculation. Now if X ∼ N (µ, σ2), then we
know that aX + b ∼ N (aµ + b, a2σ2). We can prove this again using MGF,
indeed,

E[eθ(aX+b)] = eθbeaθµ+(aθ)2σ2/2 = eθ(aµ+b)+θ2(a2σ2)/2

So aX + b ∼ N (aµ + b, a2σ2). Now let Y = N (ν, τ2) independent of X, then

by using the same trick (MGF), we get E[eθ(X+Y )] = eθ(µ+ν)+θ2(σ2+τ2)/2 so
X + Y ∼ N (µ+ ν, σ2 + τ2).
3. (non-example) Cauchy’s Distribition is obtained by f(x) = 1/(π(1 + x2)) for
x ∈ R. Then we can get m(θ) = ∞ for any θ 6= 0, so if X ∼ f then X, 2X, . . .
all have the same MGF but not the same distribution. So the assumption on
m(θ) being finite on an open interval is essential.

12.2 Multivariate Moment generating Function

Definition 12.2. Let X = (X1, . . . , Xn) be a random variable in Rn, then the
MGF of X is defined to be a function m : Rn → R with

m(θ) = E[eθ
>X ] = E[eθ1X1+···+θnXn ]

where θ = (θ1, . . . , θn)>.

33



Provided that m(θ) is finite for a certain range (which is out of the scope of
this course) of values of θ, it uniquely characterizes the distribution of X. Also

∂rm

∂θri

∣∣∣∣
θ=0

= E[Xr
i ],

∂r+sm

∂θri ∂θ
s
j

∣∣∣∣∣
θ=0

= E[Xr
iX

s
j ]

Also X1, . . . , Xn are independent iff

m(θ) =

n∏
i=1

E[eθiXi ]

Definition 12.3. Let (Xn, n ∈ N) be a sequence of random variables, and let
X be a random variable. We say Xn → X in distribution if

FXn(x)→ FX(x), FXn(x) = P(Xn ≤ x), FX(x) = P(X ≤ x)

For each x ∈ R such that FX is continuous at x.

Theorem 12.3 (Continuity Theorem for MGFs). Let X be a random variable
with MGF m and m(θ) <∞ for some θ 6= 0. Suppose we have

mn(θ) = E[eθXn ]→ m(θ),∀θ ∈ R

Then Xn → X in distribution.

Proof. Omitted.

13 Limit Theorems

13.1 Law(s) of Large Numbers

Theorem 13.1 (Weak Law of Large Numbers). Let (Xn : n ∈ N) be an iid
sequence of random variables with finite expectation µ. Set Sn = X1 + · · ·+Xn,
then for any ε > 0, we have

P
(∣∣∣∣Snn − µ

∣∣∣∣ > ε

)
→ 0

as n→∞.

We shall prove this assuming X1 = σ2 <∞.

Proof. We have E[Sn/n] = µ and Var(Sn/n) = σ2/n, then by Chebyshev’s
Inequality,

P
(∣∣∣∣Snn − µ

∣∣∣∣ > ε

)
≤ Var(Sn/n)

ε2
=

σ2

ε2n
→ 0

As n→∞.

Definition 13.1. A sequence (Xn) converges to X in probability, written as

Xn
P−→ X,n→∞

if ∀ε > 0,P(|Xn −X| > ε)→ 0 as n→∞.
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So the weak law of large numbers says that Sn/n
P−→ µ as n→∞.

Definition 13.2. (Xn) converges to X with probability 1 (or “almost surely”,
a.s.) if

P
(

lim
n→∞

Xn = X
)

= 1

Theorem 13.2 (Strong Law of Large Numbers). Let the setting be as before,
then

P
(

lim
n→∞

Sn
n
→ µ

)
= 1

Proof. Assume further that the 4th moment is finite. BY considering Yi =
Xi − µ, WLOG µ = 0. We have

S4
n =

(
n∑
i=1

Xi

)4

=

n∑
i=1

X4
i + 6

∑
1≤i<j≤n

X2
iX

2
j +R

where R is a sum of terms of the form X3
iXj , X

2
iXjXk, XiXjXkXl for i, j, k, l

all distinct. Since Xi are independent with zero mean, E[R] = 0, so

E[S4
n] = nE[X4

1 ] + 3n(n− 1)E[X2
1 ]2

≤ (n+ 3n(n− 1))E[X4
1 ]

≤ 3n2E[X4
1 ]

Hence

E

[ ∞∑
n=1

(
Sn
n

)4
]

=

∞∑
n=1

E

[(
Sn
n

)4
]
≤ 3E[X4

1 ]

∞∑
n=1

1

n2
<∞

So

P

( ∞∑
n=1

(
Sn
n

)4

<∞

)
= 1 =⇒ P

(
lim
n→∞

Sn
n

= 0

)
= 1

as claimed.

As the name suggests, he strong law of large numbers implies the weak law
of large numbers.

Proposition 13.3. Suppose Xn → µ almost surely, then Xn
P−→ µ

By shifting, it suffices to consider the case where µ = 0.

Proof. Assuming Xn → 0 almost surely, then we have

P(|Xn| ≤ ε) ≥ P

( ∞⋂
m=n

{|Xm| ≤ ε}

)
write the event in the right hand side as An, then An ⊂ An+1 and

⋃
nAn is the

event that |Xm| ≤ ε for any sufficiently large m. So

lim
n→∞

P(|Xn| ≤ ε) ≥ P

(⋃
n∈N

An

)
≥ P(Xn → 0) = 1

So P(|Xn| < ε) = 0.
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13.2 Central Limit Theorem

We saw Sn/n − µ → 0 a.s. from the law of large numbers. We know also that
Var(Sn/n) = σ2/n where σ2 is the variance of X1. So if we want to normalize,

Sn/n− µ√
Var(Sn/n)

=
Sn − nµ
σ
√
n

from which we will expect

Theorem 13.4 (Central Limit Theorem). Let (Xn : n ∈ N) be a sequence of
i.i.d. random variables with mean µ and variance σ2, then set Sn = X1+· · ·+Xn

as before, we have

P
(
Sn − nµ
σ
√
n
≤ x

)
→ Φ(x) =

∫ x

−∞

e−y
2/2

√
2π

dy

for all x ∈ R.

In other words, (Sn − nµ)/(σ
√
n) → N (0, 1) in distribution. What this

means is that for n large enough, Sn ≈ nµ + σ
√
nN (0, 1) = N (µn, σ2n). In

fact, not only does it converge, we can also estimate the rate of convergence,
which is sadly beyond the course.

Proof. WLOG µ = 0, σ = 1 by considering (Xi − µ)/σ. Assume further that
∃δ > 0,E[e±δX1 ] < ∞. By continuity of MGFs, it suffices to show that, for
Z ∼ N (0, 1),

E[eθSn/
√
n]→ E[eθZ ] = eθ

2/2

So if let m be the MGF of X1,

E[eθSn/
√
n] = E[eθXn/

√
n]n = m(θ/

√
n)n

Note that when |θ| < δ/2,

m(θ) = E

[ ∞∑
n=0

1

n!
θnXn

1

]
= 1 +

θ2

2
+ E

[ ∞∑
n=3

1

n!
θnXn

1

]

We will prove that the last term is o(θ2) as θ → 0, which immediately implies
the result.
We have

∞∑
n=3

1

n!
|θ|n|X1|n = |θX1|3

∞∑
k=0

|θX1|k

(k + 3)!

≤ |θX1|3eδ|X1|/2

≤ 3!

(
2θ

δ

)3

eδ|X1|
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Now by Jensen’s Inequality∣∣∣∣∣E
[ ∞∑
n=3

1

n!
θnXn

1

]∣∣∣∣∣ ≤ E

[ ∞∑
n=3

1

n!
|θ|n|X1|n

]

≤ 3!

(
2θ

δ

)3

E[eδ|X1|]

≤ 3!

(
2θ

δ

)3

(E[eδ|X1|] + E[e−δX1 ])

= o(|θ|2)

As desired.

There are few important application of central limit theorem.

Example 13.1. 1. Let (Xn) be i.i.d. Bern(p) and hence Sn ∼ Bin(n, p). Recall
that E[Sn] = np and Var(Sn) = np(1− p), so

Sn − np√
np(1− p)

→ N (0, 1)

in distribution. So for n large, Sn ≈ N (np, np(1−p)) for n large. In the Poisson
approximation of the binomial, we scaled p to λ/n, while in this approximation,
we kept p constant.
2. We now want Sn ∼ Pois(n), and to accomplish this we can write Sn =
X1 + · · ·+Xn where (Xn) are i.i.d. Pois(1). So (Sn − n)/

√
n ≈ N (0, 1).

13.3 Sampling Error by Central Limit Theorem

A proportion p of the population votes “yes” and 1 − p votes “no” in a refer-
endum. We want to estimate p with error at most ±4% in probability at least
0.99. We pick N individuals at random. Let SN be the number of people who
voted “yes”, so we want to estimate p by p̂N = SN/N , so what we want is

P(|p̂N − p| ≤ 4%) ≥ 0.99

Now SN ∼ Bin(N, p), so by previous,

p̂N =
SN
N
≈ p+

√
p(1− p)
N

Z,Z ∼ N (0, 1)

for N large. So what we want is

P

(√
p(1− p)
N

|Z| ≤ 4%

)
≥ 0.99

Now P(Z ≥ z) = 2(1 − Φ(z)), then P(|Z| ≥ 2.58) = 0.01. So in the worse case
where p = 1/2 gives N ≥ 1040.
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14 Geometrical Probability

14.1 Buffon’s Needle

Suppose we have parallel horizontal lines, each with distance L apart from each
other and we have a needle with length ` ≤ L. Throw the needle at random,
then we want to know the probbaility that it intersects at least one line. Suppose
we have dropped the needle, then let Θ be its horizontal inclination and X the
distance between the distance between the left end to the line above. So we
take X ∼ Unif[0, L] and Θ ∼ Unif[0, π] and they are independent. Hence

p = P(The needle intersects the lines) = P(X ≤ ` sin Θ)

So we can now calculate this by

p = P(The needle intersects the lines)

= P(X ≤ ` sin Θ)

=

∫ L

0

∫ π

0

1x≤l sin θfX,Θ(x, θ) dθ dx

=

∫ L

0

∫ π

0

1x≤l sin θ
1

πL
dθ dx

=
1

πL

∫ π

0

` sin θ dθ

=
2`

πL

Hence π = 2`/(pL). Now we want to approximate π by this experiment. Throw
n needles independently and let p̂n be the proportion of needles intersecting a
line. We want to approximate p by p̂n thus approximate π by π̂n = 2`/(p̂nL).
Suppose we want P(|π̂n − π| ≤ 0.001) ≥ 0.99, we want to know how large n has
to be.
Define f(x) = 2`/(xL), then f(p) = π and f ′(p) = −π/p. Also f(p̂n) = π̂n.
Let Sn be the number of needles intersecting a line, then Sn ∼ Bin(n, p), so
Sn ≈ np +

√
np(1− p)Z where Z ∼ N (0, 1). So p̂n ≈ p +

√
p(1− p)/nZ. By

Taylor’s Theorem,

π̂n = f(p̂n) ≈ f(p) + (p̂n − p)f ′(p) = π − (p̂n − p)π/p

So when we substitute back, we obtain

π̂n − π ≈ −π
√

1− p
pn

Z

So

P(|π̂n − π| ≤ 0.001) = P
(
π

√
1− p
pn
|Z| < 0.001

)
Now P(|z| ≥ 2.58) < 0.01. Also the variance of π

√
(1− p)/(pn)Z is π2(1 −

p)/(pn) which is decreasing in p. We can minimize the variance by taking
` = L, so p = 2/π and the variance is π2(π/2− 1)/n, so in this case we need√

π2

n
(
π

2
− 1)2.58 = 0.001 =⇒ n = 3.75× 107

which is quite large.
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14.2 Bertrand’s Paradox

We have a circle of radius r and draw a chord at random. We want to know
the probability that it has length at most r. There are two ways to do this.
The first approach is let X ∼ Unif(0, r) to be the perpendicular distance
between the chord and the center of the circle. Let C be the length, then
C ≤ r ⇐⇒ 4X2 ≥ 3r2, so the probability is 1−

√
3/2 ≈ 0.134.

There is a second approach. Fix one point of the chord and choose Θ ∼
Unif(0, 2π) to be the angle between this point and the other point of the chord.
So C ≤ r ⇐⇒ Θ ≤ π/3 ∨Θ ≥ 2π − π/3, hence the probability is 1/3 which is
far enough from 0.134.
But this is not a paradox since we are using essentially different sample spaces.

15 Multidimensional Gaussian

A random variable X in R is called Gaussian if X ∼ µ + σZ for Z ∼ N (0, 1).
It has density, as we have seen,

fX(x) =
1√

2πσ2
e−(x−µ)2/(2σ2)

and we denote this by X ∼ N (µ, σ2). We want to generalize this to higher
dimensions.

Definition 15.1. A random variable X = (X1, . . . , Xn) is Gaussian if for any
u ∈ Rn, u>X is Gaussian in R.
We call X a Gaussian vector.

Suppose now that we have an n × n matrix A and b ∈ Rn, then AX + b is
also Gaussian. This is obvious from definition.
Set

µ = E[X] =

E[X1]
...

E[Xn]

 , V = Var(X) = E[(X − µ)(X> − µ)] = (Cov(Xi, Xj))i,j

Let u ∈ Rn, then E[u>X] = u>µ and the variance is Var(u>X) = u>V u, so
u>X ∼ N (u>µ, u>V u). V is symmetric as Cov is, also by above u>V u is always
nonegative, so V is nonnegative definite. We want to know the MGF of X. Let

λ ∈ Rn, then m(λ) = E[eλ
>X ], but we know the distribution of λ>X which is

N (u>µ, u>V u), therefore m(λ) = eλ
>µ+λ>V λ/2. So by uniqueness of MGFs,

we see that the distribution of a Gaussian vector is uniquely characterized by
its mean µ and variance V , so we write X ∼ N (µ, V ).
As V is real symmetric and nonnegative definite, we can write V = U>DU
where U is real orthogonal and D = diag(λ1, . . . , λn) where λi ≥ 0 for all i. So
we define the square root matrix of V to be

σ = U>
√
DU,
√
D = diag(

√
λ1, . . . ,

√
λn)

So σ2 = V , therefore we can write X ∼ N (µ, σ2).
Let Z1, . . . , Zn be i.i.d. N (0, 1) and Z = (Z1, . . . , Zn)>, then Z is Gaussian (by

39



e.g. looking at its MGF) and Z ∼ N (0, I). Let X = µ+σZ where µ ∈ Rn and σ
is real symmetric and nonnegative definite, then X is Gaussian since x 7→ µ+σx
is linear. Also E[X] = µ and

Var(X) = E[(X − µ)(X − µ)>] = σE[ZZ>]σ = σIσ = σ2

So X ∼ N (µ, σ2).
We want to find the density function of a multivariate normal. Assuming that
V is positive definite and X ∼ N (µ, V ), then detV =

∏
i λi > 0. Also since

X = µ+ σZ, we can invert to get Z = σ−1(X − µ), hence

fX(x) = fZ(z)|J |

=

n∏
i=1

e−z
2
i /2

√
2π

det(σ−1) =
1√

(2π)n detV
e−z

>z/2

=
1√

(2π)n detV
e−(x−µ)>V −1(x−µ)/2

If we only assume V is nonnegative definite, then we can have 0 eigenvalues
hence 0 determinant. In this case, we can change the basis to get something of
the form (

U 0
0 0

)
where U is positive definite m×m matrix and µ = (λ>, ν>)> where λ ∈ Rm, ν ∈
Rn, then we write X = (Y >, ν>)> where Y has

fY (y) =
1√

(2π)n detU
e−(y−λ)>U−1(y−λ)/2

Proposition 15.1. Let X = (X1, . . . , Xn) be Gaussian, and suppose that
Cov(Xi, Xj) = 0 when i 6= j, then Xi are independent Gaussians.

Note that the converse is obviously true.

Proof. The covariant matrix is diagonal, so the density factorizes.

Another way to see it is by simply looking at the MGF.
Now we consider the bivariate Gaussians. Suppose X = (X1, X2) is Gaussian
and we set µk = E[Xk], σk =

√
Var(Xk) and suppose σk > 0, we define

ρ = corr(X1, X2) =
Cov(X1, X2)√

Var(X1) Var(X2)

Hence we have

V = Var(X) =

(
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

)
We want to show that V is nonnegative definite for any ρ. Indeed, for any
x = (x1, x2)>, we have x>V x ≥ 0 by calculation. in particular, if ρ = 0 and
σk > 0, then fX1,X2(x1, x2) can be found by multiplying the N (µk, σk) since
X1, X2 are independent as we have seen before.
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Let a ∈ R, then Cov(X2−aX1, X1) = Cov(X1, X2)−aVar(X1) = ρσ1σ2−aσ2
1 .

Take a = ρσ1/σ2 and Y = X2 − aX1, then Cov(X1, Y ) = 0 and we can write(
X1

Y

)
=

(
1 0
−a 1

)(
X1

X2

)
So (X1, Y )> is also Gaussian. X1, Y are independent and we can write X2 =
Y + aX1 and E[X2|X1] = E[Y ] + aX2.

Theorem 15.2. Let X be a Gaussian vector in Rk with finite variance. Suppose
X has covariance matrix Σ. Let X1, . . . be i.i.d. copies of X, then

Sn =
1√
n

n∑
i=1

(Xi − E[Xi])→ N (0,Σ)

in the sense that for any (measurable) B ∈ Rk, P(Sn ∈ B)→ P(N (0,Σ) ∈ B).

16 Bonus lectures

We have n bins 1, 2, . . . , n and n indistinguishable balls. For every ball, we pick
a bin uniformly randomly and place it independently of other balls. Let Xi be
the number of balls in bin i. Define the maximum load to be Mn = maxi≤nXi.
Now for every i, Xi ∼ Bin(n, 1/n). We first want to find heuristically the
value of P(Mn ≥ x). Note that we have P(Mn ≥ x) ≤ nP(X1 ≥ x). This
is quite strict but works in this case. Now for large n, we approximate X1

by Pois(1), so we can estimate (by something proved in example sheet) by
P(Pois(λ) ≥ x) ≤ exp(−x log(x/λ)− λ+ x), so

P(Mn ≥ x) ≤ nP(X1 ≥ x) ≈ nP(Pois(1) ≥ x) ≤ exp(−x log(x)− 1 + x)

So for P(Mn ≥ x)→ 0, we need x = (1 + ε) log n/ log log n.

Theorem 16.1. We have

Mn

log n/ log log n

P−→ 1

as n→∞.

Let N ∼ Pois(λ) and let X =
∑N
k=1 ξk where ξk ∼ Bern(p), then X ∼

Pois(λp) and N −X ∼ Pois(λ(1− p)) and X,N −X are independent, so

P(X = x,N −X = y) = e−λ
λx+y

(x+ y)!

(
x+ y

x

)
px(1− p)y

We cast a method called Poissonization.

Proof. Suppose we throw Pois(n(1 + ε)) balls instead and let Yi be the load of
bin i, then Yi ∼ Pois(1 + ε) are i.i.d.. Set M̃n = maxi≤n Yi, then

P(Mn ≥ x) ≤ P(M̃n ≥ x,Pois(n(1 + ε)) ≥ n) + P(Pois(n(1 + ε)) < n)

≤ P(M̃n ≥ x) + P(Pois(n(1 + ε)) < n)

≤ P(M̃n ≥ x) + exp(n log(1 + ε)− εn)

≤ P(M̃n ≥ x) + exp

(
−nε

2

10

)
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for ε ∈ (0, 1). Hence

P
(
Mn ≥ (1 + ε)

log n

log log n

)
≤ P

(
M̃n ≥ (1 + ε)

log n

log log n

)
+ exp

(
−nε

2

10

)
Note that exp(−nε2/10)→ 0 as n→∞. Now

P

(
M̃n ≥ (1 + ε)

log n

log log n

)
≤ nP

(
Y1 ≥ (1 + ε)

log n

log log n

)
which is bounded by

n exp

(
−(1 + ε)

log n

log log n
log

(
log n

log log n

)
− (1 + ε) + (1 + ε)

log n

log logn

)
which is at most

n exp

(
−(1 + ε) log n+ 10

log n log log log n

log log n

)
→ 0

as n→∞, hence

lim
n→∞

P
(
Mn ≥ (1 + ε)

log n

log log n

)
→ 0

which establishes the upper bound.
For the lower bound, we need to show that for all ε ∈ (0, 1), we have

lim
n→∞

P
(
Mn ≤ (1− ε) log n

log log n

)
→ 0

Note first that P(Pois(n(1− ε)) > n) ≤ e−nε2/10, so

P
(
Mn ≤ (1− ε) log n

log log n

)
≤ e−nε

2/10 + P
(
M̃n ≤ (1− ε) log n

log log n

)
where M̃n = maxi≤n Ỹi with Ỹi are i.i.d. Pois(1− ε). So

P

(
M̃n ≤ (1− ε) log n

log log n

)
= P

(
Ỹ1 ≤ (1− ε) log n

log log n

)n
Now we have

P

(
Ỹ1 ≥ (1− ε) log n

log log n

)
≥ e−(1−ε) (1− ε)M

M !
,M = (1− ε) log n

log log n

Hence

P(M̃n < M) ≤
(

1− e−(1−ε) (1− ε)M

M !

)n
≤ exp

(
−ne−(1−ε) (1− ε)M

M !

)
Now M ! ≤ M(M/e)M for large enough M , so we (finally!) get P(M̃n < M) =
o(1), whcih establishes the result.
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Throw n balls into n bins. Every time, we pick d ≥ 2 bins at random and
place the ball in the least loaded bin.

Theorem 16.2. After all balls have been placed, the maximum load is

log log n

log d
+O(1)

with probability 1− o(1).

We will use the Chernoff inequality for binomials, i.e.

P(Bin(n, p) ≥ 2np) ≤ e−np/3

The height of the ball is the number of balls already placed in the bin it is
placed +1. Let νi be the number of bins with load ≥ i and µi is the number
of bins with height ≥ i, then νi ≤ µi. The idea is that we want to define a
sequence βi such that νi ≤ βi with high probability for all i ≤ i? where i? is to
be determined and we will show that i? = log log n/ log d. Then at this time,
βi? will have order n and we can finish the proof easily from there. Suppose we
condition on νi ≤ βi, then the probability that a ball has height at least i+ 1 is
bounded by (βi/n)d since all of the d choices have to come from bins with load
≥ i, so

P(νi+1 > k) ≤ P(Bin(n, (βi/n)d))

Lemma 16.3. Let X1, . . . be a sequence of random variables and let Yi be a
function of X1, . . . , Xi that takes values in {0, 1}. If P(Yi = 1|X1, . . . , Xi−1) ≤
p, then

P

(
n∑
i=1

Yi > k

)
≤ P(Bin(n, p) > k)

Proof. Each Yi is upper bounded by Bern(p). And for the sum we use induction.

Proof of the Theorem. Let νi(t) be the number of bins with load ≥ i at time t
(after the tth ball is placed). Let µi(t) be the number of balls with height ≥ i
at time t. Write νi(n) = νi and µi(n) = µi, so νi(t) ≤ µi(t) for any i, t. Now
we want to find a sequence βi with νi ≤ βi for i < i? with high probability.
Let β4 = n/4 and βi+1 = 2n(βi/n)d. Define Ei = {νi ≤ βi}, so P(E4) = 1.
Now we want to show that for all 4 ≤ i < i? where i? is to be determined,
we have P(Eci=1) ≤ P(Eci ) + 1/n2. Define a sequence of binomial variables
Yt = 1h(t)≥i+1,νi−1≤βi

. Let ωj be bins selected by the jth ball. Now

P(Yt = 1|ω1, . . . , ωt−1) ≤
(
βi
n

)d
= pi

So by the preceding lemma, for any k,

P

(
n∑
t=1

Yt > k

)
≤ P(Bin(n, p) > k)

So
P(Eci+1|Ei) = P(νi+1 ≥ βi+1|Ei) ≤ P(µi+1 > βi+1|Ei)

43



Conditioned on Ei, Yt = 1h(t)≥i+1, so
∑n
t=1 Yt = µi+1, so

P(µi+1 > βi+1|Ei) = P

(
n∑
t=1

Yt > βi+1

∣∣∣∣∣Ei
)

=
1

P(Ei)
P

(
n∑
t=1

Yt > βi+1, Ei

)

≤ 1

P(Ei)
P

(
n∑
t=1

Yt > βi+1

)

≤ 1

P(Ei)
P(Bin(n, pi) > βi+1)

≤ e−npi/3

P(Ei)

Note that for any i with npi ≥ 6 log n we have

P(Eci+1|Ei) ≤
1

n2P(Ei)
=⇒ P(Eci+1) ≤ 1

n2
+ P(Eci )

Let i? be the first i such that npi < 6 log n. Now we claim that

i? = log log n/ log d+O(1)

It suffices to show by induction that

βi+4 =
n

22di −
∑i−1
j=0 d

j

Once we know that, we get βi+4 ≤ n/2d
i

, so P(Eci?) ≤ i?/n2, so βi?+i = 2npi? ≤
2n(6 log n/n) = 12 log n Now

P(νi?+1 > 18 log n|Ei?) ≤ P(νi?+1 > 18 log n|Ei?)

≤ P(Bin(n, 6 log n/n2) > 18 log n)

P(Ei?)

≤ e−2 logn/P(Ei?)

=
1

n2P(Ei?)

So

P(νi?+1 ≥ 18 log n) ≤ 1

n2
+ P(Eci?) ≤ i? + 1

n2

Now {νi?+1 ≥ 1} ⊂ {µi?+1 ≥ 1} ⊂ {µi?+2 ≥ 2}.

P(µi?+1 ≥ 2|νi?+1 < 18 log n) ≤ P(Bin(n, (8 log n/n)d) ≥ 2)/P(νi?+1 < 18 log n)

≤
(
n

2

)(
18 log n

n

)2d

+
i? + 1

n2

≤ n2

n2d
(18 log n)2d +

i? + 1

n2

= o(1/n)

and this shows what we wanted.
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