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Introduction

Suppose we have a moduli space M parameterising families of abelian varieties over a field k.
Any abelian variety Xg over k defines a closed point of M, so it makes sense to talk about the
tangent space at that point. Elements of this tangent space should correspond to elements of
M(k[e]/(€?)) reducing to Xy € M(k).

In general, the study of infinitesimal neighbourhoods of Xy in M can be viewed as the study
of ways in which Xy can be lifted across a closed immersion Spec(k) — S for some Noetherian
scheme S whose underlying set consists of one point. Of course, it is necessary and sufficient
that S = Spec(R) for some Artinian local ring R with residue field k. One can also consider
a more general situation of lifting an abelian scheme over a base ring R’ across a surjection
R — R’ with nilpotent kernel.

This essay gives an account of classical results on problems of this sort, commonly known as the
“deformation theory” of abelian schemes.

In Chapter |1, we develop obstruction theory, which gives a cohomological characterisation of
infinitesimal deformations of smooth morphisms and smooth schemes. This would be a conve-
nient tool when we go on to study the general deformation theory of abelian schemes in Chapter
where we show that abelian schemes can always be lifted across a surjection R — R’ of
Noetherian rings with nilpotent kernel.

We also construct the local moduli .#x, associated to an abelian variety Xo over k, which
parameterises the deformations of X over various Artinian local rings with residue field k. We
prove, with the help of a criterion due to Schlessinger, that this local moduli is pro-representable
by a power series ring in (dim X)? variables.

We then specialise to the positive characteristic case. Fix a prime p which shall be nilpotent
in all rings considered. We devote Chapter |3 to Drinfeld’s proof of the classical theorem of
Serre-Tate, which states that the deformation theory of abelian schemes in this case is controlled
precisely by the deformation theory of their p-divisible groups.

Using the Serre-Tate theorem, we obtain in Chapter [4] a canonical way to equip .#x, with
a group structure for any ordinary abelian variety Xy over an algebraically closed field k£ of
characteristic p. We also sketch how one would use this to lift Xy canonically to an abelian
scheme over the ring W (k) of Witt vectors.

We mainly work under the Noetherian hypothesis. Nonetheless, most of the main theorems hold
in general (after minimal modifications) and can be deduced from the Noetherian case using
standard techniques such as [2, IV3, §8.9].
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1 Obstruction Theory

1.1 Smooth Morphisms and Infinitesimal Liftings

In differential geometry, a map between manifolds is a submersion at a point if its differential
there is surjective. Mimicking this behaviour, one is inspired to take the following definition
of a smooth morphism in the context of algebraic geometry, sometimes known as the Jacobian
criterion.

Definition 1.1. A ring map B — A is standard smooth if there is an isomorphism of B-algebras

A2 BTy, ....,Tul/(fi, s fm)
such that n >m > 0 and det((0f;/0T};)1<i j<m) € A*.

Definition 1.2. A morphism f : X — S is smooth at z € X if there exists affine opens
U = Spec(A) C X, V = Spec(B) C S such that x € U, f(U) C V, and the induced ring map
B — A is standard smooth. f is smooth if it is smooth at every x € X.

One immediately sees that a smooth morphism is flat and locally of finite presentation. In
particular, it is (universally) open.

Unsurprisingly, differentials over a smooth morphism are quite well-behaved: If B — A =
BTy, ..., T,]/(f1,. .., fm) is standard smooth, then the module of differentials 24,5 is free on
dTy41, ... ,dT,. Since smooth morphisms are covered by standard smooth ring maps, we have:

Proposition 1.1.1. Suppose f : X — S is a smooth morphism, then x5 is a finite locally
free Ox-module. Furthermore, for any x € X, rank, Qx5 = dimy X¢(4).

Proof. [13] Lemma 02G1]. O

Definition 1.3. Suppose f : X — S is a smooth morphism with connected fibres. Then its
relative dimension is the locally constant function S — Z>¢ sending s € S to dim Xj.

Example 1.1.1. If B —» A = B[T1,...,T,])/(f1,..., fm) is standard smooth, then Spec(A4) —

Spec(B) has relative dimension n — m.

Despite it being well-motivated, the Jacobian criterion is not usually convenient to work with,
since one has to choose the coordinates T71,...,T,. It turns out that there is a more canonical
characterisation of smoothness.

Proposition 1.1.2 (Infinitesimal Lifting Criterion). A morphism X — S is smooth if and only
if it is locally of finite presentation, and for every commutative diagram of solid arrows

X —— Spec(4’)

K
~
~
~
~
~
~
~
~

S <—— Spec(A)
with A — A’ a surjection with nilpotent kernel, there is a morphism filling in the dashed arrow.

Proof. [13| Lemma 02HG6]. O

In view of this, we make the following definition:
Definition 1.4. Fix a base scheme S and let C be a full subcategory of (Sch/S).

A functor F : C°P — (Sets) is formally smooth if, for any surjection A — A’ with nilpotent
kernel such that Spec(A), Spec(A4’) € ob(C), the induced map F(A) — F(A’) is surjective.

An S-scheme X is formally smooth if its functor of points is formally smooth on (Sch/S).


https://stacks.math.columbia.edu/tag/02G1
https://stacks.math.columbia.edu/tag/02H6

So Proposition can be rephrased as saying that X — S is smooth if and only if it is locally
of finite presentation and formally smooth.

Remark 1.1.1. Suppose that all closed subschemes of Y live in ob(C) whenever Y does. Then,
to check the formal smoothness of F', it suffices to check the surjectivity of F/(A) — F(A’) when
A — A’ is a surjection with square-zero kernel. Indeed, any surjection A — A’ with nilpotent
kernel is a composite A = Ay — An_1 — -+ — Ag = A’ of surjections with square-zero kernels.

The criterion of Proposition [I.1.2] can be further simplified when S is locally Noetherian.
Definition 1.5. A surjection ¢ : A — A’ of Artinian local rings is small if m4 - ker ¢ = 0.

Proposition 1.1.3. When S is locally Noetherian, to check the lifting criterion in Proposition
it suffices to check the cases where A — A’ is a small surjection of Artinian local rings.

Proof. [13] Lemma 02HX]. O

1.2 Lifting Smooth Morphisms

Let X — S be smooth. Proposition tells us that, whenever Y’ — Y is a closed immersion
of affine S-schemes with nilpotent ideal, we may lift a Y'-point of X to a Y-point of X.

However, there is no guarantee that this lifting will be unique. So if we want to study such a
lifting across closed immersions Y’ — Y of S-schemes in general, we cannot simply glue together
local liftings. Our aim in this section is to study infinitesimal liftings in this general setting.

First, we analyse the space of such liftings assuming it’s nonempty. Fix ¢’ : Y’ — X. Let T
be the sheaf of ideals of Y/ in Y. We might as well assume that Z? = 0. Then Z is also an
Oy -module.

Lemma 1.2.1. Let A, B be R-algebras and f,g : B — A maps of R-algebras. Suppose I
is a square-zero ideal of A. Then A/I acts on I. Suppose in addition that the composites
mo f,mog: B — A/I agree (where w: A — A/I is the quotient map), then f — g € Derg(B,I)
where B acts on I through A/I.

Furthermore, for any f : B— A and D € Derg(B,I), g= f+D : B — A is a map of R-algebras
with mo f =mwog.
Proof. Since wo (f —g) =0, f — g is an R-linear map into 1.

For a € B,m € I, we have by definition of the B-action that a -m = f(a)m = g(a)m. So

(f = g)(ab) = f(ab) — g(ab) = [(a)f(b) — g(a)g(b) = f(b)(f(a) — g(a)) + g(a)(f(b) — g(b)) =
b-(f—g)(a)+a-(f—g)b),ie f—gisa derivation. Reversing this calculation shows the last
statement. O

Globalising this argument, we conclude that the liftings of ¢’ : Y/ — X to Y — X differ by an
element of G = Derp,((¢') 'Ox,Z) = Dero, (Ox, g.Z) = Homo,,, ((¢')*Qx/s, ).

In other words, we have a simply transitive action of G on the set of liftings as given by the
lemma. We capture this phenomenon with the following definition.

Definition 1.6. For a group G, a G-torsor is a nonempty G-set with simply transitive G-action.

Loosely speaking, a G-torsor is just G except we forget where the identity is.

Definition 1.7. Let X — S be a smooth morphism. Its relative tangent sheaf is the O x-module
Tx/s = Homy, (2x/5,0x) = Derp, (Ox,Ox).

By Proposition Tx /g is finite locally free. We make the natural identification

G=H(Y' I®o,, (¢')Tx/s)


https://stacks.math.columbia.edu/tag/02HX

Remark 1.2.1. There is a sheaf version of torsors:

Let G be a sheaf of abelian groups and £ a sheaf of sets on the same topological space X.
Suppose G acts on L, in the sense that there is a map of sheaves G x £ — £ which becomes
a group action on every open set of X. Then L is called a pseudo G-torsor if, for each open
U C X, either L(U) is empty or the G(U)-action is simply transitive. It is called a G-torsor if in
addition that X can be covered by open sets on which £ has sections.

Our argument essentially shows that the sheaf £ of local liftings is a (Z ®0,,, (¢')*Tx/s)-torsor.

Theorem 1.2.2. Fiz a base scheme S. Let X be a smooth S-scheme. Suppose j:Y' =Y isa
closed immersion with square-zero ideal T and let ¢’ : Y’ — X be a morphism.

Suppose Y’ is separated over Spec(Z). Then there is a natural “obstruction element”
o€ H'(Y I®o,, (9') Tx/s)

such that o = 0 if and only if a lifting g: Y — X of ¢’ exists.

Moreover, if 0 =0, then the set of such liftings is a HO(Y’,I@)@Y, (9')*Tx,g)-torsor.

Remark 1.2.2. The theorem is in fact true without the separatedness assumption on Y’ (see
[4, Theorem 8.5.9(a)]). We introduce this extra hypothesis because we only need the separated
case, and because we can explicitly write down the obstruction element in this case.

Proof. We first fix some notations: For an open set U of the common topological space for Y
and Y’ we write U for the associated open subscheme of Y and U’ the open subscheme of Y.
We also write G =T ®o,,, (9')*Tx/s-

Fix an affine open cover {U,}, of Y, which gives rise to an affine open cover U = {U/, }, of Y.
Since Y is separated, we may identify H(Y',G) = H*(U,G) (cf. [13, Lemma 01XD]).

By Proposition each ¢'|y; can be lifted to some g, : Uy — X. On each overlap U/ N U/’g7
both ga|v.nv, and gslu, v, lift g/|U(;ﬁUé' So they differ by an element ¢g, € H°(U. N Ué,g).
This collection of data gives a Cech 1-cochain ¢ € C*(U, G).

It is in fact a cocycle. Indeed, (¢)apy = Ppy — Pay + Pap € HO (U, NUZ N UL, G) acts trivially

on the restriction of g, to Uy, N Ug N U, (which is a local lifting of ¢’ there). But the action is
simply transitive, so this section must vanish.

Furthermore, the class of this cocycle does not depend on the initial choice of (g4 )a, for if (Ga)a
is another set of local liftings, then ¢— ¢ is the coboundary of the O-cochain given by the elements
of HY(U!,G) measuring the differences between the liftings. In addition, if we take a finer affine
cover, then the resulting classes eventually agree in H*(Y’,G). In particular, o = [¢] € H*(Y’,G)
also does not depend on the choice of covering.

The vanishing of o is equivalent to ¢ being a coboundary. If a global lifting g : ¥ — X exists,
then taking g, = g|y, shows that ¢ is a coboundary. Conversely, if ¢ = du for some 0-cochain
1, then refining each g, by p, gives rise to local data which glue to a global lifting ¥ — X.

The last part of the theorem follows from what we have already discussed. O

Remark 1.2.3. The theory is usually applied to the following situation: Suppose X, Y are smooth
S-schemes, i : S’ — S is a closed immersion with square-zero ideal Z, and ¢’ : Y/ — X’ is an
S’-morphism (where Y =Y xg 5, X' = X Xg5’). Then an S-morphism ¢ : Y — X has ¢’ as
its base-change to S’ if and only if it lifts the composite Y’ — X’ — X.

But Y/ — Y is a closed immersion with square-zero ideal since S’ — S is. As Y is smooth
(hence flat) over S, this ideal is in fact f*Z where f:Y — S is the structure map of Y.

By Theorem such a lifting g exists if and only if an element
0= U(gl,i) S HI(Y/, f*I ®Oy, (g/)*TX'/S’)
vanishes. And when o = 0, the set of liftings is a H(Y, f*Z ®o0,,, (¢')*Tx/s)-torsor.


https://stacks.math.columbia.edu/tag/01XD

Remark 1.2.4. We may understand the spaces H (Y', f*Z ®o,,, (¢')*Tx+/s/) after another base-
change along a nilpotent closed immersion Sy — S’ since such an operation does not change
the topological space.

For example, if S’ = Spec(R’) — S = Spec(R) is given by a small surjection R — R’ of Artinian
local rings (with kernel I, say), we can take Yy = Spec(k) where k = R'/mp,. We may then
make a natural identification

H'(Y', T ®o,, (9)Tx/s) = H (Yo, I ®y g5Tx, /) = H' (Yo, 95T 1) @k 1

where go : Yo — X is the base-change of ¢’ : Y/ — X’ along Sy — S’. Here, we have regarded
I as a k-vector space via the R’-action on it, which is allowed since mp/ - I = 0.

Remark 1.2.5. From its construction, the obstruction element satisfies a “chain rule”: Suppose
i:58 — S is a closed immersion with square-zero ideal, X, Y, Z are smooth S-schemes, X',
Y', Z' are their base-change to S’, and f' : X' — Y’ ¢ : Y’ — Z’' are S’-morphisms. Then
o(g'o f' i) = (f')"o(g', ).

1.3 Infinitesimal Variations of Smooth Schemes

Fix a closed immersion S’ — S with nilpotent ideal Z.

Let X' — S’ a smooth morphism. We want to study the lifting of X’ — 5’, i.e. Cartesian
squares of the form

X — X

| o]

S —— S
We will only be interested in smooth liftings.

Such a lifting, if exists, automatically inherits some good properties of the original scheme.

Lemma 1.3.1. Suppose S’ — S is a closed immersion of locally Noetherian schemes with
nilpotent ideal and X' — S’ is smooth and proper. Then any smooth lifting X — S is proper.
Moreover, if the geometric fibres of X' — S’ are connected, then the geometric fibres of X — S
are also connected.

Proof. Since X — S and X’ — S’ are the same on the level of topological spaces, X — S must
too be quasicompact. It is also locally of finite type by the definition of smoothness.

Now X' — X is a closed embedding with nilpotent ideal, so for any reduced ring R the map
X'(R) — X(R) is a bijection. Therefore the valuative criterion (cf. [5, Theorem I1.4.7]) for
X’ — S’ — S implies the valuative criterion for X — S. And all the geometric fibres of X — S
are in fact geometric fibres of X’ — 5. O

So let’s study the existence and (non-)uniqueness of smooth liftings. As in the previous section,
our strategy is as follows: First of all, a smooth lifting always exists locally on X’.

Lemma 1.3.2. For every x € X', there is some open U’ C X' containing x such that there
exists a smooth morphism U — S with U' =U xg S'.

We can of course make U affine by restriction. Then U’ too has to be affine since U’ — U is a
closed immersion.

Sketch of proof. This is a local statement, so we can assume WLOG that X', S are affine and
X' — 8 is induced by a standard smooth ring map. But then we can simply lift it by lifting
the polynomials f1,..., fi, as in Definition [1.1 O



Knowing this, our task now is to measure the non-uniqueness of this lifting. The following
general lemma is surprisingly convenient in this analysis.

Lemma 1.3.3. Suppose f : X — Y is an S-morphism with X flat over S. Then f is an
isomorphism if and only if its base-change f X idg: : X Xg S’ =Y xg 5’ is.

Proof. The “only if” part is immediate.

For the “if” part, first observe that S’ — S is surjective and is a closed immersion. As its base-
change, the projection X xg 5" — X inherits these two properties. In particular, X xg S’ — X
is a homeomorphism. Similarly, ¥ xg S’ — Y too is a homeomorphism. So f must be a
homeomorphism since f x idg: is. Hence we may reduce to the affine case.

It suffices to show the following: Suppose R — R’ is a surjective ring map with nilpotent
kernel I (say I" = 0), u : M — P is a morphism of R-modules with P flat over R, and
u®pgr R : M/IM — P/IP is an isomorphism, then u is an isomorphism.

Put N = keru, Q = coker u. From the right-exactness of — @z R, we get an exact sequence
M/IM "S55 pirp QI —— 0
which shows that Q/IQ = 0. So Q = IQ = I?Q = --- = I"Q = 0. This also gives a short exact

sequence
0 N M P 0

whence the exact sequence

Tork(P,R)) — N/IN —— M/IM “22% p/1p — 5 0.

But Tory (P, R') = 0 as P is flat over R, hence N/IN = 0 which means that N = IN = I’N =
<. =I"N =0. O

We are now ready to say something concrete. As usual, we consider only the case where Z2 = 0.
Take a smooth lifting f : X — S of f/ : X’ — S§’. Since f is flat, X’ — X is automatically
a closed immersion with square-zero ideal f*Z. This becomes the Ox/-module (f')*Z on X',
where we interpret Z as a Og/-module.

Suppose now that X — S is another lifting together with a map X — X making the diagram

!

N b
></<—><

commute, then this map must be an (S-)isomorphism by Lemma In particular, XS
must also be smooth.

Note that such a map exists when X is affine by Proposition So an affine U in Lemma
is unique up to (non-unique) isomorphism.

The non-canonicality of a smooth lifting can be easily measured by what we have done.

Proposition 1.3.4. Suppose X' is separated over Spec(Z), f' : X' — S is smooth, and f :
X — S is a smooth lifting of it. The group Autg(X,S’) of S-automorphisms of X which become
the identity on X' is naturally isomorphic to H*(X', (f')*I ®o.,, Txi)s0).

Proof. Theorem and Remark shows that Autg(X, ") isa HO(X', (f')*IT®o,, Tx/s')-
torsor. But the group action is clearly compatible with composition of automorphisms. Hence
this becomes an isomorphism of groups. O



1.4 Lifting Smooth Schemes

Theorem 1.4.1. Leti : S" — S be a closed immersion with square-zero ideal T and let [ :
X' — 8 be a smooth morphism. Suppose X' is separated over Spec(Z). Then there is a natural
“obstruction element”

0 =o0(X",9) € H*(X',(f')'T @0, Tx/s)

such that o = 0 if and only if f' admits a smooth lifting X — S.
Moreover, if 0 = 0, then the set

L(X',i) = {isomorphism classes of pairs (X, ¢) such that
X — S is smooth and ¢ : X x5S — X' is an isomorphism}

is a HY(X',(f')*T ®o,, Tx:/s')-torsor.

Remark 1.4.1. Again, the separatedness hypothesis can be removed. See [, Theorem 8.5.9(b)].

Proof. Write G = (f')*I ®o,, Tx//s-
Pick an affine open cover U = {U.}, of X’ such that each U/ — S’ can be lifted to a smooth

affine scheme U, — S. Write j, : U, — U, which is a surjective closed immersion. For indices
a1,..., o, we denote by U, ..., the (affine) open U, N---NU,,.

As in the proof of Theorem we note the isomorphism H*(U,G) = H'(X,G).

Now ja(U/p) and jg(Up, ) are both affine smooth liftings of U/ 5. By our discussion in the last
section, we get an S-isomorphism &ga @ ja(Uhg) — Js(Usg). Write &5, 1 ja(Upp,) = 75(Usp,)
for its restriction.

CaBy = (gﬁa)*l 0&Jg0 Ega is an element of Auts(ja(Usg,)S") = HO( gy 9) (Proposition
1.3.4). They give the data of a Cech 2-cochain ¢ € C?(U,G). cis in fact a cocycle: Its boundary

has components

(0¢)apys = Cpy5 = Cars + Caps = Capy = —Cays + Caps + Cpys — Capy-

On jo(U/p.s), this is represented by the automorphism

(&)™ 0 (65) ™ 0 ) o ((65) " 0 &35 0 €2 )
o (€00 (€)1 087, 0€35) 0 6pa) © (€1) " 0 (€55) 7 0L,

where everything cancels out to give the identity. Similar to the proof of Theorem [[.2.2] it’s
clear that the class 0 = [¢] € H?(X,G) does not depend on the choice of U, the local liftings, or
{€80} pa- For example, if a different {54} 3, was chosen, then the resulting ¢ would differ from
¢ by the coboundary of the 1-cochain f;i 0 &pa € Auts(ja(Usp), S") = HO(Uééﬁ7 g).

If a global lifting X — S exists, then we can take U, to be the pullback of U}, in X, and &g, the
identity map on U, N Ug. Then the local data of ¢ are just the identity maps, so ¢ = 0 which is
a coboundary. Conversely, if o0 = 0, then ¢ = 9¢ for some 1-cycle (. We then modify each £z,
with (go. This new set of local data then gives ¢ = 0, which means that the cocycle condition
g{ja =&J50 {Bya holds. So we can glue these U, together to obtain a global lifting X — S.

Now suppose 0 = 0, then .Z # &. Fix an “origin” [(X, ¢)] € .£. For indices ay, ..., «;, we write
Xa, oy to denote the pullback of U/, .., in X.

g

Any Cech 1-cocycle (o5 € Auts(Xagp,S") = HO( 5> G) provides a set of gluing data for {X,}a
since they satisfy the cocycle condition. So they glue to a scheme X¢ and an isomorphism
X¢ xg 8" — X'. This is isomorphic to (X, ¢) if and only if there is a system of elements
fo € Auts(X,,S") = HO(U!,G) gluing to an isomorphism X — X¢, which is precisely saying
that ¢ = du is a coboundary.



Therefore this defines an action of H!(X,G) on . with trivial stabilisers. It is also transitive.
Indeed, given any [(Y,v)] € £, we always have a (noncanonical) isomorphism ¢, : Y, — X,.
Then Y 22 X¢ where CaB = Pg o0 Qﬁ;l € Auts(Xaﬂ, S. [

Remark 1.4.2. From the construction of o, the following naturality properties are immediate:

(i) Suppose [’ : X' — S’ ¢ : Y’ — S’ are smooth morphisms and A’ : X’ — Y’ is an §’-
morphism. Then o(X’,4) and o(Y”, i) have the same image in H*(X', (f')*I ®o,, (W) Ty /s/).
In particular, o is invariant under automorphisms.

(ii) Suppose X’ — S’ ¢’ : Y/ — S’ are smooth. Then we have o(X’ xg Y, i) = i1(0(X', 7)) +
i2(0(Y’,4)) where i1, io are the compositions of pr}, pry with the split injections from the
identification T'x/« , v+ s = pri T/ /s @ pry Ty s.. It’s worth noting that i1, iy are injective.
These facts are particularly useful when one attempts to show the vanishing of o, since the
cohomology group itself rarely vanishes.

Remark 1.4.3. Same as Remark if S’ = Spec(R') — S = Spec(R) comes from a small
surjection R — R’ with kernel I and residue field &, then an identification

H' (X', ()T ®oy, Txrys) = H (X0, Tx, k) Ok I

can be made, where Xy — Spec(k) = Sy is the base-change of X’ — S’ along Sy — S".



2 Deformation of Abelian Schemes

2.1 Abelian Schemes

We recall the definition and basic properties of abelian schemes.

Definition 2.1. Let C be a locally small category with products and a final object. A group
(or group object) in C is an object G € ob(C) together with a factorisation More(—, G) : C°P —
(Grp) — (Sets) through the forgetful functor (Grp) — (Sets). We say G is commutative if the
factor hg : C°P — (Grp) lands in the subcategory (Ab) of abelian groups.

A morphism f : G — G’ between groups in C is called a group homomorphism if hg(T) — he/ (T)
is a group homomorphism for all T' € ob(C).

Remark 2.1.1. For a group G in C, the group operation, identity, and inverse maps on hg(T)
define, by Yoneda Lemma, morphisms m¢g : GXG — G, e : S — G (where S is the final object
of C), and i : G — G. They satisty several commutative diagrams corresponding to the usual
group axioms. For example, associativity is given by the commutativity of the diagram

(GxG)xG1eXds, gywg ", g

% J{idc

idg Xmg G

Conversely, for any G € ob(C) and any choice of mq, e and ig satisfying these axioms, we get
a factorisation of Mor¢(—, G) through (Grp) by giving each More (T, G) the structure of a group
via (ma)r, (eq)r and (ig)r.

For f,g: T — G, we write f + g for mg o (f,g), —f for ig o f, 0 for eg o (T — S), and so on.
Of course, + is only commutative when G is.

Definition 2.2. A (commutative) group in C = (Sch/S) is called a (commutative) group scheme
over S. An abelian scheme over S is a group scheme over S which is smooth, proper, and
geometrically connected on every fibre. An abelian scheme over a field is called an abelian
variety.

Remark 2.1.2. Suppose G — S is a group scheme and S’ — S is a morphism, then G xgS" — 5’
has the natural structure of a group scheme via hg' = hg o b°P where b : (Sch /S") — (Sch /S)
sends X’ — S’ to the composite X’ — S’ — S. Since the extra properties defining an abelian
scheme are all stable under base-change, G’ — S’ is an abelian scheme whenever G — S is.

The properness of abelian schemes has strong consequences due to the following result:

Theorem 2.1.1 (Mumford’s Rigidity Lemma). Suppose S is connected and locally Noetherian,
p: X — S is proper, flat, and geometrically integral on every fibre, g : Y — S is separated, and
f:X =Y is an S-morphism such that f(Xs) is a single point for some s € S. Then q has a
sectionn: S —Y withnop= f.

Proof. This is a slightly weaker version of [10, Proposition 6.1]. O

Corollary 2.1.2. Let p,q be as in Theorem|2.1.1), and suppose in addition that ¢ : Y — S is in
fact a group scheme over S. If f,g : X — Y are S-morphisms such that fs = gs for some s € S,
then q has a sectionn: S —Y with f =nop-+g.

Proof. f—g = f+ (—g) maps X, to the image of the unit section of the group scheme Y, —
Spec(k(s)), so we invoke Theorem to conclude. O
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Corollary 2.1.3. Suppose p : X — S is proper, flat, and geometrically integral on every fibre,
q:Y — S is a connected, locally Noetherian S-scheme admitting a section € : S — Y. Suppose
G is a separated group scheme over S and F : X xgY — G is an S-morphism, then there are
Fx : X =G and Fy : Y — G such that F = Fy o pro+Fx opr;.

Proof. Consider the Y-morphisms f,g : X Xxg Y — G xgY, where f = (F,pr,) and ¢ is the
base-change of Fx = F o (idx,eop). Pick any s € S, then f. ) = gcs). Therefore Corollary
applies, and we take Fy to be n composed with the first projection G xg Y — G. O

For the rest of this section we fix a locally Noetherian base scheme S.

Theorem 2.1.4. Suppose X — S is an abelian scheme, G — S is a separated group scheme,
and f: X — G is an S-morphism such that foex = eg. Then f is a group homomorphism.

Proof. When X is connected, this follows from Corollary with F'= fomx.

In general, we use the fact that connected components of locally Noetherian schemes are open
(cf. [13] Lemma 0819]). So X is a disjoint union X = [[, X; of connected open subschemes X;.

Let S; = e;(l(Xi), then S = [, S; is a disjoint union of open subschemes. Note that S; are
nonempty since ex is a section. Pulling each S; back along the structure map of G gives open
subschemes G; C G whose disjoint union is G.

We now base-change along the open immersions S; — S. In view of Remark X = S;
is an abelian scheme, G; — 5; is a separated group scheme, and the group structures on both
come from restrictions.

f restricts to an S’-morphism f; : X; — G; sending ex, to eg,. By the connected case, we know
that each f; is a group homomorphism. So f is also a group homomorphism. O

Corollary 2.1.5. Any abelian scheme is commutative.

Proof. Apply Theorem toix : X — X. O

Corollary 2.1.6. For any section e : S — X of an S-scheme X, there is at most one group law
m: X x X — X making X an abelian scheme with identity e.

Proof. For any two such group law, apply Theorem to idx. O

Lastly, we mention some facts about projectivity of abelian schemes.

Theorem 2.1.7. (i) If S = Spec(A) for a normal domain A, then every abelian scheme over S
is projective. In particular, every abelian variety is projective.

(i) For any affine S, any abelian scheme over S has the finite-affine property: Any finite set of
points is contained in an affine open.

Proof. |3, pp. 5 — 7). O

2.2 Lifting across Artinian Local Rings

Let i : 8" = Spec(R’) — S = Spec(R) be a closed immersion of Noetherian affine schemes such
that the ring map R — R’ has square-zero kernel I < R. We are interested in the following
question: Given an abelian scheme X’ — S’ can we always lift it to an abelian scheme X — S?

The first step is to lift X’ to a smooth scheme.

Proposition 2.2.1. Any abelian scheme X' — S’ has a smooth lifting X — S. Moreover, any
smooth lifting of it is proper and geometrically connected on every fibre.
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Proof. In view of Theorem we seek the vanishing of o(X’,1).

From Remark i), o(X" xg» X',4) = i1(0(X’,4)) + i2(0(X’,4)). On the other hand, if we
apply the shearing automorphism X’ xg X’ — X’ x g X’ which on T-valued points is defined
by (z,y) — (x +y,y), we get o(X' xg X',i) = i1(0(X’,7)) + 2i2(0(X’, 7)) by Remark i).

Therefore iz(0(X’,4)) = 0, hence o(X’,¢) = 0. This gives the existence of a smooth lifting. The
next part follows from Lemma O

This of course is not good enough: We still want to lift the group structure. The description
in Remark is convenient for this purpose, as we have already established an obstruction
theory about lifting morphisms in Theorem [1.2.2

The unit section ex : §" — X' can always be lifted to an S-morphism ex : S — X (i.e. a section

of X — S) by Proposition and Remark By Corollary ex determines at most
one group structure on X.

Finding one such group structure, however, requires intricate work. We shall first discuss the
simpler case where R — R’ is a small surjection of Artinian local rings. In this case, S and S’
are both just one-point schemes.

Theorem 2.2.2. Suppose R — R’ is a small surjection of Artinian local rings. Then X — S
has a group structure with unit section ex.

Proof. Note that X’ x5 X’ — X xg X is a closed immersion with square-zero ideal. This
inspires us to try and lift p/ : X' xg X’ — X’ given by (z,y) — = — y.

Let k = R/mg = R'/mp and write Sy = Spec(k), Xo = X' xg Sp. Note that X is an abelian
variety by Remark Let pg : Xo X Xo — Xo be the base-change of p'.

By Theorem and Remark the obstruction o to the existence of such a lifting is
naturally an element of H*(Xq xx Xo, 150) @ I, where © = Tx, /.

O is in fact trivial, since any tangent vector v at the identity of X, gives rise to a global section
of © by left-translation (cf. [9, p. 42, (iii)]). We write © = Ox, ®;, V where V = H°(X,,0). By
the Kiinneth formula (cf. [13, Lemma 0BED]) and the fact that H°(Xy, Ox,) = k,

HY(Xo xp Xo, u50) @5 I = H (X0 x5 X0, Oxoxrxo) Ok V @ I
= (pri H'(Xo,0x,) ® prs H' (X0, Ox,)) @k V @4 1.

Let g1,92 : X' = X' xg X' be given by x — (x,ex/) and z — (x,x), respectively. Write (g1)o,
(g92)o for their base-change to Sy. Then pr; o(g;)o = idx,. So the vanishing of o would follow
from the vanishing of (g;)§o.

By Remark (gi)§0 is the obstruction to the existence of a lifting of y/ 0 g; : X' — X'. But
such a lifting does exist for both: idx lifts p’ o g1, and ex o (X — S) lifts p/ o go. So these
obstructions must vanish, therefore o vanishes, i.e. p’ lifts to some p: X xg X — X.

Of course, only one such choice could possibly work. To make the choice, observe the following:
The set of liftings p of ¢’ is a (V ®j, I)-torsor by Theorem On the other hand, if u is any
such lifting, then po Ay lifts ' o Ax/. But the set of liftings of ;' 0 Ax/ is also a (V ®, I)-torsor
again by Theorem[I.2.2] so the map p +— poAx establishes a bijection between the set of liftings
of 1/ and the set of liftings of ' o Axs = ex/ o (X’ — S’). In particular, there is a unique lifting
woof p satisfying po Ay = ey o (X — S5).

We set ix (r) = p(ex,r) and mx(z,y) = pu(r,ix(y)) for T-valued points x,y. The desired group
axioms all take the form hy = ho, where h; : X = X Xg--- Xg X — X are morphisms built from
1, ex, diagonal, projections, and identity, and they satisfy h; o (ex,...,ex) = ex.

Since po(z,y) = « —y, hi = ho always holds after base-change to Sy, therefore the image
of po (hy,hs) is a single point. By Theorem there is a section 1 : S — X such that
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o (hi,hy) =no(X — S). Composing both sides with (ex,...,ex) : S — X shows that n = ex
since h; o (ex,...,ex) =ex and po (ex,ex) =poAxoex =exo (X = S)oex =ex.

Now consider the commutative diagram

The induced map X — (X xg X) X, S becomes an isomorphism after base-change to S’
(since /' (z,y) = = — y), hence is itself an isomorphism by Lemma[1.3.3] Therefore this diagram
is in fact Cartesian, which means that (hq, ho) factors through Ax, i.e. hy = ho. O

Corollary 2.2.3. Suppose R — R’ is a small surjection of Artinian local rings, then any abelian
scheme over R’ lifts to an abelian scheme over R.

Such a lifting, in fact, exists for any surjection of (Noetherian) rings R — R’ with nilpotent
kernel. Before discussing this more general case, let’s first try to analyse the set of liftings in
this special case while we're at it.

2.3 The Local Moduli

For a ring map B — A and a B-scheme X (or, in general, a functor X : (Sch/B)°P — (Sets)), we
write X @ p A for X Xgpec(p) Spec(A). For a B-morphism f, we write f ®p A for its base-change
to Spec(A).

Fix a field k£ and a complete local Noetherian ring W with residue field W/my, = k. We write
(Art/W) for the category whose objects are Artinian local W-algebras R such that W — R is
local and the induced map on residue fields k = W/my, — R/mpg is an isomorphism, and whose
morphisms are (necessarily local) W-homomorphisms.

Clearly, if W' is another complete local Noetherian ring and W — W' is a local homomor-
phism which induces an isomorphism on residue fields, then (Art/W’') may be regarded as a full
subcategory of (Art/W). In particular, (Art/W) contains (Art/k) as a full subcategory.

Example 2.3.1. kle]/(€?) is an object of (Art/W).

Fix an abelian variety X, over k. Following [I1, p. 273], we consider the local moduli functor
M = Mx, : (Art/WW) — (Sets) defined as follows: For any object R in (Art/W), we set

A (R) = {isomorphism classes of pairs (X, ¢) such that
X is an abelian scheme over R and ¢ : X ®pg k — X is an isomorphism};
and for any homomorphism f : R — R’ in (Art/W), we set .Z(f) to be the function that

takes [(X,¢)] € #(R) to [(X ®gr R',¢)] € #(R') where we make the natural identification
(X ®gr R/) Qr k=X Qgrk.

By what we have discussed in the previous section, lifting abelian schemes is the same as lifting
the underlying smooth schemes. More precisely,

Lemma 2.3.1. Let 7 : R — R’ be a small surjection in (Art/W). For any [(X', ¢)] € #(R’),
we have a natural bijection & : 4 ()L (X', ¢)]) = L(X',Spec(r)) (cf. Theorem[1.4.1)).

Proof. Suppose . (m)([(Y,¥)]) = [(X',¢)]. By definition, there exists an isomorphism 1° :
Y ®r R’ — X' of abelian schemes such that ¢ o (¢° @ k) = . We set w([(Y,9)]) = [(Y,")] €
Z (X', Spec(r)).
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This is well-defined, for if a different ¢)* was chosen, then " o (¥")~! is an automorphism of the
abelian scheme X’ whose base-change to k is the identity on Xj. So it must be the identity on

X’ by Corollary ie. Y = b

k is surjective by Theorem To see that it is also injective, suppose ([(Y,¢)]) = «([(Z, w)]),
then there is an isomorphism of schemes b : Y — Z such that p’ ob=1°. So po (begrk)=1.

Consider h =b—boey o fy : Y — Z where fy,ey are the structure morphism and unit section
of Y, respectively. Then h o ey = ey is the unit section of Z, hence h is a homomorphism by

Corollary

Since p and ¢ are both homomorphisms, we must have p o (h ®g k) = ¢. From this, we also
know that h ®p k is an isomorphism, so A must be an isomorphism as well by Lemma
Therefore [(Y,¥)] = [(Z, p)]- O

Another consequence of what we’ve done is that, if we view (Art/W)°P as a full subcategory of
(Sch/W), then:

Proposition 2.3.2. .# is formally smooth (cf. Definition .

Proof. Due to Corollary [2.2.3] it suffices to show that any surjection of Artinian local rings
(necessarily with nilpotent kernel) is a composite of small surjections.

Suppose R is any Artinian local ring and I < R is any ideal. Choose N such that m® = 0, then

R — R/I factors as a composite R — R/(mY 'I) — R/(m% 2I) — --- — R/(mgI) — R/I of
small surjections. O

For any functor defined on a category of algebras, one of the most important questions one can
ask is whether the functor is representable. This is not quite the case for .#, but we have the
next best thing.

Denote by (ProArt/W) the category whose objects are complete local Noetherian W-algebras
O such that O/my, is an object of (Art/W) for all r > 1, and whose morphisms are local
W-homomorphisms. It is immediate that (Art/W) is a full subcategory of (ProArt/W).

Example 2.3.2. Any formal power series ring over W is an object of (ProArt/W).

Definition 2.3. A functor F : (Art/WW) — (Sets) is pro-representable by an object O of
(ProArt/W) if it is naturally isomorphic to Homproar/w) (O, =) art/w)-

Theorem 2.3.3. .# is pro-representable by O = W[t 1,...,tq4]] where g = dim Xj.

To prove this theorem, we need some general theory surrounding pro-representability.

Definition 2.4. Let C be a category with fibre products and a final object S. A functor
F : C — (Sets) is left-exact if F'(S) = {*} and the natural map F(X xy Z) — F(X) xXpy) F(Z)
is a bijection.

Suppose F is a left-exact functor on (Art/W). Then F(k[e]/(¢?)) has the natural structure of a k-
vector space. Indeed, we can set the zero element to be the image of {x} = F(k) — F(kle]/(€?)).
Any X € k acts on F(k[e]/(€?)) via the ring homomorphism k[e]/(€?) — k[e]/(€?), a+be — a+ble.
And addition is given by the map F(k[e]/(e?)) x F(k[e]/(€?)) = F(k[e]/(e?) xu k[e]/(e?)) —
F(k[e]/(€?)) via kle]/(€%) xk k[e]/(€?) — kle]/(€?), (a + be,a+b'e) = a+ (b+)e.

Theorem 2.3.4 (Schlessinger’s Criterion). A functor F' : (Art/W) — (Sets) is pro-representable
if (and only if) it is left-exact and dimy, F(kle]/(€2)) = m < oo. And it suffices to check left-
ezactness for fibre products of the form R X g T where R — R’ is a small surjection.

If in addition F is formally smooth, then it is pro-representable by O = W{[t1,. .., tm]].

Proof. [12, Theorem 2.11, Proposition 2.5]. O
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Proof of Theorem[2.5.3 We will show that ./ satisfies the conditions listed in Theorem

Left-exactness: . (k) = {[(Xo,1dx,)]} by definition. Now suppose R — R’ is a small surjection
and T'— R’ is any morphism in (Art/W). Write Q@ = R X' T and label the morphisms as in
the following diagram.

Q ——R

, |r

T — R
Then p is surjective since 7 is, and its kernel is J = I x {0} where I = kerw. In particular,
mg - J = (Mg Xu, mr) - (I x {0}) =0, i.e. pis a small surjection.
We need to show that the natural map .#(Q) — .#(R) X _4(r) #(T) is a bijection. Since the
source is nonempty (cf. Proposition [2.3.2)), the target has to as well.

Choose any ([(Y,¥)],[(X,9)]) € A(R) X 4(r) #(T) and let [(X',¢)] = .#(7)([(X,9)]). In
view of Lemma Theorem m (combined with Proposition , and Remark we

see that .#(x) restricts to a bijection

A (p)"H([(Y,9)]) —=— ZL(Y.Spec(p)) —=— H'(Xo, Txo/x) @k 1

//[(X)l zlid ®x|r

A (m) (X', 9)]) «=— L(X',Spec(m)) «—=— H(Xo, Txo/1) @k J

which is precisely what we need.

Dimension of M (k[e]/(€?)): By Theorem we have a linear isomorphism M (k[e]/(€?)) =
H' (X0, Txy /1) @k (ke) = H (X0, Tx, /k)-

Same as in the proof of Theorem we have T'x, /k = Ox, @) V where V = H°(Xo, Tx, k)
has dimension g = dim Xo. So dimg M(k[e]/(€?)) = gdim H'(X,,Ox,) = ¢ by [0, p. 129,
Corollary 2].

Formal smoothness: Proposition [2.3.2] O

2.4 Lifting in General

Let’s finish what we left off and prove Corollary [2.2.3] more generally.

Theorem 2.4.1 (Grothendieck). Suppose R — R’ is any surjection of (Noetherian rings) with
nilpotent kernel. Then any abelian scheme over R’ lifts to an abelian scheme over R.

Similar to what we did in the proof of Corollary the assertion can be reduced to the
connected case: Suppose 7 : 8" — S is a closed immersion of Noetherian schemes with nilpotent
kernel. Then S = ]_[; Sj is a disjoint union of open subschemes by [13, Lemma 0819]. Write S’
for Sj xs S5', then " =[], S} too is a disjoint union of open subschemes.

Suppose any abelian scheme over S; lifts to an abelian scheme over S; for all j. For any abelian
scheme X’ — ', the open subscheme X} = X' x5 57 is an abelian scheme over S} for each j
and X’ = J[; X7. Lift X} — S} to X; — 5;. Then X = [[; X; — [[;S; = S is an abelian
scheme lifting X' — 5.

By Proposition [2.2.1] to show Theorem [2.4.1] it suffices to establish:

Theorem 2.4.2. Let S be a connected Noetherian scheme and X — S be a proper smooth
morphism equipped with a section e = ex : S — X. If, for some s : Spec(k) — S, the fibre X,
is an abelian variety with unit section e o s, then X — S can be made an abelian scheme with
unit section e.

For simple cases, this is entirely classical.
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Theorem 2.4.3 (Koizumi). Theorem 1s true if S is the spectrum of a valuation ring, and
s is the generic point of S.

Proof. [7, Theorem 3]. O

Let’s now see how one might prove Theorem [2.4.2] in general.

To give X — S the structure of an abelian scheme with unit ex is the same as to give a morphism
w: X Xg X = X such that ix(z) = plex, ), mx(z,y) = p(z,ix(y)), and ex together satisfy
various group axioms as in Remark These axioms translate to identities involving u, e,
diagonal, projections, and identity. In order to find u, we seek the aid of a global deformation
functor.

Definition 2.5. Let X, Y be S-schemes. Write (LNSch/S) for the category of locally Noetherian
S-schemes. We define the functor Morg(X,Y") : (LNSch/S)°P — (Sets) by assigning to each S-
scheme T the set

Morg(X,Y)(T) = {T-morphisms X xgT =Y xg T}
and to each T — T the function that takes f € Morg(X,Y)(T) to its base-change to T".

When X is projective and flat and Y is quasi-projective, Morg(X,Y) is representable by a
quasi-projective scheme by the theory of Hilbert schemes (cf. [4 Theorem 5.23]). In general,
Mor¢(X,Y) is not always representable by a scheme, but we still have:

Theorem 2.4.4. Suppose X is flat, proper, and of finite presentation over S, and Y is sepa-
rated and of finite presentation over S, then Morg(X,Y) is an algebraic space locally of finite
presentation over S.

Proof. [13], Proposition 0D1C]. O

We shall not discuss the theory of algebraic spaces in detail, since it is beyond the scope of this
essay. A comprehensive reference can be found in [I3] [Part OELT)].

Proposition 2.4.5. Suppose we are in the situation of Theorem [2..3 Consider the functor
F : (LNSch/S)°P — (Sets) sending each f: T — S to

F(T) = {structures of an abelian scheme on X xg T with unit (eo f,idr)}

and each S-morphism T' — T to the corresponding map given by base-change. Then F is
representable by an open subscheme U C S.

Proof. As discussed above, to give a structure of an abelian scheme on X7 = X X g T with unit
(e o f,idr) is the same as to give ur : X1 X7 X7 — X satisfying various identities involving
ur, eo f, diagonal, projections, and identity.

These identities cut out a closed algebraic subspace Z — Morg(X,Y'), with the property that

ur € Morg(X,Y)(T) gives a structure of an abelian scheme on Xt with unit e o f if and only
if the corresponding morphism 7' — Morg(X,Y") factors through Z. Hence Z represents F.

The morphism w : Z — Morg(X,Y) — S is smooth by a version of Proposition for
algebraic spaces (cf. [13, Lemma 0APN]) and Theorem We also know that Z(T') = F(T)
has at most one point for any locally Noetherian S-scheme T due to Corollary so w has
to be a monomorphism.

But any flat monomorphism between algebraic spaces is representable by schemes (cf. [I3], Lemma,
0B8A])! So Z is in fact a scheme, and w is an open immersion by [I3 [Theorem 025G]|. O

Proof of Theorem[2.4.7 This open immersion U C S is also universally closed by Theorem 2.4.3]
and the valuative criterion (cf. [I3, Proposition 01KF]). Since S is connected and F'(k) # &, we
must have U = S. In particular, F'(S) # @. O
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3 The Serre-Tate Theorem

3.1 Formal Completions

The description of the local moduli .Z in Theorem [2.3.3]is non-canonical, in the sense that we
have no natural choice of coordinates t11,...,%4,4. To understand .# further, we would have
to find a way to describe the liftings using some intrinstic data of abelian schemes. This is the
content of Serre-Tate theory.

For the rest of this essay, whenever we mention a group of any kind, we will automatically mean
a commutative group.

First, let’s analyse infinitesimal behaviours of an fppf sheaf. Fix a locally Noetherian base scheme
S. We write (Sch/.S)gppr for the big fppf site of schemes over S, and (Aff/.S)gps for the big affine
fppf site.

We first remark that the categories of sheaves on (Sch/.S)ppe and (Aff/S)gps are equivalent via
the natural restriction functor (cf. [I3| Lemma 021V]). So we may, and will, talk about sheaves
on these two sites as if they were the same thing.

Definition 3.1. Suppose X is a sheaf of sets on (Sch/S)gpr and Y is a subsheaf of X. The j-th
infinitesimal neighbourhood of ¥ in X is the subsheaf Infj, (X) of X defined by
[(T,Inf}, (X)) = {t € T(T, X) : there exists an fppf cover {T; — T}ies and

closed subschemes T; < T; with I%T;Ti = 0 such that t7» € I'(T},Y)}

It’s clear that Inf{, is a subsheaf of Inf{j‘l in the natural way. So what we have is a directed
system of subsheaves Infy, (X) < Inf} (X) < Infy (X) < --- of X.

In familiar situations, this definition simplifies to the following;:

Lemma 3.1.1. When X is a scheme and Y is a closed subscheme of X, then Inf{/(X) 15

representable by the closed subscheme of X cut out by the ideal I{,‘;)l(

Proof. [8, Ch. II, Lemma (1.02)]. O
Definition 3.2. The formal completion of an fppf sheaf X along a subsheaf Y is the subsheaf
Infy (X) = Mj Inf}, (X) of X, where the colimit is taken in the category of fppf sheaves.

It is perhaps enlightening to work out what actually happens when a colimit of this form is taken.
By the universal properties, the colimit of a diagram of fppf sheaves is simply the sheafification
of the colimit taken in the presheaf category. In fact, the sheafification process does almost
nothing:

Lemma 3.1.2. Suppose Y1 — Y5 — Y3 < --- is a directed system of fppf sheaves. Then
(T, li%mj Y;) = li_n%, I(T,Y;) for any quasicompact S-scheme T

Proof. This is a special case of [I3] Lemma 0738|. O

This in particular works for any affine T'. Therefore such a description completely characterises
the resulting colimit.

Definition 3.3. Suppose X is an fppf sheaf of groups. Its completion is X = Infg(X) where S
is regarded as a subsheaf of X via the inclusion of the identity.

Clearly X is a subgroup of X (cf. [8, Ch. II, Lemma (1.1.6)]).
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Let us now take X = G where G is a smooth separated group scheme over S (e.g. an abelian
scheme over S). Since G is separated, its unit section is a closed immersion. So we are in the
familiar situation of Lemma B.1.11

Recall that the completion of a scheme along a closed subscheme is representable by a formal
scheme. This process preserves products, so G is representable by a formal group, i.e. a group
in the category (FmlISch/S) of formal schemes over S.

More precisely (or rather, pedantically), there is a formal group &, obtained by completing G
along the closed subscheme defined by its unit section, such that G = he|(sch/g)or -

It turns out that the smoothness of G gives rise to a surprisingly simple description of & as a

formal scheme.

Proposition 3.1.3. S can be covered by open affines S = |J, Spec(R;) such that, for each i,
there is an isomorphism of formal R;-schemes & x g Spec(R;) = Spf(R;[[t1,. .., t.]]) for some r.

Proof. Combine [2, IV4, Corollaire (16.9.9)] and [2, IV, Théoreme (17.12.1)(c")]. O

We therefore make the following definition.

Definition 3.4. A formal Lie group over a Noetherian ring R is a formal group over R which
is isomorphic, as a formal scheme, to Spf(R|[[t1,...,t,]]) for some r.

An fppf sheaf H of groups over R is representable by a formal Lie group if H = hg|(sch/ryor for
some formal Lie group ) over R.

An fppf sheaf H of groups over a locally Noetherian base S is locally representable by a formal
Lie group if S can be covered by open affines S = |J, Spec(R;) such that H x g Spec(R;), viewed
as an fppf sheaf of groups over R;, is representable by a formal Lie group.

So Proposition implies that G is always locally representable by a formal Lie group.

The structure of a formal Lie group is quite easy to understand. Fix a Noetherian base ring
R and a formal Lie group $ over R. Choose an isomorphism $ = Spf(R|[[t1,...,t,]]). Then
HxHZSpl(R[[z1,.--,Tr,Y1,---,Yr]])- SO we have

Mor (Fmisch/r) () X 9,9) = Mor(emisch/r) (SPE(R[[21, . .., Zr, Y1, - ., 42 ]]), SPE(R[[t1, .. ., 1]]))
= Homeont (R[[t1, .., )], R[[T1, -« s Try Y1, -+ -, Yr]])

Hence the multiplication map m : $ x $ — § gives rise to a continuous homomorphism m# :
R[[t1,...,t:]] = R[[x1,- -, Zryy1, -+ Yr)]-

Definition 3.5. The tuple of formal power series
F= Ff) = (mﬁ(t1)7 LR mn(tT)) € R[[Ilv ey Ly Y1y - ayr]]®r

is called a formal group law associated to $).

For simplicity, we will write z for (x1,...,2,), y for (y1,...,¥,), and so on. It is immediate
that F(z,y) = +y + (terms of degree > 2), F(z, F(y,2)) = F(F(z,y), 2), F(z,y) = F(y,z),
and F(z,0) = F(0,z) = z. Conversely, given any tuple of formal power series satisfying these
conditions, we recover a group structure on Spf(R[[t]]) by considering the corresponding m?.

For any S-scheme T', hg(T) has underlying set Homeont (R[[t]], T(T, Or)) = Nil(I(T, O7))®"
where I'(T', Or) is endowed with the discrete topology. The group operation is given simply by
z+py=F(z,y) for z,y € Nil(T(T, Or))®".

Example 3.1.1. Let G,,,z = Spec(R]t, t~1]) be the multiplicative group. Then its completion

Gy/r (the formal multiplicative group) has formal group law F(z,y) = (z +1)(y +1) — 1 =
T+ Yy +xy.
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3.2 p-Divisible Groups

Fix a locally Noetherian base scheme S.

Definition 3.6. A morphism f: X — S is finite flat if it is finite and flat.

By [13| Lemma 02KB], this is equivalent to saying that f is finite locally free.

Since finite morphisms are affine, any finite flat f : X' — S is of the form Spec , (A) — S where

A = f.Ox is a quasicoherent Og-(Hopf )algebra which is finite locally free when viewed as an
Og-module.

Definition 3.7. The rank rankg(X) : S — Z>¢ of a finite flat morphism f : X — S is the rank
of the finite locally free Og-module A = f,Ox, considered as a locally constant function on S.

Definition 3.8. A finite flat group scheme G over S is a group scheme over S such that G — S
is finite flat.

Example 3.2.1. For a group-valued functor X and an integer n € Z, we have a multiplication-
by-n homomorphism [n] = [n]x : X — X. We denote its kernel by X[n]. Of course X[n] is a
scheme (resp. an fppf sheaf) if X is.

Suppose now that X — S is an abelian scheme of relative dimension g (cf. Deﬁnition. When
S is the spectrum of a field, it follows from the theory of abelian varieties that [n] is finite flat
of rank n29 (cf. [I3, Lemma 0BFG]|). It is in fact faithfully flat by [I3, Proposition 03RP].

For general S, we see from this special case that [n] has finite fibres. But [n] is also proper since
it is a morphism between proper schemes, so it must be finite (cf. [I3, Lemma 02LS]). On the
other hand, [n] is also faithfully flat since this can be checked on fibres (cf. [I3] Lemma 039E]).
So [n] is finite and faithfully flat. It has rank n?¢ since we can check this on fibres as well.

The kernel X [n] — S, as a base-change of [n], is then a finite flat group scheme of rank n29.

From now on we fix a prime p.

Definition 3.9. A p-divisible group (or a Barsotti-Tate group) over S is an fppf sheaf of groups
over S that takes the form G = hﬂ G; where 0 = Gy — G <= G2 — G3 — --- is a directed

system of finite flat group schemes over .S such that:

(i) G; = Gj41 is the composition of the closed immersion G;41[p’] < G4 and an isomorphism
G; — Gj11[p?] of group schemes. In particular, [p] : G; — G; factors through G;_;.

(ii) For all 0 < i < j, the sequence

0 G a; a6 0
is exact in the category of fppf sheaves of groups.

Of course, such a directed system may be recovered from the p-divisible group via G; = G[p’].
Note that (ii) is really asserting the faithful flatness of [p'] : G; — G;_; by [8, Ch. I, Lemma
(1.5)(b)]. It also clearly suffices to check the cases where i = 1.

Example 3.2.2. For an abstract group I', we write g = [ | ger S for the constant group scheme
over S associated to I'. For any S-scheme T', I'¢(T) is the abelian group of locally constant
functions |T'| — T, with the latter given the discrete topology.

Then the p-divisible group associated to the system
0 — Z/pL, = Z/p*L ——" -

is representable by Q,/ Zps. p-divisible groups isomorphic to a finite direct sum of copies of it
are called constant p-divisible groups over S.
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Example 3.2.3. For a ring R and an integer N, consider the group scheme p /g = ker[N]Gm/R.

For any R-algebra A, py/r(A) is the abelian group {z € A : 2 = 1} under ring multiplication.
The p-divisible group associated to the system

0 Bp/R Mp2/p — -

is denoted >/ g. p-divisible groups isomorphic to a finite direct sum of copies of it are called
toroidal p-divisible groups over R.

Now suppose p is nilpotent in R (say p” = 0). Then gty ,z(A) = 1+Nil(A) for any R-algebra A.
Indeed, suppose ¥ = 1, then Z¢' = 1 where Z = 2 + Nil(4) € Ay = A/Nil(A). But p is zero in
Ap, 80 T =1 as Ag is torsion-free, i.e. € 1+Nil(A). Conversely, suppose © = 14+y € 1+Nil(A).
Choose s such that y?° = 0, then 27" =1. Thus z € Mpoo /R(A).

In other words, g,/ is representable by the formal Lie group Gm /r (cf. Example .

To justify the terminology, we recall the following definition:

Definition 3.10. An fppf sheaf G of groups over S is N-divisible if [N] : G — G is a surjective
morphism of fppf sheaves.

Example 3.2.4. Any p-divisible group is p-divisible by part (ii) of Definition

Example 3.2.5. For any abelian scheme X and any N, [N] : X — X is fppf, therefore surjective
as a map of fppf sheaves. So any abelian scheme is N-divisible.

Proposition 3.2.1. Suppose G is a p-divisible fppf sheaf of groups over S such that G[p?] is

representable by a finite flat group scheme for all j > 1. Then G[p*°] = hﬂj G[p?] is a p-divisible
group over S.

Proof. The only nontrivial part is to show that [p] : G[p’] — G[p?~!] is a surjective morphism
of sheaves. This follows from p-divisibility: For any S-scheme U and any s € T'(U,G[p’}]) C
I'(U, G), we know that there is an fppf cover {U; — U} and t; € I'(U;, G) such that [p]t; = sy,
for each 4. But then [p/]t; = [p"~]s|y, = 0, so t; € I'(U;, G[p?]). O

Remark 3.2.1. In fact, we only need to assume that G[p] is representable by a finite flat group
scheme. Indeed, the exact sequence holds by our argument, so each G[p?] comes from a sequence
of extensions of finite flat group schemes, which forces it to be a finite flat group scheme as well.

Remark 3.2.2. This construction is functorial: Any homomorphism f : G — G’ of fppf sheaves of
groups restricts to homomorphisms G[p’] — G’[p’], hence a homomorphism f[p] : %nj Glp'] —

There is an intimate connection between p-divisible groups and formal Lie groups, as charac-
terised by the following theorem.

Theorem 3.2.2 (Grothendieck-Messing). Suppose S = Spec(R) is affine with p nilpotent in
R. Then any p-divisible group G over S is formally smooth, and G is locally representable by a
formal Lie group.

Proof. [8, Ch. II, Theorem (3.3.13), Theorem (3.3.18)]. O

3.3 Drinfeld’s Rigidity Lemma
Fix a Noetherian ring R. Let (Grp/R) be the category of sheaves of groups on (Aff/R)gps.
Objects of (Grp/R) will be called R-groups.

For any ideal I < R and any functor G : (Aff/R)°? — (Ab), we write G for the subgroup
functor of G defined by G;(A) = ker(G(4) — G(A/IA)) for any R — A.

Suppose NR = 0 for some integer N and I < R is an ideal with I**! = 0 for some v > 1.
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Lemma 3.3.1. Suppose G is an R-group which is locally representable by a formal Lie group,
then [N”]G; = 0.

Proof. Assume, without loss of generality, that G is representable by a formal Lie group. Let
F(z,y) = x4+ y+ (terms of degree > 2) € R[[z,y]]®" be its formal group law. Recall that G(A)

is the set Nil(A)®" equipped with the group operation z +p y=F(z,y).
Now let J be any nilpotent ideal of A. As JA C Nil(A), G;(A) is just the subgroup (JA)®"
(under +p). For any z € G;(A),

[N]z = Nz + (terms of degree > 2 in z) = (terms of degree > 2 in z) € G j2(4)

since NR = 0. So [N]G; C G .
For any a > 1, taking J = I* shows that [N]Gj« C G2 C Grat1. Consequently [NY]G; = 0
since I¥*t1 = 0. O

Corollary 3.3.2. Suppose G is an R-group such that G is locally representable by a formal Lie
group. Then [NY]Gy = 0.

Proof. Note that G is always a subfunctor of the v-th infinitesimal neighbourhood of G, hence
a subfunctor of G. So (G)1(A4) = G(A) N G(A) = G;(A) is annihilated by [N"]. O

Lemma 3.3.3. Suppose H is a formally smooth functor (Aff/R)°? — (Ab) such that [P|H; =0
for some integer P. Then for any R-algebra A and any set-theoretic section s : H(A/IA) —
H(A) of the surjective map H(A) — H(A/IA), "P1=[P]os is a group homomorphism which
does not depend on the choice of s. Furthermore, " P is functorial in the sense that, whenever
A — B is an R-homomorphism, the diagram

H(A) <22 H(A/IA)

| |

H(B) ﬁ H(B/IB)
commutes.

Proof. For any x,y € H(A/TA), s(x) + s(y) — s(x + y) lives in H;(A) which is annihilated by
[P]. So "P. must be a homomorphism. Furthermore, if s’ were another set-theoretic section,
then s — s’ has image in H;(A), so [Plos=[P]os’.

To show functoriality, consider the commutative diagram

H(A) "2 H(AJTA) —— 0

| 7
H(B) —5 H(B/IB) —— 0
Take any set-theoretic sections s of 74 and s% of 7%, Then g o foss = fomgosa = f =
mp o spo f. This means that the image of foss —spo [ lives inside_HI(B), which again is
annihilated by [P]. Thus fo"P,=[P]o foss=[Plosgof="P.of. O
Write Ry = R/I.

Theorem 3.3.4 (Drinfeld’s Rigidity Lemma). Suppose G and H are R-groups such that G is
N -divisible, H is locally representable by a formal Lie group, and H is formally smooth. Let Ry
be the restriction of G to (Aff/Rg)°P (which is simply the base-change of G along R — Ry), and
Hy be that of H.

(i) The groups Hom gy g) (G, H) and Hom g, r,)(Go, Ho) have no N-torsion.
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(ii) The natural map Hom gy py (G, H) — Hom g, r,)(Go, Ho) is injective.
(ii) Whenever fo : Go — Hy is a homomorphism, N” fo can be lifted to a homomorphism
"NYfi:G — H (necessarily unique by (ii)).

(iv) fo : Go — Hy can be lifted to a homomorphism f : G — H (necessarily unique by (ii)) if
and only if "NV f 1 annihilates G[N"].

Proof. (i): Immediate from the N-divisibility of G and (hence) Go.
(ii): Suppose f: G — H is in the kernel of this map, then the diagram

G(A) —— G(A/IA)

| lo

H(A) —— H(A/IA)

commutes, which shows that f factors through H;. So N f = 0 since [N¥]H; = 0 by Corollary
But G is N-divisible (hence N¥-divisible), hence f = 0.

(iii) Simply take "IN¥ f 1 to be the composite
G(A) —— G(A/IA) —L H(A/TA) X% F(4A)

for any R-algebra A. This gives a well-defined homomorphism G — H by Lemma [3.3.3] And it
lifts fo since A = 0 whenever A comes from an Rp-algebra.

(iv) If f lifts fo, then "N fo = N¥f (by (ii)) which annihilates G[N"]. Conversely, suppose
TNV f, annihilates G[N”], then "N*f, = F o [N”] = N”F for some F : G — H since [N”] :
G — G is surjective (by the N-divisibility of G).

The base-change Fy : Gy — Hp of F' then must satisfy NVFy = N fo. But (i) tells us that this
implies Fy = fy. So f = F lifts fy. O

3.4 The Serre-Tate Theorem

Suppose we are in the situation of the last section, except with IV assumed to be a power of p.

Let (AbSch/R) be the category of abelian schemes over R, and (Def/(R — Ry)) the category
of triples (Xo, G, €), where Xy is an abelian scheme over Ry, G a p-divisible group over R, and
€:G®gr Ry — Xo[p™] an isomorphism.

Theorem 3.4.1 (Serre-Tate). The functor (AbSch/R) — (Def /(R — Ry)) sending an abelian
scheme X over R to the triple (X @ g Ro, X [p°], €) (where € is the natural isomorphism X [p*°]®@p
Ry — (X ®g Ro)[p™]) is an equivalence of categories.

We shall devote the rest of this section to its proof.

Let’s first show that this functor is fully faithful. Note that if G is representable by either an
abehan schemes or a p-divisible groups over R, then G is p divisible (Example [3.2.4] Example
i

, formally smooth (Theorem Proposition , and G is locally representable by a
formal Lie group (Theorem [3.2.2] Proposition [3.1.3| m So we may use the various conclusions of

Theorem B.3.41

Faithfulness comes from part (ii) of Theorem As for fullness, we need to show that
whenever X, Y are abelian schemes, and fy : X Qg Ry — Y ®g Ry, ¢ : X[p>] — Y[p™] are
homomorphisms with fy[p™] = ¢ ®r Ro, then there is a homomorphism f : X — Y such that
f®r Ro = fo, fp™] = ¢

In view of part (iii) and (iv) of Theorem we want to show that "N f_s annihilates X[N"].
Since "NV f 1 lifts N” fo, "NV fu[p>°] lifts N¥ fo[p>°] = NY¢Rg Ry. But ¢ already lifts ¢ Qg Ry, so
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we must have N¥¢ = "N" f 1[p°°] by part (ii) of Theorem In particular, " N” f annihilates
X[N"], so we can lift fy to some f: X — Y. Moreover, N”¢ = N" f[p°°] and thus ¢ = f[p>]
by part (i) of Theorem [3.3.4]

To show essential surjectivity, we import a well-known result about quotients.

Theorem 3.4.2. Let S be a locally Noetherian base scheme. Suppose G is a finite flat subgroup
scheme of a group scheme H such that, for any s € S, the fibre Hs is contained in an open affine
of G. Then the quotient fppf sheaf G/H is representable. Moreover, the quotient morphism
G — G/H is finite locally free (in particular fppf).

Proof. This is a special case of [13], Proposition 07S6]. O

Suppose now that (Xo, G, €) is an object of (Def /(R — Ry)). We want to find an abelian scheme
over R giving rise to these data.

By Theorem [2.4.1] we can always find an abelian scheme Y over R such that there is an isomor-
phism g : Yo =Y ®g Ry — Xo. This gives rise to an isomorphism ag[p™] : Yo[p*°] — Xo[p*].
Since G lifts Xo[p™] (via €), part (iii) of Theorem tells us that we can form @ : Y [p>] — G
and ¥ : G — Y [p™] which lift N”ap[p>°] and N”ag[p>] !, respectively.

By part (i) of Theorem [3.3.4, ® o ¥ = [N?'] and ¥ o & = [N?"]. In particular, both ® and ¥
are surjective morphisms of fppf sheaves, and K = ker @ is annihilated by [N?”]. We write down
the short exact sequence

OHK%Y[])W}LG%O

which, by the Snake Lemma, induces an exact sequence

2v
TGN 2 K —— 0, (*)

0 —— K —— Y[N?]
From the left-hand side of this exact sequence, we see that K is the kernel of a homomorphism
of finite group schemes, hence is itself a finite group scheme. Then from the right-hand side of
the exact sequence, M = ker 0 too is a finite group scheme. And we have a short exact sequence

0 — K — Y[N*] /> M —— 0

where 7 : Y[N?"] — M is the unique homomorphism that ®[N2"] factors through.

We claim that 7 is flat. Since Y[N?] is flat, the fibrewise criterion for flatness (cf. [I3, Lemma
039E]) shows that it suffices to check the flatness of m ®g Ry. But ® ®pg Ry is simply [N”]
composed with the isomorphism ag[p™], so by passing @ through the base-change we see
that m ®g Ry is in fact the homomorphism [N”] : Yo[N?'] — Y5[N¥] composed with the same
isomorphism, which is (faithfully) flat.

Consequently, K is a finite flat group scheme which lifts Y5[N*]. By Theorem and Theorem
there is a group scheme X over S representing the fppf quotient Y/K equipped with an
fppf morphism Y — X. Since Y is flat, X must also be flat.

As K lifts Yo[N¥], X lifts the fppf quotient Yy/Yy[N¥], which is representable by Y} itself since
[N¥]: Yy — Y) is a surjective morphism of fppf sheaves. So X is a flat lifting of Yy 2 X;. Then
X has to be smooth due to [I3], |[Lemma 06AG]|. Therefore X is an abelian scheme by Lemma

C31

We already know that X lifts X,. But also by construction X[p>*] = Y[p>]/K = G. This
finishes the proof.
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4 Lifting Ordinary Abelian Varieties

4.1 Ordinary Abelian Varieties

We now apply Theorem to give a canonical description of the local moduli .# of an ordinary
abelian variety. Of course, this requires us to first define ordinary abelian varieties.

To start with, let’s recall some basic notions surrounding the theory of finite flat group schemes.

Definition 4.1. Let G = Spec(A) be a finite flat group scheme over a ring R. Its Cartier dual
is the finite flat group scheme Dg(G) = Spec(AY) where AV = Hompg(A, R) is the dual of the
Hopf algebra A, swapping multiplication and comultiplication.

It’s easy to see that Dr(G) represents the functor (Aff/R)°P — (Ab) sending an R-algebra B to
Hom(grp/B) (G ®r B,G,,/p). From here, it’s clear that D(G x H) = Dg(G) x Dr(H), and that
Dpr commutes with base-change.

In addition, D o Dg is naturally isomorphic to the identity functor on the category (FFGrp/R)
of finite flat group schemes over R. In particular, Dy provides an equivalence of categories
(FFGrp/R) = (FFGrp/R)°P.

Example 4.1.1. For any integer N, pn/g and Z/NZR are dual to each other.

Suppose now that R is Artinian and local.

Definition 4.2. The connected part G° of a finite flat group scheme G = Spec(A) is the
connected component of G through which e factors. The étale part G¢* of G is Spec(A®),
where A® is the maximal separable subalgebra of A.

It’s easy to see that G¢' is étale, and that any homomorphism G' — H where H is a finite étale
group scheme factors uniquely through G — G*¢*.

Theorem 4.1.1 (Connected—Etale Sequence). The sequence

0 G° G G 0

18 exact.
Proof. [1, p. 43]. O

Supose now that R = k is an algebraically closed field. Then a finite group scheme over k is
étale iff it’s reduced iff it’s constant, since the only finite étale scheme over k is a finite disjoint
union of Spec(k). In particular, G¢ = G™ is a constant group scheme.

Proposition 4.1.2. Suppose R = k is an algebraically closed field. Then the connected-étale
sequence splits canonically.

Proof. Suppose G = Spec(A) is a finite group scheme over k. Since A is finite over k, it
decomposes into A =[], A; with each A; local. Write G; = Spec(4;). Then G = [[, G, and the
map G — G = [ 1, Spec(k) is simply given by patching together the structure maps of G;. But
the residue field of A; equals k as A; is finite over k, which is algebraically closed. So each of
these structure maps has a unique section given by the residue homomorphism, and they patch
together to give a unique splitting. O

Corollary 4.1.3. Suppose k is an algebraically closed field. Then every finite group scheme G
over k decomposes canonically as G = G° x G.

24



Let’s now use this together with Cartier duality. Let G be a finite group scheme over k. Then

G = G° x G* = Dy(Di(G®)) x Dp(Di(G*))
= [Dr(Di(G®)°) x Di(Dr(G°))] x [Di(Dk(G*)?) x Dy(Di(G*)*)]
So we may decompose G = G°° x G x G¢° x G¢*¢t where G°° = Dy,(Dy(G°)°) is connected
with connected dual, G°¢* = Dy, (Dy,(G°)¢") is connected with étale dual, and so on.

By the classification of finite abelian groups, G¢“¢* is a product of constant group schemes of
the form Z/@w™Z for various primes w and integers m > 1. Its dual, which is supposed to be
étale, would then]ﬁ)e the product of ptm ;. for these values of w and m.

Suppose now that chark = p > 0. Then p,m /i is not reduced, so none of these w can ever
equal p. Consequently, p { ranky (G¢*¢t). If ranks(G) is a power of p (e.g. if G is the p-power
torsion subgroup scheme of an abelian variety), then this means that G¢“** = 0 is the trivial
group scheme over k.

Now let X be an abelian variety over k. Xo[p]** is a constant group scheme annihilated by p,
so it is isomorphic to (Z/pZ)", = (Z/pZ,)" for some r = rx,. The exact sequence in part (ii) of
Definition B9 reduces to

T
k

0 Xo[pi]ét < Xo[p]ét [P, Xo[p/ ¢t 0
from which we conclude X[p/]¢* = (Z/PZ)",.
Let X} be the dual abelian variety of Xy. Recall that we have the following fundamental theorem:
Theorem 4.1.4. Suppose f : Xo — Yy is an isogeny (i.e. finite faithfully flat homomorphism

between abelian varieties), then the kernel of its dual f*:Y{ — X is canonically isomorphic to
Dy (ker f).

Proof. [9 p. 143]. O

In particular, X§[p’] = Di(Xo[p’]). Applying our discussions to X&, we see that there is some
s = sx, such that Dy (Xo[p?])*t = (Z/ij)sk for all j.

Putting these together, we conclude Xo[p’]*t%t = 0, Xo[p7]¢*° =~ (Z/ij)"]€7 and Xo[p/]o¢t =
Di((Z/P'Z) ) = 135 -

Now, rx, is invariant under isogeny: Suppose f : Xo — Yp is an isogeny. It suffices to show
that rx, < ry,. f restricts to a homomorphism Xo[p’] — Yy[p’] for all j, and therefore p/™*o =
#Xo[p?](k) < #(ker f)(k) - #Yo[p’](k) = #(ker f)(k) - p’"o for all j. But this can only hold if
TXxo < Tyg-

Since X is isogenous to X{, we conclude that rx, = Txy = Sx,- We hence get a decomposition
Xo[p'] = (Z/p2)"™0 | x 7 x Xo[p']”.

Definition 4.3. rx, is called the p-rank of Xy. Xy is ordinary if rx, = g = dim Xj.

If Xy is ordinary, then Xg[p’] = (Z/ij)gk X uz’;j/k since Xo[p’] has rank p*9. So X,[p™] =
(Qp/Zp)gk X “Zw/k = (Qp/Zp)gk X an/k. Let’s call this the ordinary p-divisible group.

4.2 Lifting the Ordinary p-Divisible Group

Let X be an ordinary abelian variety over an algebraically closed field k of characteristic p > 0.
We want to find a canonical description of the local moduli functor # = #x,. Fix W as in

Section 2.3
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Let R be an Artinian local W-algebra whose residue field is k. Then p is automatically nilpotent
in R. Theorem tells us that the liftings of Xy to R are controlled precisely by the liftings
of Xy[p™>] = ((@p/Zp)gk X “Zm/k’ where g = dim Xg. So it suffices to compute the deformation
of this p-divisible group.

Write € for the constant factor (Q, /Zp)gk and po the toroidal factor ugm /- Note that the

formations of €y and pg are canonical, since they come from the étale and connected parts of
various Xo[p?].

To understand constant and toroidal p-divisible groups, we recall the following strengthening of
Proposition in the case of an étale morphism.

Proposition 4.2.1. A morphism X — S is étale if and only if it is locally of finite presentation,
and for any commutative diagram of solid arrows

X +——Y'

Y
l SN l

S+——Y

where Y — Y is a closed immersion of (not necessarily affine) schemes with nilpotent ideal,
there is a unique morphism filling in the dashed arrow.

Proof. [13] Lemma 02HM], [I3| |Lemma 04FD]. O

Corollary 4.2.2. Suppose G, H are finite flat group schemes over R and Go, Hy their respective
base-change to k. Then a homomorphism fo : Go — Hy lifts uniquely to a homomorphism
f: G — H if either:

(a) H is étale, or
(b) G is toroidal, i.e. G = /L?V/R for some N >1, g > 1.

Proof. (b) follows from (a) since Dr(G) would be constant.

To establish (a), observe that Proposition means that fy lifts to a unique morphism f :
G — H. But then F : G x G — H defined by F(z,y) = f(z+y) — f(x) — f(y) lifts the identity
Go x Gy — Spec(k) — Hy since fj is a homomorphism. The uniqueness part of Propositionm
then shows that F' is the identity G x G — Spec(R) — H. Hence f is a homomorphism. O

Corollary 4.2.3. Suppose G, H are p-divisible groups over R and Go, Hy their respective base-
change to k. Then a homomorphism fy : Go — Hy lifts uniquely to a homomorphism f: G — H
if either:

(a) H is a constant p-divisible group, or

(b) G is a toroidal p-divisible group.

Proof. Use Corollary on each fo[p’] : Gol[p?] — Holp?]. O

Corollary 4.2.4. Suppose G is a p-divisible group over R which is either toroidal or constant.
Then for any other p-divisible group H, any isomorphism H ®p k = G Qg k lifts uniquely to an
isomorphism H = G.

Proof. Combine Corollary with Lemma [1.3.3] O
We are now ready to compute the category (Def(Xo[p>°])) of p-divisible groups over R which lift

Xo[p™] = €y x pg. By Corollary each of €y, po admit a canonical lifting € = ((@p/Zp)gR,
~ ,,9
K= e g tO R.
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We consider the category (Ext(€, p)) of pairs (E,€) where E is an extension (in (Grp/R)) of €
by p and € : € — E ®p k is a splitting (in particular, £ @ k = Xo[p™]). Any such E is a
p-divisible group by Proposition Clearly £ = liénj E[p’] and E is p-divisible by the Five

Lemma. The Snake Lemma gives short exact sequences of the form

0 nlp’] Elp] — €p’] — 0

and so each E[p’] is a finite flat group scheme.
So we get a functor F : (Ext(€, u)) — (Def(Xo[p™])) sending (E,€) to E.

Theorem 4.2.5. F is an equivalence of categories.

Proof. We construct an inverse to F' as follows: Suppose F is a p-divisible group over R reducing
to Xo[p™]. Then Corollary shows that we can find a unique lift f : £ — € of the projection
fo : Xo[p™] — €o. Each f[p’] : E[p’] — €[p’] is faithfully flat since this can be checked on fibres
([[3, Lemma 039E| again). In particular, f is a surjective homomorphism of fppf sheaves.

Let K = ker f. As K is a subsheaf of E, K = @j K|p?]. Since each f[p’] : E[p’] — €[p?] is
faithfully flat, K[p/] = ker f[p/] is a finite flat group scheme. In addition, as F is p-divisible, we
have an exact sequence

0 —— K[p| Elp) 22, ) coker[plx —— 0

by the Snake Lemma. This shows that coker[p]x = 0, i.e. K is p-divisible. By Proposition
K is a p-divisible group.

Now K ®g k = ker fo = po, so K = p by Corollary O

Of course the splitting € : €y — X[p™] is unique by Proposition Hence

Corollary 4.2.6. The set of isomorphism classes of p-divisible groups over R lifting Xo[p™] is
in natural bijection with Ext' (€, u).

Here, the Ext-functor is taken in the abelian category (Grp/R).

4.3 An Extension Problem

Let Tate,(Xo) = yﬂlj Xo[p?](k) where the limit is taken with respect to the system

2 Xl k) —2 Xolpl(k) —25 0

As Xy is ordinary, Xo[p/](k) = (Z/ij)gk(k) X ,u,f)j/k(k) = (Z/p’Z)9. So Tate,(Xo) = Z9. And
we may (naturally) identify €y = Tate,(X) ®z, (Qp/Zyp)

e

Fix an isomorphism Tate,(Xo) = ZJ. We shall first describe Ext'(€, p) under this choice of

coordinates.
The fixed isomorphism gives rise to identifications €y = (Q, /Zp)gl€7 ¢ =(Q,/Zy)* . and thus

Ext!(¢, w) = Extl((@p/ZpR,u)@g. So it suffices to understand the group Extl(Qp/ZpR,u).

Consider the directed system

which allows for a short exact sequence

OEZR%@ZR%Qp/Zz}R%O
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and hence a long exact sequence (writing Hom for Hom g/ g))
Hom(lim Ziy, p1) —— Hom(Zp, p) — Ext'(Qy/Z, . ) — Ext! (lim Zp, p).
Theorem 4.3.1. g is an isomorphism.

Proof. Since the second argument of every term in the long exact sequence commutes with finite
direct products, we may assume g = 1, i.e. pt = o0 /R.

Note first that Hom(Zp, —) = T'(Spec(R), —). In particular, Hom(Zp, i) = p(R) 2 1 + mp.
Choose r, s > 1 such that p” is zero in R and m}, = 0. Then (1 + mp)?" " = 1. This shows that

Hom(liquR,u) = @Hom(ZR, ) =0, ie. dg is injective.

For surjectivity, we will show that Extl(ligZR,p,) = 0. Our first claim is that the natural
map Extl(li_ng Zp,p) — l'LnExtl(ZR, p) is injective. We will prove this using the Grothendieck
spectral sequence (cf. [I4, Theorem 5.8.3]).

Let C be the category of sheaves of groups on N, viewed as a topological space with open sets
@, N, and {0,..., N} for various N € N. Alternatively, C is the category of inverse systems of
groups indexed by N. Let I' : C — (Ab) be the global section functor, which simply corresponds
to taking inverse limit.

So G — Hom(@ZR,G) = @Hom(ZR,G) factors as I' o F where F' : (Grp/R) — C is the
functor that takes an R-group G to the system

S Hom(z, G) 5 Hom(Zy, G) 25 Hom(Zy, ).

*

Suppose G is injective, then each [p]* is surjective by definition. Therefore F(G) is a flasque
sheaf on N, which is I'-acyclic. So this factorisation satisfies the conditions under which the
Grothendieck spectral sequence applies. In particular, we get an exact sequence

0 —— R'T(F(p)) — Ext'(limZp, p) —— LimExt'(Zg, p).

Under the identification Hom(Zp, pu) = 1 + mp, F(p) is the system whose entries are 1 + mp
and whose transition maps are given by the operation of raising to the p-th power. Since
(1+mg)?" " =1, such a system is Mittag-Leffler. Therefore R'T(F(p)) = 0 by [13, Lemma
0598], hence we have the injectivity of the natural map as claimed.

To complete the proof, it now suffices to show that Ext'(Zg,pu) = 0. The isomorphism
Hom(Zg, —) = T'(Spec(R), —) shows that Ext'(Zg,—) = H{, (Spec(R),—) for all i. So we
are left to establish the vanishing of Hf, :(Spec(R), p).

Abbreviate H(—) = Hi, ;(Spec(R), —). For an R-group G and a natural number N, we write
H'(G)[N] for the kernel of [N]*: H{(G) — H(G).

First note that Hl(u) = Hl(liglj Mpi/R) = ligj H'(p, /1) by [13, Lemma‘ 0739]. Since [p’]
annihilates 1, /g, [p?]* annihilates H' (g, /). Hence H'(p) = liglj H'(p)[p’]. So it suffices to
show that H'(p)[p’] = 0 for all j.

Consider the commutative diagram

[p’]
0 —— mpi/r Iz K 0

| ! l

0—— Mpi/p — Gm/R W Gm/R — 0
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with exact rows. The associated system of long exact sequences gives a commutative diagram

00— p(B)/[P|(R) ———— H'(pp/r) —— H'(

©)
| | l

0—— Gm/R(R)/[pj}Gm/R(R) B Hl(l‘pj/R) — Hl(Gm/R)[pj} —0

] —— 0

again with exact rows. Of course a is just the map (1 +mg)/(1 +mg)? — R*/(R*)?’, which
is always surjective: For any z € R*, we have z + mp € k* and so there is some y € R* with
2y?’ € 1+ mp (as k is algebraically closed). It is also injective, as the only p/-th root of unity
in k is 1. Thus « is an isomorphism, which means that 5 has to be as well.

But H! (Gpyr) = 0. So the proof is completed. O

Hence Ext!(€, ) is isomorphic to Hom(Zg, p)®? = p(R)®9. Since every element of p(R) is
a p"ts-torsion, p(R) is naturally a Z/p"*5Z-module, hence a Z,-module. And we can further
identify p(R)®9 = Homg, (Z], u(R)).

The choice of a different isomorphism Tate,(X) = Zg would correspond to the automorphism of
Homg, (Z3, u(R)) given by the corresponding change-of-coordinates on ZJ. Therefore:

Corollary 4.3.2. .#x,(R) = Ext' (¢, p) = Homgz, (Tate,(Xo), u(R)) canonically.

4.4 The Canonical Lifting

By Theorem we have a canonical isomorphism Xo[p’] 2 Dy (X§[p’]). This restricts to a
canonical isomorphism po[p’] = Dy (X [p’](k), ) under the connected-étale decomposition, where

we identify guo[p’] = Xo[p')° and Xg[p/](k) = X§[p]".
Corollary tells us that this isomorphism lifts to a unique isomorphism

ulp'] = DR(X[)(8), ).
So we can identify p[p?](R) with Homz(X§[p?](k), G,/ r(R)) = Homz(X§[p7](k), ppi /r(R)).
Taking (co)limits, we obtain an identification of p(R) with
Homg, (Tate,(X), ppee /r(R)) = Homg, (Tate,(Xg), Gm/R(R))
and therefore a canonical isomorphism
Mx,(R) = Homy, (Tate,(Xo), u(R)) = Homy, (Tate,(Xo), Homyz, (Tate, (X)), Gm/R(R)))
= Homyg, (Tate,(Xo) ®z, Tatep(X(t)), Gm/R(R))
which is functorial in R since dp is.

Definition 4.4 (Tate’s ¢-Construction). For X € .#x,(R), we write
qx(—,—) € Homg, (Tate,(Xo) ®z, Tate,(X$), G, r(R))

for the associated Z,-bilinear form.

We summarise the result as the following theorem:

Theorem 4.4.1 (Serre-Tate Local Moduli). Suppose k is an algebraically closed field of char-
acteristic p, and R is an Artinian local ring with residue field k. Let Xo be an ordinary abelian
variety over k.

Then the map X — qx establishes a canonical bijection between the set of abelian schemes X
over R reducing to Xo and the group of Zy-bilinear forms Tate,(Xo) x Tate,(X§) = G r(R)
Furthermore, this bijection is functorial in R.
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We note a few expected properties of gx, which follow from explicit computations.

Proposition 4.4.2. Let Xy and Yy be ordinary abelian varieties over k.

(i) Suppose X € Mx,(R). We write X* for its dual abelian scheme, which is a member of
Mxi(R). Then qx = qx., i.e. qx(2,2") = qx+(z*,2) for any x € Tate,(Xo), 2* € Tate,(X§).

(ii) Suppose X € Mx,(R) and Y € My,(R). Then a homomorphism fo : Xo — Yy lifts to
a homomorphism f : X — Y (necessarily unique by part (ii) of Theoremm if and only if
gx (z, fE(¥Y) = av (fo(z), y") for any x € Tate,(Xo) and y* € Tate,(Y().

Proof. [6, Theorem 2.1]. O

Since we have identified .#x,(R) with a group, there certainly should be some significance to
the lifting that corresponds to the identity.

Definition 4.5. The canonical lifting X#*" € .#x,(R) of Xo to R is such that gxe» = 0.

In more down-to-earth terms, X#" is simply the lifting whose p-divisible group is the trivial
extension € X u.

Example 4.4.1. If R is in fact a k-algebra, then X5 = X, @ R.
Corollary 4.4.3. For ordinary abelian varieties X, Yy over k, the natural map

Hom(Grp/R) (X;:zan, YR ) — Hom(Grp/k) ()(07 Yo)

is an tsomorphism.
Proof. Immediate from part (ii) of Proposition m O

Let’s sketch how this theory gives rise to a canonical way of lifting an abelian variety over k to
characteristic 0. Suppose W = W (k) is the ring of Witt vectors over k. By functoriality, the
inverse system

o Mx,(Ws(k)) —— Mx,(Wa(k)) —— Mx,(W1(k))

consists of group homomorphisms. In particular, this gives a sequence of abelian schemes

Xioiey — Spec(Wi(k)) with X3t @w, ) W;(k) = Xy for any j < i. Taking directed

limit of the system X&%ln(k) — X{j;;‘(k) — ---, we obtain a formal abelian scheme X" over

By lifting line bundles at the same time, one finds:

Theorem 4.4.4. There is a (projective) abelian scheme X over W (k) completing to X",
Proof. [8, Ch. V, Theorem (3.3)]. O
Corollary 4.4.5. For ordinary abelian varieties X, Yy over k, the natural map

Hom grp/w (1)) (X", Y*") — Hom(Grp 1) (Xo, Yo)
is an isomorphism.

Proof. Combine Corollary and [2], III;, Théoréme 5.4.1]. O

In particular, X" is canonical.

Definition 4.6. X" is the canonical lifting of X to W (k).
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